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Abstract: The central graph C(G) of a graph G is obtained by sub dividing each edge of G exactly
once and joining all the nonadjacent vertices in G. In this paper, we compute the adjacency, Laplacian
and signless Laplacian spectra of central graph of a connected regular graph. Also, we define central
vertex join and central edge join of two graphs and calculate their adjacency spectrum, Laplacian
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and cospectral graphs are constructed. In addition to that the Kirchhoff index and number of spanning
trees of the new joins are determined.
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1. Introduction

In this paper, we consider only simple graphs. Let G = (V, E) be a graph with vertex set V(G) =
{vi,va,...,v,} and edge set E(G) = {ey, e, ..., €5}, and let d; be the degree of the vertex v;,i = 1,2, ..., n.
The adjacency matrix A(G) of the graph G is a square matrix of order n whose (i, j)™ entry is equal to
unity if the vertices v; and v; are adjacent, and is equal to zero otherwise. The Laplacian matrix of G,
denoted by L(G) is defined as L(G) = D(G) — A(G) and the signless Laplacian matrix of G, denoted
by Q(G) is defined as Q(G) = D(G) + A(G), where D(G) is the diagonal matrix with vertex degrees.
The characteristic polynomial of the n X n matrix M of G is defined as f(M, x) = |xI,, — M|, where I, is
the identity matrix of order n. The matrices A(G), L(G) and Q(G) are real and symmetric matrices, its
eigenvalues are real. The eigenvalues of A(G), L(G) and Q(G) are denoted by 4; > A4, > ... > 4,,0 =
w < pp < ... <y and vy < vy <. < v, respectively. The collection of all the eigenvalues of A(G)
(respectively, L(G),0(G)) together with their multiplicities are called the A- spectrum (respectively,
L-spectrum, Q-spectrum) of G. Two graphs are said to be A-cospectral (respectively, L-cospectral,
Q-cospectral), if they have same A-spectrum (respectively, L-spectrum, Q-spectrum). Otherwise, they
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are non A-cospectral (respectively, non L-cospectral, non Q-cospectral) graphs.

It is well known that the spectrum of a graph contains a lot of structural information about the
graphs, see [2, 3]. Spectral graph theory plays an important role in theoretical physics and quantum
mechanics. Graph spectra plays a vital role in solving various problems in communication networks.
Let 4y, A5, ..., 4, be the distinct eigenvalues of G with multiplicities m;, m,, ..., m,. Then the spectrum of
G is denoted by S pec(G) = (/11 o A

) . The incidence matrix of a graph G, I(G) is the n X m
nmy mp; .. m;

matrix whose (i, /)" entry is 1 if v; is incident to e ;j and 0 otherwise. It is known [2] that, I(G)I G =
A(G) + D(G) and if G is an r-regular graph then I(G)I(G)" = A(G) + rl. The adjacency matrix of
the complement of a graph G is A(G) = J, — I, — A(G), where J,, is an n X n matrix with all entries
are ones. A graph G is called A-integral (respectively, L-integral, Q-integral) if the spectrum of A(G)
(respectively, L(G), Q(G)) consists only of integers. For an r-regular graph it is well known that, G is
A-integral if and only if it is L-integral. If G is an r-regular graph then 4;(G) = r — u;(G),i = 1,2, ..., n.

Let G be a connected graph with n vertices. Then the number of spanning trees of G is #(G) = #=t

1
and the Kirchhoff index of G is defined as K f(G) = n Z —. Let K,,, K,, , and mK denote the complete
i=2 i
graph on n vertices, complete bipartite graph on p + g vertices and completely disconnected graph with
m vertices respectively. Throughout, we use J,, is an n X n matrix with all entries are ones, J,y, denote

the s X ¢ matrix with all entries equal to one and I, is the identity matrix of order n.

In literature there are many graph operations like, complements, disjoint union, join, cartesian
product, direct product, strong product, lexicographic product, corona, edge corona, neighbourhood
corona etc. Recently, several variants of corona product of two graphs have been introduced and
their spectra are computed. In [6], Liu and Lu introduced subdivision-vertex and subdivision-edge
neighbourhood corona of two graphs and provided a complete description of their spectra. In [5],
Lan and Zhou introduced R-vertex corona, R-edge corona, R-vertex neighborhood corona and R-edge
neighborhood corona, and studied their spectra. Recently in [1], Adiga et al. introduced duplication
corona, duplication neighborhood corona and duplication edge corona. In [4], Das and Panigrahi
computed the spectrum of R-vertex join and R-edge join of two graphs. Motivated by these works, we
define two new graph operations based on central graphs.

Definition 1.1. [9] Let G be a simple graph with n vertices and m edges. The central graph of G,
denoted by C(G) is obtained by sub dividing each edge of G exactly once and joining all the non
adjacent vertices in G.

The number of vertices and edges in C(G) are m + n and m + "=

—5— respectively.

The rest of the paper is organized as follows. In Section 2, we present some definitions and lemmas
that will be used later. In Section 3, A-spectra, L-spectra, and Q-spectra of C(G) and a formula for the
number of spanning trees and Kirchhoff index of C(G) is obtained. In Section 4, we introduce central
vertex join and central edge join of two graphs and determine the A-spectra, L-spectra and Q-spectra
of GVG, (respectively G; Y G,) in terms of the corresponding spectra of G; and G,. Also some new
classes of A-cospectral, L-cospectral and Q-cospectral graphs are constructed. In addition to that the
number of spanning trees and Kirchhoff index of these join of two graphs are calculated. In Section 5,
some new families of integral graphs are given.
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2. Preliminaries

In this section, we give some definitions and results which are useful to prove our main results.
Lemma 2.1. [2] Let U, V, W and X be matrices with U invertible. Let

o[y

Then det(S) = det(U)det(X — WU'V) and if X is invertible, then det(S) = det(X)det(U — VX~'W). If
U and W are commutes then det(S) = det(UX — WV).

Lemma 2.2. [2] Let G be a connected r-regular graph on n vertices with adjacency matrix A having t
distinct eigenvalues r = Ay, s, ..., A;. Then there exists a polynomial

n(X = )(x — A3)...(x — A;)
r=)r—=2)..(r=21)

such that P(A) = J,,, P(r) = nand P(4;) = 0 for A; # r.

P(x) =

Definition 2.1. [4] The M-coronal y y(x) of n X n matrix M is defined as the sum of the entries of the
matrix (xI, — M)~" (if exists), that is,

xm(x) = J,,Txl()dn — A .

Lemma 2.3. [8] Let G be an r-regular graph on n vertices, then y4(x) = - .

For Laplacian matrix each row sum is zero, so y.(x) = *

i
nx+2pq
(2-pg)’

Lemma 2.4. [8] Let G be a bipartite graph K, , with p + q = n, then Y c)(x) =

Lemma 2.5. [7] Let A be an n X n real matrix. Then det(A + aJ,) = det(A) + onfxladj(A)Jnxl, where
a is a real number and ad j(A) is the adjoint of A .

Corollary 2.6. [7] Let A be an n X n real matrix. Then

det(xl, — A — aJ,) = (1 — aya(x))det(xl, — A).

Lemma 2.7. [7] For any real numbers c,d > 0, (cl, —dJ,)™" = I+ —<4_J.

¢ c(c—nd)

3. Spectra of central graphs

In this section, we compute the adjacency spectrum (respectively, Laplacian spectrum, signless
Laplacian spectrum) of central graph of regular graphs.

Theorem 3.1. Let G be an r-regular graph on n vertices and % edges. Then the characteristic
polynomial of central graph of G is

FACG), ) = X" T (2 + (—n+ 1 + 1)x - 27) [ [[xee+ 1400 = i+ 0.

i=2
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Proof. Let I(G) be the incidence matrix of G and m = 7. Then by a proper labeling of vertices, the
adjacency matrix of C(G) can be written as

IG)" Opn|’

acen=|per 5|

The characteristic polynomial of C(G) is

FACG)), x) =det (x’n —Jy+ 1, + AG) —I(G)).

-1G)” x1,,
By Lemma 2.1, we have

FACG)), x) =x"det|xI, — T, + I, + A(G) - w]
=x""det|x(x, - J, + I, + AG)) - I(G)I(G)'|
=x""det|x(xI, - J, + I, + A(G)) — (A(G) + rI,)|.

By Lemma 2.2, we have

n

FACG), x) =x"" | | [x(x = P + 1+ 4) = (4 +7)]

i=1

=x"T (2 + (—n+ 1+ A)x - 27) [ ][xe+ 1+ 20 = i+ 0.
=2

O

Corollary 3.2. Let G be an r-regular graph on n vertices and % edges. Then the spectrum of central

graph of G is
O (n—1-r)x \/ (n=1-r)2+8r —1-A;% ‘\/(1+/l;)2+4(/l;+r)
S pec(C(G)) = nr2) i i
2
i=2,..,0.

Corollary 3.3. Let G be an r-regular graph on n vertices and =% edges. Then the spectrum of central
graph of K, is

0 *V2n-2 =Vn-2
Spec(C(Kn)):(n(r—Z) 1” nil )
2

Theorem 3.4. Let G be an r-regular graph on n vertices and =% edges. Then the Laplacian
characteristic polynomial of central graph of G is

FUCG).0) = -2 T x—r=2) [ [[e=Da=n+1-1-2) =+

i=2

Proof. Let I(G) be the incidence matrix of G and m = 7. Then by a proper labeling of vertices, the
Laplacian matrix of C(G) can be written as

LIC(G)) = [(n - DI, - AG) —I(G)] .

~I(G)T 21,
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The Laplacian characteristic polynomial of C(G) is

FAC(G)), x) :det(XI”_(”_ D+ Jy =1, —AG)  —IG) )

-1(G)" (x =2)I,

By Lemmas 2.1 and 2.2 , we have

I (G)I(G)T]
x—2
=(x-— 2)’"‘”det[(x -, —-(m-DI,+J, -1, — AG)) — I(G)I(G)T]

FLC(G)), x) =(x - 2)mdet[x1,, -mn-DI,+J,-1,-AG) -

n

=(x - 2)"™" ]_[ [(x —Dx—n+1+PQA)—1-2)— (A + r)].

i=1

n(r

:(x—z)T’z’(x—r—z)]_[[(x—z)(x—n+1—1—/1,.)—(1,.+r)].
=2

O

Corollary 3.5. Let G be an r-regular graph on n vertices and = edges. Then the Laplacian spectrum
of central graph of G is

n+ 2422 \(n+2i42)2=4Q2n+2;-r)
SpeciCG) =|,2, O "2 2
=== 1 1 1

fori=2,..,n.
By Corollary 3.5, we can readily obtain the following result.

Corollary 3.6. Let G be an r-regular graph on n vertices and 5 edges. Then the number of spanning
trees of central graph of G is

{C(G)) = 2" (r +2) l—[(2n A - ).
=2

Corollary 3.7. Let G be an r-regular graph on n vertices and % edges. Then the Kirchhoff index of
central graph of G is

n(r—2) 1 - n+/l,-+2]

+ +
4 r+2 Hn+di-r

Kf(C(G)) = n[

Theorem 3.8. Let G be an r-regular graph on n vertices and % edges. Then the signless Laplacian
characteristic polynomial of central graph of G is

FCG), x) = (x =) (2 + (“2n+ x+dn—dr - [[x- D@ —n+2+ 1) - +n)].

i=2
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Proof. Let I(G) be the incidence matrix of G and m = 7. Then by a proper labeling of vertices, the
signless Laplacian matrix of C(G) can be written as

- DI, + AG
0CG) = [(” e ’2(?].

The characteristic polynomial of Q(C(G)) is

o xl= (= DI, = J,+ 1, +AG)  —IG)
FQC©G). 0 —der( ARG e Im).

By Lemmas 2.1 and 2.2 , we have

I(G)(G)
x=2 ]
=(x = 2" "det|(x = 2)(xl, = (n = DI, = Jy + I, + AG)) = IG)I(G)'|
== 2" [ [ == n+ 1= PA)+ 1+ 2) = (4 +7)]
i=1
=(x = 2)"T (4 (=21 + P)x + 4n — 4r — 4)

n

n[(x—Z)(x—n+2+/ll-)—(/l,-+r)].

i=2

FQ(CG)), x) =(x = 2)"det|xI, = (n = DI, = J, + I, + AG) —

O

Corollary 3.9. Let G be an r-regular graph on n vertices and %5 edges. Then the signless Laplacian
spectrum of central graph of G is

’ 2n-rt \@n-r2=16(1-1-r)  n-ix \|(n-2;2-4Q2n-34;-r—4)
2 2
n(r-2)
- 1 1

S peco(C(G)) =

fori=2,..,n.
4. Spectra of two new joins of graphs

In this section, we define two new joins namely the central vertex join and central edge join of two
graphs and compute their spectra. Moreover, we determine the number of spanning trees and Kirchhoff
index of central vertex join and central edge join of two regular graphs.

Definition 4.1. Let G| and G, be any two graphs on ny, n, vertices and m;, m, edges respectively. The
central vertex join of G| and G, is the graph G|V G, is obtained from C(G,) and G, by joining each
vertex of G| with every vertex of G,.

Note that the central vertex join GV G, has my + ny + ny vertices and my + my + njn, + w edges.

AIMS Mathematics Volume 5, Issue 6, 7214-7233.
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(@) P,VP; (b) P3VP,
(c) P,Y Py (d P3Y P,

Figure 1. Graphs P,VP;, P3VP,, P, Y Py and P3 Y P,.

Definition 4.2. Let G; be a graph with n; vertices and m; edges for i = 1,2. Then the central edge join
of two graphs G and G, is the graph G Y G, is obtained from C(G,) and G, by joining each vertex
corresponding to edges of G with every vertex of V(G»,).

ni(nm—-1)

Note that the central edge join G| Y G, has m| + ny + ny vertices and m; + my + mjn, + ——5— edges.

Example 4.1. Let G; = P, and G, = P;. Then the central vertex join G;VG, and central edge join
G Y G, are depicted in Figure 1.

The next theorem gives the adjacency characteristic polynomial of G;VG, and G ¥ G,, where G;
is r;-regular graph fori = 1, 2.

Theorem 4.1. Let G; be an ri-regular graph with n; vertices and m; edges for i = 1,2. Then the
adjacency characteristic polynomial of G\V G, is

fA(GVGy), x) = x™M™™ (x3 +(=ny + 1+ 1= )X + (=21 + rany — 1y — 117y — )X + 21, rz)

[ Je-v@n | [ [ = PAG)Ix+ x+ 1Grx = (1 + 1G]
j=2 i=2

Proof. Let I(G) be the incidence matrix of G;. Then by a proper labeling of vertices, the adjacency

AIMS Mathematics Volume 5, Issue 6, 7214-7233.



7221

matrix of G; VG, can be written as

A(G_l) I(Gl) Jnlxnz
I(GI)T 0m1><m1 Omlxnz
-]n2><m 0n2><m1 A(GZ)

A(GIVG) =

The characteristic polynomial of GVG, is

XII’H _A(Gl) _I(Gl) _Jn1><n2
_I(G])T XIm| Om1><n2
_Jn2Xn1 0n2Xm1 xjnz - A(GZ)

J(A(G, VG,), x) =det

By Lemmas 2.1,2.2, Definition 2.1 and Corollary 2.6, we have

f(A(GVG,), x) =det(x],, — A(G,))det S,

_ | Xlny = Ty + 1y + A(G) —1(Gy)
where S —[ —HGy) Xl

Joixn _
- [ rm ] (XInZ - A(GZ)) ! [anxr“ Onzxml]

0m1><n2
_ (X = Ty + Ly + A(G1) = xaGyH(X), —1(Gy)
-1(G)" xly,, |
o (xLy = Ty + 1y + A(GY) = xaG) (O, —1(GY)
detS —a’et( _IGyY 2,

I(G)I(G)T
=x"det (XI"I - Jn] + Inl +A(G)) _XA(Gz)(x)Jm - m)
X

=x" I_XA(GZ)(X)X<J AGH-I +1(cl)1(c1)T)(X))
nl ’ll X

I(G)I(G)T
det(xI, — I, +1I, +AG)) - M)
X

-~z 1—( 2 ) o .
X=n{x-m-rn-1+=

(ridy, + A(Gl))
—

det|xI, — J,, + I, + A(G)) —

Therefore the characteristic polynomial of G| VG, is

fA(GVGy), x) = x™M™™ (x3 +(-n+r+1- rz)x2 + (=2r + rpny —ry —rir, — nng)x + 2ry r2)

[ [ = 4@ [ [[02 = PAG)x + x + 4G )x = (11 + (G-

j=2 i=2

AIMS Mathematics Volume 5, Issue 6, 7214-7233.
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O

The following corollary describes the complete spectrum of G;VG, when G| and G, are regular
graphs.

Corollary 4.2. Let G; be an r;-regular graph with n; vertices and m; edges for i = 1,2. Then the
adjacency spectrum of G\VG, consists of

1. 0 with multiplicity m; — n, .

2. /lj(Gz), ] = 2, 3, R (D

3. Two roots of the equation x* + x + 1,(G\)x — (r; + 3(G})) =0 fori=2,...,n,.

4. Three roots of the equation x> + (—ny +ry + 1 —1)x> + (=2r + rany —ry — rira —mna)x +2rr, = 0.

Corollary 4.3. Let G| be an r\-regular graph with n, vertices and m, edges . Then the adjacency
spectrum of G\VK, , consists of
1. O with multiplicity m; —n; + p+q — 2.
2. Two roots of the equation x> + x + 1,(G\)x — (r; + 2:(G})) =0 fori=2,...,n,.
3. Four roots of the equation x*+(—n,+r;—pn,—qn;)x>+(=2r1—pq)x*+Bpqn,—pqgri—pq)x+2pgn, =
0.

The following corollary describes a construction of A-cospectral graphs.

Corollary 4.4. (a) Let G| and G, be A-cospectral regular graphs and H is a regular graph. Then
HVG, and HVG, are A-cospectral.

(b) Let Gy and G, be A-cospectral regular graphs and H is a regular graph. Then G\VH and G,VH
are A-cospectral.

(c) Let G| and G, be A-cospectral regular graphs, H, and H, are another A-cospectral regular graphs.
Then G\VH, and G,V H, are A-cospectral.

Theorem 4.5. Let G; be an ri-regular graph with n; vertices and m; edges for i = 1,2. Then the
adjacency characteristic polynomial of G| ¥ G, is

fA(G Y Gy),x) = xm-m=l [(x2 +(=ny+1+r)x— 2r1)(x2 — X — mlnz) - nlnzrf]
ﬁ(x ~- 4(G2) ]_[ | = PQUG ))x + x + 4G x = (r + 4(G).
j=2 i=2

Proof. Let I1(G) be the incidence matrix of G;. Then by a proper labeling of vertices, the adjacency
matrix of A(G; Y G,) can be written as

AG) I(Gy) Opxn,
A(Gl M G2) = I(GI)T 0m1><m1 Jmlxnz .
0n2><n1 Jn2><m1 A(GZ)

The characteristic polynomial of G| ¥ G, is

xl,, —AGy) -I(G)) Opyxeny
f(A(Gl % GZ)) =det _I(GI)T XIml _Jr111><n2 .
0n2><n1 _anxml -XInz - A(GZ)
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By Lemmas 2.1,2.2,2.7, Definition 2.1 and Corollary 2.6, we have

fA(G, N Gy)) =det(x],, — A(Gy))detS,

_ Xy = Ty + Ly + AG) —1(GY)
where S = [ —HGy) il ]
0n1Xn2 -1
- _J (xIHQ - A(GZ)) [0n2Xn1 _anxml]
mpXny
_ xl,, — Jy, + 1, + A(Gy) -1(Gy)
_I(GI)T XIm _XA(GQ)(X)Jml .
xl, — J, + 1, +A(G)) ~-I1(G)) )
detS =det : ! !
( -1(G)" Xl = X 4G (X)Im,

=det (xy, = X 4G (X)Im,)
det(xl,,l T+ Ly + AGY) = G (L, — Xt (D))" I(GI)T)
=det (xI,, —/\(A(GZ)(x)Jml)det[ (xL,, — Ju, + I, + A(Gy))

XA(GQ)(X)
xX(x = mix Gy (X))

_IGy) (ilm N Jml)l«;l)T]

e (1 - )(A(Gz)(x)%)det[ (<l — o + 1, +AG))

_IGIG)T  Xacy(™)
X x(x — MY aG,) (X))

— (1 _XA(GZ)(X)@)det[ (x[n] —Jn, + 1, +A(G1))
X

_IGHIGYT  Xae) ) ]
x xX(x = mixaen(®) "

XaGn(rix,
ny

H(G ) (G )T]

{— Lo ~AG )+

m; m LRI (x)
=x" |1 ‘XA<GZ>(X)7

X(x - leA(Gz)(x))

det( (xL,, — I, + I, + A(G))) — W)

n .2 ni

n, m =1 o 1m0

X—1r X x(x—mlezr2

(r + /li(Gl)))
X

ni

[ ((x — P() + 1+ 4(G) -

i=1

" (x(x — 1) — nomy ) [ ninyry ]
=x" 1- (

x(x = r2) X+ (-n+1+r)x- 2r1)(x2 — X - mln2)

AIMS Mathematics Volume 5, Issue 6, 7214-7233.
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ni

((x — P() + 1+ 4(Gy)) - (”LX(GI)))

i=1

xX(x—r) - nzml)

(x2 +(—n+14+r)x- 2r1)(x2 — X — mlnz) - n]nzrf
x(x— 1) ]

— M (

(x2 +(—n;+1+r)x- 2r1)(x2 — X — m1n2)
n

l_[ ((x2 — P(A)x +x + ﬂi(Gl)x) —(r + /li(Gl)))

i=1

Thus the adjacency characteristic polynomial of G| ¥ G, is
f(A(G, Y Gy), x) = x"m™m~! [(x2 +(—n+14+r)x- 2r1)(x2 —InXx— mlnz) - nlnzrﬂ

| Je=v@n | [ = PG Ix+ x+ 2Gox = (1 + 2G|
i=2

j=2
o

The following corollary describes the complete spectrum of G| ¥ G, when G| and G, are regular
graphs.

Corollary 4.6. Let G; be an r;-regular graph with n; vertices and m; edges for i = 1,2. Then the
adjacency spectrum of G| Y. G, consists of

1. O with multiplicity m; —n; — 1.

2. 1{(Gy) for j=2,3,..,n,.

3. Two roots of the equation x> + x + 1,(G)x — (r; + 2:(G})) =0 fori=2,...,n,.

4. Four roots of the equation (x2 + (= +1+r)x— 2r1)(x2 — X — mlnz) —mnyr; = 0.

Corollary 4.7. Let G| be an ry-regular graph with n, vertices and m, edges . Then the adjacency
spectrum of G\ Y K, , consists of

1. 0 with multiplicity m; —ny + p+q — 2.
2. Two roots of the equation x> + x + 1,(G)x — (r; + 3(G)) =0 fori=2,...,n;.
3. Four roots of the equation x* + (—=m(p + q) — pq)x> — 2pgx — (p + q)nlrf =0.

The following corollary is useful to construct non-isomorphic A-cospectral graphs.

Corollary 4.8. (a) Let G| and G, be A-cospectral regular graphs and H is a regular graph. Then
HY G, and HN G, are A-cospectral.

(b) Let Gy and G, be A-cospectral regular graphs and H is a regular graph. Then G, ¥ H and G, Y H
are A-cospectral.

(c) Let G| and G, be A-cospectral regular graphs, H, and H, are another A-cospectral regular graphs.
Then G\ Y H| and G, Y H, are A-cospectral.

AIMS Mathematics Volume 5, Issue 6, 7214-7233.
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Theorem 4.9. Let G| be an ri-regular graph with n; vertices and m; edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the Laplacian characteristic polynomial of G1VG, is

SFU(GVGy), x) =(x =2)y™"™ [(x - n])(x2 —(m+r +2)x+ 2n2) —nmoni(x — 2)]

ﬁ (= n1 = p(G) ]_[ [ = 2)(x =1 = 2 = 4(GD)) = A(G) = .
j=2 i=2

Proof. Let L(G,) be the Laplacian matrix of G,. Then by a proper labeling of vertices, the Laplacian
matrix of G; VG, can be written as

(”ll + n2 - I)Inl - A(Gl) _I(Gl) _Jn1><n2
L(GIVGZ) = _I(GI)T 2Im1 0m|><n2
_Jn2Xn1 0n2><m1 nllnz + L(GZ)

The characteristic polynomial of G,VG, is

(x—ny —ny+ DI, +AG)  1(G)) Ty
fL(GVGy), x) =det 1(G)' (x = 2)Ip, Onmyeny .
anxm On2><m| ()C - nl)lnz - L(GZ)

By Lemma 2.1 and Definition 2.1, we have

fL(G1VGy), x) =det((x — m)I,, — L(G,))detS,

_|x=ny—ny+ DI, + AGY)  1(Gy)
where 5 = [ 1G! (x— 2>1m1]
menz -
- [omm] (=m0l = L(G)) ™ [Jnen, O |
| =ny—ny+ DI, + AGY) = xren(x —n)d,,  1(Gy)
B 1(G)T (x =2, |

Using Definition 2.1, Lemma 2.1 and Corollary 2.6, we have

_ o x=ni=m+ DI, + AG) — xrey(x —n)dy, 1(G)
detS _det( I(G)T (x = 2)Ln
- I(G)I(G)T
=(x —2)"det ((x —ny—ny + DIy + A(G1) — xr6o)(x = i)y, — ( ;)_(2 > )

=(x—=2)™ (1 - (Wren(x —m)y

1epiay” (X =1y — ny) )
AG )=y + "L )

I(GDI(G)T
det((x_ nmo—ny+ I)Inl + Jnl - Im _A(Gl) - M) .

x—2
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Again using Definition 2.1, we have

(v _ (1 _ nznl(x — 2)
derS =(x =" (1 - s e s
T
der(temy ot 0, ~ a6 - KOG
:(x—2)’”1‘”1<1 _ nmon(x —2) )

(x=n)2 =y +r; +2)x+2n,)

fﬂu—mﬁ—m—m+HMGm—&@M—&@D—@

i=1

Note that ¢1(G,) = 0 and A4,(Gy) = r; — wi(Gy),i = 1,2,...,n. Thus the characteristic polynomial of
L(G1VG»)

FUAGIVGy), x) =(x = 2" [ (x = m)(o = (g + 71 + 2)x + 2m3) = gy (x = 2)]

[ (== @G) | [ = 2(x = m = ma = 44(G) = 4Gy = 11

j=2 i=2
O

The following corollary describes the complete Laplacian spectrum of G;VG, when G, is a regular
graph and G, is an arbitrary graph.

Corollary 4.10. Let G, be an ry-regular graph with n, vertices and m; edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the Laplacian spectrum of G1V G, consists of

1. 2 with multiplicity m; — n; .

2. ny +uj(Gy) for j=2,3,..,ns.

3. Three roots of the equation x> — (ny + ry + ny + 2)x*> + 2n; + 2n, + nyr))x = 0.

4. Two roots of the equation x* — x(n; +ny + 4,(G1) +2) +2n; +2n, + 4;(G)—r; =0 fori=2,...,n,.

As an application for Theorem 4.9 we give the expression for the number of spanning trees and
Kirchhoff index of GVG,, for an r|-regular graph G, and an arbitrary graph G, .

Corollary 4.11. Let G, be an ri-regular graph with n, vertices and m, edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the number of spanning trees of G1VG, is

2" 2+ 2np i) 172, (1 +(G2) T, @i +200+4i(G1)-r1)

ni+ny+mg

G VG,) =

Corollary 4.12. Let G, be an ri-regular graph with n, vertices and m, edges and G, be an arbitrary
graph with ny vertices and m, edges. Then the Kirchhoff index of G\V G, is

S 1 O 1+ g+ A4(Gy) +2
Kf(GVGy) = (ny + ny + my)| 2 4 Jodrimi2 + ’ :
f(G1VGr) = (ny + ny + my)| =5 2424 ]Z:; i+ (G S 2n; + 2my + (G — 1y
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The following corollary describes a construction of L-cospectral graphs.

Corollary 4.13. (a) Let G, and G, be L-cospectral regular graphs and H is an arbitarary graph. Then
HVG, and HVG, are L-cospectral.

(b) Let G| and G, be L-cospectral regular graphs and H is an arbitrary graph. Then G,V H and G,VH
are L-cospectral.

(c) Let G| and G, be L-cospectral regular graphs, H, and H, are another L-cospectral regular graphs.
Then G\VH, and G,V H, are L-cospectral.

Theorem 4.14. Let G| be an ry-regular graph with n vertices and m; edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the Laplacian characteristic polynomial of G ¥ G, is

fILG, Y Gy),x)=(x—2— )™ -1

[((x -2—-m)(x—-r)— 2r1)(x2 —Q2+n+m)x+ 2m1) - r%nlnz]

(x = m = iG) | [ =2 = m)(x = 1 = (G ) = (G = .

j=2 i=2

Proof. Let L(G,) be the Laplacian matrix of G,. Then by a suitable labeling of the vertices, the
Laplacian matrix of G; ¥ G, can be written as

(m — DI, —AG))  -I(G)) Oy xns
L(Gl v GZ) = _I(GI)T (nZ + 2)Iml _Jmlxnz
0n2><n| _Jn2><m1 mllnz + L(GZ)

The Laplacian characteristic polynomial of G| ¥ G, is
By Lemma 2.1, we have

fL(G, X Gy), x) =det((x —my)I,, — L(Gy)) det S,

[@-m+ DL, +AG)  IGY)
where § = [ G (x-2- m)lml]
On]an -
- [ T | (G = mi)l, = L(Go) O T |
_[(X—nl + DI, + A(G)) [(Gy) ]
B I(G)" (x =2 = 1)y — X1GH(xXx —m)Jy, |

From Definition 2.1, Lemmas 2.1, 2.7 and Corollary 2.6, we have
detS :det[(x =2 =)y, — XrGy)(x — m1)Jm1]

-1
det]x =1 + D, + AG) = 1G5 = 2 = mo)l, = X = 1)) I(GI)T]

=(x—-2-mny) 1[1 = XX = ml)x _9_ m]
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1
det](r =y + Dl + AG) = IG)( (¥ = 2 = mo)l, = X1 (x = M1, I(Gl)T]

=(x =2 —ny)™ [1 -

n; m,
xX—-mx—-2-np

det](x = )y, +J,, — AGY) - I(Gl)(x;lm

-2-n

X1(Gy)(Xx — my) ) T]
I JI(GY)
(x =2 = m)(x = 2 = 1y — My Gy (x = my)) !
:(x—2—n2)m‘[1 L T ]
X—mx—2-n
I(G)I(G))T

det[(x —n)l,, +J,, —AG)) -
x—2-mn

_ XL(GZ)(X —my)
(x =2 =n)(x =2 —ny — mxpe,(x —m))

22 2
:(x—2—n2)m‘[x Q+ny+m)x+ ml]

I(Gl)Jmll(Gl)T]

(x—=m)(x =2 —ny)
I(G)I(G)"

det[(x —n)l,, +J,, —AG)) -
xX—2-mnp

ni

_ XL(Gz)(x —my)
(x=2=n)(x =2 —ny — mxpc,(x —m))

I(Gl)Jmll(Gl)T]

| X2 = 2+ ny + my)x + 2my
:()C -2- I’l2) !
(x —m)(x =2 —ny)
I(G)I(G)T
det[(x —npl, +J,, —AGy) — 1GIG)
xX—2-np
~ XL(Gy)(Xx — my) 2 ]
(x=2=m)(x—2—ny — mpyrey(x—myp)) "

PN n)m][xz—(2+n2+m1)x+2m1]
=(x-2-n,
(x—m)(x =2 —ny)
n
1 _ X—mj 2 _
[ G2 2 =g =y ) e, et "1)]

HGIGy)T
det[(x — )y, + Jy, — AG)) — Mlnl]
xX—2—-ny

:(x -2 _ nz)ml—n1|:x2 - (2 +np + ml)x + 2m1]

(x=mp)(x =2 -ny)
ny r%nl
[1 o xmm ((x—2-ny)(x—n1—r| +n1)—2r|)]

(x=2-np—m%)
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=

Tlee-2- o) =1+ PAUG) = A(G)) = 4G = ]

i=1

=(x—-2- nz)ml_"l[

X—-Q2+m +m1)x+2m1]
(x=m)(x=2-ny)

(x=2—-m)x—ny—r +n)=2r)x* = Q2 +ny +m)x +2m;) — r%nlnz
[ (x=2-nm)x—n;—r; +n) =2r)x* =2+ ny + m)x +2m,) ]

ni

[[[er=2=m{x = m + PG = 4(G) = 4(G1) - ]

i=1

After simplifying we get
fUAGL Y. Gy), x) =(x =2 = np)" ™"~
[((x —2-m)(x—r)— 2r1)(x2 —2+n+m)x+ 2m1) - I’%l’lll’lz]

n ni

(x —m _,Uj(GZ)) l—[ [(X -2- nz)(x —n - /li(Gl)) - Ai(Gy) - 7’1]-

j=2 i=2
O

The following corollary describes the complete Laplacian spectrum of G| ¥ G, when G is a regular
graph and G, is an arbitrary graph.

Corollary 4.15. Let G, be an r\-regular graph with n, vertices and m; edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the Laplacian spectrum of G| Y. G, consists of

1. 2 + ny with multiplicity my —n; — 1.

2. my + ui(Gy) for j=12,3,..,n.

3. Two roots of the equation x* — (n; + A;(G) + 2 + no)x + 2n; + 4,(Gy) + mny + mAi(Gy) — r; =
0 fori=2,..,n.

4. Four roots of the equation ((x — 2 — ny)(x — r1) — 2r)(x* — (2 + ny + my)x + 2my) — rfnlnz =0.

Corollary 4.16. Let G| be an ri-regular graph with n, vertices and m, edges and G, be an arbitrary
graph with n, vertices and m, edges. Then the number of spanning trees of G ¥ G, is

)
1Gy Y Gy) = 2+ n)" " oy 2my = rimy) | | omy + G+

n1+n2+m1[ )

n
[ [@n+ 4G + iz + mGy = )|

i=2

Corollary 4.17. Let G| be an r\-regular graph with ny vertices and m, edges and G, an arbitrary
graph with n, vertices and m, edges. Then the Kirchhoff index of G| ¥ G, is

mo—n =1 !
KIG Y6 = motmy| BmEmm e )
= ’
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< nm+L+2+n 4my + 2nymy + 2myry + 2nory + niry + mynary

+
= 2ny + A; + mny + I’Lz/l,‘(G]) - n2r1(2m1 - I’lll"])

The following corollary describes a construction of L-cospectral graphs.

Corollary 4.18. (a) Let G| and G, be L-cospectral regular graphs and H is a regular graph. Then
HY G, and H Y G, are L-cospectral.

(b) Let Gy and G, be L-cospectral regular graphs and H is an arbitrary graph. Then G, ¥ H and
G, Y H are L-cospectral.

(c) Let G| and G, be L-cospectral regular graphs, H; and H, are another L-cospectral regular graphs.
Then G\ Y H| and G, Y H, are L-cospectral.

Theorem 4.19. Let G; be an r;-regular graph with n; vertices and m; edges for i = 1,2. Then the
signless Laplacian characteristic polynomial of G\V G is

f(O(GVG,), x) =(x =2)™™
((x —ny = 2r)( = Qny +ny — r)x +4ny + 20y — 4 — 4ry) —nj(x - 2))

]—2[ (x=n1 = v/(Gy) ﬁ [ =2)(x =y =y + 2+ A4(G)) + vi(G) |-
j=2 i=2

Proof. Let Q(G») be the signless Laplacian matrix of G,. Then by a proper labeling of vertices, the
Laplacian matrix of G| VG, can be written as

(ny +ny — DI, + AG))  1(Gy) Jnyxny
Q(G1VGy) = 1(G)' 21, Onmysiny
an)(rll Onzxml nllnz + Q(G2)

The signless Laplacian characteristic polynomial of G| VG, is

(x—ny—my+ DI, —AG)) -I(G)) —Jnyxny
f(Q(G1VGy), x) =det ~1(G))" (x = 2)1, Oy :
_anxnl 0n2><m1 (x - nl)lnz - Q(GZ)
By using the same arguments as in the proof of Theorem 4.9, we get the desired result. O

Corollary 4.20. Let G; be an ri-regular graph with n; vertices and m; edges for i = 1,2. Then the
signless Laplacian spectrum of G\VG, consists of

1. 2 with multiplicity m; — n; .

2. ni +vi(Gy) for j=2,3,..,n,.

3. Three roots of the equation (x —n; —2r))(x> — (2n, +ny —r))x+4n, +2n, — 4 —4r) —n%(x— 2)=0.
4. Two roots of the equation (x — 2)(x —n; —ny + 2 + 1:(Gy)) + vi(Gy) = 0. fori=2,...,ny.

The following corollary describes a construction of Q-cospectral graphs.
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7231

Corollary 4.21. (a) Let G, and G, be Q-cospectral regular graphs and H is a regular graph. Then
HVG, and HVG, are Q-cospectral.

(b) Let Gy and G, be Q-cospectral regular graphs and H is a regular graph. Then G;VH and G,VH
are Q-cospectral.

(c) Let Gy and G, be Q-cospectral regular graphs, H, and H, are another Q-cospectral regular graphs.
Then G\VH; and G,V H, are Q-cospectral.

Theorem 4.22. Let G; be an ri-regular graph with n; vertices and m; edges for i = 1,2. Then the
signless Laplacian characteristic polynomial of G| ¥ G, is

f(Q(Gl \% Gy), x) =(x — 2 — nz)ml—m—]

[(x2 —x2n; —=2—-r+2+m)+4n —4—4r + 2niny — 2n, — nyry —2r1)

(x2 —Q2r+2+ny+mp))x+2m; +4r; + 2r1n2) - nlnzr%]

n n

[ T(x=m=vi@)] T[er =2 =nx=m +2+ 46Gn) - 4G - .

j=2 i=2

Proof. Let Q(G») be the signless Laplacian matrix of G,. Then by a suitable labeling of the vertices,
the signless Laplacian matrix of G ¥ G, can be written as

(m = DL, +AG)  1(Gy) Onyxny
0(G1 ¥ Gy) = 1(G)' (no + 2)1,, Sy xms
0n2><n1 an)(ml mllnz + Q(GZ)

The signless Laplacian characteristic polynomial of G| Y G is

(.X —n+ 1)In1 - A(G_l) _I(Gl) 0n1><n2
f(Q(G ¥ Gy), x) =det ~1(G)" (x =2 = np)ly, — o xn; -
0n2><n1 _Jngxml (x - ml)lnz - Q(GZ)
By using the same arguments as in the proof of Theorem 4.14, we get the desired result. O

Corollary 4.23. Let G; be an r;-regular graph with n; vertices and m; edges for i = 1,2. Then the
signless Laplacian spectrum of G| Y. G, consists of

2 + ny with multiplicity my —n; — 1.
my +vi(G,) for j=2,3,..,n,.
Two roots of the equation (x —2 — ny)(x — ny + 2 + 4;(Gy)) — 4:(Gy) —r; =0 fori=2,..,n.

N oL~

Four roots of the equation (()c2 —x2ny =2 —-r+2+n)+4n, —4 —4r, + 2nny, — 2ny — nory —
2r) (X2 = 2ry 4+ 2 + ny + my)x + 2my + 4ry + 2r1ny) — nlnzr%) =0.

By Theorem 4.22 enables us to construct infinitely many pairs of Q-cospectral graphs.
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Corollary 4.24. (a) Let G, and G, be Q-cospectral regular graphs and H is a regular graph. Then
HY G, and H Y G, are Q-cospectral.

(b) Let G| and G, be Q-cospectral regular graphs and H is a regular graph. Then G, ¥ H and G, ¥ H
are Q-cospectral.

(c) Let Gy and G, be Q-cospectral regular graphs, H, and H, are another Q-cospectral regular graphs.
Then G, ¥ Hy and G, ¥ H, are Q-cospectral.

Construction of integral graphs are very difficult . Here we present an infinite family of integral
graphs.

5. Some new integral graphs

The following propositions give the necessary and sufficient condition for the G;VG, and G, Y G,
are A-integral graphs.

Proposition 5.1. Let G| be an r-regular graph with n, vertices and G, be an r,-regular graph with n,
vertices. Then GV G, is A-integral graph if and only if G, is A-integral and the roots of the equations
X+ x+ /l,'(Gl)X— (}"1 + /ll(Gl)) =0 fOI" i=2,..,n and x> + (—I’ll +r+1- 1"2))62 + (—27'1 +rmng—r—
riry)x — 2riry —niny = 0 are integers.

Proposition 5.2. Let G| be an ry-regular graph with n, vertices and G, be an r,-regular graph with n,
vertices. Then G| ¥ G, is A-integral graph if and only if G, is A-integral and the roots of the equations
X2+ x+3(G)x—=(r+A(G1)) =0 fori=2,...,n  and (xX* +x(—n; + 1+ 1)) =2r )(x* —rax—nnart) = 0
are integers.

The following are integral graphs.

1. From Corollary 3.3, we have C(K,) is A-integral if and only if 2n—2 and n—2 are perfect squares.
For example C(K3), C(Ks1), C(K683), C(Ks7123) are A-integral graphs.

2. C(K,,) 1s A-integral if and only if 1 + 8n and 1 + 4n are perfect squares.

For example C(Kg¢) and C(K310210), C(Kaa2s556.242556) are A-integral graphs.

3. Let G be an r-regular A-integral graph with n vertices and [ is a non negative integer. Then [K;VG
is A-integral if and only if the roots of the equation x> + (=l + 1 — r)x*> + r(I — )x — nl = 0 are
integers.

4. Let G be an r-regular A-integral graph with n vertices. Then GVK,» is A-integral if and only if
the roots of the equation x*> — rx* — 2(n — 1)x — 2r(n — 1) = 0 are integers.

5. Let G be an r-regular A-integral graph and [ is a non negative integer. Then /K, YG is A-integral

I-1-r+ \(I-1-r)2+8r

if and only if 5 is an integer.

6. Let G be an r-regular A-integral graph with n vertices. Then K,VYG is A-integral.

7. Let G be a complete graph on n vertices. Then C(K,,) is Laplacian and signless Laplacian integral
for every n.

6. Conclusion

In this paper, we determine the different spectra of central graphs. Also, we define two new joins
of graphs namely central vertex join and central edge join and obtain their spectra. As applications,
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these results enable us to construct infinitely many pairs of A-cospectral, L-cospectral and Q-cospectral
graphs. In addition, we discussed the number of spanning trees and Kirchhoff index of central graphs,
central vertex join and central edge join of graphs. Using the spectra of central graphs, central vertex
join and central edge join of regular graphs, a new infinite family of A-integral (L-integral,Q-integral)
graphs is obtained.
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