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1. Preliminaries

Throughout the paper, denote R = (—o0, 00), Ry = [0, 00), and R, = (0, o0).
We recall the following definitions.

Definition 1.1 ( [5,13]). Let x = (x1, x2,...,x,) andy = (y1,V2,...,y,) € R".

1. A n-tuple x is said to be strictly majorized by y (in symbols x < y) if Y5, x5 < 35,y for

k=1,2,...,n=1and }[_, x; = 2i.; i, Where x(1) > Xpo) > -+ > Xxpp and ypiy = ypp = 0 2 Yj
are rearrangements of x and y in a descending order.
2. A set Q C R" 1s said to be convex if (ax; + By, ..., ax, + By,) € Q for all x and y € Q, where

and € [0,1] witha+ 5 = 1.
3. Let Q € R". Then a function ¢ : Q — R is said to be Schur convex (or Schur concave respectively)
on Q if the majorization x < y on Q implies the inequality ¢(x) S ¢(y).
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Definition 1.2 ([1,18]). Let Q C R’.

1. A set Q is said to be harmonically convex if
xy =" xyand i = (x—ll, x—lz, . ,XL)

2. A function ¢ : Q — R is said to be Schur harmonically convex (or Schur harmonically concave
respectively) on € if % < % implies ¢(x) < o(y).

3. A function ¢ : Q — R is called to be Schur geometrically convex on Q if the relation Inv < In}
on Q implies the inequality y(v) < ().

m € Qforevery x,y € Qand A € [0, 1], where

For more information on the theory of majorization, various Schur convexity, and their applications,
please refer to the papers [6-8, 11,12, 14—17,19] and closely related references therein.

In 2009, Kuang defined in [4, p. 61] a bivariate mean K,,, .,.,(a, b) of positive numbers a, b with
three real parameters w1, w,, p as

wA(a?, bP) + w,G(a”, bP) 1!/
le,wz;p(aa b) = w1 + wy ’
G(a,b), p=0,

p#0;

where (a,b) € R2, wy,w; € Ry with w; + w, # 0, A(a,b) = %2, and G(a,b) = Vab. In particular, if
w1 =2 and wy, = w > 0, then

a’ + w(ab)P’? + bP P
, p#0
K> up(a,b) = H, (a,b) = w+?2
G(a9 b)a p = O

is the generalized Heronian mean which was introduced in [10] in 2008.
2. Backgrounds and motivations

We recall the following known conclusions.
Theorem 2.1 ( [2, Theorem 1.1]). Let p € R and w, w, € Ry with w, + w, # 0.

1. When wywy # 0, if p 2 2 and p(w, — F) — w1 2 0, then K, u,p(a,b) is Schur convex with
respect to (a, b) € Ri; if1 <p<2andp(w; — %) —wy £ 0, then K, «,.p(a, b) is Schur concave
with respect to (a,b) € R%; if p < 1, then K(w,, ww,, p;a,b) is Schur concave with respect to
(a,b) € R2.

2. When w; = 0 and w, # 0, the mean K,,, .,.,(a, b) is Schur concave with respect to (a,b) € Ri.

3. When w; # 0and w, = 0, if p > 1, then K,,,, (,.p(a, b) is Schur convex with respect to (a, b) € R2;
if p <1, then K, .,.,(a, b) is Schur concave with respect to (a,b) € R2.

Theorem 2.2 ( [2, Theorem 1.2]). Let p € R and w,,w, € Ry with w; + w, # 0. If p > 0, then
Koy wy:p(a, b) is Schur geometrically convex with respect to (a,b) € R%. If p < 0, then K, »,.p(a,b) is
Schur geometrically concave with respect to (a,b) € R2.

Theorem 2.3 ( [2, Theorem 1.3]). Let p € R and w;,w, € Ry with wy + w, # 0. If p > -1,
then K, o,.p(a,b) is Schur harmonically convex with respect to (a,b) € R2. If -2 < p < -1 and
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wi(p+1)+ a)z(lz—7 + 1) > 0, then the mean K, ,.,(a, b) is Schur harmonically convex with respect to
(a,b) e R2. If p < -2 and a)l(% + 1)+ w, =0, then K, «,.p(a, b) is Schur harmonically concave with
respect to (a,b) € R2.

In [10], the Schur convexity, Schur geometric convexity, and Schur harmonic convexity of the mean
H, ,(a,b) are studied. In [3], sufficient and necessary conditions for H,, ,(a, b) to be Schur convex and
Schur harmonically convex are studied.

Theorem 2.4 ( [3, Theorem 2]). Let p € R and w > 0. Then H, ,(a,b) is

1. Schur convex on R? if and only if (p, w) € E|,
2. Schur concave on R2 if and only if (p, w) € E,

where E| and E, are given by
Ei={p,w):2<p,0<w20p-DU{(p,w:1<p<2w=0}

and
E, ={(p,w): p<2,max{0,2(p - 1)} < w}.

Theorem 2.5 ( [3, Theorem 3]). Let p € R and w > 0. Then H, . (a,b) is

1. Schur harmonically convex on R? if and only if (p, w) € F},
2. Schur harmonically concave on R? if and only if (p, w) € Fy,

where F and F, are given by
Fi={(p,w): -2 < p,max{0, -2(p + 1)} < w}

and
Fr={(pw):p<-2,0sw=<2(p+ DU{(p,w): p<-1,w =0}

The main purpose of this paper is to discover necessary and sufficient conditions for the bivariate
mean K, .,.,(a,b) to be Schur convex with respect to (a,b) € Ri for p € R and to be Schur
harmonically convex with respect to (w;, w;) € Ry with w; + w, > 0. These new results strengthen
those sufficient conditions stated in Theorems 2.1 and 2.3 mentioned above.

3. Necessary and sufficient conditions

Now we concretely state our necessary and sufficient conditions and prove them.
Theorem 3.1. Let p € R and w;, w, € Ry with w; + w, > 0. Then

1. the bivariate mean K, ,,.,(a,b) is Schur convex with respect to (a,b) € R2 if and only if
(w1, w5 p) €81,

2. the bivariate mean K, ,,.,(a,b) is Schur concave with respect to (a,b) € RZ if and only if
(w1, wy; p) € 8o,
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where S| and S, are given by

S1={(w,wp):2<p,0<w, 0w fwi(p— DU {(w,w;p): 1 <p<2,w,=0<w;} 3.1)
and

So ={(w,wp) : p<2,0<w,max{0,w(p—1)} < w}U{(w1,wr;p) : pER,0=w; <wy}. (3.2)

Proof. We divide our proof into three cases.

1. When p = 0, we have that K,,,, ,,.0(a, b) = Vab which is Schur concave with respect to (a, b) € R?
for {(wy, w23 p) 1 p=0,w1, w2 € Ry, w; + wy > 0}.

2. When p # 0 and w; = 0, we have that Ko ,.,(a,b) = Vab which is Schur concave with respect
to (a, b) € R2 for {(wy, wy; p) : p # 0,w, > w; = 0).

3. When p # 0 and w; > 0, if we let w = zwi]z, then

a’ + w(ab)?* + bP /P

le,wz;P(a, b) = )

=H,.(a,D). (3.3)

By Theorem 2.4, we obtain that

(a) the mean K, .,.,(a, b) is Schur convex with respect to (a, b) € R? if and only if
{(Wi,w;p):2<p,0<w, 0w fwi(p- DU {(wr,wa;p) i 1 <p<2,0=w <wily
(b) the mean K, ,.,(a, b) is Schur concave with respect to (a, b) € R? if and only if
{(wi,wr;p): p<2,0 < wy,max{0,0 < wi(p — 1)} < w,}.

The proof of Theorem 3.1 is complete. O

Remark 3.1. If we let
S = {(wl,wz;p) :2<p,0< ng <wi(p - 1)}U{(w1,w2;p):p >1,0 = w, < wy}
and
Sa = {(wl,wz;p) 1<2<p0<wi(p-1D< ng}U{(wl,wz;p):pvtO,O:wl < ws}
U{w,w;p)ip<1l,p#0,w; >0,w; >0} U{(w,wp):p<1,p#0,0=w, <w},

then S1; € §; and S,; € S,. This means that [2, Theorem 1.1] recited in Theorem 2.1 just only put
forward a sufficient condition for K, ,,.,(a, b) to be Schur convex. In other words, our Theorem 3.1
strengths [2, Theorem 1.1].

Theorem 3.2. Let p € R and w;, w, € Ry with wy + w, > 0. Then
1. the bivariate mean K, .,,.,(a,b) is Schur harmonically convex with respect to (a,b) € R? if and

only if (w1, wy; p) € Hy,
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2. the bivariate mean K, .,,.,(a, b) is Schur harmonically concave with respect to (a,b) € Ri if and
only if (w1, w; p) € Hy,

where H\ and H, are given by
Hy = {(w1, w25 p) 1 =2 < p,max{0, —wi(p + 1)} < w»} (3.4)
and
H, ={(w,w;p) 1 p<=2,0<w < —wi(p+ D} U{(w, w3 p) i p< =L =0<wi}.  (3.5)

Proof. We divide our proof into two cases.

1. If p = 0 and w;, w, € Ry with w; +w, > 0, 0rif p # 0and w; = 0 < w,, then K, ,.,(a, b) = Vab
is Schur harmonically convex with respect to (a, b) € R2.
2. If p # 0 and w; > 0, then letting w = Zw—“’lz using (3.3), and employing Theorem 2.5, we obtain

(a) the mean K, .,.,(a, b) is Schur harmonically convex with respect to (a, b) € R?2 if and only
if
{(wi,wrsp) i =p <2,p # 0,0 < wy,max{0, —w(p + 1)} < w>}.

(b) the mean K, ,,.,(a, b) is Schur harmonically concave with respect to (a, b) € R? if and only
if

(W, W p) i p< 2,05 W £ —wWi(p+ DU {(wr,w2p) : p<—1,wr =0 < wy}.

The proof of Theorem 3.2 is complete. O

Remark 3.2. If letting

Hyp = {(w, w2 p) i p 2 —1, w1, w; € Ry, wy + wy > 0}

U {(wl,wz;p) =2<p<-l,w,w ERy,—wi(p+1) < wz(g + 1)}

and
. ChY - _ p

Hy @ = {(wl,wz,P) P < -2,w,wy €Ry,wy = —wl(z + 1)},
then Hy;; C H, and H,; C H,. This means that [2, Theorem 1.3] recited in Theorem 2.3 just only put
forward a sufficient condition for K, ,.,(a, b) to be Schur harmonically convex. In other words, our
Theorem 3.2 strengths [2, Theorem 1.3].

4. Applications

Now we apply Theorems 3.1 and 3.2 to construct several inequalities.

Theorem 4.1. Suppose p € R and w,, w, € Ry with w; + w, > 0. Let (a,b) € R?, u(f) = th + (1 — t)q,
and v(t) = ta+ (1 —t)b fort € [0, 1]. Assume % <Hh<H<lor0<t <t < %
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1. If (w1, wy; p) €84, then

ath < le,wz;p(u(tZ)’ V(IZ)) < le,wz;p(u(tl), V(tl)) < le,wz;p(a, b) < ( il )l/p(a + b),
w1 + Wy
where S| is given by (3.1).
2. If (wy,wy; p) €8,, then
a+b

le,w2§l)(a7 b) < Kau,wz;p(u(tl)a V(t] )) < Kw|,w2;p(u(t2), V(IZ)) < 2 ’
where S is given by (3.2).
Proof. In [9], it was obtained that, if a < b, then

(u(t2), V(1)) < (u(tr), v(t1)) < (a, b). (4.1)
Then, by a similar derivation as in the proof of [2, Theorem 4.1], one can verify required inequalities
straightforwardly. O

Remark 4.1. In Theorem 4.1, if (w;, wy; p) € Sy and w, > 0, then (54-)""" > 1.
Theorem 4.2. Suppose p € R and w1, w, € Ry with w; + w, > 0. Let (a,b) € Rﬁ.
1. If (w1, wy; p) € Hy, then

2ab < ( ab @b
a+b = Bwwyip tb+(1 —[)a, ta+(1 —t)b

) < Ky wnpla, b), 4.2)

where H, is given by (3.4).
2. If (w1, wy; p) € Ha, the double inequality (4.2) is reversed, where H, is given by (3.5).

Proof. Considering the relations in (4.1) and imitating the proof of [2, Theorem 4.6] arrive at required
inequalities. The proof is complete. O

5. Conclusions

In this paper, we have found necessary and sufficient conditions in Theorems 3.1 and 3.2 for the
bivariate mean K, .,.,(a, b) of positive numbers a, b with three real parameters w, w,, p to be Schur
convex or Schur harmonically convex respectively. These necessary and sufficient conditions have also
been applied in Theorems 4.1 and 4.2.

In mathematics, necessary and sufficient condition is the best conclusion.
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