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1. Introduction

The fixed point theory plays a major role in mathematics and applied sciences, such as mathematical
models, optimization, and economic theories. This is the reason that why the study of metric fixed point
theory has been researched extensively in the past decades. Since 1963, many mathematicians tried to
generalize the usual notation of metric space and extend some known metric space theorems in more
general setting (see [2,3,5,8-15,21,22]).

In 2005, Mustafa and Sims [20] introduced and study a new generalized metric spaces which is
called G-metric spaces. They found a new fixed point of various mappings in new structure of these
spaces. The G-metric spaces is defined by the following:

Definition 1 [20] Let X be a nonempty set and a function G be defined on the product set X X X X X
into the interval [0, +00) satisfying the following properties:

(G1) G(a,b,c)=0 ifandonlyif a=»5b=c;

(Gy) G(a,a,b)>0foralla,b e X with a # b;

(G3) G(a,a,b) <G(a,b,c)forall a,b,c e X with ¢ # b;
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(Gs) G(a,b,c)=G(a,c,b)=G(b,a,c)=... (symmetry);
(Gs) G(a,b,c) <G(a,d,d)+G(d,b,c) forall a,b,c,d e X (rectangle inequality).
The function G is called G—metric on X and (X, G) is called G—metric space.

In 1843, Irish mathematician, Hamilton [18] gave the definition of quaternion as the quotient of two
directed lines in a three-dimensional space or equivalently as the quotient of two vectors. The study
of quaternion has a lot set of applications such as applying to mechanics in three-dimensional space
and practical uses in applied mathematics in particular for calculations involving three-dimensional
rotations. There are many features of quaternions are that number system that extends the complex
numbers and multiplication of two quaternions is noncommutative.

We denote H for the skew field of quaternion and ¢ € H has the form p = a + bi + cj + dk
where i2 = j> = k* = ijk = -1, ij = —ji = k, kj = —jk = —i, ki = —ik = j and the modulus of p,
Ipl = Va2 + b* + ¢2 + d*> where a,b,c and d are real numbers, and i, j and k are the fundamental
quaternion units. Thus a quaternion p may be viewed as a four-dimensional vector (a, b, ¢, d). By sim-
ple treating, quaternion can be written as simply quadruples of real numbers [a, b, ¢, d], with addition
and multiplication operations that are suitably defined. The components group into the imaginary part
(b, c,d) , which we consider this part as a vector and the purely real part a which is called a scalar.
Sometimes, we write a quaternion as [V,a] with V = (b, c,d).

[V,a] = [(b,c,d),a] = [a,b,c,d] =a+bi+cj+dk forall a,b,c,deR.

For more properties of quaternion analysis, see [7, 16, 17] and and the references therein.

In order to prove our results, we present some necessary basic notions and concepts in the following.
Let H be the set of quaternion and p;, p, € H. Define a partial order < on H as follows:

p1 3 pa iff Re(py) < Re(py) and Img(py) < Imy(pa), p1.p> € H, s =i, j,k where Im; = b, Im; = ¢
and Im; = d.

(Q1) Re(p1) =Re(pa) and Imy, (py) = Img, pzo) where sy = j &k, Imi(p1) < Imi(p2);
(Q2) Re(p1) = R(p2), Imy,(p1) = Imy,(p2) where sy =i,k, Im;(p1) < Im;(p>);
(Q3) Re(p1) = Re(pr), Img,(p1) = Img,(p2) where s3 =1, j, Iny(p1) < Imy(p2);
(Q4) Re(p1) = R(p2), Img,(p1) = Img, (p2), Imi(p1) = Imi(p2);

(Qs) Re(p1) = R(p2), Imy,(py) = Img,(p2), Imj(p1) = Im;(p>);

(Q¢) Re(p1) = R(p2), Img(p1) = Img,(p2), Imy(p1) = Imy(p2);

(Q7) Re(p1) = R(p2), Imy(py1) < Imy(p>);

(Qs) Re(p1) < R(p2), Imy(py) = Imy(p>);

(Qo) Re(p1) < R(p2), Imy,(p1) = Imy,(p2), where s; = j, k; Imi(p1) < Imi(p2);
(Qi0) Re(p1) < R(p2), Imy,(p1) = Imy,(p2), Imi(p1) < Imj(p,);

Q1) Re(p1) < R(p2), Img,(p1) = Img(p2), Iny(py) < Iny(p>);

(Q12) Re(p1) < R(p2), Imy (p1) < Img (p2), Imi(p1) = Im;i(p,);

(Q13) Re(p1) < R(p2), Imy,(p1) < Imy,(p2), Imj(p1) = Im;(p2);

(Qu) Re(py) < R(p2), Img,(p1) < Img,(p2), Imy(p1) = Imy(pa);

(Qi5) Re(p1) < R(p2), Imy(p1) < Imy(p2);

(Qi6) Re(p1) = R(p2), Imy(p1) = Imy(p>).

Particularly, we will write p; < p» if p; # p, and one from (Q;) to (Qq¢) is satisfied and we will write
p1 < p, if only (Qyq) is satisfied. It should be noted that
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p1 < py implies |pi| < |pal.

In 2014, Ahmed et al. [4] introduced the concept of quaternion metric spaces and established some
fixed point theorems in quaternion setting. For presentation the common fixed point of four self-maps
which satisfy a general contraction condition was shown in normal cone metric spaces. The quaternion
valued metric function is defined as follow.

Definition 2 [4] Let X be a nonempty set and g5 : X X X — H be a function satisfying the following
properties:

(H)) gu(a,b) > 0forall a,b € X;

(H) gu(a,b) =0 ifandonlyif a=b;

(H3) gu(a,b) = gu(a,b) (symmetry);
(Hy) gu(a,b) < gu(a,c) + gu(c,b) for all a, b, c € X (triangle inequality).

The function gy 1is called quaternion valued metric on X and (X, gg) is called quaternion valued
metric space.

Motivated by Ahmed et al. work in [4], Adewale et al. [1] introduced the following concept of a
quaternion valued G-metric spaces and gave some examples of this spaces.

Definition 3 [1] Let X be a nonempty set and let Gy : X X X X X — H be a function satisfying the
following conditions:

(0G,) Gyl(a,b,c)=0q if a=b=c;

(0G,) O < Gy(a,a,b)forall a,be X with a # b;

(0G3) Gygla,a,b) < Gygla,b,c)forall a,b,c € X with b # c;

(0Gy) Gyla,b,c) = Gula,c,b) = Gg(b,c,a) = ... (symmetry);

(Q0Gs) Gyla,b,c) < Gyl(a,d,d) + Gu(d,b,c) for all a,b,c,d € X (rectangle inequality).

Therefore, the function Gy 1is called quaternion valued Gg-metric on X and the pair (X,Gy) is called
quaternion valued G—metric space.

We found some gap in one of examples ( Example 2, [1]), the domain of quaternion valued Gg-metric
is not no the product space X X X X X. So, we now give a new example of Gy-metric as follow:

Example 4 Let X = {,ll : n € N} with
Gul(a,b,c) = Gg(b,c,a) = Gyla,c,b) = ...,
foralla,b,c € X. Gy : XX XXX — H is defined by
Gu(q1,92,93) = AGg + A Gyi + A Gyj
where A Gy = Y 123 (ai—aj] + |bi—bj| +|ci— cj) and
q1 = (a1,b1,¢1), g2 = (az,b2,¢2), g3 = (a3, b3, c3) € X°.
We see that Gy is quaternion valued G—metric on X but not G—metric on X.

We next recall some definition and basic results that will be used in our subsequent analysis.
Proposition 5 [19] Let (X, Gy ) be quaternion valued G—metric space. Then for all a,b,c,d € X the
following properties hold:

(1) Gyula,b,c) =0implies a =b =c;

(2) Gyla,b,c) < Gygla,a,b) + Gyl(a,a,c);
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(3) Gu(a,b,b) <2 Gy(b,a,a);

(4) Gyla,b,c) < Gyla,d,c) + Gu(d,b,c);

(5) Gyla,b,c) < % (Gu(a,b,d) + Gy(a,d, c) + Gy(d, b, ¢));

(6) Gyla,b,c) <2 (Gyla,a,d)+ Gyg(b,b,d) + Gy(c, c,d)).

Definition 6 [6] Let K, L, M and N be four self-mappings of a nonempty set X . Then

(i) apoint u € X is said to be a fixed point of K if Ku = u,

(i1) a point u € X 1is said to be a common fixed point of K and L if Ku = Lu = u,

(i11) a point u € X is said to be a coincidence point of K and N if Ku = Nu and a point ¢ € X such
that r = Ku = Nu is called a point of coincidence of K and N,

(iv) a point ¢ € X is said to be a common point of coincidence of the pairs (K, N) and (L, M) if there
exist u,v € X suchthat Ku = Nu=tand Lv = Mv =t.

In this paper, we proved existence theorems of coincidence of the pairs (K, N) and (L, M) under
some suitable conditions. Moreover, the weakly compatible condition of the pairs (K, N) and (L, M)
was added for finding a common fixed point of mappings K, L, M and N. Finally, we presented exam-
ples and conditions which satisfy our main theorems.

2. Results

We begin with the following definition:

An implicit relation. Let F be the set of all complex valued lower semi-continuous functions F' :
H® — H satisfying the following conditions: for u,u’,v € H

(F)) F is non-increasing in the 5 and 6™ variable,
(F,) for u,v xz Oy, there exists g € [0, 1) such that |u| < g |v| if F(u,v,u,v,0q4,u +v) 5 Oy,
(F3) for u,u’ > O, there exists ¢ € [0, 1) such that u| < q|u'| if F(u,u, O, O, ', ) 3 Og.

Now, we present our first main theorems in complete quaternion valued G—metric space.

Theorem 7 Let K, L, M and N be four self-mappings on a complete quaternion valued G—metric space
(X, Gg) such that K(X) € M(X) and L(X) € N(X). Assume that there exists ¢, ¢, € F such that for all
a,beX, a+b,

¢1 (Gu(La, La, Kb), Guw(Ma, Ma, Nb), Guw(Ma, La, La),

Gu(Nb, Kb, Kb), Gg(Ma, Kb, Kb), Gu(Nb, La, La)) < Ox,
2.1)
¢, (Gu(Ka, Ka, Lb), Gg(Na, Na, Mb), Gg(Na, Ka, Ka),

Gu(Mb, Lb, Lb),Gg(Na, Lb, Lb), Gg(Mb, Ka, Ka)) <5 Og.
If M(X) U N(X) is complete subspace of X, then the pairs (K, N) and (L, M) have a unique common

point of coincidence. Moreover, if the pairs (K, N) and (L, M) are weakly compatible, then the four
mappings have a unique common fixed point.

Proof. Let x( be arbitrary point in X. Since K(X) € M(X) and L(X) € N(X), then we can define the
sequence {a,} in X such that,

{ b1 = May,. = Kayy, 2.2)

bopiz = Nagysy = Lag,.
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Since {b,} € M(X)U N(X). We then show that {b,} is a Cauchy sequence. By putting a = a,,,1 and b =
a, in (¢1), we have

¢1 (Gu(Lazy+1, Lasys1, Kaz,), Ga(Maz,.1, Mas,.1, Nay,), Gu(Mag,.1, Lasy.1, Las,.:)
,Gu(Nay,, Kay,, Kay,), Gu(Mag,+1, Kao,, Kas,), Gu(Nagy,, Lasy.1, Laz,.1)) < On.

This implies that

&1 (Gu(ban+2, bonsas boni1), Gu(bans1s bons1, b2n), Gu(bans1s bonsa, bonia),
Gu(ban, bani1, bani1), Gu(bans1s bans1, bans1), Gu(ban, bonsa, boni2)) 3 Ow,s

This means that

&1 (Gu(ban+2, bonsas boni1), Gu(bans1s bons1, b2n), Gu(bans2, bonsa, bonsr),
Gu(ban+1, bane1, ban), On, Gu(bo, bopi1, boni1) + Gu(bansi, bansa, bonsa)) < On.

From (F) and (QGs), we get

¢1 (GH(bZYH—Za b2n+2’ b2n+l)’ GH(b2n+1 > b2n+1’ b2n)7 GH(b2n+27 b2n+2’ b2n+1)a
GH(b2n+l ’ b2n+l ) bZn)a OH’ GH(b2n+2, b2n+2a b2n+1) + GH(b2n+l ’ b2n+l ) bZn)) s OH

From (F,), we obtain
|Gu(b2ns2, b2ns2, bons )| < q |Gu(bonet, brnsr, bon)l .

By a similar way, by putting a = a,,,, and b = ay,,; in (¢,), we have successively

&2 (Gu(Kagyi2, Kaspsa, Laz,s1), Gu(Nagysa, Naoyio, Mag,.1),
Gu(Nays2, Kasyia, Kaspiz), Gu(Magyi1, Lasys1, Lazyt),

Gu(Naoyiz, Lasyy1, Lazy), Ga(Magys 1, Kasyio, Kaziz)) 3 O,
that is,

&2 (Gu(ban+3, bans3, bani2), Gu(bansas bonia, bans1), Gu(bansas bonis, banes),
Gu(ban+1, bansas boni2), Gu(bans2, bansa, boni2), Gu(bans1, bonss, bonss)) 3 On.
This tends to

&2 (Gu(ban+3, bons3, bani2), Gu(bansas bons, bani1), Gu(b2ns3s banis, banio),
Gu(ban+2, banias boni1), On, Gu(bons1, bansas bonsn) + Gu(bansz, bonss, bonis)) 3 On.

From (F) and (QGs), we obtain

¢2 (GH(b2n+3, b2n+3’ b2n+2)’ GH(b2n+2» b2n+2’ b2n+l ), GH(b2n+3, b2n+3’ b2n+2),
GH(b2n+2’ b2n+2’ b2n+l ), OH’ GH(b2n+2’ b2n+2, b2n+l) + GH(b2n+3’ b2n+3’ b2n+2)) . OH-

From (F,), we have
IGu(b21+3, b2ns3, b2ni2)l < q |Gu(D2ns2, bonsa, bonst)l

Consequently,
IGuns1s bus1s bl < q |Gu(by, by, by-1)| < .. < q" |Gu(b1, by, bo)l .
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Also, for all n > m, we get
|GH(bna bn’ bm)| < |GH(bm+la bm+l» bm)l + |GH(bm+2, bm+2’ bm+1)| +...+ |GH(bn’ bn» bn—l)l
<(@"+q"" + ...+ ¢")IGu(bi, by, bo)l
< q
l-g¢
This means that {b,} is a Cauchy sequence in X. Since (X, Gy) is complete, then there exists u € X
such that b, — u as n — +co. Then from Eq. (2.2), we obtain

|Gu(by, b1, b))l — 0 as m — +o0.

lim K(lzn = lim Ma2n+1 = lim Na2n+2 = lim La2n+1 = U. (23)

n—s-+oo n—+oo n—s-+oo n—s-+oo

Since K(X) C M(X), if u € M(X), then there exists v € X such that
Mv =u. 2.4)

We will show that Lv = Mv. By putting a = v and b = ay, in (¢,), we have

¢1 (Gu(Lv, Lv, Kaz,), Gu(Mv, Mv, Nay,), Gu(Mv, Lv, Lv), Gu(Nay,, Kay,, Kas,)
,Gu(Mv, Kay,, Kas,), Gu(Nazy,, Lv, Lv)) < On.

Putting n — 400 and using Eqs. (2.3) and (2.4), we have
¢1 (Gu(Lv, Lv, u), Gu(u, u, u), Gu(u, Lv, Lv), Gu(u, u, u), Gu(u, u, u), Gu(u, Lv, Lv)) < On.

This tends to
&1 (Gu(Lv, Lv,u), Og, Gu(Lv, Lv, u), Oy, O, Gu(Lv, Lv,u)) < Og.

From (F,), we obtain Gg(Lv, Lv, u) = Oy which tends to Lv = u. Hence
Lv=Mv=u. (2.5
Then, u is a point of coincidence of the pair (L, M).
Since L(X) C N(X), there exists w € X such that
Nw = u. (2.6)

We will show that Kw = Nw. By putting a = w and b = ay,,1 in (¢,), we have

¢2 (GH(KW’ KW, La2n+l)7 GH(NWa NW, Ma2n+l)7 GH(NW7 KW, KW)7
Gu(May,1, Lay,1, Lazys1), Ga(Nw, Lag,.1, Lasyy.1), Gu(Maz,.1, Kw, Kw)) < Og.

Taking n — +o0 and using Egs. (2.3) and (2.6), we get
¢2 (Gu(Kw, Kw, u), O, Gu(Kw, Kw, u), O, Og, Gu(Kw, Kw, u)) 5 On.
From (F,), we get Gy(Kw, Kw,u) = Og which implies Kw = u. Hence

Kw=Nw=u. 2.7)
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Then, u is a point of coincidence of the pair (K, N).

Hence, u € X is a common point of coincidence for the four mappings.

To show the uniqueness of a point of coincidence, Let u* # u be another point of coincidence of the
four mappings. Then, there exists v*, w* such that Lv* = Mv* = u* and Kw* = Nw"* = u*. Taking
a=v" and b = win (¢;), one can write

o1 (Gu(Lv*, Lv*, Kw), Gg(Mv*, Mv*, Nw), Gg(Mv*, Lv*, Lv*), Gg(Nw, Kw, Kw),
Gu(Mv*, Kw, Kw), Gg(Nw, Lv*, Lv*)) < Oy.
This tends to
o1 (Gu(u*,u*,u), Gyg(u*, u*, u), Ggw*, u*, u*), Ga(u, u, u), Gg(u*, u, u), Gg(u, u*, u*)) 3 Oy,
that 1s,
é1 (Gu(u*, u*, u), Gg(u*, u*, u), Og, Oy, Gu(u, u, u*), Gu(u*, u*, u)) < Oy.
From (F3), we get
IGu’, u”, W)l < g1 |Gu(u, u,u)|. (2.8)
Similarly, Taking a = v and b = w* in (¢,), we obtain

|Gu(u, u, u”)| < qi |Ga(u*, u*, u)|. (2.9)

From Egs (2.8) and (2.9), we get
IGu(u*, u*, w) (1 - ¢7) <0,

which implies that |Gg(u*, u*,u)| = 0, i.e, u* = u. Consequently, the pairs (K, N) and (L, M) have a
unique common point of coincidence.

Using Eqgs (2.5), (2.7) and weak compatibility of the pairs (K, N) and (L, M), we obtain that
KNw = NKw , LMv = MLyv. (2.10)

Then,
Ku = Nu, Lu = Mu, 2.11)

This implies that u is a point of coincidence of the pairs (K, N) and (L, M).

Now, we show that u is a common fixed point of K,L, M and N. Taking a = u and b = v in (¢;), we
have

¢1 (Gu(Lu, Lu, Kv), Gg(Mu, Mu, Nv), Gg(Mu, Lu, Lu), Gg(Nv, Kv, Kv),
Gu(Mu, Kv, Kv), Gu(Nv, Lu, Lu)) < 0.

This leads us to
&1 (Gu(Lu, Lu, u), Gu(Lu, Lu, u), Gu(Lu, Lu, Lu), Gu(u, u, u), Gu(Lu, u, u), Gu(u, Lu, Lu)) < Oy,

that is,
¢1 (Gu(Lu, Lu, u), Gu(Lu, Lu, u), Og, Og, Gu(u, u, Lu), Gu(Lu, Lu, u)) 3 Oy.
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From (F3), we have
|GH(LM5 LI/[, I/l)' < q1 |GH(I/£, u, Lu)l . (212)

Similarly, taking a = v and b = u in (¢,), we have
|Gu(u, u, Lu)| < g1 |Gu(Lu, Lu, u)|. (2.13)

From Eqgs (2.12) and (2.13), we obtain
IGu(Lu, Lu, )| (1 — q7) <0,

which implies that Gy(Lu, Lu,u) = Oy, i.e., Tu = u. Thus, Lu = Mu = u. Similarly, we can prove
Ku = Nu = u. This implies that
Ku=Lu=Mu= Nu-=u.

i.e., u is a common fixed point of K, L, M and N.
The uniqueness of the common fixed point of K, L, M and N is more easy consequence of the unique-

ness of the common point of coincidence of the pairs (K, N) and (L, M). Also, the proof is similar in
case u € N(X). This completes the proof.

Remark 8 The conclusion of Theorem 7 remains true if the completeness of M(X) U N(X) is replaced
by the completeness of one of the subspaces K(X), L(X), M(X) or N(X).

The following theorem is a new version of Theorem 7 under generalized contractive condition.

Theorem 9 Let K, L, M and N be four self-mappings on a complete quaternion valued G-metric space
(X, Gg) such that K(X) € M(X) and L(X) € N(X). Assume that there exists ¢, ¢, € F such that for all
a,beX,a+b,

#1(Gu(La, La, Kb),Gy(Ma, Ma, Nb), Gy(Ma, La, La), Gg(Nb, Kb, Kb),
[Gu(Nb, La, La)]® + [Gu(Ma, Ma, Kb)]?
[Gu(Nb, La, La))* + Gug(Ma, Ma, Kb)]?

Gu(Ma, Kb, Kb), ) < Om,

(2.14)
$(Gu(Ka, Ka, Lb),Gu(Na, Na, Mb), Gu(Na, Ka, Ka), Ga(Mb, Lb, LD),
[Gu(Mb, Ka, Ka))® + [Gu(Na, Na, Lb)]3) <0

Gu(Na. Lb, Lb),
u(Na ) [GuMb. Ka. Ka) + Gu(Na. Na. Lb)I

If M(X) U N(X) is complete subspace of X, then the pairs (K, N) and (L, M) have a unique common
point of coincidence. Moreover, if the pairs (K, N) and (L, M) are weakly compatible, then the four
mappings have a unique common fixed point.

Proof. Let x, be arbitrary points in X. Since K(X) € M(X) and L(X) € N(X), then we can define the
sequence {a,} in X as (2.2).

Since {b,} € M(X)UN(X). We then show that {b,,} is a Cauchy sequence. Putting a = a,,,1 and b = a,
in (¢), we obtain
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o1 (GH(La2n+l s Layys1, Kay,), Gu(Mao,1, May,.1, Naa,), Ga(Mag,.1, Lay,y 1, Lasyy),
Gu(Nay,, Kay,, Kay,), Gu(Mag,.1, Kao,, Kazy),

[Gu(Nay,, Laz,.1, Laz,1)) + [Gu(May,.1, May,1, Kaz,)1?
[Gu(Naay, Lazys1, Lazy1)1? + [Gu(Magys1, Masy., Kas,)1?

) < Og.

This leads us to

¢1(GH(b2n+2, b2n+2’ b2n+1)» GH(b2n+1 > b2n+1’ b2n), GH(b2n+la b2n+2a b2n+2), GH(bZn’ b2n+la b2n+1)’

[Gu(bans bans2s b2,:2) P + [Gu(bans1s bans1s banse1)
[Gu(ban, bansas b2ns2)1? + [Gu(bans1, banst, bonsr)]?

Gu(ban+1, bans1, bonsr), ) < O,

which implies that
¢1 (Gu(bans2, bans2, banr1)s Gu(bant1s bansts b2n)s Gu(b2nr2s Yans2s bons1),
Gu(ban+1, bans1, b2n), O, Gu(bans bans2, bani2)) 3 0.
From (F,), (QG,4) and (QG5) we have
¢1 (Gu(ban+2; bansas bans1)s Gu(bansts bans1, ban)s Gu(bansas bans2s bons1), Gu(bans1, bons1, ban)
s On, Gu(b2ans2, bons2, Danv1) + Gu(bansts bansr, b2,)) 3 On.

From (F,), we get
IGu(b2ns2, brns2, bons )| < q |Gu(banet, bansr, bon)l .

Similarly, taking a = ay,.» and b = ay,4; in (¢,), we get successively
¢2(GH(Kazn+2, Kasyiz, Lazys1), Gu(Naz,s2, Naz,so, Maz,. 1), Gu(Nazy2, Kasyir, Kasyr),
Gu(May,y1, Lasyi1, Lasys1), Gu(Nagysa, Laz,s 1, Las,y),

[Gu(Maans1, Kaznsa, Kaze2)l? + [Gu(Nagus2, Nasnsz, Lag, 1)1 <0
~ VH-
[Gu(Mazys1, Kaziz, Kazyi2)? + [Gu(Naoysa, Nayso, Lasy:1)1?

This implies that

¢2(GH(b2n+3, b2n+3’ b2n+2), GH(b2n+2, b2n+2’ b2n+1 ), GH(b2n+2a b2n+3v b2n+3), GH(b2n+l > b2n+2, b2n+2)a

[Gu(bans1> banss, bans3)) + [Gu(bans2, bansa, bans2)]?
Gu(bans2, bonsa, bonss), < Oy,
HP a2, Tant2, Bant [Gu(ban+15 banss, b2ns3))? + [Gu(bani2, bopsas b2n+2)]2) "

that 1s,

¢2 (GH(b2n+3’ b2n+3, b2n+2)’ GH(b2n+29 b2n+2’ b2n+l), GH(b2n+39 b2n+3’ b2n+2)»
GH(b2n+2’ b2n+2, b2n+1)’ OH» GH(b2n+1, b2n+2’ b2n+2) + GH(b2n+2’ b2n+3» b2n+3)) 3 OH
From (F), (QG,4) and (QGs), one can write

¢2 (GH(b2n+3, b2n+3’ b2n+2)’ GH(b2n+2» b2n+2’ b2n+1 ), GH(b2n+3, b2n+3’ b2n+2),
Gu(ban+2, bansas boni1), O, Gu(bani2, banias bons1) + Gu(banis, banis, baniz)) < On.

From (F,), we obtain

AIMS Mathematics Volume 6, Issue 3, 2048-2058.
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|Gu(b2n135 D2nt3s Dani2)l < q |Gu(banias bania, Donst)l -
By a similar way, (step by step) of the proof of Theorem 7, one can complete the proof.
Example 10 Let X = {% : ne€N} and Gg : X X X XX — H as defined in Example 4. Let

K,L,M,N : X> — X? be defined by
1 1
Kx = Ex, Lx:Zx, Mx = x, Nxzix.
for all x = (x1, X2, x3) € X°.
It is easy to see that K(X) € M(X) and L(X) C N(X). So there exist ¢;,¢, : H® — H such that
¢1(a,b,c,d,e,f)=(e+f)—(a+b+c+d)=d¢ya,b,c,d,e,f),

for all a,b,c,d,e, f € H. We see that ¢y, ¢, € F and satisfy the following conditions (2.1) and (2.14).
Moreover, We see that (0,0,0) is unique common coincidence point of (K, N) and (L, M), and also
unique common fixed point of mappings K, L, M and N. So, Theorem 7 and Theorem 9 are supported
by this example.

3. Conclusions

In this work, we prove existence theorems of unique common points for the pairs (K, N) and (L, M),
and unique common fixed points for four mappings K, N, L, M are presented in Theorem 7 and Theo-
rem 9. The Example 10 is shown for supporting our main theorems (Theorem 7 and Theorem 9).
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