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Keywords: fractional derivative with respect to another function; parameter; positive solution;
existence; fixed point theorems of concave operator
Mathematics Subject Classification:34A08, 34A12

1. Introduction

In this work, we are concerned with the following fractional boundary value problem

Dy *u(t) + Af(t,u(r) =0, 0<t<1, (1.1)

m—2
u(0) =0, u(l)= " Bu(n), (12)
i=1

where 1 < a <2, D;.¥ is the fractional derivative operator of order @ with respect to a certain strictly
increasing function ¢ € C?[0, 1] with ¢’(x) > 0 for all x € [0, 1] and £, ¢, B;, n;, A satisfy:

(Hy) f(t,u) : [0,1] Xx R* — R* is continuous and increasing in u for each ¢ € [0, 1], the function
¢ : [0,1] — R is a strictly increasing function such that ¢ € C?[0, 1], with ¢’(x) > 0 for all x € [0, 1];

m—2

H)0<B:<1,0<y<1(@=12,---m—2)satisfy0< ¥ Bi<L,0<np <mm<-<1nup<
i=1

1,4 > 0 is a parameter.
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The fractional calculus first began in 1965. After a long time, this subject was relevant only in
pure mathematics, many mathematicians have studied these new fractional operators by presenting
new definitions and studying their important properties, but in the last century, this subject showed its
applications in the modeling of many phenomena in various fields of science and engineering, such as
control theory, electric circuits, viscoelasticity, mechanics, physics, neural networks [1-12].

In all those definitions there is a special kind of a kernel dependency. Therefore, in order to
analyze fractional differential equations in a generic way, a fractional derivative with respect to
another function called ¢-Riemann-Liouville and ¢-Caputo derivative was proposed [15] and for
particular choices of ¢, we obtain some well known fractional derivative. For example, if we choose
o) = t, the @-Riemann-Liouville and ¢-Caputo fractional derivative are reduced to the
Riemann-Liouville and Caputo derivative respectively in traditional sense. Alternatively, if we choose
©(t) = logt, where log(-) = log.(-), the ¢-Riemann-Liouville and ¢-Caputo fractional derivative are
reduced to the Hadamard and Hadamard-Caputo derivative respectively [13, 14]. Therefore,
problem (1.1), (1.2) generates many types and also mixed types of fractional differential equations
with boundary conditions.

Let us mention some motivations for studying problem (1.1), (1.2). In the limit case 4 = 1 and
Bi=Bn=ni=12,---,(1.1),(1.2) reduces to

Dy fu(t) + f(t,u() =0, 0<t<I, (1.3)

u(0) =0, u(l)=LBu(n). (1.4)

In [22], the authors studied the existence of positive solutions for the problem (1.3), (1.4). In [23],
using the fixed point theorems of Banach and Schaefer, the authors studied the existence and
uniqueness results of the boundary value problems for a fractional differential equation involving
Caputo operator with respect to the new function ¢ given by the form

D% Yy() = f(1,y(1), 1€ [a,bl,

YW@ =y, k=0,1,--n=2; YW b) =y,

where CDZ;¢ is the y-Caputo fractional derivative of ordern — 1 < a <n (n = [a] + 1).
Almeida et al. [24] studied the initial value problem of a fractional differential equation including
¢-Caputo fractional derivative

D% y() = f(t,y(1), 1€ [a,b],

Y@ =ye YW@=y k=12, n-1

where CDZ; ? is the ¢-Caputo fractional derivative of ordern — 1 < a < n.

On the other hand, most of the existing literature does not consider the properties of the solution.
Well, here’s the problem: How can we get the properties of the solutions when they are known to exist.
So far, few papers can be found in the literature both on the existence and properties of solutions for
fractional boundary value problem.

Zhai et al. [16] studied the following nonlinear fractional four-point boundary value problem with
a parameter:
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D§u() + Af(t,u() =0, 0<r<1,
w'(0) = pu(€) = 0, w'(1) + pou(n) =0,

where Dy, is the Riemann-Liouville fractional derivative. Unfortunately, the fractional derivative in
this paper is just the Caputo derivative in the traditional sense.

Inspired by the work in [16] and many known results, in this paper, we develop the existence and
uniqueness of positive solutions to the fractional boundary value problems (1.1), (1.2). Using the
fixed point theorems of concave operators in partial ordering Banach spaces, we not only show the
existence of positive solution for the problem (1.1), (1.2), but also present some properties of positive
solutions to the boundary value problem dependent on the parameter. Some definitions, lemmas and
basic results about ¢-Riemann-Liouville derivative are presented in Section 2. The main results are
given in section 3. Some illustrative examples are constructed in Section 4.

2. The preliminary lemmas

Let ¢ be a function of C?[a, b] with ¢’(t) > 0 for all ¢ € [a, b].
Definition 2.1 [21] The ¢-Riemann-Liouville fractional integral of order @ > 0 of a function x :
[a,b] — R is given by

1 t
L Px(t) = mf @' ()(@(1) = p(£)* ™ x(5)ds.

Definition 2.2 [21] The ¢-Riemann-Liouville fractional derivative of order a of a function x is
defined as

L d
@' (1) dt

D3 #a(t) = (

)IZ:Q,¢X(I): 1 ( 1 d

I'(n—-a)\¢ (1) Zt) f ¢ (8)((1) = ()" x(s)ds,

where n = [a] + 1.
The ¢-Caputo fractional derivative of order « of a function x is defined as

n—1 _[k]
X, a
DY x(r) = Dj;w[x(t) - Z ¢k$ )(90(t) - so(a))k], n=[a]l+1fora ¢ N, n=aforaeN,
k=0 :

k
where xg‘](t) = (go’(t) %) x().

Theorem 2.1 [15] If x € C"[a, b], then

1 dy
D% x(f) = 1" 9"(——) 1.
O e o a) "
Theorem 2.2 [15] Let x : [a, b] — R. Then
1. If x € C[a, b], then D% “I": (1) = x(v);
2. If x € C"[a, b], then

c n—1 x([pk](a)
, ¢ @, ¢ _ _
159 D3 x(t) = x(t) - ) o

k=0

(@(1) = p(a))".
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In the following, we give some basic definitions in ordered Banach spaces and two fixed point
theorems of concave operators which will be used later, all the materials can be found in [17-20]. We
denote 6 the zero element of E.

Definition 2.3 Let X be a semi-ordered real Banach space. The nonempty convex closed subset P
of X is called aconein X ifax € Pforall x € Panda > O and x € X and —x € X imply x = 6.

Let the real Banach space E be partially ordered by a cone P of E, that is x < y if and only if
y—x€P.If x<yand x # y, then we denote x < yory > x.

Recall that cone P is said to be solid if the interior P is nonempty and we denote x >> 0 if x € P.P
is normal if there exists a positive constant N such that < x < y implies ||x|]| < N||y||, N is called the
normal constant of P.

Definition 2.4 Let D be a convex subset in E. An operator 7 : D — E is a concave operator if

Tx+ A -0y >tTx+ ({1 -0Ty

forall x,ye Dand ¢ € [0, 1].
Definition 2.5 Let P be a cone in real Banach space E and e € P\{6}. Set

E, = {x € E : there exists 4 > 0 such that — de < x < Ae}

and define
[x]le = inf{l>0:—-de < x < de}, Vxe€E,.

It is easy to see that E, becomes a normed linear space under the norm ||-||,.. ||x||, is called the e-norm
of the element x € E,.

Lemma 2.3 [17] Suppose P is a normal cone. Then the following results hold:

(1) E, is a Banach space with e-norm, and there exists a constant m > 0 such that ||x]| < m||x||,, Vx €
E,;

i) P, = E. n P is a normal solid cone of E, and
136 = {x € E, : there exists 0 = 0(x) > 0 such that x > de}.

Lemma 2.4 [19] Suppose P is a normal solid cone and operator T : P — P is a concave operator.
Assume that 76 >> 6. Then the following results hold:

(i) there exists 0 < A* < oo such that the equation

u=ATu 2.1

has a unique solution (1) in P for 0 < A < A*, when 4 > A%, the operator equation (2.1) has no solution
in P;

(ii) for any ug € P, let up(A) = ug, u,(A) = ATu,_1(1), n=1,2,3,---. Then for 0 < A < A*, we have
U, (1) — u(l) as n — oo;

(iii) u(-) : [0,4") — P is continuous and strongly increasing (0 < 4; < A, < A" = u(4d;) << u(4y)).
Furthermore, u(t1) < tu(A)) for0 <A< A*, 0<r< 1.

(iv) 4 = A" — 0 implies [[u(A)|| = oo;

(v) if there exist vg € P and Ay > 0 such that 4gTvy < vg, then ¥ > Ay.

Lemma 2.5 [19]If T : P — P is concave, then T is increasing.

AIMS Mathematics Volume 5, Issue 6, 7359-7371.



7363

Lemma 2.6 [20] Suppose P is a normal solid cone and operator 7T : P — Pisan increasing operator.
We presume there exists a constant O < r < 1 such that

T(tu) > {Tu, YueP, 0<r<Il.

Let u, be the unique solution in P of the equation Tu = Au(A > 0). Then
(1) u, 1s strongly decreasing (0 < A; < Ay = uy, >> uy,);

(11) u, 1s continuous (4 — Ag(dg > 0) = [lug — u,,ll — 0);

(ii1) limy 40 [lall = 0, im0+ ||uy]| = +o0.

3. Main results

Denote

m—2

= (p(1) = p(0)*" - Zﬁi(w(m) —@(0)*7.
i=1

Lemma 3.1 Assume that (H;), (H;) hold. Then the fractional boundary value problem (1.1), (1.2) is
equivalent to the following integral equation

where

G(t,s) =

1
u(t) = f G, )¢ (DS (s, u(s))ds,
0

m—2
2 Bt - @(0)* (1) = @(5))*" = (@(1) = () (1) = p(0)*~!
=

ul(@)

m-2

+Hep(D) = (0 (p(1) = ()™ = T Bip(n)) — @(5))* (p(2) = (0))*"
J=i

ul(@)
0<t<l1, gy <s<min{n,t},i=1,2,---,m—1;

m=2
(@(1) = (0D (p(1) = ()"~ = T Bilp(n)) = ()™ (1) = p(0)*!
Jj=i

ul(@)
0<t<l, max{n_,t} <s<m, i=1,2,---,m—1.

nmy
Here for the sake of convenience, we write 9 = 0,7,,.; = 1 and ), f; = 0 for m, < m;.

i=my

Proof. Use y(t) to replace f(¢,u) in (1.1). Let

Dy fu(t) + Ay(1) = 0.

Then from Theorem 2.2, we have

1 !
u(t) = c1(p(t) = p(0)* ™" + ca(ep(t) = 9(0)" 7 - @) fo ¢'()@() = @(5)* ™ Ay(s)ds.

AIMS Mathematics
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Note that #(0) = 0 implies ¢, = 0. Therefore, we obtain

t

1
u(r) = ci(p(1) = p(0)*" — @ J, @' (5)(p(1) = ()"~ Ay(s)ds. (3.4)

In particular,

1 1
u(1) = c1(p(1) = p(0)*™" - @ j; ¢ ()(p(1) = ()"~ Ay(s)ds

and

1 7i
u(m;) = c1(em) — (0)* ' — — f ¢ ()(e(:) — @()* ™ Ay(s)ds.
H@) Jo
Note that u(1) = Z;"‘lz Biu(n;), and hence we obtain
Z:n lzﬁl

aL(a) f @ ()((m:) — ()™ Ay (s)ds.

o= f ($)(1) = e() Ay(s)ds —

As aresult, from (3.4) we have

1

1
u(t) =T J, @' ()(@(t) = ()" Ay(s)dss

() — g0
ﬂr( ) 0 a-1 7i
L ﬁ’(fflfza) [ e - et s

= |} G, )¢ (A (s)ds.
This completes the proof. _

Lemma 3.2 Assume that (H,), (H;) hold. Then the Green’s function G(¢, s) defined by (3.2) has the
following properties:

(1) G(t, s) is a continuous function on [0, 1] x [0, 1];

(i1) G(t, s) > O for all (¢, s) € (0, 1);

(iii)

1
’ 1 _ a/—l/l d
fo @' ($)(p(1) — ()" Ay(s)ds (3.5)

_ a-1 _ a-1
G(t,s)s((p(l) ©(0)* (e(1) — ¢(s)) Vse 1), (3.6)

ul(@)
Proof. (i) From the expression of G(t, 5), it is easy to get that G(¢, s) is continuous.
(i1) From (H,), (H;), we can get u > 0.
ForO<tr <1, n 3s<min{nl~ th,i=1,2,---,m—1,

G(t,s) = (@) = (0)* ™ (1) = p())*”"

F( )[
- Z Bi(e@m)) = o(s)* () — 9(0)*™" — p(ep(®) — ()

O a—1 m-2
- “”(”#r"(";))) [ = e = 3" Bty - et
J=i

i) |
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Consider

m-2

_ _ a-1 _ ) N — a-l _ Ma_l
e(t) = (¢(1) — @(s)) ;B]@(m) #(5)) “(go(t)_w(m) |

Then we have

1) — =24/ (t — (0
1) = (e — 1)(90( ) sO(S)) @' (D(p(s) <,0(2 ) _ 0.
@(1) — ¢(0) (o(1) — ¢(0))
which implies that e(¢) is decreasing for 0 <t < 1, i,y < s < min{n;, t},i =1,2,-- -, m— 1.
Furthermore, we have

_ _ a-1 _m72 . A a-1 _ M !
e(1) = (e(1) = ¢(s)) E Bile(n)) = ¢(s)) M(¢(1)_ 90(0))

e — () T RS
= L Ben) = O T — S ;ﬁ,@(m) ¢(5))
m-2

= _ () — ()™ _ (e()) — ()
. ) — 0(0))? 1 _ ) Y — 0(0)) .
2 Bitetny) = O e O jz;ﬁ,(sO(m) O ) e

As we know,
(p(D) = @()™™ () — @(s)*!
(p(1) = @(0))*=1 = (@(17,) = (02~
consequently, we have e(1) > 0.
As aresult, G(¢,5) >0for0 <t <1, iy <s <min{p;,t},i=1,2,---,m—1.
ForO<tr<1, max{n,_1,t} <s<m,i=1,2,---,m—1,

1 m=2
G(t,s) = @) (@(1) = p(0)* (1) = ()" - Zﬁj(‘P(nj) — ()" (@) — p(0))*™!
j=i

m—2

1
= e (PO = O | (@) = (o)™ = D) = ()" | > 0,

J=i
Therefore, G(¢, s) > 0 for all ¢, s € (0, 1).
(1i1) From (H,), (H;) and the expression of G(z, s), we can easily obtain this property.

O
Let E = C[0, 1] be a Banach space equipped with the norm
llulle = max |u(z)].
1€[0,1]
Define the cone K C E by
K={ueFE:u®)=>0,0<t<1},
then K is a normal solid cone of E. Let
1
g = f G(t, )¢’ (s)ds, 0<t<1. (3.7
0
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From (H;) and Lemma 3.2, we have g(¢) € E and g(¢) € K \ {6}.

LetX =E, ={uec E:dr >0, suchthat — 7g(r) < u(t) < 7g(t), 0 <t < 1} be a Banach space
equipped with the norm ||u||y = inf{r > 0 : —7g(t) < u(t) < 7g(¥), 0 <t < 1}.

Define K = X N K, then K is a normal solid cone of X and
K = {u € X : there exists § > 0 such that u(¢) > 6g(t), 0<t<1, Yue X)}.
Moreover, there exists a constant m > 0 such that ||u||z < m||ul|x.

Theorem 3.3 Assume that (H,), (H;) hold. Furthermore, f(z, -) is concave and there exist constants
x > 0,8 > 0 such that

f@,0) >y, f@t1)<p, 0<tr<1. (3.8)

Then the following results hold:

(1) there exists 0 < A* < oo such that the fractional boundary value problem (1.1), (1.2) has a unique
positive solution u, in K for 0 < A < A%, the fractional boundary value problem(1.1), (1.2) has no
positive solution in K for A > A*;

(ii) for any u, € K, let

1
u,(t) = /lf G, )" ($)f (s, u,_1(s))ds, n=1,2,3,--.
0

Then for 0 < A < A*, we have

max |u,(t) — uy (1)) = 0 as n — oo;
0<r<1

(i) if 0 < 4 < A", maxog< [ua(t) — uyy () = 0as A — Apand if 0 < A; < A, < A%, then
I/t/ll(t) < u,lz(t), 0<t<1land I/t,ll(t) F bl/lz(l);
v) u () <vuy(t)for0 <A< A%, 0<v<l, 0<tr<.

(v) if lim, e 222 = 0 uniformly on [0, 1], then 2* = oo,

Proof. Define an operator T by

1
(Tu)t) = j(; G(t, )¢’ () f (s, u(s))ds. (3.9

Thus we know that u is a solution of (1.1), (1.2) if and only if u = ATu. For u € K, in view of
(H:),(H,) and Lemma 3.2, we can get Tu € K. Owing to the concavity of f(z, ), for u > 1, we have

£(,1) = f(t, %u ; (1 - i)o) > if(t, ) + (1 - i)f(z, 0),

from (3.8), we obtain
S <uf(,1)— - 1Df0) <uf@1) <up.
So, for u € K, we have
1

!
0< f G(t, )¢'(5)f (s, u(s))ds < f G(t, 9)¢'(8)f (s, lullg)ds < Nig(t), 0 <t <1,
0 0
where Ny = maxo<1 f(t, llullg) < maxoq< f(@, llulle + 1) < B(1 + |lullg), so, we have 0 < (Tu)(t) <
N, g(1), which implies Tu € X. Thus, Tu € K, this means that 7 : K — K. In view of the concavity of

f(t,-), we have the operator T is concave.
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From (3.9), we have (T0)(¢) = fol G(t,5)¢' (s)f(s,0)ds > yg(t), 0 <t <1.50,7T0 € Ig{, this means
that 76 >> 6. Then all the conditions of Lemma 2.4 are satisfied. Thus from Lemma 2.4, there exists
0 < A* < oo such that the equation u = ATu has a unique positive solution u, in K for 0 < A < A*, the
equation u = ATu has no positive solution in K for A > A*.;

For any u, € K, letu, = ATu,,n = 1,2,3,-- -, then we have u, — u,; as n — cofor0 < A <
A%, uy : (0,2%) — K is continuous and strongly increasing. Furthermore, u;; < tu, for0 <1< A%, 0 <
t <1; 1 = A* = 0 implies |juy|lxy — oo; if there exist vy € K and Ay > 0 such that 1yTvy < v, then
A* > Ay. From this results, we can get

(i) the fractional boundary value problem (1.1), (1.2) has a unique positive solution u, in K for
0 < A < A%, the fractional boundary value problem (1.1), (1.2) has no positive solution in K for 1 > 1*;

(ii) for any u, € K, let

1
u(1) = ﬁf G(t, )¢ () f (s, up1(s)ds, n=1,2,3,- - .
0
Then for 0 < A < A%, we have

max |u,(t) — uy(t)) - 0 as n — oo;
0<i<1

(ii1)maxo<<; () — uy ()] = 0 as A — Ay, where 0 < Ayp < A" and if 0 < 4; < A, < A%, then there
exists 0 > 0 such that u,, () — u,, (f) > 6g(¢), 0 <t < 1, this means that u,, (1) < uy,(¢), 0 <t <1 and
uy, (1) # uy,(0);

1v) for 0 < A < A%, usy(r) < 6uy(r), 0<o6<1, 0<r<1.

(v) Denote 77 = ||g|g, for any given A > 0, by lim,_e £ (;’”) = 0, there exists a large T > 0, such that
ft,T) <A™ 'T, 0<t<1.Letvy(t) =n"'Tg(t), from Lemma 2.5, we have

1

1
ATvo)D) = A f Gt, )¢/ (8)f (5.7 Tg(s))ds < A f G, $)¢'()f(s. T)ds
0 0
< (M) 'TAg(t) = 7' Tg(r) = vo(D),

1
vo(t) = A(Tvo)(1) = f G(t, )¢/ ()07 ' T = Af (s, Tg(s))ds < Mog(t), 0<1<1,
0

where M, = supOS,Sl[n‘lT + Af(s,T)] < n7'T + AB(T + 1), this means that vy(f) — ATv, € K. That is
ATvy < vy. By Lemma 2.4 (v), we have 4" > A, because of the arbitrariness of A, we can get 4* = co. O

Theorem 3.4 Assume that (H;), (H;) hold. Furthermore, the following conditions hold:
(1) there exists a number O < » < 1 such that

ft,wuw) 2w f(t,bu), 0<t<1,u>0,0<w<l;

(i1) there exists a number & > O such that f(7, 1) < &;
(ii1) ming<,<; f(2, g(t)) > 0, where g(¢) is given by (3.7).
Then the following results hold:
(1) for any given A > 0, the fractional boundary value problem (1.1), (1.2) has a unique positive solution
u,in K;
(1) if 0 < A; < Ay, then uy (1) < uy, (1), 0 <t <1 and uy, (2) # uy(2);
(1i1) maxo</<g | (f) — w1y (D] — 0 as 1 — Ao;
(iv) maxo<; [ ()] = +00 as A — +oo, maxo<; [ (1)) = 0as A — 0.
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Proof. For u > 1, from the condition (i), we have

f 0=t ) = () s

thus, we get
ft,u) <u'f(t,1) < éu'.
So, for u € K, we have

1

1
0< f G(t, 5)¢"(8)f(s,u(s))ds < f G(t, )¢ (s)f(s, |lullg)ds < M3g(t), 0 <t <1,
0 0

where M3 = maxoc<; f(# [lullz) < maxosi< f(& llulle + 1) < €0 + lulle)",

Thus, 0 < Tu(t) < M5g(t), 0 <t <1,thismeansthat7 : K — K.

For u € K, there exists ¢ > 0 such that u(f) > 6g(r) >0, 0 <t < 1.Letw € (0, 1) such that w < 4,
we have

1 1
(Tu)t) = fo G, )¢ (5)f (s, u(s))ds > fo G(1, )¢’ (5)f (s,68(s))ds
1 1
> fo G(1, )¢ (5)f (s, wg(s))ds > ' j(: G(1, )¢’ (5)f (s, g(s)ds.

Set a = ming<1 f(t, g()), then @ > 0 and (Tu)(7) > aw'g(r), 0 <t < 1,50 T : K — K. From f(t,-)
is increasing, we can get that T is increasing. Moreover, for # € K and w € (0, 1), we have

1

1
T (wu)(t) = f G(t, )¢’ (5)f (s, wu(s))ds > f G(t, )¢’ (s)w'" f(s, u(s))ds = " (Tu) ().
0 0
In the following, we consider the operator equation

(Tu)(t) = pu(). (3.10)

Then all the conditions of Lemma 2.6 are satisfied. Thus, from Lemma 2.6, for any given p >
0, (3.10) has a unique solution u,, in Ig(, u, is strongly decreasing, u, is continuous, this means that
llup, — upyll — 0 as p — po and furthermore, lim,_, o [lupll = 0, lim,_o+ |lu,|| = +oo. Set A = é, Ay =
pio, A = pil, A = piz. Then (3.10) is equivalent to u(t) = A(Tu)(t). As a result, we can get
(1) for any given A > 0, the fractional boundary value problem (1.1), (1.2) has a unique positive solution
u, in f( ;
(1) if 0 < A; < A, there exists 6 > 0 such that u,,(r) — u,, (t) > 6g(r) which implies u,, (t) < u,,(¢) and
uy () #uy(), 05t <1;
(1i1) maxo</<g |ua(f) — ugy (D] — 0 as 1 — Ao;
(iv) maxo<; [ ()] = +00 as A — +0o0, maxp< [u(f)) = 0as 1 — 0. |
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4. Example

Example 4.1 Consider the fractional boundary value problem

3t

DEu() + AP +1+u¥)=0, 0<r<1, (4.1)

1

w©0) =0, u(l)= %u(i). 42)

Wenotethate = 2,8 =1,n=1,0(0) = £, f(t,u) = *+1 +u3. Thus, we have f(t,u) : [0, 1]XR* —
R* is continuous and increasing in u, f(t, u) is concave. We can check that conditions (H,), (H,) are
satisfied. Choose @ = 1,8 = 3 and f(¢, u) satisfy

fe,0)=r+1>1, fe,H)=r+2<3, 0<r<1,

t 2Pl+us
fim £09 _py EEw

U—00 u U—00 u

Then all the assumptions of Theorem 3.3 are satisfied. Thus from Theorem 3.3, we have 1* = oo,
and the following conclusions hold:

(i) for A > 0, the fractional boundary value problem (4.1), (4.2) has a unique positive solution u,
inK;

(ii) for any u, € K, let

1
u,(t) = /lf G(t, )¢ () f(s,u,_1(s))ds, n=1,2,3,---.
0

Then for A > 0, we have
max |u,(f) — uy(t)] > 0 as n — oo;
0<t<1

(111) maxg<) |Ua(t) —uq, (1)) = 0as A — Apand if 0 < A} < Ay < 400, then uy, (1) < uy, (1), 0 <t <1
and l/t/ll(l‘) 2 I/t/lz(t);
Gv) u () <vuy(t)for0 <A< +o00, 0<v<l1, 0<t<1.

5. Conclusions

In this paper, we discussed a class of fractional derivative with respect to another function called ¢-
Riemann-Liouville fractional derivative. The new derivative herein generalizes the classical definitions
of derivatives by choosing particular forms of ¢(#). The main advantage of our paper is we not only
develop the existence and uniqueness of positive solutions to the fractional boundary value problem,
but also give some properties of positive solutions to the problem.
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