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1. Introduction

In last decades there have been many works on the boundedness for the multilinear singular integral
operators in the product of Lebesgue spaces, Morrey type spaces and Herz spaces etc. Let T be a
multilinear singular integral operator which is initially defined on the m-fold product of the Schwartz
space S(R") with values in the space of tempered distributions S’(R") such that for x ¢ N, suppf;,

T(fio o 0 = | KCoy v | | AO0dy: - dyn, (1.1)
(Rll)m l:1
where fi,---, f,, are in L°(R"), the space of compactly supported bounded functions. The kernel K is
a function in (R")"*! away from the diagonal y, = y; = - -- = y,, and satisfies the standard estimates
IKCe, vyl S CQx = yil + -+ + e = yu)™, (1.2)

and for some & > 0,

Clx = x'?

. 7ym)|S 9
(Ix =yl + -+ lx =yl

IK(x, y1, -+ s Ym) — K(X', y1, - (1.3)
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provided that |x — x'| < 1 max{|x — yi|,- -+, [x — y,l} and
K5 V1, Vi s 9m) = KCa Y1 33 )] < b= (14)
s V1" " 5 i " s Ym) — s Y1 " " s Vi T s Ym)l = s .
(I = yil + -+ [x = yulym+e
provided that [y; — y/| < %max{lx =y, ,lx =yl forall 1 <i<m.

Such kernels are called Calderén-Zygmund kernel and the collection of such functions is denoted
by m — CZK(C,&) in [1]. Let T be as in (1.1) with an m — CZK(C €) kernel. If T is bounded from

LPrx.--xLPmto LP forsome 1 < py,---, p, < oo and [1] = p—+ +p— then we say that 7' is an m—linear
Calderon -Zygmund operator. If T is an m—linear Calderén-Zygmund operator, Grafakos and Torres
n [1] proved its boundedness from L7 X ---x L% to LY forall 1 < ¢qy,--- ,q,, < oo and ; = qil +--+ q—

and from L' x --- x L' to L'/™>_ Curbera et al. in [2] obtained its weighted inequalities. Pérez and
Torres in [3] presented a new proof of a weighted norm inequality for multilinear singular integral of
Calder6n-Zygmund type and studied an application of certain multilinear commutators. Recently, Tao
and Zhang in [4] obtained the boundedness of the multilinear singular integral operators on weighted
Morrey-Herz spaces and gave their weak estimates on endpoints.

Function spaces with variable exponents have been intensively studied in the recent years by a
significant number of authors, e.g. [S-11]. The motivation for the increasing interest in such spaces
comes not only from theoretical purpose, but also from applications to fluid dynamics, image
restoration and PDE with non-standard growth conditions. The results above had been extended to the
variable exponent Lebesgue spaces L”(Q) and the variable exponent Morrey spaces M, Pt )(Q) over an
open set Q C R"” in [12-14]. Lu and Zhu in [15] discussed the boundedness of multilinear
Calder6n-Zygmund singular operators on Morrey-Herz spaces MK“() A(R”) and Herz spaces

“() )(R”) with two variable exponents a(-) and p(:) .

Recently the generalized Muckenhoupt weights with variable exponents have been studied.
Cruz-Uribe and Wang in [6] obtained the boundedness of fractional integrals on weighted Lebesgue
spaces with variable exponents by applying the extrapolation. Izuki and Noi in [7] proved the the
boundedness of fractional integrals on weighted Herz spaces with variable exponents by the theory of
Banach functions spaces and Muckenhoupt theory with variable exponents. We refer readers [16-20]
for more references about weights in variable exponent spaces.

Motivated by the results above, we give the definition of weighted Morrey-Herz spaces with variable
exponents and prove the boundedness of multilinear Calderon-Zygmund singular operators on the
product of weighted Lebesgue spaces and weighted Morrey-Herz spaces with variable exponents.

2. Preliminaries

2.1. Variable Lebesgue spaces

Definition 1. Let p(-) : R" — [1,00) be a measurable function. The Lebesgue space with variable
exponent LPO(R") is defined by

LPO(R") := {f is measurable : pp(]zc) < oo for some constant A > 0},

where p,(f) = [, If ()" dx.
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LPY(R") is a Banach space with the norm defined by

- f
/N0 @ny := inf{d > 0 : pp(z) <1}
We denote
p- = essinf{p(x): x€R"}, p,:= esssup{p(x): x € R"}.
The set P(R") consists of all p(-) satisfying p_ > 1 and p, < co. p’(-) means the conjugate exponent of

p(+), namely ﬁ + ﬁ = 1 holds. We also note that generalized Holder’s inequality

|f()gldx < rpllfllro@yllglroen
Rn
is true for all f € LFO(R") and g € LFO(R"), where r, := 1 + i - p% ([5D).

We say that a function p : R” — R is locally log-Holder continuous, if it satisfies

- 1
lp(x) — pO)) £ ——— forx,yeR", |x—y < —=. 2.1)
log(lx — y[) 2
If c
[p(X) = po] £ ———— forsome p. > 1 and all x € R" 2.2)
log(e + |x|)

we say p satisfies the log-Holder decay condition at infinity. The set of p(-) satisfying (2.1) and (2.2) is
denoted by LH(R"). It is also well known that the Hardy-Littlewood maximal operator M defined by

1
Mf(x)= sup 3 f lf)ldy,
s:balles 1Bl J5

is bounded on LPO(R") whenever p(-) € P(R") N LH(R").

2.2. The Muckenhoupt weights with variable exponents

Let p(-) € P(R") and w be a weight. The weighted variable exponent Lebesgue space LP(w) is the
set of all complex-valued measurable functions f such that fwi € LPO(R"). The space L"O(w) is a
Banach space equipped with the norm

1
LA zroowy == ILfwrOllpeo.
Now we define the Muckenhoupt classes. We begin with the classical Muckenhoupt A; weights.

Definition 2. A weight is said to be a Muckenhoupt A; weight if Mw(x) < Cw(x) holds for almost
every x € R". The set A; consists of all Muckenhoupt A; weights.

The original Muckenhoupt A, class with constant exponent p € (1,00) established by
Muckenhoupt [21] can be generalized in terms of a variable exponent as follows.

Definition 3. ( [7,20]) Suppose p(:) € P(R"). A weight w is said to be an A, weight if

1 1 1
sup —|{[wrO xgllppollw PO x|l < 0.
g:ball
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Next we state the monotone property of the class A ..
Lemma 1. ( [7] Corollary 1) If p(-), q(-) € P(R") N LH(R") and p(-) < q(-), then we have
A CApy C Agpy-

Definition 4. ( [7]) Given p(-) € P(R") and a weight w, we say (p(:), w) is an M-pair if the maximal
operator M is bounded on both LPO(wP")) and L' O (w=7'0).

Lemma 2. If (p(-), w) is an M-pair, then we have that for all balls B in R",

1
-1
Cc < E|IXBl|LP(')(WP('))IIXB”LP,(')(W*P,(‘)) <C.

We introduce the sharp maximal function

1
MEF(x) = sup — f ) = foldy,
AN

where the supremum is taken over all cubes Q containing x, as usual, fp denotes the average of over
Q. For 6 > 0, we denote by Mg the operator

Mif = MA(F1)'.
Similarly as above, for § > 0, we denote by M; the operator My(f) = M(|f|°)'/°.
The next lemma gives an estimate for the norm || - [|»0,r0) in terms of M i,
Lemma 3. If (p(-),w) is an M-pair, then we have that for all f € LPO(wP®),
A1y < CIME Fllser gy

The two Lemmas above are the generalization of Lemmas 2 and 4 in [22] to the weighted case,
which can be found in [16] and [6] respectively.

Lemma 4. Suppose p(-) € P(R") N LHR") and w € A, then we can take constants 6,0, € (0, 1)
such that

I Ellrowroy  IEllrog-ro) - C(@)‘S‘ (2.3)
”/\/B”(L/’(')(WP(‘)))’ ||XB||LP’(»>(W—p’(»)) B |B| ’

I £ll 2o uroyy E

i 24

I sllrowroyy 1B
”/\/B”LP(‘)(WI’(')) < @
Iellroaeoy — 1EI
for all balls B and all measurable sets E C B.

(2.5)

Equations (2.3) and (2.4) are from [7]. (2.5) is the generalization of inequality (6) of Lemma 1
in [23] to the weighted case. Their proofs are similar, we omit it here.

Lemma 5. ( [3]) Let T be an m-linear Calderon-Zygmund operator and let O < 6 < 1/m. Then, there
exists a constant C > 0 such that for any vector function f = (fi,..., fu), where each f; is a smooth
Sfunction and with compact support, the following inequality holds

MT(fi,., ) < C | | M(F.

J=1
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2.3. Weighted Morrey-Herz spaces with variable exponents

Let E Cc R" be a measurable set and w a positive and locally integrable function on E. The set
Li’é)c (E,w) consists of all functions f satisfying the following condition: For all compact sets K C E,

there exists a constant A > 0 such that
f |@|P<x>w(x)dx < oo,
x A

Next we define weighted Morrey-Herz spaces with variable exponents motivated by [7,24]. We use
the following notations. For each k € Z, we denote

By=: {xeR": |x]<2*, Cy=: By\Bwi, and xi = xc,.

Definition 5. Let 0 < g < oo, p( ) € PR"), 0 <A< oo and a € R. The weighted Morrey-Herz space
with variable exponents M K“ (W) is defined by

(gwmb—.feL”KR“wLWYHﬂW@%wm)<wL
where

LA k
|WM%W»5@2(22WM%MW

It obviously follows that MK" (wp()) coincides with the weighted Herz spaces with variable
exponents ‘”’(w) defined in [7].

3. The main results

Theorem 1. Let (pj() w) be M-pairs,j = 1,2,...,m, and p(-) € PR") N LHR") satisfy [ﬁ =

pll(x) [ﬁ tot (x) Let w be a weight in A,,O() where po(-) = min{p,(-), ..., pu(-)}. Then, there

exists a constant C > 0 so that for all f = (fi1,..., fm), where each f; is a smooth function and with
compact support, the m-linear Calderén-Zygmund operator 7 is bounded on the product of weighted
variable exponent Lebesgue spaces. Moreover,

IT(fis s Fodlloqmoy < C [ ]Il psogeo, (3.1)

J=1

Proof. By using Lemma 3, Lemma 5, Holder’s inequality and the boundedness of M on LPiO(wPi®)),
we get

”T(fl’ T fm)”LP(‘)(wP(')) = ”T(f17 T fm)(X)W(X)llu(~)
< CIMACT(fiy - s fu)) WO

swfhmmmmmmccrhmmmwmo

dﬁﬁwmmwww<ﬁpwmwm
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This yields (3.1).

Theorem 2. Let (pj() w) be M-pairs, j = 1,2,...,m, and p(-) € P(R") N LH(R") satisty p(x) =
zﬁ zﬁ +ee 4 p—() Let w be a weight in A,,O(.) where po(:) = min{p;(-),..., pn(-)}, 61 € (0, 1) be

the constant appearing in (2.3). Suppose that A = }\7", A, @ = }, @;, 0 < A; < @; < ndy, é =i ql

Then, there exists a constant C > 0 so that for all f = (fi,. .., fm), where each f; is a smooth function
and with compact support, the m—linear Calder6n-Zygmund operator 7" is bounded on the product of
weighted variable exponent Morrey-Herz spaces. Moreover, we have

1T Flaggos ury < € ]—[ gy e (32)

j=1

Let 4; = 0, we immediately get the boundedness of the multilinear Calderén-Zygmund integral
operator on the product of weighted Herz spaces with variable exponents.

Proof. Without loss of generality, we only consider the case m = 2. Actually, the similar procedure
works for all m € N. When m = 2, we have

T(f1, 2)(x) = f fRn K(x, y1,y2) i) 2(02)dy dy».

Write
filx) = Z £, (0 = Z fin), i=1,2.

,:—00 l:—OO

LPO(wPY) is a Banach space, hence we have

” l/q
ITCs Pk ooy = SUP2” - Z 2YUTCfr, NI )
k=

Z Z T(fi fo

=—00 [j=—00 [h=—00

< sup 2‘“( Z kaq
K

Lez

) lq
LPO(wPO)

where
L k-2 k-2 . o
-LA k
I = sup 27( Z Skag Z Z T(fi fil|, ,«)) ’
LeZ Km0 e e LPO (wp))
1 >
k-2 k+1 . »
L/l k
— SUP2 Z raq Z Z T(fll’ﬁz))/\/k Ll’(‘)(wﬂ('))) N
bez k=—co lj=—c0 [h=k-1
L k-2 o , »
-LA k
13 = Sllp2 ( Z praq Z Z T(ﬁ]?ﬁz))/\/k Ll’(‘)(wP('))) N
bez k=—co l1=—00 l=k+2
k+1 k-2 . »
L/l k
Iy = sup2” Z ohkaq Z DT | )
Lez k=—co =k—1lL=-00 L0 (wpP))
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L k+1  k+1
_ -LA kagq 1 I
Is = ng£2 ( Z 2 Z Z T(fi,, fi)xx Lp(,)(wp(_))) ;
k=—c0 L=k-1 L=k-1
L k+1 0 q 1/q
_ -LA kag
Is = sup2 (D129 3TN The fide m»(w-))) :
k=—oo L=k—1 b=k+2
besup2 i 3 2| S 7 B
r=sup2 (32 50 3% Tt snf)
=—00 l1=k+2 l=—c0
L o k+1 g 1/q
_ -LA kagq
Iy = nggZ ( Z 2 Z Z T(fys Ju)xx L!’(')(wl’('))) ,
k=—o00 Iy =k+2 b=k—-1
L o] (o)
_ -LA kag 1 l/q
Iy = s;:gZ ( Z 2 Z Z T(ftys Ju)xx Ln<->(wp(-))) :
k=—00 L=k+2 l=k+2

Because of the symmetry of f; and f,, we see that the estimate of I, is analogous to that of I, the
estimate of /5 is similar to that of /; and the estimate of I is similar to that of /5. We will estimate
I, — I;, Is, I and Iy respectively.

(i) To estimate I;, wenote [; <k —2 fori =1, 2, and
e =yl = llxl = lyill > 2571 =2 > 2572, for x € G, yi € Cy..

Thus, for x € C;, we get

f |ﬁ1(y1)||ﬁ2(y2)| dyldyg

re (JX = 31|+ |x = y2)>

< Co o f i Ol f i 0)ldya.
R R"

Ty, i) < C f

R

Applying the generalized Holder’s inequality to the last two integrals, we obtain

k=2

k=2
” Z Z T(ﬁl’ﬁz))(kao(wp(z))

lj=—00 [=—00

k-2 k-

2
—2ki
<C Y DL 27U ool lznogmoy

ll =—00 lz:—oo
' ||fl2 ||Lﬂz<‘>(wﬂz<‘>) | IXlz | |(L1’2(‘)(w1’2(')))' ”/\/k”Ll’(‘)(wf’(')) .

L
p2(x%)’

By]—1+

P = B® using the generalized Holder’s inequality and Lemmas 2 and 4 , we get

D, ”(Ll’l O@wr10yy s, ”(L!’Z(’)(WPZ(')))’ Dyl |U’(')(w1’('))
< H/\,/B,1 ”(L/’l(')(wpl(')))’ HXBIZ ||(LP2<‘>(WP2(’>)y ”/\/Bk”LI’(')(wP(‘))
<C| IXB,, ”(Ll’l Owr10yy ||X812 ”(LFZ(‘)(WI’Z(‘)))’ ”/\/Bk 1172 O P10y | I)(Bk ||U’2<'>(w1’2<'>)
< CH/‘(B,l ”(Ll’l OwP10)yy ”XB;2 ||(LP2<->(wP2<->))' |Bk|||XBk||(_Llp, O@wP1Oyy |Bk|||XBk||(_Llp2<~)(wp2<~))),
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|By,[\61 /1By, \o1
C22kn =al =hl

) (1)
— C22kn2(l| —k)nd, 2(12—k)n5| .

Therefore, we arrive at the inequality

2 k-2
< (i=kjno, P
H Z Z T fida] o, < €[ 20 2P Wil
1:—00 2_—00 i=1 l,':—OO
Since 1L = L + L we have
FETR
L ) ol
I, < Csup 2_“{ Z 2"“q(n Z 2(1i_k)msl”ﬁiHLl’i(')(wPi(‘))) },,
Lez k=—co i=1 l=—co0
L k-2 .
< Cl_[ sup2 L/l{ Z ( 2(lf—k)(n61—m)zliai||ﬁi||Lpi(A)(W,,i(A))) }qi
I Lez k=—co li=—
l =—00 i= (o]
=Ll

(o) (o]
(Z ap)? < Zazi, (a,a;...>0),
h=1 h=1

We consider the two cases 0 < ¢; < 1 and 1 < ¢; < co. When 0 < ¢; < 1, we apply inequality

and obtain
L 1
. —u Ui=k)(n81-)gi H lixigi g
Ill < Csupz Z Z 2 2 ”f ”Lp()(wp,())}
LeZ k=— ooll:—oo
L-2 L 1
_ L/l liaigiy| £ (190 (i=k)nd1~ai)gi | 4
= Csup2 | Y Aty N }
Lez ll=—00 k:ll‘+2
L-2 1
—LA; liaiq; 4
< Csup2 { Z 2 ||fl,||Lp(>(wm<>)}
LeZ li:—oo

< ClIfil MK;Y?(];).':;(WPi(‘))'
P

When 1 < ¢g; < oo, by Holder’s inequality we obtain

L k=2

1
— . i~ - (i M
I; = Csup? L/ll{ Z ( Z 2 li=k) (s a,)zz,al||ﬁl_||w<,)(wpi(_))) }q,

LeZ

k=—oc0 [;=—00

L k=2

—L; L=k nd1—a) L A lLiag; qi
< Csup2 i N (3 b tgleay e Y

Lez

k=—0c0 [lj=—00

/ ([l

Z o li= k)(na.—a»z) }L

,:—00

(3.3)
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1

L k-2
—-LA; i~k)(ns1-a) L A liaig; qi i
< Csup2™{ ) () 270 AR AN o )

Lez

k=—oc0 [j=—o0

L-2 L 1
— ~L4; haigi)| £, 119 U=k)nd1-a) 5 | 4i
_Csup2 l{ Z i :t”ﬁ |LIF1()(WP()) Z PAL )7 L4
LeZ li=—c0 k=1;+2
L-2 1
—LA; liiqi 61: ai
< Csup2 { g 2744 U,()(Wpo)} l
LeZ li=—00
=

< Cllfllygeren oy
4;:pi(")
Therefore, for any 0 < ¢; < co, we could obtain
Il S Cllﬁlleal"ll (Wpl(-))HfZ”MK”ZV/IZ (wpz(v))‘
q1-r1() q2.p2()
(i1) To estimate I,, wehave [y <k—2,andk— 1</, <k + 1, then
k=2 .
lx = yil +1x = yol 2 [x = yil 2 |lxl = [yill > 2777, for x € Cy, y; € Cy, i =1, 2.

From the inequality above, we obtain

k=2 k+l
H Z Z T(ﬁl’ﬁz)XkHLp()(wp())
112—00 lz k—1
k=2 k+l ”)( ”
B P2 (wP2()Yy
11 —k)nd 1, (L (w )
$C 3 ) 2" Wil Ul
ly=—0c0 =k Bi (1,20 (wP20)yy

By Lemma 4, we have

if lz — k _ 1 ”/\/312”(Lpz(‘)(sz(')))/ S C(

7 Bl pa6)payy

‘Blz
Bkl

)‘ C2L=bnst — C2‘”‘5',

. HXBI I P20) P2y
if Iy = k, o200

’ “/\/Bk ”(Lﬁz(‘)<wl)2(') N4

. ey Il par a0y By, |
ifl, =k+1, —2t—" SCBZ C2hhn = con,
“)(Bk”(LPZ(')(sz(')))’ | |

Combing the estimates above, we arrive the inequality

“/YB]2 ”(Ll’z(')(wpz(-)))/

<C, for k—1<bL<k+1,
|IXBk||(LP2('>(WP2(~)))/

where C is independent of /; and k.
For I, we get

L k=2 k+l ol
12 S CSllp 2_L/l Z 2kaq Z Z 2(11_k)n61||f11||Lm(~>(wm(~))||ﬁ2”Lpz(‘)(wpzt))) }q
Lez k=—00 11:—00 b=k—1
L k—
L/l (L1—k)(nd1—a1) Ayl a 0\ g
< Csup2 ! Z Z 2 1 = 121 1||ﬁ1||Lp1<)(wm())) }
LeZ k=00 Ij=—oo0
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L k+1

X sup 2_“2{ Z ( Z 21«12||flz||L1’2<~>(w172<~>))qz}é

LeZ k=—co  l=k—1
= CIZ] 122.

Note that

Ly =1 < C”fl”MK“l’*l (P10
q1.p1()

L ket 1 |

sup 2‘“2{ Z zkazqz( Z I ﬁ2||L,,2(A>(W,,2<A)))q2}E

Lez p— =k—1

I

IA

1

LA k a9

CSLu;)Z 2 Z 2 QZq2||f2X2k 14| |<2A+l( )||Lp2()(wp2())} 2
€.

k=—00

L+1 1

L k 2
< Csup2” 2 Z 2 02112||f2Xk||Lp2()(wp2())}qz
LeZ

S C”fz”Mk(yz,/lz (Wp2<'))'
q2:p2(")
(ii1) To estimate I5, forx € Cy, y; € C,and [} < k-2, [, > k+ 2, we have
k- -
lx = yil =[xl = [yil > 2%, x = yal = [yal — x| > 2572

Thus, for x € Cy, we get

T fu(9)] < €274 f 1y ldy 275 f i (o).
RVI R’l

By Holder’s inequality, Lemmas 2 and 4, we obtain

k-2 00
H Z Z (ﬁl’flz))(k LPOWPO)Y
[j=—00 [y=k+2
k=2 00
(k ! )n|LYB,1 ||(LP|(>(WP10))' |IXB,2||(LP2()(W172()))
<C 2 o1 0o L | Lr20 e
[ =—c0 l=k+2 |D(Bk||(l,ﬂ|(>(wm(>))' ”XBk”(LPz()(WPz()))'
k=2 00
k—1 |Bl| 1|Bl
<C Z > 20 ol il
L La, B/ 1B
k=2 00
L —k)noé
<C Y > 20 gy fillo o).

lj=—00 [r=k+2

For I5, we get
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L k-2 co 1
— —_ q q
13 S CSUP2 L/l{ Z 2ka/q( Z Z 2(11 k)n61||ﬁ1||LI)1(~)(WP1(~))||ﬁ2”LPz(«)(WPz(«))) }q
LeZ k=—co Ii=—co =k+2
L ) oL
< Csup27H{ 3 (N 20 1)) ]
LeZ k=00 Ij=—oo0
L 0 q 1
— 2 2
xsup2 2 D (3 2N fullgopeno) |
Lez k=—oo  L=k+2
= C131132.
Note that
Ly=Dh =1 < C||ﬁ||Mkal.A]_(wp]<->)-
q1.p1()
As for I5,, we write
L )
—LA kasqn 92 é
132 = sup2 { Z 2 ( Z ||ﬁ2||L1’2(’)(w1’2('))) }
Lez k=—oo L=k+2
L L-1 L
< sup 2—L/lz{ Z ( Z 2(k—lz)a2212crz”flznuz(,)(wpz(,))) }qz
Lez k=—co L=k+2
L 00 » 0
+sup 272 3T 2Bk o))
LeZ k=—oo =L
_. gl 2
= I; + I5,.

Now, we estimate I3, and I3, respectively. For I3,, using similar methods as that for /;;. Observing that
a, > 0, we consider the following two cases:
When 0 < g, < 1, by (3.3), it follows that

L L-1

1
1 —LA, (k=h)arq2yhazq> 90 a
I, < Csup2 { Z Z 2 L VA FyRETPES
Lez k=—oco l=k+2

L-1 L-2 i
_ LA haagy 7 (k=h)arqr | 22
= CSUP2 { Z 2 ”ﬁz' LP20O (P20 Z 2 }

LeZ

[2:—00 k=—0c0

L-1
-LA I q @
<Csup2 2{ Z 2 2a2q2||ﬁ2||Li,2(_)(wp2(>))}q2

LezZ

lh=—00

= Wl o

When 1 < g, < oo, we use Holder’s inequality and obtain
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L L-1
I 1< Csup2 L/lz Z Z 2(k by % leazqznfz Lpz()(wl’z(>)
Lez k=—co l=k+2
Z (k= 12)02)72) }
Lh=k+2
L L-1 1
< Csup 2—L/12{ Z ( Z k= b2 leafzflzllf2 Lpz()(wpz())}qz
Lez k=—oco Ilh=k+2
—LA l < (k=) % n
2 20242 g N
=Csup2” Z 2 I/l L0 (w20 Z 2 2}
LeZ 12 —oo k=—0c0

= Wl o

For I3,, when 0 < g, < 1, by the fact that 0 < A, < a», we have
L 00 |
2 —-LA k-1 l @
%, < Csup2 2{ Z Z y(k=h)a2g2) 20| f | LP2()(wP2())}q2
Lez k=—oo =1

1

LA k—1 bha ha 7
< Csup2 2 Z 22( 2)(1211222 2929=h g Z zjazqzllf ”fizz()(wpz(l))}qz

LeZ

k=—00 12 j—_
1
L/lz (k=b)a2q2~ b A2qn q2 }qz
< CSllp2 Z Z 2 2 ”f ” "‘2 {2 ( P20))
LeZ k=—oo =L
L ) 1

— 2—L/12{ Z Skazgs Z 2h(2-a2)q % }E
CSLE% i i Hf”MK”z 2, (w720

L

— L/lz{ LazgryL(A2—a2)q2 92 }‘12
= Coupd Ll

= ||JC2||MK(12Y/I2 (sz(_)).
q2,r2()

When 1 < g, < oo, because @, — A, > 0, we have

L 00

(=b)ar+dy) _ (k=b) =) \ g2y =
2 -LA l} q
By =sup27 2l 3 (3 22 fyllpogme2 22 ) )R

Lez

k=—oco [p=L
L [}

(k=h)(@r+d2)qn
-LA, § § hasgs I E—
<C sup2 { ( 2 ”fz Lpz()(wpz())z ’ )

LeZ k=—oo L=L

1

20 k-h)aa-dp)
D(@=A2)q)
x (Y2 )y

=L

-LA baag
< Csup2 2 Z 222 ’ 2||f2 Lpz()(wpz())

1
k—I. A —
( 2)(0122+ 2)42 }‘12
LezZ k=—o0 lh=L
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1

L 0o
(k— 12)((Y2+ )4y re
L/lz h2qgan—lhA2q Jjarqn a2
<C sup2 E E 27— 1 2 2” 2 ”f ||Lp2()(wp2())

LeZ

k=—oc0 =L j_—oo
L& <k Iy)ay+1) 1
—LA, k- Nar+42)qp 0‘24r 2)42 LA P o
<Csup2te{ Y 2 2R ol s
LEZ k:—OO lz:
L 2\ G-ty L
_ —LAy kLaqr =Nax=42)a 9@ "
= Csup?2 { E 2% E 272 /2l s
Lez MK )y 7?)
k=—0c0 =L
L 1
—LA, kqn 92 73
< Csup27 § 2k £ i
Lez = ME2,2 (wr20)

= Wl o

Therefore we get
I < ClIAll

M Kzll,ﬁllc)(wpz('))||f2”M Ko2 2 ow20)°
(iv) To estimate the term I5, by Theorem 1, the LP")(w”"))- boundedness of T, we note that
T (fiys Sillrowroy < Cllfllriogmoll foll o e

Since 1 = L + L we have
q q1 q2

L 2 k+l L
Is < Csup 2‘“ Z Zk('q 1_[ Z ”ﬁi”LPi(')(w”i(‘))) }q
LeZ = i=1 l,:k—l
L ke gt
< canl T2 335 2t
Lez k=—co l;=k—-1
L+1 1
L/l kaiqi ai
< Csup ]‘[ 27D 2l )
LeZ k=—o00

<€l ”MKle,ﬁllo(Wpl('))||f2||MKZzz,’;22<-><Wp2('))'

(v) To estimate the term Ig, for Cy, y, € C,, k=1 <1, <k+1, [, > k + 2, we have

T fu(0)] < C27 fR A ldy2 fR 1Oy

By the generalized Holder’s inequality, Lemmas 2 and 4, we obtain

| Z S TG o

'Lp( I(wpPL))

li=k=1 Lh=k+2
Gl - (k- l)n”/\/Bll ”(L”l(‘)(w”l(‘)))’ |L\/B]2||(LP2(')(W”2(')))/
<C Z D2 1 o0 umon | fill o ey
=k—1 Lh=k+2 s llroamoy IDealaroomoy
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k+1 =
k-1
< C Z Z 2( 2)n ”ﬁl”LPI()(WPI())”flzllu’z()(wpz())
li=k—1 l=k+2
k+1 =
<C Z Z ”ﬁl||LP1(‘>(WP1('>)”ﬁ2||LP2(‘)(WP2(‘))’
li=k—1 l=k+2

where
”)(B,l ”(LPI(')(WPI(')))'

<C, for k—-1<l<k+1,
“)(Bk”(Ll”l(‘)(Wﬂl(')))r

with the constant C independent of /; and k.

Hence
L k+1 )
_12 k
Is < Csup?2 { Z 2 "q Z Z ||fz1||Lp1<>(Wp1<>)||fz2||Lp2<>(Wp2<>)) }
Lez k=—oo Ii=k=1 Lh=k+2
L k+1 ) @ n
<Csup2 Y (3 2 llpogne) |
Lez k=—co lj=k-1
L > q2 L
xsup 272 3T (N 2 fllmouee) |
Lez k=—co bh=k+2
= CI61162-

Here the estimate of I; is equal to that of I, and Ig, = I5;.

(vi) Finally to estimate the term Iy, we note [, > k + 2 and |x — y;| > 212, for x € Cy, y; € Cy,

IT(fis Ol < C270 | 1f, Gl 27" [ 1, (372)ldys.
Rn R)l

Applying Holder’s inequality to the last integral, we obtain

H Z Z T(ﬁl’ﬁz)/\/kHU()(Wp()))

=k+2 l,=k+2

=C Z Z 2<k_zl>n2<k_zz)n“XBu||<LP1<'>(wP1<'>>>' I, lzr200m20)y

h=k+2 h=k+2 W Bellwrogmoy I llwrnowrmoy

x|\ f1, ”LPI(')(WPI(‘))”flz”L,Pz(')(wﬂz('))

k-1 By | k=1 B, |
<C Z Z 2Uk=n |BI|2( 2 lel||f11||m<><wm<>)||ﬁ2||m<>(sz<>)
L =k+2 l,=k+2

[Se] [Se]
<C 0 Willwiognollfallmogemo).
1 =k+2 l)=k+2
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Thus

L 2 0 q 1
Iy < Csup TU{ Z zkaq(l—[ Z ”ﬁi||LPi<')(w"f('>>) }q

LeZ k=—c0 i=1 l[i=k+2
2 L 0 gi 1
“LA; ka; 4
< C sup l_[ 2 { Z ( Z 2 ||ﬁ,‘||[}7i(')(wl7i('))) }q

LeZ 4 k=—co  li=k+2

=: < LA .
. CI91 192 — C”ﬁ ||MK311:;11(_)(WP] (-))||f2||MK:22:;:22(_)(W[72('))’

where the estimate of Iy; (i = 1, 2) is equal to that of I;.
Combining all the estimates for /; together (i = 1,2,---,9), we get

m
1T s follyget ooy < C | I it oo
K j=1 qj:p ()
Consequently, we have proved the Theorem 2.

4. Conclusions

In this paper we define the Muckenhoupt weights with variable exponent and introduce weighted
Morrey-Herz spaces MKZ”;(.)(WP(')) with variable exponent p(-). We investigate the boundedness of
multi-linear Calderon-Zygmund operator on weighted Lebesgue spaces and weighted Morrey-Herz
spaces with variable exponents. The results we obtain are the generalization of these in the references,
and they could be applied more widely.
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