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1. Introduction

Let g > 3 be a fixed integer. For any integers k > 2 and m with (m, q) = 1, we define the two-term

exponential sums G(m, k; q) as
q-1 k
+
G(m,k;q)=Ze(ma a),
a=0 q

where as usual, e(y) = ¢* and i* = —1.

This sum play a very important role in the study of analytic number theory, many number theory
problems are closely related to it. Such is the case with the famous Waring problem. Therefore,
it is necessary to study the various properties of G(m, k; g), in order to promote the development of
research work in related fields. The work in this area mainly includes two aspects, one is the upper
bound estimate of the exponential sum, the other is the mean value of the exponential sum. In fact,
a great deal of work has been done in this field and a series of meaningful research results have been
obtained, we do not want to enumerate here, interested readers can refer to references [5-15].

For example, H. Zhang and W. P. Zhang [5] proved that for any odd prime p, one has the identity

4
pzpz (ma +na) _{2p3—p2 if3ftp-1,
m=1 | a=0

2p° = 1p* if3lp-1,
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where n represents any integer with (n, p) = 1.
W. P. Zhang and D. Han [6] obtained the identity

it (n + an)
e

where p denotes an odd prime with 3 1 (p — 1).
X.Y. Liu and W. P. Zhang [8] proved that for any prime p with 3 1 (p — 1), one has the identity

> S

x mod p m=0

p-1

2,

a=1

M

6
P
Zx(a)e(m" ”‘) = p(p— 1) (6p° = 28p> +39p +5),

a=

where Z denotes the summation over all Dirichlet characters modulo p.
x mod p
In this paper, we will use the properties of Legendre’s symbol and the classical Gauss sums to prove

the following main result:
Theorem. Let p > 3 be a prime, then we have the identity

~ 4

i (ma3+a)

2. =
p

a=0

27

pP(6+3), ifp=—-1mod®6,

{p2(5—3), if p = 1 mod 6;

p-l >
_ d-1+d
where as usual, (?) denotes the Legendre’s symbol modulo p,d-d = 1 mod p, 6 = Z (—) 1S
p

an integer which satisfies the estimate |6] < 2 4/p.

From this theorem and H. Zhang and W. P. Zhang [5] we may immediately deduce the following
three corollaries:
Corollary 1. Let p > 3 be a prime, then we have the identity

1

4
& (m? a+a
e =
=0

a

p—1

2,

m=1

2p° + p* (6 - 10), if p=1mod 6;
2p° +p*(6+2), if p=-1modb6.

Corollary 2. Let p > 3 be a prime, n be any quadratic non-residue modulo p. Then we have the
identity

DS (nom?d+a
Ze( ) =2p° = P2 (5 +4).

a=0

m=1
Corollary 3. Let p > 3 be a prime. Then for any integer n with (n, p) = 1, we have the asymptotic
formula

-1 4

<

p—

1
I’l m a+a
e
a=0
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= 2p3 + O(p%).

1

3
I



7502

Some notes: From our theorem and A. Weil’s work [15] we can also deduce the following nontrivial
estimate:
4

2 ()l

Obviously, this estimate saves p% compared to the trivial estimate p*, and may be used in some analytic
number theory problems.

In addition, the distribution of exponential sums is very irregular, so it should be meaningful to
study their power means and obtain an accurate calculation formula.

It is interesting to ask whether a formula analogous to our theorem can be obtained for the general

2h-th power means
- _ 2h
5 1(m) il (ma3+a)
p p

m=1 a=0

This is an open problem. We hope that interested readers will join us in considering this problem.

, where h > 3.

2. Several lemmas

In this section, we will give some basic lemmas. Of course, the proofs of these lemmas need some
knowledge of elementary and analytic number theory. They can be found in references [1-4], and we
do not repeat them. At the beginning, we are going to introduce the definition of the classical Gauss
sums 7(y) as follows: For any integer ¢ > 1, let y denotes any Dirichlet character modulo ¢, then the
classical Gauss sums 7(y) is defined as

q
T(x) = Zx(a)e(g),
a=1

where e(y) = ¢?™”. Based on this definition and its properties:

q
> x@e (%) = Xm) - 7p),
a=1

providing (m, q) = 1 or y is a primitive character modulo g, we have the following:
Lemma 1. If p > 3 be an odd prime, then we have the identity

S S ()

m=1

where (%) = x> denotes the Legendre symbol mod p.
Proof. Note that y3 = x> and 7°(y2) = y2(~1) - p, from the definition and properties of the Gauss
sums and reduced residue system modulo p we have

p—

& v (md®+a ’
S| &e(529)
m=1 0 p

a=
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+ T(Xg) (a + 1) Z/\(z(b)e

a=0 b=1

= )+ () ) xa(@ + 1) xala+ 1)

a=0

(3]

<

g

= xo(=D-p+x2(-1)-p- )(z(aQ—a+1)

a=

NO

Qa-17%+ 3)

= xo(=D-p+x2(=1)-p- (
p

a=0

3 & (D2 +3
xa-1) - p- (p) ptxa(-1)p- Z( . ) @.1)

b=0

Note that for any odd prime p, we have the identity

p-l 9 p-l
)G 2l G
a=0 p p a=1 p p
_ pz_i a+n)+pz_i(a(a+n)): p_1(1+n-5))
a=0 p a=1 p a=1 p
p-1 .
1 _
_ +na):{ p—1 ¥fp|n, 22)
1 p -1 if p 1 n.

Q
Il

From (2.1) and (2.2) we have

p-1 p-l1 3 2
m Z ma’ + a -3
m=1 P a=0 P p
This proves Lemma 1.

Lemma 2. Let p > 3 be an odd prime, then we have the identity

SIS (£
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a’+2=0 mod p

Proof. From Lemma 1 and its proving methods we have

55 [
[

b=1

m=1

g b —1 bh-1
= (=3 paa=1)p- (“ + )(“* ) 2.3)
a=0 b=0 p 4

e SRS (5

Let ¢ = b—1, if b pass through a complete residue system mod p, then ¢ also passes a complete residue
system mod p, from (2.2), (2.3) and the properties of the complete residue system mod p we have

AIMS Mathematics

55 a3+b3—1)(a+b—l)

a=0 b=0 p p

LG (B e+ 1P -1\[a+e
2=

LV (a3 + 3 + 3¢ +3c)(ac+c)+ p 1(a_)
a=0 =1 p S\ P

a

Ella+ 1\ (d® +1+ 3¢+ 38
p-D+

a=0 p c=1 p

E(l@+1)@+ D) Efa+ 1\ (32 +3c+a> +1
o-v- SRS )5 )

a=0 p a=0 p c=0

p—2 2 —1 [71 2

ac—a+1 a+ 3(20+1) +4a® + 1

e DY CS DY )

a=0 p a= p c=0

=0

-G5S )

a=

3\ N (Qa-12+3\ Sla+1\E (32 +4d+1
p-1+(-)-2(—)+2( )2 )
p p p )4
( P

\—/
Il
— O

4a3+1=0 mod p
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3\ (3 & (2a+1
e 8 R
p Z p
2-a3+ lZOmodp
SRR
= p+|—|+|—)P -
p) \p L p \p
a’3+2=0 mod p
3\ (6 & fa+2
= p+(—)+ =lp > ( ) (2.4)
p) \p - p
a’3+2=0 mod p

Combining (2.3) and (2.4) we have the identity
_ _ 2,
& (m)[p . (ma3 + a)] [p . (—mb3 - b)]
m=1 p a=0 p b=0 p
1

a3+2=0 mod p

This proves Lemma 2.
Lemma 3. If p > 3 is an odd prime, then we have

U 133(61 +b -3 —1)(a+b—c—1)
p

a=0 b=0 c¢=0

(af)p-ijzi(%”J—p—3<z>-p—<§)-p- [2).

Proof. Letd = a— 1, e = b — c. Then from the properties of the complete residue system modulo p we

'ﬁ“M‘?
I L

d3+2=0 mod p

have
p=1 p=1 p-1 a3+b3—c3—1)(a+b—c—1)
a=0 b=0 c=0 p P
) p—1pz—ipz—i (d+1)3+(e+c)3_c3_1)(d+e)
- d=0 e=0 =0 p u
_ ’i’i’i d3+3d2+3d+e3+3e2c+3ec2)(d+e)
- d=0 e=0 =0 p P
_ N ”””i d3+3d2e+3de2+1+3ec+3e2c2)(d+1)
- d=0 e=1 =0 P P
. p-1 (M) (2.5)
d=1 p
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If ¢ pass through a complete residue system mod p, then 2ce + 1 also passes a complete residue system
mod p, so from (2.2) and (2.5) we have
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Z (a3+b3—c3—l)(a+b—c—l)
a=0 b=0 c¢=0 p p
p-l ol ”Z_i (3(2ce + 12+ 1+4d® + 12d% + 12d62)(d + 1)
d=0 e=1 ¢=0 p P
p-1 2
2d +3) +3) (3)
+p - |7 \-|P
Z( )% p

i (3c2+-14-4d34-12d2e4-12de2)(d-+1)
4 p

PN S
5, 01
p d=0 e=1 p

12d€2+12d2€+4§3+150 mod p
N (d+1 3
S (2o 3),
p p p
3 d+1 3
G 22 (5-Gb
p £ P p

e=1

3d%(2e+d)?+d*+d=0 mod p
3 GG (d+1) (3 & (d+1 3
B 55 [ 5 (5
p d=1 =0 p p =1 p p
3e2+d*+d=0 mod p 8d3+2=0 mod p

e [ R
Gl 2 G5
NG & ()

FIEEE200-6 5 ()

d3+2=0 mod p
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- 5)

p—1 - p—1
d-1+d 3 6 d+?2
P e L D o
d3+2=0 mod p

This proves Lemma 3.

3. Proof of the theorem

Applying the basic lemmas of the previous section, we can easily complete the proof of our theorem.
Our proof idea is to decompose the proof process of the theorem into the form of lemmas, and then
apply Lemma 2 and Lemma 3 directly. In fact for any prime p > 3, note that 72(y») = x2(=1) - p and

the identity

AIMS Mathematics

—-mb® — b
p

(55222 &2

Pz‘lp‘lil"]p‘l m) {m(a3+b3—c3—d3)+a+b—c—d]
— e
a=0 b=0 c=0 d=1 m=1 p p
p=1 p=1 p-1 p-1 , 4 3 3 3
a+b —-c —-d a+b-c—-d
LC)PNN) Jel )
a=0 b=0 c¢=0 d=1 p p
p—-1 p-1 p-1 3 3 3 p-1
a+b —c -1 d\ (da+b-c-1)
LOPRY )25 )
a=0 b=0 =0 p o \P P
plpzlipzly 3 43 3
a+b—-c—-1\{a+b-c-1
w0 3,03 [
a=0 b=0 =0 p P
-1 S @+ -1\ [a+b-c—1
(_).p. D ( )( ) 3.1)
p a=0 b=0 =0 p p
3 we have
p-1 p-1 3 4
s+
m Ze(ma a)
m=1 p a=0 p
2
2 (m)\ (55 (ma3+a 2 (—mb3—b))[ L (—mb3—b)]
— e e 1+ Z e
m=1 p a=0 p b=0 p b=1 p
p-1 p-1 3 2 p-1 3
m (ma +a (—mb —b))
— Ze e
m=1 p a=0 p b=0 P
Eim\&E (md® +a = —mb® - b\\( [-mb® b
25 E N 2 2 )
= \P I\ p 5=0 p b=1 p
p-1 p-1 3 2 p-1 3
(m)( (ma» +a)] (—mb —b))
— e e
m=1 p a=0 p b=0 p
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P

. (—l)p_1 s p_l(a3+b3—c3—l)(a+b—c—l)
p—
0
-1 -6 2 a+2 b (d-1+4d
- )G 2 () s
p p =0 d=1

/|\
< | L
S —
hgl\)
o
—_—
=14
S—
S
/Ix
=14
S—
hgl\)
11
—_—
SS9
s |+
[\
S—

p-1
- P [d‘“_d) 3(‘_3).p2_ (3.2)

Note that (‘f) =1, if p = 1 mod 6; And (‘73) = —1,if p = =1 mod 6. From (3.2) we may
immediately deduce our theorem.

4. Conclusions

In this article, we obtained an identity for the fourth power mean of a certain two-term exponential
sum with the weight of the Legendre’s symbol modulo p. This result is the further promotion and
extension of [5,6], and it is new contribution in the related fields.
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