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1. Introduction

Let B denote the class of analytic functions f(z) = Y axz* defined in the unit disk D := {z € C :
|z| < 1} such that |f(z)| < 1 for z € D.
We call

B/(2) = ) lallt

k=0

the Bohr sum of f(z). The well known Bohr radius problem is to find ry, such that
B/(x) <1 (1.1)

holds for |z] < ry. The constant ry = 1/3 is sharp, which is called the Bohr radius. The radius was
originally obtained in 1914 by Bohr [13] with 1/6. Later, Wiener, Riesz and Schur established the
inequality (1.1) for r = |z| < 1/3 and showed that the constant 1/3 cannot be improved [22, 25, 26].
There are lots of works about the classical Bohr inequality and its generalized forms. Ali et al.,
[8] and Kayumov and Ponnusamy [15] considered the problem of Bohr radius for the classes of even
and odd analytic functions and for alternating series, respectively. In [19], the authors generalized and
improved several Bohr inequalities. In [21], several Bohr-type inequalities were obtained when the
Taylor coefficients of classical Bohr inequality are partly replaced by higher order derivatives of f.
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It is worth pointing out that Bohr’s radius problem deal with analytic functions from unit disk D
into D initially, but later it was generalized to mappings from D to punctured disk [4] or other domains
[2]. For more discussion on the Bohr radius for analytic functions [3, 7, 9, 27].

Recently, Bohr’s inequality has created enormous interest in various setting. For example, Bohr’s
idea is extended to functions of several complex variables and multi-dimensions [5, 6, 11, 12]. In
addition, the authors study the Bohr radius for harmonic mappings [1, 10, 17, 20].

The Bohr-Rogosinski sum Rﬁ(z) of f € Bis defined by

Ry@ = @I+ Y lalr, I =r.
k=N

Observe that if N = 1 and f(z) is replaced by f(0), then the Bohr-Rogosinski sum is the Bohr sum.
The corresponding Bohr-Rogosinski radius problem is to find Ry, such that

Rl <1

holds for |z| < Ry. Recently, Kayumov and Ponnusamy [16] have given the Bohr-Rogosinski radius of
f. In [21], the author also solved some problem of the Bohr-Rogosinski radius.

Let Sn(z) = ZkN:_Ol a;zZ* denotes the partial sums of f. The corresponding Rogosinski radius is
|z < 1/2 for |S n(2)| < 1 [18, 23, 24]. It is obvious that

- ad
k=N

Hence, the Rogosinski radius is related to the Bohr-Rogosinski radius.

Let B, = {w e B: w0 == D0) =0, 0™ (0) # 0} be the classes of Schwarz functions,
where m € N = {1,2,---}. Our aim of this article is to generalize or improve many versions of
Bohr-type inequalities for bounded analytic functions of Schwarz functions.

The paper is organized as follows. In Section 2, we state some lemmas. In Section 3, we present
many theorems which improve several versions of Bohr-Rogosinski inequalities and Bohr’s type
inequalities for bounded analytic functions. There are some corollaries and an open problem in
Section 4.

IS (@)l = < R}, (2).

2. Some Lemmas

In order to establish our main results, we need the following some lemmas which will play the key
role in proving the main results of this paper.

Lemma 2.1. (Schwarz-Pick lemma) Let ¢(z) be analytic in the unit disk D and |¢(z)| < 1. Then
6@ - p@)| _ i -2l
1= g@)d) 11— 212l

and equality holds for distinct 71,z € D if and only if ¢ is a Mobius transformation. In particular,

2
1 -2

for z;,z0 €D,
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and equality holds for some z € D if and only if ¢ is a Mobius transformation.

Lemma 2.2. ([14]) Suppose f(z) is analytic in the unit disk D and |f(2)| < 1. If f(2) = 7"y anZ", then
la,| < 1= |agl? for all n € N.

Lemma 2.3. For 0 < x < xy < 1, it holds that
O(x) := x + A(l — x°) < D(xg) whenever 0<A<1/2.
The proof is simple, we omit it.
Lemma 2.4. There is a unique root &,, of the equation
P2 -1 =0, (2.1)
and a unique root a,,, of the equation
P22 =+ D)+ 27"+ = 1=0 (2.2)

forr e (0,1)and m,n € N, respectively. Furthermore, ay,, < &, for m > n.

Proof. Firstly, it is obvious that there is a unique root of Eq (2.1) on (0, 1).
Secondly, we show that «,,, is the unique root of Eq (2.2). Let

k(r) = r"(r" +2)Q2r" =" + 1)+ 2r" + 1" = 1.
Then we have

K (r) =[4(m + n)r*™" " + 420 + m)r* ™ + 4 = 207"

2m+n—1 1 r2m+n—1)

+Cmr*™ ™ = 2mr Y+ (nr'" —n
+mr" ™ = 2mr™™ Y > 0, for m>n.

Observe that k(0)k(1) < 0. Thus the monotonicity of k(r) implies that there is an «,,, that is the
unique root of (2.2).

Finally, we need to show that a,,,, < &,. Assuming that ,,, > &,, then £2" + 2™ — 1 = 0 implies
that

k(En) =Em(&n + )60 = & + 1) + 260 + &, - 1
=(E +26mMQEN =&+ D)+ 267+ & - 1
=Qen — &+ 1)+ 280 + &5 — 1
=4£2 for &, €(0,1).

Then, k(¢,,) > 0 = k(a,,,). This contradicts the monotonicity of k. O
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3. Main results

Theorem 3.1. Suppose that f(z) = Yoo ad* € B, a := |ao| and w,, € B,,, w, € B, for m,n € N. Then
we have

|fwn ()] + Z ladlw,@ <1 for |zl =r< Ry, (3.1)
k=N

where R, , n is the unique root in (0, 1) of the equation
2N+ = (1= )1 -1 =0, 3.2)

and the radius R, , y cannot be improved.

Remark 3.1. /). If m = 1,n = 1, and w,,(2) = w,(z) = z, then Theorem 3.1 reduces to the main result
of Theorem 1 of [16].

2). If m — oo in (3.2), then lim,—c Ry = Ann, Where A, y is the positive root of the equation
2r"N =1 —r" Also, A;; = 1/3. It is the well-known classical Bohr radius.

Proof. Since f € B, a := |ay| and w,, € B,,, w, € B,, by the Schwarz lemma and the Schwarz-Pick
lemma, respectively, we obtain

Zl+a
lwn@| < 2", w2 L 2", and |f(2)] < i
1 + alz

for z € D. It follows that

|wn ()| + a < m+a
1 +alw,(2)] — 1+arm

|fwn@))] < , kl=r<l (3.3)

By using inequality (3.3) and Lemma 2.2, we have

m+a N
+(1-d*
1+arm ( a)l—r”

= um,n,N(r)-

Flom@) + ) ladlon@l <
k=N

Now, we need to show that u,,, y(r) < 1 holds for r < R, , 5. It is equivalent to showing v, , y(r) <
0, where

VirnN(F) =[tnnn(r) = 11(1 + ar™)(1 = r")
=" +a) (1 -r)+ 1 -aH"™A +ar) - (1 +ar)(1 - ")
=(1 —a)( =" + "™ + " + ar'™ + ar™™ + 2PN 1)
<(I=a) (" =" 4 PN 4 7" 4 N g N N )
=1 -2/ + ") — (1 = )1 - rM)].
Obviously, it is enough to show that 2r"V(1 + ) — (1 — ¥")(1 — ") < 0 holds for r < R,,,y. Let
g(r) =2r"N(1+r")—(1-r")(1—r™). Then it is easy to verify that g(0)g(1) < 0 and g(r) is a continuous

and increasing function of r € [0,1]. Thus R,,, » is the unique root of g(r) and g(r) < 0 holds for
r< Rm,n,N-
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Next we show the radius Ry, , y 1s sharp. For a € [0, 1), let

a+z
1 +az

wn(2)=7", wyz)=7" and f(z)= =a+(1-d% Z(—a)k_lzk, z€D. (3.4)
k=1

Taking z = r, substituting (3.4) into the left side of inequality (3.1), then we have

= M+ a - ~ +a aV-lyN
VWW+§Nm”=1 —+ > (1-ahd'r* = —+(1-d) —. (3.5)
= + ar = 1+ar 1—ar

Now we just need to show that if » > R, ,, v, then there exists an a, such that the right side of (3.5)
is greater than 1. That is

4+ a N—l,,.nN
+(1 -d? > 1.
1+ arm ( ) 1—ar
Namely, we need to prove that
(1 _ a)[rm+nNaN+l + (rm+nN + I"nN)ClN + rnNaN—l + (rn _ rm+n)a + " = 1] > 0. (36)

Let
Ai(a,r) = rNa 4 (N 4 NG N = P a + -

Observe that A;(a, r) is a continuous and increasing function of a € [0, 1). It holds that A;(a,r) <
AL, r) = 2PN + ™) = (1 = ) (1 = ™) = g(r) for r € (0, 1). Furthermore, by the monotonicity of
g(r),if r > R, ,n, then A;(1,7) > 0. Hence, by the continuity of A,(a, r), if r > R,, , y, We have

lim Ay(a,r) = Ai(1,r) > 0.

Therefore, if r > R, , v, then there exists an a, such that inequality (3.6) holds. |

Theorem 3.2. Suppose that f(2) = Yoo 2" € B, a := |ag| and w,, € By, w, € B, with m,n € N and
m > n. Then we have

|f(wn(@)] + I (@n@)llwn(2)] + Z lallwon@I <1 for |2l =r < @ (3.7)
k=2
where a,,, is the unique root in (0, 1) of the equation

"+ 2R =+ D)+ 2r" + 7 1= 0.

The radius @,,, cannot be improved.

Remark 3.2. Ifm = 1,n =1, and w,(z) = w,(z) = zin Theorem 3.2, then it reduces to Theorem 2.1 of
[21].

Proof. By the hypothesis, inequality (3.3) still holds. Then by Schwarz-Pick lemma, Lemma 2.2 and
Lemma 2.3, respectively, we obtain

|f (@n @)l + 1 (@n@)llwm(2)] + Z lallwn )l
k=2
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1 = f(w.@)P

1 = lwn(2)?

<If@n@)] + wn(@]+ (1 =) > o)
k=2

rm

m 2n

<|f(wn())| + - r2m(1 — flwn@P) + (1 - a*) Z |lwa(2)I
k=2
<r’”+a rr2m+(1_a2)lr_rn

| m+a 2
“1+arm 1+arm 1-

Mra  (1-a)r 2n
= a+( @) + (-2
I +arm (1 +arm)? 1—r

_ (1 - a)q)m,n(a, I")
=l (1 +arm?(1 —r7y’ for 1< &m, (3.8)

where
Dyua, r) = rP"2a + "+ 2)a” + [P =)+ QF 4 DP a + 27" =) + P+ -,

and &,, is the unique root in (0, 1) of the equation r*" + 2" — 1 = 0.
Let
D, (1,7) = """+ 2)QRr*" ="+ 1) + 2r" + 1" — 1.

It is obvious that ®,,,(1, ) is monotonically increasing function of r € [0, ). By the hypothesis or
Lemma 2.4, we have ®,,,(1, @,,) = 0. Thus the monotonicity of ®,,,(1, r) implies that

D, (1,r)<0 for r<ap,.

Furthermore, observe that ®,,,(a, r) is a monotonically increasing function of a € [0, 1] for each
fixed r € [0, 1). Thus

Qpp(@, 1) £ Opp(l,r) <0 for r<amp. (3.9)

Therefore, by inequalities (3.8) and (3.9), we obtain inequality (3.7).
To show that the radius «,,, is best possible, we consider the functions w,,(z), w,(z) and f(z) as in
(3.4). Taking z = r, the left side of inequality (3.7) reduces to

m+a N (1 —a>Hr" (- ar* .
I +arm  (1+arm)? 1—ar

FE+1F "+ ladr™ = (3.10)
k=2

We need to show that if > «,,,, then there exists an a, such that the right side of (3.10) is larger
than 1. That is

(1 _ a)[r2m+2na4 + (r2m+2n + 2rm+2n)a3 + (zrm+2n _ rn+2m + rzn)az

+ P+ = 2" a + 2" — 1] > 0.
Namely, we need to show that

r2m+2na4+(r2m+2n + 2rm+2n)a3 + (2rm+2n _ rn+2m + r2n)a2+
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(er + an + 77— 2rm+n)a +2/—-1>0. (311)
For m > n, let

Az(d, r) :r2m+2na4 + (r2m+2n + 2rm+2n)a3 + (2rm+2n _ rn+2m + an)aZ

(P = 27" Y+ 20" -

Observe that A,(a, r) is a continuous and increasing function for a € [0, 1). It holds that A,(a, r) <
Ax(,r) = " + 2)Q2r"" =+ 1) + 2r" + " = 1 = ®,,,,(1,7) holds for r € (0, 1). Furthermore,
the monotonicity of ®,,,(1, r) leads to that if » > a,,,, then A5(1,r) > 0. Hence, by the continuity of
Ay(a,r), if r > @,,,, we have

all)r{l As(a,r) = Ax(1,r) > 0.

Therefore, if r > a,,,, then there exists an a, such that inequality (3.11) holds. O

Theorem 3.3. Suppose that f(z) = Yoo @z € B, a := |ag| and w,(2) € By, w,(z) € B, for m,n € N,
Then we have

|f(wm(2))] + Z lasllwa@I* <1 for Izl =7 < Buns» (3.12)
k=1
where s € N, B, .5 is the unique root in (0, 1) of the equation
3 M -1 = 0. (3.13)

The radius B, s cannot be improved.

Remark 3.3. /). If m = 1,n = 1 and w,(z) = w,(2) = z in Theorem 3.3, it reduces to Theorem 2.5 of
[21].

2). If m — oo in (3.13), then lim,—c Bmns = Ans Where A, is the positive root of the equation
37 —1=0. Also Ay = 1 is the well-known classical Bohr radius.

Proof. Using inequality (3.3) and Lemma 2.2, we have

rm + sn

a r
+(1-d
1+ arm ( @)

1 — s

|f(wm(2))] + Z lasllwn () < (3.14)
k=1

It is sufficient for us to prove that the right side of (3.14) is less than or equals to 1 for r < S,
Actually, we just need to prove ¢(r) < 0 for r < B,,.5» Where ¢(r) = (™ + a)(1 — r) + (1 — a®)r""(1 +
ar™) — (1 + ar™)(1 — r**). Observe that

¢(7") :(1 _ a)[rm + 2rsn _ rm+sn + (rsn + rm+sn)a + rm+sna2 _ 1]
(1= a)(r" +3r™ + 7" - 1),

Let A(r) = " + 3r" + ¥ — 1. Then it is easy to verify that 2(0)h(1) < 0, hA(r) is a continuous and
increasing function of r € [0, 1]. Thus S, is unique root of i(r) and A(r) < 0 holds for r < S,,,,.5-
Thus ¢(r) < 0 for r < B s
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To show the radius S, s is sharp, we consider the functions w,(z), w,(z) and f(z) is the same as
(3.4). Taking z = r, the left side of inequality (3.12) reduces to

as~ 1

+(-a ) (3.15)

1+a —ar

(o)
L@+ lagdr™* =
k=1

Next, we need to show that if r > ,,,.,, then there exists an a, such that the right side of (3.15) is
bigger than 1. That is

m+ns s+1

r +2r%a + a + " — 1> 0. (3.16)

Let
As(a,r) = r™"a™! + 2rat + et + " - 1L

Observe that As(a, r) is a continuous and increasing function for a € [0, 1). It follows that A3(a, r) <
As(1,r) =" + 37 + " — 1 = h(r) holds for r € (0, 1). Furthermore, the monotonicity of i(r) leads
to that if » > 3, .., then A3(1, r) > 0. Hence, by the continuity of As(a, r), if ¥ > B,,,.5, Wwe have

lim As(a,r) = As(1,r) > 0.

Therefore, if r > 3,5, then there exists an a, such that inequality (3.16) holds. m|

Theorem 3.4. Suppose that f(z) = X2 aZ’ € B, a = lag| and w,(z) € By, , wy(2) € B,, where
m,n € N and n > m. Then we have

|f(wm(@)] + Z(—l)klakllwn(Z)lk <1 for ld=r<vymun,
k=1

where y,,,, is the unique root in (0, 1) of the equation
P L 352 = 0.

Remark 3.4. Ifm = 1,n = 1, and w,,(2) = w,(z) = z in Theorem 3.4, then it reduces to Theorem 2.9 of
[21].

Proof. On the one hand, by the assumption, we have

@)+ Y (D@l <T—— + Z laxlleon @ = lar i llwn(2)P*!
k=1 k=1

+a
+ Z |azk|’”2k"

1+arm

2n

+U_f%-

r+a
<

“1+arm

Now we need to show that above inequality is smaller than or equal to 1. It is sufficient for us to
prove ¥(r) < 0, where y(r) = (™ + a)(1 — ™) + (1 — a®)r*'(1 + ar™) — (1 + ar™)(1 — r*"). Observe that

w(r) :(1 _ a)[rm + 2r2n _ m+2n + (}" m+2n)a + rm+2na2 _ 1]
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<(1 —a)(™ +3r7" + /"2 — ).

Furthermore, it is easy to verify that 7" + 3" + r"*2" — 1 is increasing on r € [0, 1) and have a
unique zero y,,,. Therefore, we have y(r) < 0 for r <y,
On the other hand, we have

[

|f(wn())] + Z(—l)k|akllwn(z)|k =|f(wm(2))] + Z oo, ()2 — Z el () 2!
k=1 = —
> = ) PP = ~(arl” + ) a2
k=1 k=1

2= |-+ ) |a2k+1|r<2'<>")
k=

]
m+a -
2%
> — + Z |asy |0
py

1+ arm

r+a r
> — +(1-a° .
— \l+arm ( a)l—r2”)

It is obvious that the last item of above is greater than or equals —1 for all » < y,,,,. We complete
the proof. O

4. Some Corollaries

In Theorem 3.1, by setting with the combination of w,(z) = z, W, (z) = z, and W, (2) = wW,(2) = W(2),
we get Corollaries 4.1-4.3, respectively.

Corollary 4.1. Suppose that f(z) = X 1o, axZ* € B, a := |ag| and w € B,, for m € N. Then we have

Flw@)+ ) ladd <1 for 1d=r<Ruin,
k=N
where R, n is the unique root in (0, 1) of the equation
27N+ - (1 =1 =-r")=0,
and the radius R,, | y cannot be improved.

Corollary 4.2. Suppose that f(z) = Yoo ad* € B, a := |ag| and w € B, for n € N. Then we have

F@I+ ) ladlw@F <1 for 1d=r < R,
k=N

where R, , y is the unique root in (0, 1) of the equation
2N+ -1-"M1-r=0,

and the radius R, , y cannot be improved.

AIMS Mathematics Volume 6, Issue 12, 13608—13621.
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Corollary 4.3. Suppose that f(z) = Y-, aiZ* € B, a := |ag| and w € B,, for m € N. Then we have

f@@+ Y ladw@F <1 for [ =7 < Ry,
k=N

where R, y is the positive root in (0, 1) of the equation
27N+ = (=" =0,
and the radius R, , n cannot be improved.

In Theorem 3.2, setting w,(z) = z and w,(z) = w,(2) = w(z), we have Corollaries 4.4 and 4.5,
respectively.

Corollary 4.4. Suppose that f(z) = Yoo arz* € B, a := |ay| and w € B,, for m € N. Then we have

[f(@@)] + If" (w@)llw@)] + Z lallzl <1 for |zl =r < @,
k=2

where a1 is the unique root in (0, 1) of the equation
"+ 22 —r+ D) +2r7 +r—1=0.

The radius @, cannot be improved.

Corollary 4.5. Suppose that f(z) = Yoo ai2* € B, a := |ag| and w € B,, for m € N. Then we have

|f (@] + 1f (w@)llw@)] + Z ladlw@ <1 for Izl =r < apm,
k=2

where a,, , is the unique root in (0, 1) of the equation
2/ 4 3P 4 P2 4+ 37" — 1 = 0,

The radius ,,,, cannot be improved.

In Theorem 3.3, setting w,(z) = z, wW,(2) = z, and w,,(2) = w,(z) = w(z), we obtain Corollaries
4.6-4.8, respectively.

Corollary 4.6. Suppose that f(z) = Yoo az* € B, a := |ag| and w € B, for m € N. Then we have

|f(w(2)] + Z lagllzl™ <1 for |z =r<Buis
k=1
where B, 5 is the unique root in (0, 1) of the equation
"+ 3r -1 =0.
The radius B, s cannot be improved.
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Corollary 4.7. Suppose that f(z) = Y-, aiz* € B, a := |ag| and w € B, for m € N. Then we have

lfl + Z lasllw@I™ <1 for |zl =r<Bins
k=1

where 31, is the unique root in (0, 1) of the equation
P37 -1 =0.

The radius B, ».s cannot be improved.

Corollary 4.8. Suppose that f(z) = Yoo arz* € B, a := |ag| and w € B,, for m € N. Then we have
|f(w(2)] + Z lasllw@I™ <1 for Izl =r < Bums
k=1

where B m.s IS the unique root in (0, 1) of the equation
P37 " -1 =0.
The radius B,, s cannot be improved.

In Theorem 3.3, setting s = 2, we get Corollary 4.9.

Corollary 4.9. Suppose that f(z) = Yoo Z" € B, a := |ag| and w,, € B,, w,(z) € B, for m,n € N,
Then we have

|f(wm(2))] + Z lallwn@P* <1 for |zl =7 < Bunas
k=1
where B2 is the unique root in (0, 1) of the equation
P 4 37— 1 = 0.

The radius B,,,» cannot be improved.

In Theorem 3.4, setting w,,(2) = z, and w,(2) = w,(z) = w(z), we give Corollaries 4.10 and 4.11,
respectively.

Corollary 4.10. Suppose that f(z) = Yoo ax2" € B, a := |ag| and w € B, for n € N. Then we have

F@l+ Y (~Dadlw@l| <1 for I =r<yim
k=1

where vy, , is the unique root in (0, 1) of the equation
P L3 e r—1=0.
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Corollary 4.11. Suppose that f(z) = X2, aiZ* € B, a := |ag| and w € B,, for m € N. Then we have

|flw@)] + Z(—l)klakllw(z)lk <1 for lzd=r<vmum
k=1

where y,, , is the unique root in (0, 1) of the equation
P3P+ -1 =0.

It is worth pointing out that we have not proved radius v,,, is sharp in Theorem 3.4. Therefore, the
following problem is open.
Open problem: Find the largest radius ry for f(z) = Y20 a7* € B, and w,(2) € By, Wa(z) € B, with
m,n € N, such that

|f(wm(2))] + Z(_l)klakllwn(z)|k <1 for r<n.

k=1

5. Conclusions

We obtain some new versions of Bohr-type inequalities for bounded analytic functions of Schwarz
functions by replacing the variable z by Schwarz functions in function’s power series expansions. we
conclude that most of the corresponding Bohr radii are exact. These inequalities generalize the classical
Bohr inequality and some earlier results on the Bohr inequality.
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