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1. Introduction

As is known to all, Nevanlinna value distribution is a powerful tool in studying the properties of
meromorphic functions in the fields of complex analysis. In 1926, R. Nevanlinna gave the definition
of characterise function 7'(r, f) of meromorphic function, and established the famous first and second
main theorem, lemma on the logarithmic derivatives etc. of Nevalinna theory, (see Hayman [5], Yang
[20] and Yi and Yang [21]). Moreover, the two main theorems occupy a central place in the value
distribution theory of meromorphic functions. By using these results, R. Nevanlinna in 1926 proved
the following well-known five-values theorem and gave a problem about small function.

Theorem 1.1. (see [21]). If f and g are two non-constant meromorphic functions that share five
distinct values a,, a, as, as,as IM in X = C, then f(z) = g(2).

Question 1.1. (see [21]). Does Theorem 1.1 still hold if the five distinct values ay,a,, as, ay,as are


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020476

7439

replaced by five distinct small functions a; (j = 1,2,...,5)?

After this theorem and question, many mathematicians had paid considerate attention to the
uniqueness of meromorphic functions with shared values in the whole complex plane (see [21]).
There were a series of beautiful uniqueness theorems about value-shared and small functions shared
(see [10,11,17,18,22,23]). Especially, Yi [22] gave a positive answer to Question 1.1 and extend the
five value theorem to the case of sharing five distinct small functions.

Theorem 1.2. (see [22] (The five small functions theorem)) Let f and g be two non-constant

meromorphic functions in complex plane C, and a;(j = 1,2,3,4,5) be five distinct small functions
with respect to f and g. If f and g share a;j(j = 1,2,3,4,5)IM in C, then f = g.

In the past several decades, it is an increasing interest to investigate the uniqueness of meromorphic
functions on a subset of complex plane C, such as: the unit disc, the angular domain and the whole
complex plane, and a lot of important theorems were obtained (see [21]). In 1999, Fang [3] discussed
the uniqueness of admissible functions sharing some sets in the unit disc. Around 2003, Zheng in
[24,25] studied the uniqueness problem and obtained five-values theorem and four-values theorem in
some angular domain of C. In 2015, Liu and Mao [12] further extended Theorem 1.2 to an angular
domain and obtained the following theorem.

Theorem 1.3. (see [12, Theorem 1.1]). Let f and g be two nonconstant meromorphic functions in an
angular domain X(a,p) :={z: a < argz < B} with 0 < B — a < 21 such that

z@,ﬁ(r’ f)
— =400
r—o+0  logr

2

and let aj(j = 1,...,5) be five distinct small functions with respect to f and g in X(a,p). If f and g
shareaj(j=1,...,5) IM in X(a,B), then [ = g.

As we all know, the whole complex plane, unit disc and angular domain can all be regarded as
a simply connected region. Of late, with the establishment of Nevanlinna theory for meromorphic
functions on annuli given by Khrystiyanyn and Kondratyuk [6, 7] or [8] in 2005 or [9] in 2004, it
is very interesting to consider the uniqueness of meromorphic function on doubly connected regions
(see [1,2,13,14]). In 2009 and 2011, Cao [1,2] investigated the uniqueness of meromorphic functions
on annuli sharing some values and some sets, and obtained an analog of Nevanlinna’s famous five-
values theorem.

Theorem 1.4. (see [1, Thereom 3.2] or [2, Corollary 3.3]). Let f and g be two transcendental or

admissible meromorphic functions on the annulus A = {z : Rio < |zl < Ry}, where 1 < Ry < +o0. Let

aj(j=1,2,3,4,5) be five distinct complex numbers in C. If f and g share a; IM for j =1,2,3,4,5,
then f(2) = g(2).

In 2015, Wu and Ge [14] extended Theorem 1.4 when five values are replaced by five small
functions and obtained

Theorem 1.5. (see [14, Theorem 1.1]). Let f and g be two transcendental or admissible meromorphic
functions on the annulus A = {z : Rlo < |zl < Ry}, where 1 < Ry < +oo. Leta;(j = 1,2,...,5) be five
distinct small functions with respect to f and g on the annulus A. If f and g share a;(j = 1,2,...,5)

IM, then f(z) = g(2).
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Very recently, the authors [16] investigated the uniqueness of meromorphic function in a special
multiply connested region-k-punctured complex plane, and obtained an analog of Nevanlinna’s famous
five-values theorem for meromorphic functions f and g in a k-punctured complex plane, and gave a
question as follows.

Theorem 1.6. (see [16, Theorem 3.2]). Let f and g be two admissible meromorphic functions in Q, if
f, g share five distinct values ay, a, as, as,as IM in Q, then f(z) = g(2).

Question 1.2. (see [16, Remark 3.3]). Does the conclusion of Theorem 1.6 still holds ifa;(j=1,...,5)
are replaced by small functions aj(z)(j = 1,...,5).

2. Results

Motivated by Question 1.2 and Theorems 1.2—1.6, the main purpose of this article is to investigate
the uniqueness of meromorphic functions concerning small functions, and we obtain an analog of
Nevanlinna’s famous five-values theorem for meromorphic functions in k-punctured complex plane.
To state our main results, let us recall some basic notations about function-shared in a k-punctured
plane as follows.

Let f be a non-constant meromorphic function in a k-punctured plane €2, we denote S (f) a set of
meromorphic function a(z) in a k-punctured plane Q satisfying To(r,a) = S(r, f), and such a
meromorphic function a(z) in a k-punctured plane Q is called as a small function with respect to f.

Let f be a non-constant meromorphic function in a k-punctured plane €2, a small function a(z) €
S (f) U {co} and a positive integer [ (or +c0). We use Eq(a, [; f) to denote the set of zeros of f(z) — « in
Q of multiplicity less than / (counting the multiplicities), and Eg(a, [; ) to denote the set of zeros of
f(@)—a(z) in Q of multiplicity less than / (ignoring the multiplicities), especially, Eq(a, [; f) = Eo(a, f)
and Eo(a, I; f) = Eq(a, f) as | = co.

For two non-constant meromorphic functions f and g El Qand o €| S (HNS(g)Ufoo}, if Eq(a, f) =
Eq(a, g), then we say that f and g share @ CM in Q, if Eq(a, f) = Eq(a, g), then we say that f and g
share a IM in Q.

The following inequality concerning five small functions plays a key role in proving our main
theorem.

Theorem 2.1. Let f and g be two transcendental or admissible meromorphic functions in Q, a;(z) €
S(HNS( (j=1,2,...,5) be five distinct small functions. If l is a positive integer > 4, f and g satisfy

Eo(aj s f) = Eoa; o), (j=1,2,...,5). 2.1
Then we have S(r) := S(r, f) = S(r, 2),
3 2 —
(2 - 7) [To(r, )+ To(r, 8)] < Z[No(r, aj, fl <D+ No(r,aj; 8l <D+ S(r), (2.2)

J=1

and

5
(1- 2%) [To(r, ) + To(r,2)] < Z No(r, aj; fl<D+S(r), (2.3)

J=1
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where ny(r, ;; f| < 1) is the counting function of distinct poles of # in Q, with the multiplicities less
J

than I,

"no(r g fI1< D)

; dt, r=>ry.

Forapfi<n= [
1o

By applying the above result, we obtain the main theorem below, which gives a positive answer to
Question 1.2.

Theorem 2.2. Let f and g be two transcendental or admissible meromorphic functions in Q, «; €
S(HNS,j=12,...,5 be five distinct small functions and | a positive integer. If Eq(a;,1; f) =
Eo(aj,l;g) for j=1,2,...,5 and | > 22, then f(z) = g(2).

Remark 2.1. By comparing with Theorem 2.2 and Theorem 1.6, we can see that five constants have
been replaced by five small functions, and IM shared has been also relaxed to partial weighted shared
(only under the condition that the distinct zeros of f — «j and g — a; in Q of multiplicity less than | are
same for j =1,2,...,5). Hence, Theorem 2.2 is an extension and improvement of Theorem 1.6.

Remark 2.2. In view of Theorem 2.2, two naturel questions arise:

Question 2.1. VKhat condition on l;,(j = 1,2,,...,5) can guarantee that t@f conclusion 01 Theorem
2.2 still holds if Eq(a;, I f) = Eq(aj,l;8) for j = 1,2,...,5 are replaced by Eq(a},l;; f) = Eqo(a;,[; g)
for j=1,2,...,5, and l; are five positive integers?

Question 2.2. Does the conclusion of Theorem 2.2 still hold, if the k-punctured complex plane € is
turned to a more general domain

Q' =G\ | K,
=1
where Gy is a bounded simply connected domain, and {K;},K; C Go, j = 1,2,...,m, are connected
compacts not degenerating to a point and such that G; = C\K is a domain, j = 1,2,...,m?

Moreover, similar to the argument as in the proof of Theorem 2.2, we can easily get the following
result, which is an improvement of Theorem 1.4.

Corollary 2.1. Let f and g be two transcendental or admissible meromorphic functions on the annulus
A={z: Rlo <zl < Ro}, where 1 < Ry < +oo. Letaj(j =1,2,...,5) be five distinct small functions with
respect to f and g on the annulus A. IfEA(aJ-, L f) = EA(aJ-, Lg)for j=1,2,...,5 and | > 22, then
f(2) = g(2).

When / = +00, one can get the following conclusion.

Theorem 2.3. Let f and g be two transcendental or admissible meromorphic functions in Q, «; €
S(HNS,(G = 1,2,...,5) be five distinct small functions. If Eq(a;, f) = Eq(aj,8), for (j =
1,2,...,5), then f(2) = g(2).

Remark 2.3. Theorem 2.3 can be called as 5 IM theorem for meromorphic functions in k-punctured
complex plane.
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3. Nevanlinna theory in k-punctured complex planes

Let k be a positive integer, for k distinct points c; € C, j € {1,2,...,k}, we say that Q = C\ U’;zl{cj}
is a k-punctured complex plane. The main purpose of this article is to discuss meromorphic functions
in those k-punctured planes for which k > 2.

Letd = 1 min{lc, — ¢;| : j # s}and rg = 3 + max{lc;| : j € {1,2,...,k}}, thus it follows % < d and

51/}’()(0]‘) ﬂﬁl/ro(cs) = ®7 for _] ?& S9

and _
Dy (cj) € D,(0), for je{l,2,...,k},

where Ds(c) = {z : |z = ¢| < 6} and Ds(c) = {z : |z — ¢| < &}. Now, we define

k
Q, = DO\ JDijcp, for any r=r.

=1

Thus, it yields that Q, D Q, for rp < r < +c0. Moreover, it is easy to see that €, is k + 1 connected
region.

In 2007, Hanyak and Kondratyuk [4] gave some extension of the Nevanlinna value distribution
theory for meromorphic functions in a k-punctured complex plane and proved a series of theorems
which is an analog of the result on the whole plane C.

Let f be a meromorphic function in a k-punctured plane Q, we denote ny(r, f) to be the counting
function of its poles in ﬁr, ro < r < +oo and

MMﬁ=f%“ﬂa

) t

and we also define

1 2 . 1 m 2
mo(r, f) =— f log* |f(re™)| d6 + — f log*
27'( 0 | | 27T ]Z:l: 0

1 > + i6 1 N o +
_Efo log* | f(roe )|d0—§;fo log

where log" x = max{log x, 0} and ry < r < +oo, then

do—

flcj+ leﬂ")
r

do,

1.
flc;+—e"
ro

TO(r’f) = mO(r’f)"'NO(r’f)

is called as the Nevanlinna characteristic of f. Besides, we use S (7, f) to denote any quantity satisfying
S(r, f) = o(Ty(r, f)) for all r outside a possible exceptional set of finite linear measure.

Theorem 3.1. (see [4, Theorem 3]). Let f, fi, f» be meromorphic functions in a k-punctured plane Q.
Then

(i) the function Ty(r, f) is non-negative, continuous, non-decreasing and convex with respect to log r
on [rg, +00), To(ro, ) = 0;
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(ii) if f identically equals a constant, then Ty(r, f) vanishes identically;

(iii) if f is not identically equal to zero, then Ty(r, f) = To(r, 1/ f),rog < r < 400,

(iv) To(r, fif2) < To(r, f1) + To(r, 2) + O(1) and To(r, fi + f2) < To(r, f1) + To(r, f2) + O(), for
rg < r < +oo;

(v) To(r, J%_a) =To(r, ) + O(1), for any fixed a € C.

Remark 3.1. Theorem 3.1 (i)—(iv) show the elementary properties of meromorphic function f(z) in the
k-punctured plane Q, Theorem 3.1 (v) can be said the Jensen-Nevanlinna formula for meromorphic
function f(z) in the k-punctured plane ), which is another expression of Jensen’s formula and exhibits
the relations between characteristic functions of f and )1—, in Q. Theorem 3.1 (v) is also called as the
first fundamental theorem of the value distribution theory in the k-punctured plane.

Definition 3.1. Let f be a nonconstant meromorphic function in k-punctured plane Q. The function f
is called admissible in k-punctured plane Q) provided that

1- TO(r’ f) _
1m sup =
rod0  lOZT

+00, rg<r<+00.

Remark 3.2. From Theorem 5 in [4], we have that a meromorphic function f in k-punctured plane is
rational if f satisfies

< 400, rg<r<+oo.
ro4o0  lOZF

By using Lemma 6 in [4], we can get the following lemma easily.

Theorem 3.2. Let f be a nonconstant meromorphic function in a k-punctured plane Q, and p a positive

integer, then
f(p)
mo(r, 7) = O(log To(r, f)) + Odog" r) :=S(r, ), r — +oo,

outside a set of finite linear measure.

Remark 3.3. Obviously, if f is admissible in a k-punctured plane Q, then

f(p)
my(r, 7) =S(r, f) = o(To(r, 1)),

outside a set of finite linear measure.

Remark 3.4. This is an important result which is often used in this paper.
4. The proof of Theorem 2.1

To prove Theorem 2.1, we require the following lemma.

Lemma 4.1. (see [15, Lemma 4.2]). Let fi1(z) and f,(z) be two admissible meromorphic functions
in a k-punctured plane Q, aj(2)(% 0,1) € S(fiy N S(f) j = 1,2,...,5 be five distinct meromorphic
functions in a k-punctured plane Q, then

5
— 1
2To(r. ) < D Nolr, 7

=1 s a’j

)+S(rf+S ), s=1,2. 4.1)
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The proof of Theorem 2.1: In view of the assumptions of Theorem 2.1, it follows

5
2To(r, f) < Z ﬁo(r, 7

j=1

1
)+ 81, f)
“a;

5
5
<t Z o fl <D+ == To(r )+ S f)
j=1

~+

1 5
ST T+ T T N S )
[+

5 l
ST Do )+ o To(r ) + S (. /),
that is,
l
TO(”"]C)S mTO(F’g)-i'S(r’f)- (42)
Similarly, we have
l
To(r,8) < mTo(r, H+S8T8). (4.3)

From (4.2) and (4.3), we can deduce immediately that S(r) = S(r, f) = S(r, 2).
By applying Lemma 4.1 for f(z) and a;(z)(j = 1,2,...,5) again, we have

5
2T6(r, f)+1 ) No(roaj fl = 1+ 1)

j=1

Mm

No(r,aj ) + ZZNO(r @i fl= 1+ 1) +S(r) < 5To(r, f) + S (),

Jj=1 j=1

where ny(r, @ ; f| > [ + 1) is the counting function of distinct poles of ﬁ in Q, with the multiplicities
J

great than [ + 1,
"no(r, e fl 21+ 1)

No(r,aj;f|21+1):f dl, r=ry.

o t

Thus, it follows

N(r ajflzl+1)< 3To(r ) +S). (4.4)

Mm

.
1l
—_

Similarly, we have

5
D No(rajiglzl+1)< %To(r,g) +5(r). 4.5)
j=1

By Lemma 4.1 and (4.4), it yields

5
2T0(r, ) < ) No(r,aj; f |<l)+ZN0(ra/J,f|>l+1)+S(r)
Jj=1

j=1
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5
~ 3
<D Noragifl <D+ ST )+ S0,

that is,

3 o _
2= DTo(r f) < ,Z‘ No(roaji f1 < D) + S (7).

Similarly, we have
5

3 —
2= PTo(rg) < 3 No(r.ajigl < )+ S ().

=1

Thus, from the above two inequalities, it follows
3 > —
2- 7)[To(r, N +To(r,9)] < Z( o(raj; fI <D+ No(r,aj; 8l < 1) + S (r). (4.6)
j=1

And since Eq(aj,l; f) = Eo(aj L g),(j = 1,2,...,5), that is, No(r,@j; f| < ) + No(r,aj; gl < 1) for
Jj=1,2,...,5, then we can prove (2.3) easily by combining (4.6).
Thus, we complete the proof of Theorem 2.1.

5. The proof of Theorem 2.2

To prove Theorem 2.2, some lemmas below will be required.

Lemma 5.1. (see [16]). Let f be a nonconstant meromorphic function in k-punctured plane Q, and let

R = afy by
=0

i=0
be an irreducible rational function in f with coefficients {a;} and {b;}, where a, # 0 and b,, # 0. Then
T(r,R(f)) =dT(r, )+ S, [),

where d = max{n, m}.

Lemma 5.2. Let f be a transcendental or admissible meromorphic functions in Q, a(z), b(z) € S (f) be
two distinct small functions with respect to f. Set

~

L(f,a,b) :=

SR
SR

Then we have L(f,a,b) # 0 and fori =0, 1,

O( L(f.a,b)f'

) =S
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Proof. Utilizing the determinant nature, we obtain that

f ol
Lifia.,b)=|f-a f=a 0|=(f-a)(f =b)=(f=-b)(f -da)
f=b f=b 0

which further yields
L(f,a,b) [/ =0 B f=a
(f-a(f-b f-b f-a
Suppose that L(f, a, b) = 0, that is,

(5.1)

f/ _ b/ _ f/ _ al
f-b  f-a’
by a simply integral, we get f = ﬁ(b — na), where n is a constant, which is a contradiction with
a(z),b(z) € S(f). So, we have L(f,a,b) # 0. If i = 0, by applying Theorem 3.2 for (5.1), it follows
( L(f,a,b)
my|r, —————
T -af -b)

)=S(r,f)-

Ifi = 1, we have

L(f,a.b)f _ f(f —a)(f =b) - f(f - D)} —a)

(f—a)(f-b) (f —a)f - b)
_=b+D)f —a)(f = V)~ (f —ata)f - b)(f —d)
(f —a)f-b)
f, b f, —-da ’ ’
f by f—a + (@ -Db"). (5.2)
By combining a(z), b(z) € S(f) and applying Theorem 3.2 for (5.2), we get
Lf,abf \ _

" (r’ T-a( - b)) =S

Therefore, this completes the proof of Lemma 5.2. O

Let hi(z) and h,(z) be two non-constant meromorphic functions in  and @(z) (or o) be the
common small function of h;(z) and hy(z), we use No(r,hi(z) = a@ = h(2)
(NE (r,h1(z) = a(z) = hy(2))) to denote the counting function of those common zeros of 4,(z) — a(z)
and /,(z) — a(z) in €, regardless of multlpllclty (with the same multiplicity), and each zeros counted
only once. Moreover, if No(r, - a(z)) NE(r hi(z) = a(z) = ha(2)) = S(r, hj), j = 1,2, then we can
say that h,(z) and hy(z) share a(z) CM*; if No(r, - a(z)) No(r,hi(2) = a(z) = h(2) = S(r, h;),
Jj = 1,2, then we can say that /,(z) and h,(z) share a(z) IM*.

Lemma 5.3. Let f and g be two transcendental or admissible meromorphic functions in Q, b;(z) €
S(HNS (G=1,2,3). If f,g share bj(z)(j = 1,2,3) and oo IM*. Set

3 e L(f,01,0)(f —9)L(g, b2, b3)  L(g, b1, bo)(f — Q)L(f, b2, b3)
LT (= b)(f - )@ - b)(g —b3) (g —bi)(g—bo)(f —b)(f —b3)’

Then To(r, H,) = S(r, f) + S(r, g).
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Proof. By applying Lemma 5.2 for H;, we can obtain
mO(nwl):S(r’f)-i_S(r’g)' (53)

Now, we will estimate No(r, H;). We know that the poles of H; in Q can come from the zeros of
f=bi(2),8—bj(z) in Qfor j=1,2,3, the poles of f, g in Q. Because H, can be represented as

o JLEbLb) (11 \Lgbyby (1
Hi=(f g){ by — b, (f—bz f_bl) bz — b, (8—b3 g—bz)
L(g,bl,bz)( 1 )L(f,bz,bs)( 1 )}

b, — by g—by g-b by — b, f=bs f-b

. f'—b’z_f’—bi)(g'—b’g_g’—b'z)
= g){(f—bz f-b)\g—by g-b

() sy )
(g_bZ g_bl f—b3 f—b2 ’ (5)

and since f, g share b;j(z) IM* in Q and b;(z) € S(f) N S(g), from (5.4), it is easy to see that the poles
of H, in Q which come from the zeros of f — by and f — b3 in Q are only S(r, f) + S(r, ).

Further, if z; is a pole of f in Q with multiplicity p, a pole of g in Q with multiplicity ¢, and
bj(z1)(bj(z1) — 1) # 0,00 for j = 1,2,3. W.L.g., assume p > g, then for z — z;, it follows

L(f, by, bo)(f — g)L(g, b2, b3) '8’
S D00 88 200, — iy — b1 - T8
(f =b)(f — b2)(g — D2)(g — b3) fre
L(g,b,b - 9L(f,by, b ‘g’
(8,01, 02)(f — OL(f, b2, b3) (by — b1)(bs — by)(1 — §)f82.
(& —b1)(g — b)(f = b2)(f — b3) frs

Thus, H, is analytic at z;.

In addition, we can rewrite H; as the following form

’ ’

~ 'y -b
3 = 8= {[(bl PSSl BV b;)] [(b3 ~b)E—2 - —bé)]

T(f-b)(g - by) f—b b,
f(g_l) g,_ é ’ ’ f,_b/Z ’ ’
~=T) [(bl ~ b = (b - bz)] [(b3 )T = (- bz)]} .

Thus, if z, is a zero of f — b, in Q and bj(z;)(bj(z;) — 1) # 0,00 j = 1,2, 3, since f, g share b;(z)(j
1,2,3) IM*, from the above expression, we know that HH is analytic at z5.

Hence, we have Ny(r,H;) = S(r, f) + S(r,g), and by combining (5.3), it follows T((r, H,)
S f)+S(rg).

Therefore, this completes the proof of Lemma 5.3. O

Lemma 5.4. Let f and g be two transcendental or admissible meromorphic functions in Q, b;(z) €
S(HNS(e) (j=1,2,3). Let H, be stated as in Lemma 5.2 and

H, = L(f, b2, b)(f = 8)L(g, b1, b3)  L(g, b2, b))(f = 8)L(f, by, b3)

C(f=b)(f—bi)g-bi)g—b3) (g—Dba)(g—b)(f—b)(f—b3)
I = L(f,01,03)(f —8)L(g, b3, b2)  L(g, b1, b3)(f — )L(f, b3, Do)
T =b)(f = b)g-ba)g—b) (8- b)) —b)(f —b)(f — o)
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Then
(l) 7'{1 = —7’{2 = :7"{3,'
(i) Hi = 0 = H, =0, where

7 L(F,b1.b))(F = G)L(G.by,bs)  L(G.b1.by)(F = G)L(F, by, by)
L F-b)(F -G - 5)(G ~b3) (G = bi)G = ba)(F — o) (F — b3)

and | .
F = +b;, G + by,
f-b g—b
~ ~ ~ 1
by =by, by, = + by, by = + by.
1 1, D2 b 1, D3 bs— b, 1
Proof. (1) From (5.4), we have
f/_b/g/_b/ g/_b/f/_b/ f/_b/g/_b/
H, :=(f—g){ 2 3 2 3 1 3
f=by g—bs3 g—by f—Dbs3 f=b1 g—bs3

(5.5)

+g“—Mf”—%_Fg—b;f—bi_g“—%f”—%}
g—bi f—bs g—by f—b g—b f-b ’
by interchanging between b and b, in (5.5), we can get H, = —H,.

Similarly, by interchanging between b, and b5 in (5.5), we can get H; = —H;. Thus, (i) is proved.

(i1) Without loss of generality, assume that by = 0,b, = 1,b3 = b, and b # (0, 1, 00). From (i), it
follows

(f = Dfgg—-b) (g—Dgf(f-b)

,'151 =0,b,=1,b3 = %. Similar to the definition of H,, we have

—7‘(1 = 7‘(2 =

—  —  L(F,1,0)(F-GL(G.,0,3) LG,1,0)(F - G)L(F,0,3)
T F-DFGG - GG - F(F -1
L L0)( ! - gD, 0,67h)
(=D g =
Lg ', L,O)(f™" — g HL(f~,0,b7")
@S -

1 g L r

A i gZ‘ gef| 7 P

fFre |l o ¢ fe |1 ¥

_ b2 1 b b2
~ Ifilb-g lg11b-f
f fgbg g gf bf

, g & PSR I A it
. f(g f)‘b b g(f-9 b b,|

b (f-Dfglg-b) (= Dgf(f -b)

1 1
—57‘{2 = —57’{1,
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7449

which implies H; = 0 & H, = 0 by b(z) % 0.
Therefore, this completes the proof of Lemma 5.4. O

5.1. The proof of Theorem 2.2

We will adopt the idea of Yi and Li [23], Yao [19]. W..o.g, we can consider a quasi-Mobius

transformation
O, —Qra3 —a
J 3 5 .
= j=12,...,5,

ﬁj - s
aj— Q5 a3 — Q4
thatis, B; = a1(2), 82 = @2(2),3 = 1, B4 = 0 and B5(z) = 0. Set

L(f’ 07 1)(f - g)L(g’ 17ﬁ2) _ L(ga O’ 1)(f - g)L(f’ 1’:82)
F(f = D(g-1(g-B) 8- DU =D =B

If 744 £ 0, from Lemma 5.3, we have

J =

mo(r, 74) = S(r),

and by Lemma 5.4, it follows

5

5
No(r, /) < Y No(roai fl 2 1+ 1)+ " No(r,ajigl 2 1+ 1) + S(r)

J=2 =2
14 ) 2 < 2
S?(To(” )+ To(r,8) — —1; o(ra; fI<D+ mNo(”,Omﬂ <D+S8()
4
SH__I(TO(’” L)+ To(r,8)) — —(1 = —)(To(r ) +To(r,8)
+ H_LINO(”,CH;ﬂ <D+S8()
20+ 3 2 —~
T : 5 T )+ Tolr ) + g Nolrans 1< D +S (),

and because 1
No(r,ar; f1 < 1) < No(r, 7)< No(r, ) + S (1),
1

thus it follows

— 21 +
No(rans fl <D < 17—

Noting that Eq(a;, [; f) = Eq(aj,1;g), that is, No(r,aj; f| < 1) = No(r,a;5 8l < ) for j = 1,2,...,5,
then we have

(To(” P +To(r,8) +S().

2121+ 3
No(r,ar; fl < D)+ No(r, 138l < 1) < %(To(r,f)+To(r,g))+S(r).

Similarly, let

L(f,1,00(f — &)L(g,0,81)  L(g, 1,0)(f — g)L(f,0,51)

= T Dete =) 2@-Dff-B)
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A = L(f,0,8)(f — 8)L(g, B2, B1) (8, 0.B:)(f — &)L(f. 2. 81)
J(f = B2)(g = B2)(g = B1) 8 =P f =B =B
A = L(f, 1.BO(f = L&, B1,B2) (g, L,B)(f — &)L(f.B1./52)
(f = DU =B BB  (g—Dg—BI =B —B2)

then if 77 # 0 for j = 2,3, 4, by using the same argument as in the above, we have

— — 221+ 3
Rotr a1 <D+ Natrasisl < D < Zo= AT )+ Talr ) + S0, (5.6)
for j = 2,3,4. Next, we will prove that
— — 2121+ 3
Ro(rasi 1 < D+ Bo(riasi gl < ) < S0 (1o ) + Tl ) + S0 5.7)
Let
F@) = ——\ G = —, ()= —— = —
f@’ @ ! a1(2)  Bi@)’
1 1 1
Q*Z):—: , da(d) = — =1, a*z):oo, ai(z) = 0.
=00 e P ae T @
Thus, @{(z2)(j = 1,2,....5) are small functions of F(z) and G(z), and Eq(e,; F) = Eq(e}.1;G)
(G=12,..., 5). Further, by applying Theorem 3.1 and Lemma 5.1 for F(z), G(z), we have
To(r, F) =To(r, f), To(r,G) =Toy(r, ),
S(r,F)=8S(r,/)=8(r), S(r,G)=S(r,g) =S(r).
Set

. L LEDF -GLG.B B LG, LBOF - GLF.L B
T F-DE-BNG-FNG - (G- DG -BNE - BNEF By

if 74 # 0, from Lemma 5.3, we have
my(r, 765) = S (1),
and by Lemma 5.4, it follows

4 4
No(r, 74) < 3" No(r, @} FI 2 1+ 1)+ " No(r, a3 Gl 2 [+ 1) + S ()

j=1 j=1
4 _ 4 _
<Y No(rag flz 1+ 1)+ Y No(roag f1 2 1+ 1)+ S(r)
j=1 =1
4

2 &~
< Tor )+ Tolr ) = JZI No(raj; f1 < 1)

2 -
+ mNo(l’,a/l;ﬂ <D+S8)
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<7 To( )+ To(r8)) = 17— (1 = 5)(To(r, f) + Tolr, 8))

7 _
+ mNo(l’,a/s;ﬂ <D+S8()

21+ 3

<
I+ 1)

2 -
(To(r, f) + To(r, ) + 7 No(r.as; fl < D) + S (r),

and since 1
No(r, as; fI < 1) < No(r, 7)< No(r, 76) + S (1),
5
thus it follows
21+ 3
(-1

Noting that Eq(a;, [; f) = Eq(aj,1;g), that is, No(r,aj; f| < 1) = No(r,a;5 8l < ) for j = 1,2,...,5,
then from (5.8) we prove (5.7).

By applying Theorem 2.1, we can see that there are at least two of the five Ny(r, @ afl <D+
No(r, a8/ <D (j=1,2,...,5), wlg. assume j = 2,3, such that

No(r,as; fl <) <

(To(r, ) + To(r, 8)) + S(1). (5.8)

No(r,a; f1 < 1) + No(r,ans 8l < 1) > (% + 0(1)) (To(r, ) + To(r, 8)), (5.9
and

— — [-3

No(r,as; fl < D)+ No(r,as; gl < 1) > (T + 0(1)) (To(r, f) + To(r, 8)), (5.10)

forr > ro,r € I C [rg, +o0) and mesl = +oo. Hence, if 77 # 0, then it follows from (5.6) and (5.9) that

[-3 <2(21+3)
4 T -1

which implies a contradiction with [ > 22. Thus, .74 = 0. Similarly, from (5.6) and (5.10) and [ > 22,
we have 74 = 0.
On the basis of .74 = 0 and .74 = 0, we have

L(f7 170)L(g’ O,ﬁl) — L(g7 I’O)L(f’ O’ﬁl)
(f=D@E-B)  @-D(f-B) ~

L(f’ l’ﬁZ)L(g’ﬁZaﬁl) — L(g’ O’ﬁZ)L(f’ﬁZ’ﬁl)
f(g—=pB1) - Ff =B '

The five cases will hereinafter be taken into consideration. Let

(5.11)

(5.12)

J(Z) = {Z € QIﬁZ(Z) = 07 1,00, or IBI(Z) = 0’ 1’ o, or ﬁZ(Z) _ﬁl(z) = O}

Case 1. Assume that 8,(z) # 0. If z; is a zero of g — 8, in Q, and not a zero of f — £ in Q, and

71 ¢ J(2), B5(z1) # 0, then from (5.11) and (5.12) we have z; is not a pole of f—p,. In fact, if z; is a zero
¢ IB-1B]

g-1 f-p >’

of g — 31 and a pole of f — B, in Q, and we can rewrite the right sides of (5.11) as ¥, :=

AIMS Mathematics Volume 5, Issue 6, 7438-7457.



7452

then z; is a pole of ©#; with multiplicity 1, but the left sides of (5.11) is @, := —%gi 1_;5'8 /‘, and z; is a
pole of ¥, with multiplicity 2, a contradiction. Similarly, we can get a contradiction from (5.12) when
71 1s a zero of g — 81 and a pole of f — B in Q. Thus, the right sides of (5.11) and (5.12) are analytic
at z;. Thus we get f'(z;) # 0, f(z;) # 1 and L(f,1,0).—,, = 0, L(f,0,82).-;, = 0. Hence it follows
f'(z1) # 0and f(z1)B5(z1) = f'(z1)B2(z1) = 0, that is, f(z1)B)(z1) — 0, a contradiction with 8)(z;) # 0
and f(z;) # 0. Thus, we have f(z;) — B2(z1) = 0.

Hence we get

g-Pi=0= f-51=0, (r¢k), (5.13)
where E C [ry, +o0), and mesE < +oco. Similarly, we get
f-B=0=¢-p1=0, (r¢E), (5.14)

which implies that f, g share §; IM* in Q.
(i1) Assume that 8(z) = 0, that is, 8,(z) is a constant, set 85(z) = y. Thus, by Lemma 5.4, (5.12) is
equivalent to

L(f’ﬁZ’ O)L(g’ O’ﬁl) — L(g’ﬁZ’ O)L(f’ 0’:81)
(f=B)g-B)  @€=B)f-B)
Due to 3, =y, we have L(f, 3,,0) = yL(f, 1,0), L(g,3,,0) = yL(g, 1,0). Substituting them into (5.15),
and combining (5.11), we can get

(5.15)

f-B_g-Bs
f-1 " g-1

which implies f = g.
Case 2. By Lemma 5.4, (5.11) is equivalent to the following equation

L(f7 07 I)L(g7 19ﬁ1) — L(g’ 07 I)L(f’ 1731)
fg =B - sif =gy

(1) (B1(z) — DBY(2) — (Ba(z) — 1)B1(z) # 0. If z, is a zero of f in Q, but not a zero of g in Q, and

22 & J(2), (B1(22) — 1)B)(22) — (B2(z2) — 1)B}(z2) # 0, then z, is not a pole of g in Q. In fact, if z; is a zero
¢ B BB F

(5.16)

of f and a pole of g in Q, and we can rewrite the right sides of (5.16) as 3 := p s , then 2,
is a pole of 13 with multiplicity 1, but the left sides of (5.16) is ¥4 := f—f,%, and by a simply

calculation, z; is a pole of 4 with multiplicity 2, a contradiction. Similarly, we can get a contradiction
from (5.12) when z, is a zero of f and a pole of g in Q. Thus, the right sides of (5.12) and (5.16) are
analytic at zp. Thus we get f(z2) — Bi1(z2) # 0 and L(g, 1,51).=;, = 0, L(g,52,B1).=,, = 0. Hence it
follows

8(z2) = Bi1(z2) &'(22) = Bi(z2) | _ 0 8(22) = Bi1(z2)  g'(22) = Bi(z2) | _ 0
Bi(z2) — 1 B (z2) T Bi(22) = Ba(z2) B(22) = By(22) ’
that is,
Bi(z2) — 1 ,3’1(Z2)

-0,

Bi(z2) — B2(z2) Bi(z2) — B5(z2)

as g(z2) — Pi(z2) # 0. It means that (8,(z2) — 1)B5(z2) — (B2(z2) — 1)B](z2) = 0, a contradiction. Hence
7, is a zero of g(z) in Q, which implies

f=0=¢=0, (r¢E),
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where E C [ry, +o0), and mesE < +co. Similarly, we get
g=0=f=0, (r¢kE).

Therefore, it means that f, g share 0 IM* in Q.
By Lemma 5.3 and from (5.11) and (5.12), it follows
L(f,0,DL(g,1,8,) _ L(g,0, DL(f, 1,52)
f(g=p2) 8(f =p2)

(ii) (B1(z) — 1)B5(2) = (B2(z) — 1)B,(2) = 0. It follows that B, — 1 = y(8; — 1) and B, = yB, where
v(# 0) a constant. Then, we have

(5.17)

g-1 g
L 91’ = ’ = L ’1’ ’
(8. 1.2) '7(,81 “1) 4B ‘ yL(g, 1.81)
f=1r f
L(f, 1, = , | = yYL(f, 1,51).
(f, 1B ‘y(ﬁl by g |FYHULAD
Substituting the above equations into (5.17), and combining (5.16), we get
f=B _ 8B
=B g-p’

which implies f = g.
Case 3. From (5.11) and (5.15), we have

L(f.82,0)L(g,0,1) _ L(g, 2, 0)L(f,0, 1)
(f=Bg-1 — (g=-B)f-1)

(1) B2(2)B1(2) = B5(2)B1(z) # 0. If z3 is a zero of g — 1 in Q, but not a zero of f—11n €, and z3 ¢ J(2),

Ba(z3)B(z3) — By(z3)B1(z3) # 0, then z3 is not a pole of f — 1 in Q. In fact, if z3 isa zeroof g — 1 and a
& FB-IB,

(5.18)

pole of f — 1 in Q, and we can rewrite the right sides of (5.11) as ¥, := —1 7B
of ¥, with multiplicity 2, but the left sides of (5.11) is ¢}, := —j%l gi 1_—;;3 i , and by a simply calculation,
z3 1s a pole of ¥, with multiplicity 1, a contradiction. Similarly, we can get a contradiction from (5.18)
when z3 is a zero of g — 1 and a pole of f — 1 in Q. Thus, the left side of (5.11) and the right side of
(5.18) are analytic at z3. Hence we get f(z3) — B1(z3) # 0, f(z3) — B2(z3) # 0, but L(f,52,0).-,, = 0 and

L(f,0,81):=;; = 0. Then

, then z3 is a pole

f@z3)  f(z3) f@z3)  f(z3)
B2(z3) PB5(z3) T | Bi(z3) Bi(z3)

Since f, g share 0 IM*, and g(z3) = 1, then it follows f(z3) # 0. So, we have

B2(z3) PB5(z3)
Bi(z3) Bi(z3)

which implies 5,(2)B7(z) — 85(2)Bi1(z) = 0, a contradiction. Hence, it follows that z3 is a zero of f(z) — 1
in Q, which implies

=0.

=0,

g-1=0=f-1=0, (r¢kE),
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where E C [ry, +o0), and mesE < +co. Similarly, we get
f-1=0= f-1=0, (r¢kE).

Therefore, it means that f, g share 1 IM* in Q.

(i) B2(2)B1(z) — B5(2)B1(z) = 0. Then it follows B, = yB; and B, = yB], where y(# 0) a constant.
Thus, we have

L0 = b | = =YL& 0.6
and
L0 =| LT = 0.,
B VB,
By substituting the above two equivalents into (5.18) and combining (5.11), we have
f=B:_g-B
=B g-B’

which implies f = g.
Case 4. B/(z) £ 0. If z4 is a zero of f — 3, in Q, but not a zero of g — 3, in Q, and z4 ¢ J(2),

B1(z4) # 0, then we have that z4 is not a pole of g — 8, in Q. In fact, if z4 is a zero of f — 5, and a
_ Bg'-Brg B 1B,

pole of g — 3, in ), and we can rewrite the right sides of (5.15) as 95 := P then z4 is
a pole of s with multiplicity 1, but the left sides of (5.15) is ¥ := %%, and by a simply

calculation, z4 is a pole of J¢ with multiplicity 2, a contradiction. Similarly, z4 is a pole of the right
side of (5.18) 9, == L5222 with multiplicity 1, and z, is a pole of the left of (5.18) 9y := £; 272/
with multiplicity 2. Hence, this is a contradiction. Thus, the right side of (5.15) and (5.18) are analytic
at z4. Hence we get f(z4) —B1(z4) # 0, f(z4) =1 # 0, but L(g,0,1).-,, = 0 and L(g,0,5:).=;, = 0. Then
g’ (z1) = 0, and g(z4)B)(z4) — &'(z4)B1(z4) = 0, that is, g(z4)B)(z4) = 0. Since B} (z4) # 0, then it follows
g(z4) = 0, which is a contradiction with f, g share O IM* in Q. Thus, it means that z4 is a zero of g — 5,

in Q, which implies

f=-P=0=g-5=0, (r¢E),
where E C [ry, +00), and mesE < +co. Similarly, we get
§-P=0=f-p=0, (r¢E).

Therefore, it means that f, g share 8, IM* in Q.
(i1) B1(z) = 0. That is 8,(z) = 6, where 6(+ 0) a constant. So, it yields L(f,0,8;) = 6L(f,0, 1), and
L(g,0,81) = 6L(g,0, 1). Substituting these into (5.15), and combining (5.18), we can deduce

f=B _g-p
o1 -1

which implies f = g.
Case 5. Let
~ L(F,1,0)(F - G)L(G, 0,8/ _ L(G,1,0)(F - G)L(F,0,8")
T (F-DFGG -7 G(G - DF(F - ")

b
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~ L& 0.5,)(F - GLG.B;' A1) L(G,0.8,)F - QLB B
PTF -G -G - B GG - BWF - B)F =B

Then from Lemma 5.4, we have
I =0 45 =0,

and
H6=0 4 =0.

Further, it follows from % =0and %7; = 0 that

L(F,1,0)L(G,0,8;) _ L(G,1,0L(F,0,5")
F-DG-Y  (G-DF -5

b

and
L(F, 0,5, Y L(G. B, 511 _ LG, 0.5, )L(F. B, 571)
F(G-pB") - G(F - ") '
By using the same argument as in Case 2 of Theorem 2.2, we obtain either F,G share 0 IM* in Q
or F = G. If F,G share 0 IM* in €, it means that f, g share co IM™ in Q. If F = G, by a simply
calculation, we have f = g.
From Cases 1-5, we get that either f, g share 0, 1, o0, 31(2),8,(z) IM* in Q, or f = g. If f, g share
0,1, 00,81(2),8:2(z) IM* in Q, by using the same method as in [22], it follows f = g. Hence, we obtain
f=g

Thus, this completes the proof of Theorem 2.2.
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