AIMS Mathematics, 6(1): 314-332.
ATIMS Mathematics DOI: 10.3934/math.2021020
% : Received: 16 August 2020
o Accepted: 29 September 2020
http://www.aimspress.com/journal/Math Published: 12 October 2020

Research article

Multidimensional stability of V-shaped traveling fronts in bistable
reaction-diffusion equations with nonlinear convection

Hui-Ling Niu*

School of Mathematics and Information Science, North Minzu University, Yinchuan, Ningxia
750021, People’s Republic of China

* Correspondence: Email: niuhling08 @163.com.

Abstract: This paper is concerned with the multidimensional stability of V-shaped traveling fronts
for a reaction-diffusion equation with nonlinear convection term in R” (n > 3). We consider two cases
for initial perturbations: one is that the initial perturbations decay at space infinity and another one
is that the initial perturbations do not necessarily decay at space infinity. In the first case, we show
that the V-shaped traveling fronts are asymptotically stable. In the second case, we first show that
the V-shaped traveling fronts are also asymptotically stable under some further assumptions. At the
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traveling fronts, which means that the traveling fronts are not asymptotically stable under general
bounded perturbations.
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1. Introduction

In this paper, we study the multidimensional asymptotic stability of two-dimensional V-shaped
traveling fronts of the following reaction-diffusion equation with nonlinear convection term:

{%+(g(u))Z =Au+ f(u), xeR"2, yeR, zeR, t >0, wn

u(x,y,z,0) = up(x,y,z), xR 2 yeR, z€R,
where A = §2/0x% + -+ + 8*/0x>_, + 8%/9y* + 0*/9z* and n > 3. We assume that the initial value

up € BUC'(R"). In (1.1), (g(u)), is a nonlinear convection term and the function f € C*(R) is the
reaction term. Suppose f satisfies the following assumption:
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(F) @) f(0)=f(1)=0, f(0) <0, f(1)<0;
(i) {r € [0, 1] : £(r) = O} = {0, A, 1} with (1) > O;
(i) [ f(rdr > 0;
(iv) f(r) <0, f/(r) < Oforr > 1; f(r)> 0, f'(r) < O for r < 0.

The assumption (F) implies that the reaction term f is of bistable type. A typical example of such
f 1is the cubic function f(u) = u(u — a)(1 — u), where a € (0, %) is a given number. We also assume the
flux g satisfies the following assumption:

(G) g(r) € C*(R), vo € (0,1); g”(r) <0 forrel0,1].

Examples of such g are g(u) = —pu® and g(u) = pu(l — u), where p > 0 is a constant. From the
assumption (G), we deduce that there exist positive constants /; and /, such that

g’ <1, |1g"(r)| <, forall r € [-1,2]. (1.2)

For each 6 € [0, n), it follows from Crooks and Toland [1] that there exist a function U,(:) € C*(R)
and a constant ¢, satisfying

(1.3)

~UJ + (co + 8 (Up)sinO) U, — f(Ug) =0, Uy(X)>0, X €R,
Up(=0) = 0, Ug(+0) = 1.

Leté, = (0,---,0,+cos6,sinf) € S""'. Then the functions
Ug((x,y,2) - € + cot) = Uy (ycos 0 + zsin G + cgt)

and
Ug((x,y,2) - €_ + cot) = Uy (—ycos 6 + zsin 6 + cyt)

are planar traveling fronts of (1.1) with wave speed ¢, along the directions &, and €_, respectively. In
particular, the profile function Uy(-) is unique up to a translation and the wave speed cy is unique. It is
clear that ¢y > 0 due to the assumption (F). However, due to the convection term, it is not necessary
that ¢, > 0 for 6 € (0, ). For more results on traveling wave front of (1.1) with various nonlinearity f,
we refer to [2-9].

Recently, we studied nonplanar traveling fronts of (1.1) with n = 2. Assume that (F) and (G) hold.
Fix 6 € (0, %) satisfying the following assumption:

(C) cy+ g'(r)sinf > 0 for any r € [0, 1].

In our recent paper [10], we proved the existence of V-shaped traveling fronts to (1.1) in R?, namely,
there exists a function V(-,-) € C? (RZ) satisfying

_Vyy - V. + (59 + g’(V)) V.- f(V) =0, (Y7 7)€ Rz,

V(=y.2) = V(3.2), £V(.2)>0, V(.2 €R?,

FV0,2>0, V(3,2 €(0,+0) xR, (1.4)
V(Y’Z)>U9(|)’|COSH+ZSin9), v(y,Z)GRZ,

limg_ 400 SUpP,2, 25 g2 [V(y,2) — Uy ([y|cos @ + zsin )| = 0,
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where sy = % In addition, for any initial value uy(y,z) € BUC'(R?) with uy > Uy (|y| cos 6 + zsin )
and
lim sup |up(y,z) — Ug(ly|cos@ + zsin6)| = 0, (1.5

5
R=eopy 2o p2

the solution u(y, z, t; ug) of (1.1) satisfies

lim sup |u(y,z,t;up) — V (y,z2+ sgt)] = 0. (1.6)
7% (.)er?

Here we would like to point out that the last results have been obtained when the convection term is
absent, see [11]. In fact, nonplanar traveling fronts of (1.1) without convection have been extensively
studied in recent years, see [12-25]. For reaction-diffusion system and time periodic reaction-diffusion
equation, we refer to [26-34]. For more results on non-planar traveling wave solutions of reaction-
diffusion equations, we refer to [35-38].

It is clear that the asymptotic stability of the V-shaped traveling front V(y,z) € C(R?) of (1.1) was
established in R?, see [10]. In this paper, we further consider the multidimensional stability of the
V-shaped traveling front V(y, z), namely, we consider the stability of V(y, z) in R" with n > 3. It should
be pointed out that the multidimensional stability of planar traveling fronts of (1.1) without convection
has been studied by many authors, see [39-43] for the Allen-Cahn equation. In [39, 40, 43], it is
assumed that the initial perturbations are sufficiently small and decay to zero at space infinity. In [42]
the authors proved the asymptotic stability under any (possibly large) initial perturbations that decay to
zero at space infinity. Furthermore, they proved the asymptotic stability of planar traveling fronts for
almost periodic perturbation. Moreover, the existence of a solution that oscillates permanently between
two planar waves was shown, which implies that planar traveling fronts are not asymptotically stable
under general perturbations. Motano and Nara [41] studied how a planar front behaves when arbitrarily
large (but bounded) perturbation is given near the front region. They showed that the planar front is
asymptotically stable in L*(R") under spatially ergodic perturbations, which include quasi-periodic
and almost periodic ones as special cases. Roquejoffre and Roussier-Michon [44] considered the large
time behavior of planar traveling fronts and showed that the dynamics of planar fronts are similar
to that of the heat equation. More recently, Sheng et al. [28] and Cheng and Yuan [45] studied the
multidimensional stability of V-shaped traveling fronts and pyramidal traveling fronts of the Allen-
Cahn equation by using the method of [42], respectively.

Following (1.4) and (1.5), we know that the asymptotic stability of V-shaped traveling fronts V(y, z)
of (1.1) in [10] was established in R? under the initial value u(y, z) satisfying that uo(y,z) — V(y,2)
decays to zero as [y| + |[z71 — oo. In this paper we use the method of [42] to study the stability of
V-shaped traveling fronts V(y,z) of (1.1) under the initial value uy(x,y,z) in R" with n > 3, where
x € R"2, y € Rand z € R. In contrast to that in [10], in this paper we deal with the following
two cases:

Case A: The initial perturbation uy(x,y, z) — V(y, z) decays to zero as |x| + |y| + |z| — oo.

Case B: The initial perturbation uy(x, y, z)—V(y, z) does not necessarily decay to zero as |x|+[y|+|z| —
0.

In the remainder of this paper we always assume that (F) and (G) hold and 6 € (O, %) satisfies the
assumption (C). Let (Uy(+), cy) be defined by (1.3) and let 54 = gl% Let V(y, z) be defined by (1.4). For
the sake of convenience, in the sequel we always denote (Uy(+), cy) and s, by (U(+), ¢) and s respectively.
In the following we first consider the asymptotic stability of V(y, z) in Case A.
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Theorem 1.1. Let n > 3. Assume that the initial value uy(x,y,z) € BUC'(R") and satisfies

lim  sup  |uo(x,y,2) = V(y,2)| = 0.

R=00 |4 |yl+[z12R

Then the solution u(x,y, z,t) of (1.1) satisfies

lim sup |u(x,y,z,t)—V(y,z+ st)] =0. (1.7)

1= (x,y,7)eR”

Theorem 1.1 implies that the V-shaped traveling front V(y, z + sf) is asymptotically stable under
any initial perturbations that decay to zero as |x| + |y| + |z = oo. The following theorem gives the
convergence rate for (1.7) when the initial perturbation belongs to L! in a certain sense.

Theorem 1.2. Let n > 3. Assume that the initial value uy(x,y, z) of (1.1) is given by

up(x,v,2) = V(y,z+vx), (1.8)
for some function vy € L'(R"2)NL®(R"2)NBUC!(R""2). Then the solution u(x,y, z,t) of (1.1) satisfies

sup  [u(x,y,z,0) = V(y,z+ s < Ct™'T, t > 0, (1.9)
(x,y,2)ER"

where C > 0 is a constant depending on f, g, ||[vollLi w2y and ||[vol| Lo gn-2).
The following proposition shows that the convergence rate (1.9) is optimal in some sense.

Proposition 1.3. Let n > 3. Let uy be defined as in (1.8) and assume that v either satisfies vo > 0, vy #
0orvy <0, vy £ 0. Then there exist constants C; > 0 and C, > 0 such that

Ci(1+ t)_% < sup |u(x,y,z,t) = V(y,z+ st)| < Czt_%, t>0. (1.10)

(x,y,2)eR"

Remark 1.4. Theorem 1.1 and 1.2 show that the V-shaped traveling front is not only asymptotically
stable, but also algebraically stable under certain perturbations. Furthermore, Proposition 1.3 also
implies that this convergence rate is optimal in some sense, that is , the convergence rate is not faster
than O (t‘%).

Next, we state our results in Case B. Firstly, we show that the V-shaped traveling front is also
asymptotically stable if the initial value u((x, y, z) satisfies some certain assumptions in Case B.

Theorem 1.5. Let n > 3. Suppose that the initial value uy(x,y,z) € BUC'(R") of (1.1) satisfies
V(yaz) < MO(xay,Z) < I:\t()(y’z)’ V(X,y’z) ERS’
where fiy (v, z) € BUC'(R") satisfies

lim sup |ig(y,2) — Ug([y|cos@ + zsin6)| = 0. (1.11)

—® V2 +z72>R?
Then the solution u(x,y, z,t) of (1.1) satisfies

lim sup |u(x,y,z,1) - V(y,z+ st)] = 0. (1.12)

17 (x,y,2)eR"
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Secondly, we present a result on the existence of a solution of (1.1) that oscillates permanently
between two V-shaped traveling fronts.

Theorem 1.6. Let n = 3. Then for any 6 > 0, there exists a bounded function vy(x) € BUC '(R) with
IVgllz=ry = 6 such that the solution u(x,y, z,t) of (1.1) with u(x,y,z,0) =V (y, zZ+ v(";(x)) satisfies

lim sup lu(x,y,2,tm) — V(y,z2 + st,, + (=1)"9)| = 0,

M= | xl<m!-1,(y,2)eR?
where t,, = m(m!)? /4.

Remark 1.7. A typical example of initial functions satisfying the requirement of Theorem 1.5 is that
up(x,y,2) = V(y,z +¢(2)v(x)) in (x,y,z) € R3, where the functions v(x) and (z) respectively satisfy
the following conditions:

(i) v(x) € BUC'(R"2) is a periodic function in R"*? and v(x) > 0;

(i) Y(z) € C'(R), ¥(z) > 0 and lzlll_r)r.}o Y(z) = 0.

Since v(x) > 0 is a periodic function, there exists a positive constant vy.,x such that
Vmax = MaX,epe2 v(x). Take tog(v,2) = V3, 2+ ¥ (2)Vmax)- Then V(y,2) < up(x,y,z) < o(y,2)
and (1.11) holds. In addition, it is clear that the initial function uy(x,y,z) does not decay when
|x| + |y| + |z] = oo. Theorem 1.5 shows that even if in Case B, the V-shaped traveling front is still
asymptotically stable under some further assumptions on the initial value. On the other hand,
Theorem 1.6 implies that even very small perturbations to the V-shaped traveling front V(y, z + st) can
give rise to permanent oscillation, hence the V-shaped traveling front is not asymptotically stable
under general bounded perturbations. It can be viewed as a counter-example to the asymptotic
stability of V-shaped traveling fronts in Case B. From the viewpoint of dynamical system,
Theorem 1.6 gives two w-limit points of the solution u(x,y,z,f) in the LS (R")-topology. From the
above discussion, we conclude that the V-shaped traveling fronts may be stable or unstable in Case B.

The rest of the paper is organized as follows. In Section 2, we study Case A, namely, we prove
Theorem 1.1 and 1.2. In the proofs, we use the moving coordinated with speed s so that the V-shaped
traveling fronts can be viewed as stationary states. Setting

u(x,y,z,t) = wx,y, x, 1), x =2+ st,

the Eq (1.1) can be rewritten as

w, = Aw —(g'(W) + s)w, + f(w), xeER2 yeR, yeR, t>0,
w(x,y,x,0) = up(x,v,x), xER"2, yeR, y €R,

where A = 8%/0x] + -+ + 0*/dx>_, + 8%/dy* + 0*/dx*. For convenience, we denote w(x,y, x,1) as
u(x,y,z,t) and consider the problem of the form

(1.13)

u=Au—(g W)+ su, + f(u), xeR" 2 yeR, zeR, t>0,
u(x,y,z,0) = up(x,y,2), x € R"2, yER, zeR.

The global existence of a wunique solution u(x,z,t;uy) of the Eq (1.13) follows
from [46, Theorem 7.1.2, Propositions 7.1.9 and 7.1.10 and Remark 7.1.12] and the assumptions (F)
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and (G), see also [2, Proposition A.3 and Theorem A.7]. In particular,
wtiup)() € C'((0,00), BUCR?) N C((0,00), BUCAR?)) N C([0,0), BUC'(R?)), where
u(t; up)(x,z) = u(x,z,t;up). Itis clear that, for each & € R, the function V(y,z + &) is a stationary
solution for problem (1.13). In this section, we also show that the convergence rate in Theorem 1.1
and Theorem 1.2 is optimal in some sense, namely, we prove Proposition 1.3. In Section 3, we
consider Case B. Firstly, we prove that the V-shaped traveling fronts are asymptotically stable under
certain assumptions of the initial value, namely, we prove Theorems 1.5. Secondly, using the
supersolutions and subsolutions constructed in Section 2, we prove that the V-shaped traveling fronts
are not asymptotically stable, namely, we prove Theorem 1.6.

2. Stability of V-shaped fronts in Case A

In this section, we consider Case A and prove the asymptotic stability of V-shaped traveling fronts
under perturbations that decay to zero as |x| + |y| + |z] — oco. We first state some known results of the
curvature flow problem in [47], see also [42].

The mean curvature flow for a graphical surface W(x, ) on R"2 is given by the Cauchy problem of
the form

¥, — di vy n-2
= div , xeER"™, >0,
Vi+vepR ( \/1+|V‘P|2)

P(x,0) = Py(x), x € R 2,

2.1

If the first and second derivatives of ¥ with respect to x are all bounded on R"-2, then we take some
large constant £ > 0 such that

vy
0 =¥, — 1+ |VPL div[—)
V1 + VP2
\PX \PXX
SAP 4 Y Y
Z 1 + VPP

>V, - AY - kIV‘I’l .
Clearly, W(x, ¢) is a subsolution of the following Cauchy problem:

v = Avt + k[VVT?, x e R™2, 1> 0,
vi(x, 0) = up(x), x € R" 2,

Taking w(x, ) = €*"*)_ we have

w, = Aw, x e R"2, >0,
w(x,0) = "W x e R"2,

Then, from the solution of a standard heat equation, the explicit expression for v*(x, #) is given by
1
vi(x, ) = = In ( f I'(x-n, t)ek”O(”)dn), (2.2)
k Rr—2
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where ['(¢, 7) is the heat kernel given by

I'é 1) = ~e i,

Consequently, the expression (2.2) gives an upper estimate for W(x, t) of (2.1). By considering the
equation

{v; = Av —KVv P, x eR"2, 1> 0,

v (x,0) = up(x), x € R"2,

we also give a lower estimate for W(x, ) of (2.1).
The following lemma gives the large time behavior of the solutions of

2 -
vi= AVt £ k|, xe R 1> 0.

Lemma 2.1. (See [42, Lemma 2.4 and Remark 2.5]) Let k > 0 be any constant. Let v*(x, t) be solutions
to the Cauchy problems:
{v,i = AvE 2 k|VvEP, x € R"™2, 1> 0,

vEi(x, 0) = vo(x), x € R™2,

Suppose that vy(x) is bounded and continuous on R"~? and satisfies |llim [vo(x)| = 0. Then the solutions

vE(x, t) satisfy
lim sup |vi(x, t)| =0,

t—00 YeRn-2

respectively. Furthermore, if vo € L'(R"™2), then we have

_n=2
2

1
sup [v(x,0)| < Z ||e’<v0 - 1||L1(Rn_2) T, t>0.

x€Rn-2

Before constructing a series of supersolutions and subsolutions, we first give some auxiliary
lemmas.

Lemma 2.2. (See [10, Lemma 3.2 and Theorem 2.3]) For any 6 € (0, 3), there exists a positive constant
B = B(0) such that
V.(y,z) =B for 6 <V(y,z) <1-6.

In addition, we have
lim sup V,=0,

R+ 1y, ylI=R
where m, = Vs* — C2/ c.
Now, we introduce a lemma which plays a key role in constructing supersolutions and subsolutions.

Lemma 2.3. There exists a constant k > 0 such that
_sz()’, 7)< sz(y’ 7)< sz(y’ 2), V(y, 7)€ Rz-
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Proof. It follows from the first equation of (1.4) that
AV, = (s+ (V) V,+ fF(V)V.—g"(V)VZ =0, Y(yz)€R™. (2.3)
If we write W = V_, then (2.3) becomes
AW = (s+ g V)W, +(f(V)=g" (VW)W = 0. (2.4)

Setting
b(y,2) == (s+8'(V)), c(v,2) = f/(V) = g" ()W,
then (2.4) can be rewritten as
AW + bW, + cW = 0.

From Lemma 2.2, there exists a constant K > O such that
0< Wz =V.(x,2) <K, V(x,z) eR%.

By the interior L” estimates for the second derivatives of elliptic equations (see [48, Theorem 9.11])
and the embedding theorem (see [48, Theorem 7.26]), there exists a constant A > 0 such that

||W||C1+H(R2) < A

for some constant @ € (0, 1]. Using the above estimate, the assumptions (F) and (G), and the Schauder
interior estimates for the second derivatives of elliptic equations (see [48, Theorem 6.2]), we have that
for some 0 < @ < 1 and Cy > 0, there are

IWh 48200200 < ColWlosai0.200s ¥ (V0> 20) € R?, (2.5)

where B,(yy, 20) is a ball of radius r in R? with origin (yo, z9). On the other hand, since B;(yo,z9) CC
B (0, 20) and dist (B; (Yo, 20) , 0B> (Yo, 20)) = 1, we have

|W|m,a;Bl(yo,z()) < |W|:<n,a;32(y0’20)a v (}’O’ ZO) € Rz- (26)

Here we refer the definitions of the norms |'|:;l,a;g’ |[m.0:0 and |- |,.q to [48] and [28]. Combining (2.5)
and (2.6) yields

2
IWh.e:8,00.20 < ColWlo:By0v0.200» ¥ Vo, 20) € R”.

Since W(x,z) > 0, the Harnack-type inequality [48, Theorem 2.5] implies that there exists another
constant C; > 0O such that

IWlha:8,0020 < CoC1W(0,20)s Y (Yo, 20) € R

Taking
k:= COC1 N

we obtain that
IW.(v0, 20)| < kW(vo,20), Y (o, 20) € R?,

that is
|V..|<kV. in R

This completes the proof of Lemma 2.3. O
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Now, we will show that the functions V (y,z + v*(x,f)) are a supersolution and a subsolution
of (1.13), respectively. In what follows, A, and V, denote the (n — 2)-dimensional Laplacian and the
(n — 2)-dimensional gradient, respectively.

Lemma 2.4. (Supersolutions and Subsolutions). Let u(x,y, z, t) be the solution of (1.13) with the initial
value uy(x,y,z) € BUC'(R"). Suppose that the functions v*(x,t) and v~ (x,t) solving the following
problems

%v*(x, N =Avt + KV, xeR™2, >0,

{v*(x, 0)=vj(x), x€ R"2,

Ly (x,0) = Ay =KV A, x e R"2, 1> 0,

{v‘(x, 0) =vy(x), x€ R™2,

respectively. Where k > 0 is the constant defined in Lemma 2.3. If
V(y.z+v(0) <uo(x,,2) < V(2 +v5(x), (x,5,2) €RY,

then u*(x,y,z,t) := V(y,z+v'(x,1) and u (x,y,z,t) := V(y,z+ v (x,1)) are a supersolution and a
subsolution of (1.13), respectively.

Proof. We only show that u™(x, y, z, t) is a supersolution of (1.13), since the subsolution can be proved
in a similar way.
Set
Llu] :=u; — Au+ (&' (w) + s)u, — f(u).

Using the equality —V,, — V. + (g'(V) + 5) V. — f(V) = 0 and Lemma 2.3, we have

Llu™] =u] — Au™ + (g (u") + s)u; — f(u")
n-2
DY (v;l,xl_VZ +(vi)v. ) V-Vt (@ (V) + ) Ve — (V)
pay

=V, = AV, = [V o[ Vi
=(kV. - Vo) Vo[ 2 0.

This completes the proof. O

Now we prove Theorem 1.2.
Proof of Theorem 1.2. Let the function v*(x, ¢) as in Lemma 2.4. Then we have

u(x, 3,20 < V0.2 49 (x0,0) € V02) + [Villmg) - sup [t

xeRn-2

From Lemma 2.1, we have

u(x,y.2,0) = V(3.2 < [Villoey - sup v (x. 0] < €T

x€R"-2

for some positive constant C. Similarly, we also obtain

u(x,y,z,0) — V(y,2) > ~Ct~'~".
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This completes the proof. O
Next, we give a proof of Proposition 1.3. Our argument is based again on Lemma 2.4.

Proof of Proposition 1.3. We only consider the case that vy < 0, vy # 0. The right hand side inequality

of (1.10) immediately follows from Theorem 1.2. To prove the left hand side inequality of (1.10), from

Lemma 2.4, it suffices to show that the solution v(x, t) of the problem

v = A+ k|VoP, xeR"™2, >0,
v(x, 0) = vo(x), x e R*2

satisfies v(0,7) < -C(1 + t)‘% for some constant C > 0. Indeed, Lemma 2.4 gives that

u(0,0,0,7) <V(0,v(0,1))
<V(0,0) + min [V2(0,2)| - v(0, 1)

ze[=Ivoll oo gn-2,,0

<V(0,0) = C'(1+1)'T, t >0,

where C’ is a positive constant.
Similar to (2.2), the explicit expression for v(x, 7) is given by

1
v(x, 1) = A In ( f 2 [(x-n, t)e"v"(”)dn),
R7=

where ['(&, 1) is the heat kernel on R"2. Since vy < 0 and vy # 0, there exists a constant § > 0 and a
nonempty open set D C R"~2 such that vy < -6 for x € D. Then we have

1
VD) <p ln(l - fDr(x —n.0(1-e™) dn)

< ln(l - IDI(1 = ™) - min[Ge =, t))

|D| ke\
< - 7(1 —e )%%ﬁ(x—n,t),

which implies v(0, ) < —-C(1 +t)‘"5*2. This completes the proof. O
Now, we construct some new types of supersolutions and subsolutions.

Lemma 2.5. Let k > 0 be defined as in Lemma 2.3. Then there exist constants 69 > 0, 8> 0 and o > 1
such that, for any 6 € (0,6¢] and any functions v*(x, t) satisfying

2

b

+ _ +
vi = ATtk

V.t

the functions defined by
i(x,y,z,1) = V(y,z +vi(x, 1) + 0'6(1 - e‘ﬁ’)) + e,

a(x,y,z,t):=V (y, z+ v (x, 1) — 06 (1 - e_ﬁt)) — e P

are a supersolution and a subsolution of (1.13), respectively.
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Proof. Using the equality —V,, — V. + (s + g’(V)) V, = f(V) = 0 and Lemma 2.3, we have
Lli] =it, — A+ (s + g'()) i1, — f (@)
=V.vi +03Be PV, — 3Be P — AV, — [V Ve = Vyy - V.
+(s+g (V+oe™) V.- f(V+0e™)
=(v, AV V, - |va+|2 V., + 08BeP'V, — 5pe™
+ (g (V+6e7) = g (M) Ve + f(V) = f(V + 5

=kV,-V,) va+|2 + 06Be PV, — 5Be

+5e f | g’ (V +605e7)dov. — e f | £ (v +60e7)do
0 0

>5e ((O'ﬁ + f 1 g’ (V+60e™) d@) V,-p- f 1 £ (v +00e™) de) .
0 0

On the other hand, from (F), there exists a constant 6y(0 < 0y < %) such that

— f'(r) > ko > 0 for r € [-28),280] U [1 =280, 1 + 28], 2.7)

where

1
ko := 3 min {—f"(0), —f"(1)} > 0.

Let 85 > 0 be defined by Lemma 2.2 with ¢y. For ¢y < V(y,z +vi(x, 1) + 0'6(1 — e‘ﬂt)) <1-96,
from (1.2) and Lemma 2.2, we have

1 1
(0',8 + f g’ (V +0se™) de) V.- 8- f £ (v +05e)do
0 0
(0B - b)Bs —f— M 20

if we take
/3'+ M
g > + —,
BB B
where
M = supzlf’(r)l. (2.8)
-1<r<

For V(y,z +vi(x, 1) + 0'6(1 - e‘ﬁ’)) > 1 -0 or V(y,z +vi(x, 0 + 0'6(1 - e‘ﬂ’)) < 6o, following
from Lemma 2.2 and (2.7) we have

(a,8+flg"(vw(se—ﬂz)de)vz_ﬁ_flf,(vwée_ﬁt)dgzko_ﬁzo
0 0

if we take

[
U>Ezand0<,8<ko.
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Thus, if we take S small and o large as

M [
0 < B < ko, a'>max{1, s +—2},
BB B
we obtain L[it] > 0. Similarly, we can obtain L[i] < 0. This completes the proof. O

To prove Theorem 1.1, we need another auxiliary lemma.

Lemma 2.6. Assume that the initial value uy(x,y,z) € BUC'(R") satisfies

lim sup |up(x,y,2) — V(y,2)| =0. (2.9)

R=00 |y 4 yl+1z12R

Then, for any fixed T > 0, the solution u(x,y, z,t) of (1.13) satisfies

lim sup |u(x,y,z,T)—V(y,2)|=0.

R0 x4y 1212 R
Proof. Define a function w(x, y, z, t) by
w(x,y,2,1) == u(x,y,z,t) — V(y,2).
Then w(x,y, z, t) solves the following Cauchy problem
w=Av—-(s+g W+ V)w,+(f'(V+6w)—g"(V+60)V,)w,

xeR"™2 (y,2) €R2, >0, (2.10)
w(x,9,2,0) = up(x,y,2) = V(y,2), x € R"2, (y,2) € R?,

where 6,(x,y, z, t) is the functions that satisfy 0 < 6;(x,y,z,¢) < 1,i=1,2.

In order to prove the lemma, it suffices to consider the case where w(x, y, z,0) > 0 and the case where
w(x,y,z,0) < 0, since the general case follows easily from these special cases and the comparison
principle. In the following, we always assume that w(x, y, z,0) > 0.

Letting

gl(-x’ ¥, <, t) = - (S + g/(w + V)) ) g2(x’ ¥, 2, Z‘) = f/(V + 91(1)) - g”(V + QZU))VZ’
then (2.10) can be rewritten as

w; = Aw + g1(x, ¥, 2, hw, + g2(x,y,2,Dw, x € R"2, (y,2) €R?, t >0,
w(x,¥,2,0) = up(x,y,2) — V(y,2), x € R, (y,2) € R%.

Because of w(x,y, z,0) > 0, the maximum principle gives w(x, y, z,t) > 0. Then, by assumptions (F)
and (QG), there exists a constant M, > 0 such that

W =Aw+ g1(x,y, 2, Hw, + g2(x, 9,2, Hw < Aw + g1(x,y, 2, Hw, + M,w.
Since g € C**°(R) and g;(x,y,z,1) is bounded continuous in R" x R*, Friedman [49, Chapter 9,

Theorem 2] implies that the fundamental solution I'(x, y, z, £, 1, 172, ¢, T) of the problem

{a), = Ad+ g1(x,y,2, D@, + M@, x e R"™2, (y,2) € R2, t > 0, o1

@(x,y,2,0) = up(x,y,2) — V(y,2), x € R"2, (y,7) € R?
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exists and satisfies

Ci k=g P+(-n )2 +(z=m)?
—e 2 i~ forO<t<t<T,
(t—1)2

I'x,y,2,{,m1,m2,8,7) <

where ¢y, ¢, are positive constants depending only on 7'. A solution of problem (2.11) can be expressed
as

(I)(X, y’ 2 t) = fz f 2 F(-xa y9 2, 59 nl9 772’ t» 0) (u0(§9 7719 772) - V(nl’ 772)) dljdnlan
RZ JR

Then we obtain the estimate

0 <w(x,y,z,1) < @O(x,y,2,1)

szf 2F(X,y,z,évam,ﬂz,fﬁ)(Mo(f,ﬂl,ﬂz)—V(Ul,ﬂz))dgdﬂldﬂz
R2 JR-

2,.y2,.72
<c, o~ (IXP+Y?+22)
R2 JR2

X (o(x + ViX,y + Vi¥,z + ViZ) = V(y + Vi¥,z + ViZ))dXdYdZ.

Since (2.9), then for any fixed 7 > 0, we have

lim sup |u(x,y,z,T)—V(y,2)| =0.

R=e L yl+lz2R
Similarly, we can treat the case that w(x, y, x,0) < 0. This completes the proof. O

Next, we end this section by proving Theorem 1.1.

Proof of Theorem 1.1. We only show a lower estimate, since an upper estimate is obtained similarly.
Taking constants £ > 0 as in Lemma 2.3 and o~ > 1 as in Lemma 2.5. Let a constant &£ > 0 be arbitrarily
fixed. Define a constant £ := g/ (2||VZ||LM(R2) + 1). Since f(r) > 0 for r < 0 by the assumption (F), we
have that

liminf u(x,y,z,1) =0

t—+00
by the comparison principle. Consequently, there exists a constant 7 > 0 such that

A

&
M(X,y,Z, Tl) > - s (X,y,Z) € Rn'
200

Furthermore, Lemma 2.6 implies that there exists a constant R > 0 that satisfies

Sup Iu(x, Y. 3, Tl) - V(y, Z)l <

[xl+|yl+|zI=R

Slo

Then we can take a function vo(x) > 0 that satisfies lim_,., vo(x) = 0 and

A

E
u(x,y,z,T1) = V(y,z—=vo(x)) — = (x,y,2) € R".
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Assume that v(x, 1) solves the following Cauchy problem:

ve=Aw—kIVP, xeR™2 >0,
v(x,0) = vo(x), x € R"2,

Then Lemma 2.1 implies that there exists a constant 7, > 0 for which v(x,f) < & holds true
for + > T,. Finally, by using the comparison principle and the solution constructed in Lemma 2.5,
we obtain

&
u(x,y,z,t) >V (y, z—v(x,t—-T)) - & (1 - e‘ﬁ(’_m)) - ;e‘ﬁ("m

>V(y,z—28) - &
2V(y,2) - (2||Vz||L°°(]R2) + 1) &
>V(y,z) — €

fort > T + T». This completes the proof of Theorem 1.1. O
3. Stability and unstability of V-shaped fronts in Case B
In this section, we consider Case B and give proofs of Theorems 1.5 and 1.6.

Proof of Theorem 1.5. Consider the following two-dimensional problem

Wt (g(u)), =ty +uy + f(u), YER, zER, 1> 0, A
u(y,z,0) = p(y,2), yE€R, zeR. '
Denote the solution by u(y, z, t; ily). Following from (1.6) (see also [10]), we have that
lim sup |u(y,z,t;8) — V (y,z+ st)| = 0. (3.2)

2% (y)eRr

It is clear that u(y, z,t; ity) is also a solution of (1.1) with initial value u(x,y,z,0) = i(y,z). Since
V(y,2) < up(x,y,z) < iip(y, 2) in (x,y,z) € R, it follows from the comparison principle that

V(y.z+ st) S u(x,y,2.tu0) < u(y, 2,1 )  V(x,y,2) €R’, >0, (3.3)
where u(x, y, z, t; up) denotes the solution of (1.1). Finally, using (3.2) and (3.3) we obtain

lim sup |u(x,y,z,t;up) =V (y,z+ st)| = 0.

122 (x,y,2)€R"
This completes the proof. O

We now give the proof of Theorem 1.6. This theorem implies that the V-shaped traveling fronts are

not necessarily asymptotically stable if the initial perturbations are not decay to zero as |x|+|y|+|z] — oo
even they are very small. By using supersolutions and subsolutions constructed in the previous section
and the following lemma, we construct a sequence of supersolutions and subsolutions that push the
solution back and forth in the z-direction, then forcing the solution to oscillate permanently with non-
decaying amplitude.
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Lemma 3.1. (See [42, Lemma 3.1 and Lemma 3.2]). Let k > 0 be defined as in Lemma 2.3 and v*(x, t)
be the solutions to the problem

XX —

vi=vi kv, xeR, >0,
v(x,0) = vi(x), x €R,

respectively. Suppose that the initial value v (x) are bounded on R and satisfy
vy (x) < 6 forx €R,
vo(x) < =6 for|xl € [m! + 1,(m + 1)! — 1]
and
Vo(x) > =6 for x € R,
vo(x) > 6 for|x| € [m! +1,(m+ 1)! = 1]
for some constant 6 > 0 and some integer m > 2, respectively. Then there exists a constant C > 0

depending only on ¢ and k such that

sup vi(x,T)<-6+C e Cde

Ixl<m!-1 fmelo,jgj UL v, o)

and

sup v (x,T)>06— Cf e‘gzd{,
I <m!-1 121€[0. 2 | UL Vo)

respectively, where T = m(m!)*/4.

Proof of Theorem 1.6. Set
L,=[m!'+1,m+ D! -1], I, =[0,m!]U [(m + 1)!, c0).

Define two sequences of smooth functions {vgl.(x)} _satisfying

i=1,2,-

=0, x| € Iy,
o (X)| <6, xeR and v, (x) = |x] ~2
| , 5, Ixlely

and
0, |x| € Dpity,

vy, ()] <6, x e R and v ,(x) = =
\ : =0, |x| € by,

respectively. We also take a function vj(x) € C*(R) to satisfy
V() < vp(x) < vj(x) forall i> 1.

Let °(x, y, 2, 1) be the solution to (1.13) with u*(x,y,2,0) = V (y,z + v;(x)) and v/ (x, 1) be the solution
to the following Cauchy problem:

{(v;), = )+ k(7)) xR 1> 0,

vi(x,0) = vai(x), x €R.
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From —6 < v{(x) < vg,(x), we have
V(,2=08) <V 2+ v(®) < V(32 +vj,(),
then Lemma 2.4 implies that
Vy,z-0) <u'(x,9,2,0) <V (y, 2+ i (x,0).
Thus, it follows from Lemma 3.1 that

V(y’Z - 5) < Sup I/l* (Xa y7 <, t2i)

|x]<(2i)!-1
< sup 14 (y9 zZ+ Va—’i (x, t2i))
[xI<(20)!-1
2
V(.2 8) + Vil - C f 2,
11€)0. % | U] V2io)

where t,; = (2i) ((2i)!)? /4. This implies that

lim sup sup |u'(x,y,2.t) = V(y,2—6)| = 0. )
179 (y,0)eR? [x<(2i)!-1

Similarly, again by using Lemma 3.1 and the equalities v ,(x) < vj(x) <6 fori=1,2,3,---, we get

V(y,z+6) > sup u" (x,y,2,tis1)

[xl<(i+1)!-1
> sup V (y, z+ vy, (%, t2,~+1))
[x|<(2i+1)!-1
V0,24 6) = Wil € [ L,
(1e]0 2 | U] VEFHT.0)
where ;.1 = (2i + 1) ((2i + 1)!)? /4. Then, we have
hm sup sup |M*(-x’ Y, 2, t2i+l) - V(ya z+ 5)' =0. (35)
179 (3 7)eR2 |x[<(2i+1)!-1
Combining (3.4) and (3.5), we obtain the expected result. This completes the proof. O

4. Discussion

Recently, the study on multidimensional traveling fronts for scalar reaction-diffusion equations has
attracted much attention. For example, V-formed curved fronts for two-dimensional spaces (see [10—
12, 15-17, 20, 28, 33]), cylindrically symmetric traveling fronts (see [14, 30, 36]) and traveling fronts
with pyramidal shapes (see [21,23-25,35,37,45]) in higher-dimensional spaces. For reaction-diffusion
system, we refer to [26,27,29,31,32].

In [10], under the assumptions (F) and (G), we establish the existence and stability of V-shaped
traveling fronts V(y,z) of (1.1) in R? for every direction § € (0,7/2) satisfying (C). On the basis
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of [10], we establish the multidimensional asymptotic stability of V-shaped traveling fronts V(y, z) in
R*(n > 3) in this article. Here we would like to mention that the main method of this paper comes
from Matano et al. [42] and Sheng et al. [28]. However, in order to overcome the difficulties caused by
nonlinear convection, we have to choose a suitable space for the initial data uy, namely uy € C'(R?).
Moreover, there seems to be no research on the multidimensional asymptotic stability of the nonplanar
traveling fronts for a reaction-diffusion equation with nonlinear convection, even if one-dimensional
traveling fronts (or planar traveling fronts).
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