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1. Introduction

The continuous Radon transform was defined by [7] as

oo o0

Fp, #) = RUF(x, y)}:fff(x, ¥) 6(p - xcos - ysind) dx dy (1.1)

—00 —00

where R{f (x, y)} is an integral of f over the line L, ¢ for p = xcosf — ysin6.

Johann Radon in [2] demonstrated the generalizations involving the reconstruction of overall
hyperplanes. Orthogonal series representation of generalized function was studied by Pathak [1].
In [14] author developed expansions in distributions. The author in [12] studied a series of orthogonal
functions in a distributional sense. [11] applied generalized functions in harmonic analysis. A fast
butterfly algorithm for generalized Radon transform has been studied by [13]. The author described a
novel method for 3-D model content based on generalized Radon transform as in [9].

In [6], the finite continuous Radon transform of a function f (x, y) defined in the interval [—k, k] X
[—1, [] was introduced by Lakshmi Gorty and Nitu Gupta as

[

k
1
Rf (H (Vi n. p)) = @f i, y)[l +2cosn(p— Zx-y)

-1 -k

dx dy. (1.2)
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or
1

k

1

RY(H e p) = g [ [ £ 9860 =V ) dx (13
-l —k

foreverym, n=1, 2, 3,--- where V,,, , - (x, y) = %x+ %y.

Theorem 1.1. From (1.1), (1.2) and [6], assume f(t,, t,) as a function defined and absolutely

integrable on a rectangle {(t|, t,) : —k < x <k, -l <y < —l} then

Ik
1
Cmn = 2 fff(tl,tZ)é(ﬂ (P = Vi n - (11, 1)))dt dts.
-1 —k
If f (t1, 1) is a bounded variation in [—ky, ki1 X[, I|], [-k < =k, <k, <k], [-l< -, <l <) and
if (t1, ) € [=ki, k] X [=11, L], then the series 3, Cp. n [1 + 2cos7r(p - 2x - %y)], converges to

k
m, n=1
Hf =k, =D + f (k, D].

This paper aims to extend classical finite continuous Radon transform [6] generalized functions
on certain spaces. The inversion formula due to the kernel method in a weak distributional sense
is analyzed. The technique employed in developing the transform is applied to solve certain partial
differential equations in Mathematical Physics. The earlier studies show the infinite range of Radon
transform, whereas the finite range of continuous Radon transform in a distributional sense is dealt
with for the first time in this text. The advantage of our study with distributional finite continuous
Radon transform over Fourier transform enables the projection at an angle 6.

In this text, notation and terminology is from [15] and the interval is considered as I = [—k;, ki] X
(=4, L].

From [6], we get

Av.y.o = |(sin’0) A — (cos’0) A, | (1.4)

where A, = D2 and A, = Dg; I, k are real constants and D, = d% and D, = diy.
The following operational formula is easily computable.

Ax, ¥, 95 (ﬂ (p - Vm, n' (xa y)))
= [(—/12 )ksin29 cos*6 — (—xli)kcosze sin2k9] S(m(p=Vyn-(x, )

m

(1.5
forevery k=0, 1, 2,---.

2. The testing function space V, (/) and it’s dual

Let p be areal number, with 1 < p < o0; ¢ (x, y) be an infinitesimally differentiable complex-valued
function in / in the given space Vp (1).

A sup Ar s 0 @ (x, Y| < 0. @.1)
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The collection of seminorms (7k” ) generates the topology of linear space V), (I). Thus V,(I) is a

countably multinormed space analogous to [5].

Theorem 2.1. V, (I) is complete and a Frchet space.

Proof. It can be proved with an argument similar to the one used by [8, 15, p. 253]. Let J denotes an
arbitrary compact subset of 1. Let (x;, y;) be any fixed point in / and z = (x, y) be a variable point in

I.

X y
Also, let D' and D;' be the integral operators: D;' = [---dx and D;' = [---dy respectively.

X1

Let {¢,, »} be a Cauchy sequence in V,, (I). For each non-negative integer k, it follows from (2.1) that,

Ay y. 0 @m, n (x, y) converges uniformly in J as m, n — oo.
If £ = 0, then {@,, ,} converges uniformly in J as m, n — oo.
If k =1, then

Ay y 0bmn (X, y) = [(sin29) A, — (00529) Ay] Om.n (X, Y).

From (2.2), we can easily obtain,

D} [(sinZQ) A n (%, y)]
= (sin’6) D' D} (@ n (x, 7))
= (5in*0) Dy (¢, (x, 1) = (i0°6) D, (B, (x1, 1))

and

D;lsin_ZHD;l [(sinze) A n (x, y)]

= ¢m,n (x’ y) - ¢mn (xl, }’) - (x - xl)Dxl (¢mn (xl9 y)) .

Similarly from (2.2), it can be obtained as

D} ! [(00529) Ay n (X, )’)]
= (cosze) D;' D2 (G, (x, )
= (cosze) Dy (¢, n (x, ¥)) — (COSZH) Dy, (¢, n (x, y1))

and

Dy_lcos_ZHD;l [(00529) Ay, n (X, )’)]

= ¢m,n(x7 y)_¢m,n(x, Y1)—(Y—)71)Dy1 (¢m,n(x’ yl))

The left-hand side of (2.3)—(2.6) converges uniformly in J.

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Then, it follows from these expressions that D,¢,, ,(x, y), Diqﬁm’ n (X, y), Dy n(x, y) and
D}, n (x, y) also converges, uniformly in J.

A simple induction process shows that D';qu,n (x, y) and D’;gbm, 2 (X, y) converges uniformly in J
as m, n — oo for each non-negative integer k. Thus, there exists an infinitesimally differentiable
function ¢ (x, y) defined in I such that D@, , (x, y) = Dié (x, y) and D¢y, » (x, y) = Do (x, y) as
m, n — oo,

Finally, it is obvious that ¢ € V,, (I) and ¢ (x, y) is the limit of the sequence ¢,, , (x, y) in this space.
V,” (I) is the dual space of V), (I). We assign to V,” (1) the usual weak convergence. Thus the proof of
the theorem by [15, p. 253]. O

Properties analogous to [8] and [15] are:

Property 2.1. A, ,4¢ (x, y) = % [(sinZQ) AT — (coszé) Aik_j]¢(x, V).

=0
Property 2.2. |[(f, ¢)| < Korr}(ax v, (p) for every ¢ € V, (I) for a positive constant K and a non-negative
<k< s

integer s.

Ik
Property 2.3. Let f (x, y) be defined in I such that f f |f (x, y)| dx dy exists.

-1 -k
I k

Then [(f, ¢)| = f f f(x, y)o(x, y) dxdy, for f(x, y) generating a regular generalized function in
~1 <k
vV, ().

Property 2.4. Foreachm, n=1, 2, 3, ---, the function § (n (p — V. n - (x, ¥))),
—k <x <k, =l <y<-lisamemberof V,(I). Using (1.5), we verify the same:

7£ (6 (ﬂ (p - Vm,n : (x’ y))))
= sup H(—/li)ksinzecosy‘@ - (—/lﬁ)kcoszesin%é)] S(m(p=Vn (x, )| < o0,
1

foreachk =0, 1, 2, ---.
3. Inversion theorem

Let f(x, y) = f(X), where X = (x, y). The finite continuous Radon transform Rf (H (V,,. ., p))
of f is defined by (1.2) as follows:

RYH Ve p) = g [ 7086 (0= Vi X000, 6.
I

The inner product from (3.1) can be written as:

8lk
where 6 (m(p = Vip, - X)) € V, (I) foreverym, n=1, 2, 3,---.

R (H (Voo ) = <f X0, 60 (p= V- X))> . (32)
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We now list some properties involving S, v (7, X) as in [3] where
NoMoy
Sun @ X)= ) ) a6 @ (P = Viw )@ (P = Vi~ (X))
for M, NelI*; Y M # N and X € I which we shall need in the sequel.
Property 3.1. Let f € V,/(I). For T = (11, t,) € I follows:

n=1 m=1

1 k 1 k
f f (F@), Sun( X))o, y)dxdy=<f(r), f f Sy (1, X) 6 (x, y)dxdy>. (33)
-1 —k -1 -k

Property 3.2. Let a, B € R fora € (—k, k) and B € (-1, 1) respectively.

B «
Then lim £ JSun@ 040 pdrdy=1, (1, 0) € (0, )X (B, B.
Hence follows as a consequence of theorem 1.1, when f (¢, t;) = 1.
Theorem 3.1 (Inversion theorem). If Rf (H (V,, ,, p)) is distributional finite Radon transform of f
from (3.1), then

N M
floy= tim 3> Rf(HVn p)6u-X), (3.4)

n=1 m=1

converges in D' (I).

Proof. Let ¢ (x, y) € D (I). Assume the support of ¢ (x, y) € [, a] X [-B, B] where
—k < —a<a<k,-l<—-B<p<I From (3.4)itis equivalent in proving that

Sun X), ¢X) = (f (D), () (3.5)
as M, N — oo.
Thus, it is represented as:
N M
(2 2RI (Ve D)3 (p = Vi 1), 60) 3.6)
n=1 m=1
boa N u
= f f D RFH Vi )6 (7 (p = Vi - X)) (X) dx dy (3.7)
5 n=1 m=1
b a N M |
B f 22 <f @, g8 @(p=Vinu- T))>5(7r (P = Vinn - X))¢ (X) dx dy (3.8)
n=1 m=1

-b —a

p N M
:ff<f<r>,ZZS%Ca@(p—vm,n-r))é(n(p—vm,n-X))>¢<x>dxdy (39)
n=1 m=1

-b —a
b

- [ [¢®. suxe o0 xa (3.10)

-b -a
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b a
:<f<r>,ffsM,N<r, X>¢(X>dxdy> 3.11)
-b -a
S (@), (). (3.12)

N M
It can be observed that Y, Y, o6 (m(p— Vi w 7)) (m(p— Vi, - X)) is locally integrable over
n=1m=1

[k, k] x [—1, [] justifying (3.6) equals (3.7).
To prove (3.11) converges to (3.12), we need to prove that foreachk =0, 1, 2, ---.

a b
[Ax,y,g]f:[(sinze)A’;l — (cos?0) AY | f f Sun(@ X)dX)dxdy—¢@)| -0 (3.13)

-a —b
as M, N — couniformly V 1= (t,, t,) € [k, k] X [, I]. O
Thus (1.3) gives:
|(sin®0) A, — (cos?0) A, | S us v (7. X) = |(sin’6) A, — (cos?60) A, | S, (7. X). (3.14)

Since the order of differentiation and integration in (3.13) is interchangeable, we can write

a B
Aﬁa ffSM,N(T, X) ¢ (X) dx dy

-a B
B

f f |(sin’0) A,, — (cos’60) Ay, | S u. v (7. X) ¢ (X) dix dy
A

a B
f f |(sin°0) A, — (cos?0) A,| S v (. X) ¢ (X) dx dy, (from (3.14))
%

a B

f f Sy (T, X)|(sin0) A, - (cos?0) A,| ¢ (X) dix dy.
A

Integration by parts and operating by Aﬁ , successively, it can be shown as:

a B
Ar g ffSM,N(Ta X) ¢ (X) dx dy
-a B

a B
= ffSM’ v X) [(sinze) AF — (00529) A';] ¢ (X) dx dy.
—a B
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From property 3.2, we have

a B
Ao ffSM,N(T, X)¢(X)dxdy—¢(7)
— _ﬂ

v bt

%% ~[(sin’6) &%, ~ (cos?6) A | @

a B
ffSM,N(Ta X) [y (X) -y ()] dx dy
-a B

where ¢ (X) = A, ,, ¢¢ (X) is a member of D’ (I) with support contained in (—a, a) X (=8, B).
Thus the proof.

Theorem 3.2 (Uniqueness theorem). Let f, g € V)’ (I) and the generalized finite continuous Radon
transform of f and g be Rf (H (V,y,, p)) and Rg (H (V.. ., p)) respectively, as defined by (1.2). If
Rf(H(Vyn» p)) =Rg(H (V. n, p)), then f = g in the sense of equality in D’ (I).

The obvious proof follows using (3.4).

Example 3.1. Consider a Dirac delta function 6 (Vy - (1) —ko)) for kg € 1. Since
S (Vi n - (1) — ko)) € E'(I) and E'(I) is a subspace of V, (I), therefore
S (Vun (1) —ky)) € V,(I). The generalized finite continuous Radon transform of
O (7 (Vi n - (1) — ko)) is given as

R (H (Vin, s P))
= <5 (”(Vm,n : (T) - kO)) s 6(7[ (p - Vm,n : (T))»

1
= @6 (ﬂ' (I? - Vm,n . (kO)))

VY mn=1,2, 3, ---asin[4, p. 25]and [10, p. 260].
Now for any ¢ (X) € D" (I),

I%E
D|42

G20 0= Vo (DG (0= Vi, 0O, 900

Lk N M
1
:ffzz@507(19_Vm,n'(K)))é(ﬂ(p—Vm,n-(X)))¢(X)dxdy
k

where ¢ (K) = (S y. v (K, X), ¢ (1)). Hence the proof.
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4. Operational theory

For arbitrary ¢ (X) € V,(I) and f € V,’(I), define a generalized operator A; v 0N V," (I) for
adjoint operator of A, , g on V), (I) . It may be noted from [6] that, A, , 4 is a self-adjoint operator.

<A§;y, of (X)), ¢>(X)> = <f(X), Ay, 00 (X)). 4.1)

Since ¢ (X) — Ay ¢¢ (X) is linear and continuous mapping; A, , ¢¢ (X) € V,,(I) when ¢ (X) € V, (1)
Implies A; 1.0 is linear and continuous on V', (1) .
For any integer k, the method of induction gives:

k

(A%,.0) <f X). [(sin29) (A (cos?) (Ay)k] p (X)> 4.2)

k
and (A; . 9) is linear and continuous on V', (1) .
Therefore

1
<(A;, v, H)kf(X) P @6(7[’ (p - Vm, n’ (x, y)))>
1

= 3 [(—/li)ksinzecosz"e - (—/li)kcoszesiny‘e] (fX),6(m(p=Vun-(x, ).

Implies

R{(85.0) £} Vs p)
= [(—/lgq)ksin@cos%@ - (_/lﬁ)kcoszgsiHZkQ] Rf (H(Vi,n> P))

4.3)

YV m, n=1, 2, 3, --- which gives an operational formula.
From (4.1) and by self-adjoint operator property, we get

A of =Acyof (4.4)

so that A7 ) can be replaced by A, y, ¢ in (4.3).
Let P be a polynomial, where g is a given member of V,’(1), then

P(AL, Ju=g (4.5)

for every X € (—k, k) X (=1, I).

k k
Note that P[(—/lz) sin’6 cos*@ — (—/l%) cos?@sin®*0| 0, Y m, n=1, 2, 3, --- where u is an

m

unknown variable, generalized in V,’(I).
Applying generalized finite Radon transformation to (4.5) and using (4.4) follows:

P [(—/lfn) sin’0 cos’6 — (—/li) cos’0 sin29] Ru(H (Vi n, p)) = Rg(H (Vs P))

foreverym, n=1, 2, 3, ---.
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Therefore
Rg (H (Vi n» D))

Ru(H (Vi n, p)) = : (4.6)
P [(—/lfn) sin*6 cos26 — (—A2) cos26 sin29]
Applying inversion theorem 3.1 to (4.6), we get
N M
L Rg (H (Vin.n» )
uGn = im D), s X @

© i P [(—/lfn) sin*0 cos20 — (—A2) cos26 sin29]

with equality in the sense of D’ (I), which is a solution to (4.5). This solution is a restriction of
u € V,’(I) to D (1) analogous to [8].
Hence the solution of a distributional differential Eq (4.5) is given by (4.7).

5. Application

In this section, an application of generalized finite continuous Radon transform using boundary
conditions is demonstrated. The Dirichlet’s problem is used to find a function v(x, y, z) on the
domain R{(x, y, 2): - <x<m, —-n<y<mn, —n <z<n}, where V(x, y, z) satisfies the following

differential equation
(sinZH) @ + (coszf))
ox?

with the following boundary conditions:

v 0%y _

8_);2+8_Z2_0, (51)

i) Asx » —m, y > —mrorx —» «n, y = nv(x, y, z) converges in sense of D’ (I) to zero on
Z <z<ooforeachZ > 0.
(i) Asz — oo, v(x, y, z) converges in sense of D’ () to zero.
(iii) Asz — 0%, v(x, y, z) converges in sense of D' (I) to f (x, y) € V,,’ ().

Now (5.1) can be written as

0*v

[(sinzé?) Ay - (COSZQ) Ay] v+ FE

=0. (5.2)

Applying generalized finite Radon transform to (5.2), we obtain

O*Rv(H (V,,
(22 = 22,) sin® (260) Rv (H (V,y, . p)) + v 6(2 > P)) =0,
Z
foreverym, n=1, 2, 3, --- where
1
Rv(H (Vi n, P)) = <v X, 2), @6@ (P=Vin- (X)))>-
Thus
Rv(H (Vi ns P)) = A (Vi p) e W 0sin20)e 4 By, p) e Vin=lisin20): (5.3)

where A (V,,. ., p) and B(V,, ,, p) are constants.
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From boundary conditions (ii), (iii) and considering lim Rv(H (V. ., p)) = 0 and
7—00

liI(l)’l Rv(H (Vi ns p)) = F (u) respectively gives B(V,,. ., p) = 0and A(V, o, p) = F (Vi wy p) in
z—-0*

(5.3).
Thus
RY(H(Vyps P)) = F (Vi n, p) e (Vin—dusin20)z, (5.4)

Now applying inversion theorem 3.1 to (5.4), we get

N M
Ve y D= im0 F (Vi p)e Vo205 (e (p = Vi - (1 1)),

n=1 m=1
Also
(X, 2), ¢(X))
N M
_ . —( VA=A, sin Ze)z _ .
fM,l}VIEoo 1 Zl F (Vm,na p) e 6(” (P Vm, n (x, )’))) dX.
7 n=1 m=

Therefore v (X, z) can be represented as a classical function:

v Y D= ) D F (Vo p)e O 02035 (n(p — V- (x, 7). (5.5)
n=1 m=1
Here we note that A, = 22—, A, = 752, asm, n — oo, F (V. ns p) = O(u*) for some s which is a
non-negative integer.
12
Also, we observe that (1, —4,)"? = |[(zZ5-%5)7| as m. n — oo, the factor

e (VA= sin20) 2. ensuring (5.5) converges uniformly on every plane in (x, y, z) of the form
. 2 2 2 .
Z <7< 00(Z>0). Thus, we can use the operator (sm29) 387 + (c0s20) aa_yz + 57 under the summation

in (5.5). Since e (Vin=dsin20):5 (- (p — V/,. - (x, y))) satisfies (5.1), so does v.
Further, we get

lirg v(X, 2), ¢(X))

Véamd

= lim > > F (Vo p)e (5 (p =V, - (x, 1)), 6 (). (5.6)

lim (v (X, 2), ¢(X) = f D F Vs PP =Vn- (v, YDGX)dX. (57

7 n=1 m=

—_

The step (5.6) is straightforward, which gives
lim (v(X, 2), (X)) =<(f. 4). (5.8)

Since (5.7) is convergent on V), (/) and Z < z < oo for each Z > 0 from (5.5), we can write [5] as
w3 DN D F Vi p)| e 205 (p = Vi - (1, ). (5.9)
n=1 m=1

AIMS Mathematics Volume 6, Issue 1, 378-389.



388

Now we can see that the series converges uniformly on —oo < X < oo.

Considering the limits x — —n, y - —mor x — m, y — nm under the summation sign in
(5.9), verifies the boundary condition (i).

Similarly

v 3 DS ) D Vs )|V 25 (G (p = V- (1 90)] = 0
m=1

n=1

as 7 — oo, thus verifies the boundary condition (ii).
6. Conclusion

In this study, the classical finite continuous Radon transform has been extended to generalized
functions on certain spaces. The inversion formula due to the kernel method in a weak distributional
sense is also established. Application from Mathematical Physics is demonstrated to solve Dirichlet’s
problem in the concluding section.

7. Future Work

The inverse generalized finite continuous Radon transform can be studied for local tomography,
related medical and other imaging technologies. 3-D Model search and retrieval can be extended using
generalized finite continuous Radon transform. Researchers can also develop applications involving
angle 6 in the engineering field.
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