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1. Introduction and preliminaries

Calculus is a branch of mathematics which helps us to study the derivatives and integrals. The
classical derivative was convoluted with the strength regulation kind kernel and eventually, this gave
upward thrust to new calculus referred to as the quantum calculus. Quantum calculus (named
g-calculus) is the study of calculus without limits. In recent decades, the quantum calculus has
become a powerful tool in numerous branches of mathematics and physics like g-calculus,
particularly g-fractional calculus, g-integral calculus, g-transform analysis. Jackson [1] is the first
researcher to define the g-analogue of derivative and integral operator as well as provided its
applications. It is imperative to mention that quantum integral inequalities are more practical and
informative than their classical counterparts. It has been mainly due to the fact that quantum integral
inequalities can describe the hereditary properties of the processes and phenomena under
investigation. Historically the subject of quantum calculus can be traced back to Euler and Jacobi, but
in recent decades it has experienced a rapid development, see [2—7]. As a result, new generalizations
of the classical concepts of quantum calculus have been initiated and reviewed in many literature.
Tariboon and Ntouyas [8, 9] proposed the quantum calculus concepts on finite intervals and obtained
several g-analogues of classical mathematical objects. This inspired other researchers to establish
numerous novel results concerning quantum analogs of classical mathematical results. Noor et al.
[10] provided the g-analogues of many known inequalities via the first order g-differentiable convex
functions. Humaira et al. [11] obtained a new generalized ¢;¢,-integral identity and established
several new ¢;qg,-analogues of first order g,¢,-differentiable convex functions over finite rectangles.
Wu et al. [12] gave a new corrected g-analogue of the classical Simpson inequality for preinvex
function. Deng et al. [13] obtained a new generalized g-integral identity and found several new
g-analogues for twice g-differentiable generalized (s, m)-preinvex functions.

The theory of post quantum calculus denoted by (p, g)-calculus is a natural generalization of the
quantum calculus denoted by g-calculus, which has been studied extensively. Recently, Tun¢ and Gov
[14] studied the concept of (p, g)-calculus on the intervals [y, y2] € R, defined the (p, g)-derivative and
(p, g)-integral and established their basic properties and integral inequalities. Integral inequalities [15—
27] play an important role in understanding the universe, and they can be used to find the uniqueness
and existence of the linear and nonlinear differential equations. While convexity is an indispensable
tool in the study of inequality theory [28-38].

It is well-known that the Hermite-Hadamard inequality [39-43] is one of the most important
inequalities in the convex functions theory, which can be stated as follows.

Let K : 7 ¢ R — R be a convex function. Then the double inequality

7(()(1 +X2) < 1 © K(t)dr < K1) + Kx2) (1.1)
X 2

2 2_)(1 X1

holds for all y, x» € 7 with y; # x».

As the generalization and refinement of the Hermite-Hadamard inequality (1.1), the Ostrowski
inequality [44] can be stated in Theorem 1.1.

Theorem 1.1. Let K : [x1,x2] € R — R be continuous on [y, x»] and differentiable on (x1, x») such
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that |K’ (t)| < M for all T € (x1,x2). Then the inequality
2
1 W2 1 o Xitxa
f K (r)dr| < |~ le=*3)
X2 — X1 X1

2 —x1)’?
holds for all o € [x1, x2] with the best possible constant }—r

‘7((@) - 2 —xHM

N

Inequality (1.2) can be rewritten in its equivalent form

Y2

K (r)dr

<

|7<(Q) - >

X2~ X1 Iy X2 — X1

M [(Q —x1)* + (x2 —Q)z]

(1.2)

Recently, the generalizations, variants and applications of the Ostrowski inequality have attracted the

attention of many researchers.

Now, we discuss some connections between the class of convex functions and s-type convex

functions.

Definition 1.2. Let s € [0, 1]. Then the function K : 7 — R is said to be a s-type convex function on

7 if the inequality

Ko + (1= x)p) < [1 - s(1 - IK(0) + [1 - sx]K(p)
holds for all p,p € 7 and y € [0, 1].

Remark 1. Definition 1.2 leads to the conclusion that

(1) If we choose s = 1, then we get classical convex function.

(2) If we take s = 0, then we have the definition of P-function [45].

(3) If K is s-type convex function on 7, then the range of K is [0, c0).
Indeed, let o € 7. Then it follows from the s-type convexity of K that

Ko + (1 =x)o) < [1 = s(1 = )]Kan) + [1 - sx]K(o)
for all n; € 7 and y € [0, 1]. If we choose y = 1, then we get
K@) < Kim) + (1 - 9K ()

=2 (1-9Kp =0 = K() =0
forallp € 1.
Proposition 1. Every non-negative convex function is also s-type convex function.

Proof. The proof is clearly due to
s-x)<d-x), x=zsx

forall y € [0,1] and s € [0, 1].

Next, We recall the definition of n-polynomial s-type convex function.

(1.3)
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Definition 1.3. Let s € [0, 1] and n € N. Then the function K : 7 — R is said to be a n-polynomial
s-type convex function on 7 if the inequality

1 n . 1 n .
Kxo+ (1 =pp) < = > [1=(s(1 = )1K @ + = > [1 = (sx)]K(p) (14)
n i=1 n i=1

holds for p,p € 7 and y € [0, 1].

Remark 2. From Definition 1.3, one has
(1) If we choose s = 0, then we get the P-function [45].
(2) If we take s = 1, then we obtain the Definition given in [46].
(3) If we choose n = 1, then we obtain Definition 1.2.
(4) If K is a n-polynomial s-type convex function, then the range of K is [0, o).

Remark 3. Every non-negative n-polynomial convex function is also n-polynomial s-type convex

function. Indeed i

1 n i 1 i
;;[1—(5“(1—)())]2Z;[l—(l—)()]
and

D= (0]
i=1 i=1
forall y € [0,1], ne Nand s € [0, 1].
In what follows, we suppose that x1, v2, ¥3, x4 € Rwith y; < yoand y3 < ¥4, 0 < qx < pr £ 1
(k = 1,2) are constants, N' = [x1,x2] X [x3.x4] € R? is a rectangle and N° = (y1,x2) X (x3.x4) is the
interior of N.

1 < :
_ 1 —1y* <
" [1-x]

S| =

Definition 1.4. Let K : N — R be a continuous function. Then the partial (py, q;)-, (p2,¢>)- and
(p1p2, q192)-derivatives at (z, w) € N are respectively defined by

1O a Kz w)  K(piz+ 1= pxi,w) = Klgiz+ (1 — gy, w)
= (z # x1)s
10p1.ai2 (P1—q1) @z —x1)
WO Kzw) Kz, pow + (1 = pr)xs) — Kz, gaw + (1 = g2)x3)
= W # x3),
Xzapz oW (P2 = q2) (W = x3)
X1X36P1172 111112(]((Z’ w) _ 1

= K(giz+ A =qxi-¢ow + (1 — g2)x3)
X16P1,611ZX361727Q2W (P —q)(p2 — q2) (Z_Xl)(W_X3)[ a x4 1%

K (qiz+ (1 = qi)xi, pow + (1 = pa)x3) = K(piz+ (A = pixi, 2w + (1 = q2)x3)

+K(piz+ (1 = pxi, paw + (1 = p2)x3)].

Definition 1.5. Let K : N — R be a continuous function. Then the definite (p; p,, ¢1¢,)-integral on N
is defined by

! S
f Kz, w) X|dp1,q|ZX3dP2»qzw =(p1—q)(P2 — q2)(s = x 1) — x3)
X3

X1

9195 q; qi 9 g5
X ZZ n+1 m+l ( n+1 (1 - n+l))(1’pm+lt+(1 - pm+1 )X3)

m=0 n=0 P1 141 Py 2 2

(1.5)
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for (s,t) € N.
Definition 1.6. For any real number 7, the (p, g)-analogue is defined by

r-q
==y

where 0 < g < p <1 are constants.

In the present paper, we introduce new Definitions 1.7 and 1.8 for (p;p., q1¢>)-differentiable
function, and (p, q)f]‘, (p, @)y; and (p, g)¥>** integrals for two variables mappings over finite rectangles
by using convex set. These new definitions will open new doors for convexity and (p, g)-calculus for
two variables functions over the finite rectangles in the plane R>. We drive a key lemma for
(p1P2,q192)-integral. By making use of new identity, we will obtain estimates of integral inequality
whose twice partial (p;ps,q1q,)-derivatives in absolute value at certain powers are n-polynomial
s-type convex function. We also discuss some new special cases of the main results. A briefly
conclusion is given at the end.

Definition 1.7. Let K : N — R be a continuous function. Then the partial (py, q;)-, (p2,¢>)- and
(p1p2, q192)-derivatives at (z, w) € N are respectively defined by

Xzaplsth((z’ w) _ Kpiz+ A = pix2.w) —K(giz+ (1 = qi)x2,w) (2 # 2)
20y 112 (P1—q1)(x2—2) ’
X0, 4, K (2, W) _ Kz paw + (1 = pa)xa) = K(z, gaw + (1 — g2)xa) (s # W)
X409, g, W (P2 —q2) (xa —w) ’
ﬁaf’lpz,thq;}((z’ W) 1

= K (g1z+ (1 - ,gow + (1 — )
Xlapl,fhz)mapz»ﬂnw (P1 = q)(p2—q2) (2= x1) (xa — W)[ 7 ( Dx1- 42 ( 92

K (qiz+ (1 =qgi)x1. pow+ (1 = pa)ya) = K(piz+ (1 = pi)xi, gaw + (1 = g2)xa)

+K(piz+ (1= poxi, paw + (L= paxa)| @#x1, xa #w),

X252 K(z, w) 1
X37 p1P2,9192 ’

= K (q1z + (1 = q)xa, gaw + (1 — @2)x3)
00, 017 30y W (Pl—611)(P2—612)()(2—Z)(W—X3)[ n 71X 02 12X

K (qiz+ (1 = qi)x2, pow + (1 = pa)x3) = K(piz+ (1 = pi)x2, 2w + (1 = q2)x3)

+K(prz+ (1= pOxa, pow + (L= pxs)| G2 #2 w#x3),

X2.X4 (92 7(( Z w)

P1P2,9192

Xzapl,mzmapz,qzw - (pl - QI)(pZ - QZ) (XZ - Z) (X4 - W)

[7<(41Z + (L =qgix2, qow + (1 = q2)x4)

K (qi1z+ (1 = gqi)x2, pow + (1 = p2)ya) = K(piz+ (1 = pi)x2, 2w + (1 — g2)x4)
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+K(prz+ (1= pOxa, pow + (L= pxa)| G2 %2 xa #w).

2

Definition 1.8. Let K : N — R be a continuous function. Then the definite (p, )}, (p,q),, and

(p, @)¥>*+ integrals on [y1, x2] X [x3,x4] are respectively defined by

X4 8
ffW(Z’ W) depl,qlz,\gdpz,qzw = (Pl - q1)(p2 - 612) (S _/\/1)(/\/4 - t)

X1

q\9, ( g ( q ) 7 ( 7 )
X s+(1- X, ——=t+[1- Xa|s
mZ(); n+1 r2n+1 prlz+1 pr11+1 pr2n+1 pyzyl+1

X2
ff«(z’ W) depl,qlz/\qdpz,qzw(pl - Cll) (p2 - CIZ) (XZ - S) (t _X3)

ahelAA ( q; ( q; ) qy ( qy
X 1- X2, t+|1- X3
Z Z n+1 ,m+1 pr11+l p111+l pm+l pm+1

m=0 n 1%} 2 2

and

X4 X2

fW(Z, w) ©dy 2%y, W (p1 = q1) (P2 = q2) (Y2 — 5) (x4 — 1)

q\q5 q, q; q5 q;
XZZ n+1 m+1 ( n+1 (1_ n+1)X2’ pm+1t+(l pr2n+1))(4)

m=0 n= P Py Py 2

for (s,1) € [x1,x2] X [x3, x4] -

2. A key lemma

Lemma 2.1. Let K : N — R be a twice partial (p, p2, q1q2)-differentiable function on N° such that the

2 X4 2 X2 22 2
partial (p p q qz)_derivatives XI»X381’1P2-111112(K(Z’W) letampz <11<12(K(Z7W) Xgamﬂz f1|f12(K(Z’W) and X2X46P|P2 q|qz(K(Z’w)
i 1£2: 91 . x19p1.412 30w x19p1.q)2 46172142‘“” *20p1.412 x39p2.0W X20p).412 %4 0py gy W
are continuous and integrable on N. Then one has the equality
1 pro+(1=pi)x1 Y2
K (0,p) — 1 —x1) f KW, ) ydp, g1t + f K(u, p) *dp, 4 u
- X1 pro+(1-pi)x2
1 p2p+(1-p2)x3 Y4
X4
- ) f K©:V) y3dprpV + f K(o,v)*dy, gv| + A
P24 — X3 p2p+(1=pa)xa

K(zo+ (1 —2)x1,wp + (1 = w)xs3)
- A{(Q Xl) 0= X3) f f = plm = 0dp,. 12 0dpy oW

1901012 300w
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L A K(zo+ (1 = 2)x1,wp + (1 —w)xs)
+ (o —)(1)2()(4 - P)2 f f w cad i Lo 0dp.q12 0dpy g, W
0 Jo

10pr i 24 0p, W

Lt B0 e (@o+ (1= 2x2,wp + (1 = w)xs)
+ (2 — Q)Z(P _X3)2 f f w et i e OdPIJIIZ Odpz oW
0 0

:0p1.g1 272 0py W

R K(zo + (1 = 2)x2, wp + (1 = w)xa)
+ (2 — 9)2()(4 - p)z f f w e OdplmZ Odpz,qzw}’
0o Jo

A 6171 q1 < X4apz¢]2w

2.1)
where
1 p1o+(1-pi)xi p2p+(1=p2)x3
A - f 7((14 V) U, d
p1p2 (v2 — x1) (s — x3) " s X1 Pl q1 p2a2V
1 pro+(1-p1)xi fX4
* Kwu,v) , d, ,u*td
pip2 (2 —x1) (s —x3) Jy, papt(1—pa)rs x1%p1.qi p2.q2V
1 X2 fpzp+(1 —-p2)x3
* 7((”7 V) de l/t d
2102 Oz = x D) s = x3) Jprori-pos PLa1 P22V
+ 1 X2 fX4 K d oy
u, 1% R u , %
piP2 (0v2 — x1) (va — x3) pro+(1=pis J pap+(—pa)ys p1.q1 P22
_ 9192
for all o.p € Nand A = O2=x1D)(ra=x3)°

Proof. We consider the integral

ff 1O K (@0 + (1 = 2x1, wp + (1 = w)y3)

04p;,q1< 0dp2ﬂ2w
1991012 x30pr W

By the definition of partial (p;p,, q1g2)-derivative and definite (p; p2, 192)y, ,-1ntegral, we have

dPl 1< Odpz »W

f f X1.X3 plpz qlqzq((ZQ + (1 _Z)Xl,Wp + (1 - W)X?)

1991012 x30praW

(1 —q)(1 - qz)(@ —x)© = x3)

1 1
X f f K(zqi0 + (1 = zq)x1, wqop + (1 = wg2)x3) odp, 4,2 0dp, g, W
0 0

1 1
- f f K(zqi0 + (1 = zq)x1, wpap + (1 = wp2)x3) odp,.q,2 0dpy.g,W
0 0
1 1
- f f K@zpio+ (1 —zpx1, wqap + (1 = wqa)xs) odp,.q,2 0dp,.g,W
0 0

1 1
+f f K(zpro + (1 = 2p1 )y 1, wpap + (1 = wpaxs) odp, .2 o, W
0 0
_ 1
©—x1)P —x3)
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0o n, m n+1 n+1 m+1 m+1
9,49, (q1+ ( q, ) q, q,
X K o+|1- X1 p+|1- X3
nz:(; mZO pn+1p§n+1 pll1+1 pil+1 pg1+] ng_]
© X n,m n+1 n+1
Cth Q1+ ql qz 612
- Z Z n+l m+1 K n+1Q + (1 T n+l )X _p + ( - _m))(:”)
=0 m=0 1 P2 Py P Py %
00 o n.m n m+1 m+1
9,4, q qi 7" '8
a Z Z n+1 m+17< QT (1 n+l )Xl’ Pt (1 T omrl )X3)
n:0m20p1 ) P V4 Ps P,
SRS 9 ( ql) ‘4 ‘e
+ Ko+ |- |y + 11— =5 X
Z Z n+l . m+1 pl pl p p

2 2

1 o O 49 (617 ( 617) ‘8 a4
= K| e+ |- = xS+ |1 - = X
q192(0 = x )P = x3) Z‘ mZ‘ pipy  \pj p p P

1 (o8] (e8]
P1g2(0 = x1)(p = x3) Z:(; Z piry

n=0 m=1 pl pl p2 p2
1 > 49 (4 7\ @ 9

+ K| o+ (- = |y e+ |1 - =5 |xs
pip2(0 —x1)P — x3) ZO mZ:O piry  \p) i) P, P5

Note that

q192(0 — )a)(p X3) ZZ

q q 9y
( Q+( ——l)xl,—2p+(1——i))(3)
=1 m= 14 Py Py Ps
K (0,p)

: > e+ (1= o)
qm(g—xl)(p—)cz) q192(0 — Xl)(p Xx3) <4 pl 1 Pl

pz

1 O D a7 9 1
0, —-p+ 1- ~|x3| +
@200 = x1)(p — x3) & 4Py Py P 719200 = x1)(P = x3)

QI% ( ( qn) - ( qm) )
X L= —Ix, e+ - = X3 (2.3)
ZZplpz 1 p ! p2 p2 3

n=0 m=0 1

1 S 419y (4] q; q5 qy
n m?((_ng-i_(1 )X ’_p+(1 _m X
paqilo—x 1o - X3)Z:‘ZP1P2 4 Pt Py
1 m m m 1
Z—; [ o+ (1- %)) -
pqu(Q XD = x3) ~= p; D5 Py P2q1(0 — x1)(P — x3)

REN UL 4\ B g5
xZZ e ( g+(1 p)xl,p—m(l—ﬁ)m) (2.4)

n=0 m:O 1 2 2
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and

1 SR AA (61’{ ( 611) 9 q
K| e+ |- xn e+ |1- =5 X
pigalo - x1)(p - Xz)Z:mZplpz Pl Py p p

n 1 1 2 2
o= 2 e+ (1 1
= K| o+ {1-—=|xup|-
P192(0 = x 1P — x3) ZO T\P) ) p192(0 = x )P — x3)
0 0 n q,il) q,g
X l1-—= X1,—P+(1 ——,,,))(3)- (2.5)
nZ: Z P1p2 ( ( Dy pP;
Utilizing (2.3)—(2.5) in (2.2), we get
f f 0% K(zo + (1 = 2x1,wp + (1 = w)x3) odp, 4,2 0dp,.q,W
1012 30p W
K (o, - - > gy
_ (©.p) (=) p—x3) 2261_17((’61_3" (1_4_2)X3)
019200 = XD = x3)  P291920 = x 1) = x3)* ~=4 Pl 4 5

(=g e-x1) ( (1_q_7) )
P141612(9—X1)2(p—)(3)2p2 191 pi wp

L1 =a) (P2 = 42) (0 — XD —x3) ZZ 9195 7((% (1 _ ;171))(1, Zzp (1 _ 61_2))(3)

P1P2q192(Q = X1)*(P — X3)° n=0 m=0 pipy Pi 1 2 Py
and
f f xixs0 PIPZ e K(zo+ (1 =21, wp + (1 = w)x3) odp, 4,2 0dp,. 0, W
00102 9o
K (0,p) 1 fpzp+(1—pz))(3
B - Ko, v)ody,..,v
N19200 = x P = x3)  P21gale = x 1) —x3)* Jy, 9, V)odps.q,
1 pro+(1-pixi

- K(u, pod

P1q192(0 = x1)*(0 = x3) Jy, 0llp, g1t

1 pro+(1-px1  p2p+(1-p2)xs
+p1P2‘]1‘]2(Q - x1)*(p = x3)? f/\(‘ f)( K(u, V)Odpl qluodpz @V (2.6)
1 3

Multiplying both sides of equality (2.6) by A(o — x1)*(0 — x3)* leads to

A - x1)*(p — x3)° f f w 1T K(zo + (1 = 2x1,wp + (1 = w)x3) 0dp, 4,2 0dpy. oW

1991012 x:0pr.00

p2o+(1-p2)x3

©=xDp—x3) ©.0) 0~ X1

K(o.p) - Ko, v)ody,.q,v
(2 = x1) (xa — x3) &P P2 (2 —x1) (va —x3) Jys (©,V)odp, g
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pro+(1-pi)xi

P —X3
- Ku, p)od,, 4 u
P12 —x1) (va —x3)) Jy, 0%p1.q1
1 p1o+(1-pi)xi pap+(1-p2)y3
* K(u, v)od,, 4 uod 2.7
PiP2 (v2 — x1) (va — x3) " f“ 1.1 408 py .,V

Similarly, calculating the remaining integrals and by using definition 1.8 we get

)(42

A = x1)*(xa — p)* f f w— Onra: —K(z0 + (1= D1, wp + (1 = wIKa) oy, 17 olps g2
X1

Op1 12X 0p, g, W

X4

©—x)Wa—p) 0—-xi
) Klop) = Ko ¥
Or2 = x1) (s = x3) P2 (02 = x1) (s = X3) Jopr(1opors dpr gV
X4 —p pro+(1-pixi
B K, p) ,dp, 4 u
P12 —x1) (va —x3)) Jy, P)xi@pran
1 p1o+(1=p1)xi 4
i Kw,v) v, dy, ,u*d,, v, 2.8)
P1P2 (2 — x1) Ova — x3) ' fp;m(l e x1%prag P2:92
X252
X3
A(XZ B Q) (p XS) f f lengqz W(ZQ + (1 B Z)Xl’ wp + (1 - W)X3) Odplﬂlz Odpz,thw
Ip1.1% x:0pr.a

p2o+(1-p2)x3

(/\/Z_Q)(p_/\/3) X2—0
- W ’ - 7< ’ 3d 2,42
(2 —x1) Ora — x3) ©.p) P> (Ova = x1) Oca — x3) » (0 V)x 2.2V

X2

- o K(u,p) dp, q,u
P10z =x1) W4 = X3)) Jpiorti-pows
1 pro+(1-pix1  rx2
i K(u, v)dy, g1 4 dp, g,V (2.9)
piP2 (v2 — x1) (va — x3) v fpzpﬂl_mm pr.ai¥ x3%pa.gn

X2:X4 52
Az = 0 (xa = p)° f f W Onrrare W(ZQ + (1= 22, wp + (1 = WIXa) 0dp, 4,2 0y gsW

Op1.n2¥40p, g, W
X4

(X2 —0)(xa — p) X2— 0
02 = x1) (s — x3) P22 = x D) (Wa = X3) Jpopri=paia pa¥
X1 —p e

- Ku,p)¥*d,, ,u

P12 = x0) (s = x3)) Jpror=pia e

1 X4 f)m

+ Ku,v)*d,, ,,u*d, ,v. (2.10)

p1p2 02 = x1) (s — x3) pro+(1=pi)x2 Y pap+(1-p2)xa e prz

From (2.7)—(2.10) and (2.1), we derive the desired result of Lemma 2.1. O
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Remark 4. Taking p;, = 1 fork = 1,2 we get

1 Y2
K (0,p) — m [j: K(u,p) y,dgu+ j; K(u,p) “dqlu]

1 0 Y4
[ K(o,V) y,dg,v + Ko, v)¥d,v|+W
X

(s —x3) \ o

Lol 3 Kizo+ (1 —2x1,wp + (1 —wys)
- A{(Q —x 10— x3)’ f f e 1 0dg,Z odg, W
0 0

10190012 x50, W

Lol 252 K(zo+ (1 =2y, wo + (1 —w)ys)
+ (o _)(1)2(X4 _P)2 f f w At L - 9 200 0dg,Z odg,w
0 0 X1 111Z qzw

Lt B8 Kzo+ (1 -2y, wo + (1 —w)ys)
+ (2 - Q)z(p _X?a)zf f W = OdLIIZ OdQ2W
0 0

130g,2205,W

Lol g2 K(zo+ (1 — 22, wo + (1 — wxs)
2 2 91,92 ’
- - d, 7z od,wi, 2.11
+ (2= 0)"(xa—p) fo fo w 28, 20w odyzodyw),  (2.11)

where
1 0 P
w o = Kw,v) y,dgu ,dg,v
02 —x1) 0xa — x3) i s AT
+ ! XA‘K( ) . d, urd
u,v u \%
02 —x1) Ova — x3) 1 Jp o o
1 X2 0

+ K(u,v)*d, u,.d,v
02 = x1) Oxa — x3) o0 b2 nTeTn

1 X2 X4
+ K(u,v)**d, u*d,v.
(x2 _Xl)()(4_)(3)j; o “ e

3. (p1p2,q192)-Ostrowski type inequalities for function with two variables

In this section, we introduce (p;ps,q1¢g»)-Ostrowski inequalities by using n-polynomial s-type
convex function on the co-ordinates.

Theorem 3.1. Suppose that n € N, s € [0,1] and all the assumptions of Lemma 2.1 are true. If

2 T2 | X442 T2 | X242 T2 XoX4 52 T2
103901 .y K@W) 191 0p.010, K@W) 391 py.010, K@W) 91 ppa10, K@w) I al
5 3 " 9 %49 " 29 3 " 29 X4 " are n-poilynomiai S-
xX19p1.41% x39%p2.02 x19p1.91% 242 P1:41% x39p2.497 P1:41 < P02

2
Xl*:samﬁz-qmzw(g’p)

type convex functions on the co-ordinates on N for 1,7, > 1 with - + L = 1 and 5 —
71 L x19p1.41% x39p2.02W

X4 2 X2 a2 2
95 K(z,w) 14 K(z.w) X2X4 5 K(z,w) .
M, | AL | < A |23 , P1P2919 <M, € N, then the followin
x10p1.a12 4 0py g W | — 20p1.412 302007 | T M20p) 412 ¥4 0pygaw | T @.p f 8
inequality holds

‘ 1 p1o+(1-pixi Y2
(K(g,p)——[f Kw.p) yidy, u+f Kw,p) d,, u]
p1lx2 — x1) $ S pro+(1-pi)x2 e

1 [fpzp+(1—pz)/\(3 X4
- K(o,V) .dy,. v+f K(o,v)¥*d,, ,,v
P2 — Xx3) b2 e p2o+(1=p2)xa P

+ﬂ‘
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AM Y (CPI»‘II + DPI*‘II) (Cprar + Dprgn) [(Q —x1)’ + (2 - Q)z] [(P —x3) + (ya —P)Z]

T\l/[l + TI]PIJII [1 + Tl]Pth ,
3.1

<

where

10 i pe—a
.Z)pkﬂk =1- Z S (f
i=1

fork =1,2 and A, A are defined in Lemma 2.1.

Proof. Taking absolute value on both sides of (2.1), by applying Holder inequality for double integrals
¥
and utilizing the fact that

P
911K
9p1.91%0pr.a0W

is n-polynomial s-type convex on co-ordinates, we get the
following inequality

1 p1o+(1=p1)x1 X2
|7< (0,p) — m [f K, p) v dp, gt +f o K(u,p) depn,qlu]
X1 pro+(I=p1)x2
1 fpzp+(1—172)/\/3 Y4
T K, V) ysdp,, v+f K(o,v)**d,, 4,V +ﬂl
DPa(xa — Xx3) [ 3 e pre+(1=p2)xa P

1l o
<A (f f ZTIWTIOdpl,qlzodpz,qu)
0o Jo

1
Lol ea? Kizo+ (1 =2y, wo + (1 —wyy)|” 2
+(0 = x1)*(xa — p)* f f L nnat odm,mdm,qzw]

1

)
Odpl,ﬂhz Odl’z,th W]

L

X1:X3 P1172 qlqz(K(ZQ + (1 = 2xwe + (1 —wi)|” J J 2
0p1.12 08 py. W

x{(0 —x1)(p = x3)°

1991012 v30pr W

110p1.g1 2% 0py W

Lol ey Kzo + (1 = 2x2, wp + (1 —wxs) |~
+(x2 —0)*(p — x3)° f f R %Y

PI,QIZ X36P2,612W

+(X2 _9)2()(4 _p)Z fl f szailpz 511(127<(ZQ + (1 - Z)X2$ wp + (1 - W)/Y4) d d ]Tz }
0 0

p1.g1< 08py W
2 4
X apl,(JIZX apz&]zw

Considering first integral

INA

AIMS Mathematics

X1X3 P1P2 111427((ZQ + (1 =2x,wo+ (1 - W)X3)

a a Odplyfhzodmsqzw
x19p1.91%30pr. 2 W
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X143 mz a1y K@.wp+(1- wixs) [

1 1 Z [1 —(s(1 - z))] > 5
< f f " x19p1.41 392,02V od 2% 0d W
o o | s (1 - sy [ Ty K1 o+ (1-w)x) | N

x19p1.41%10pr.a2 W

(3.2)
Computing the (p;, g;)-integral on the right-hand side of (3.2), we have

X1:X3 p]pquqzq((QWp+(1 W)/Y?)

OdPMhZ‘

1
B f] Zz 1 [1 = (s(1 = Z))] 19p1.01939m2.02W
0

4 s +(1-w), )
o Z’ 1 [1 - (SZ)] X1xs ”Ilquqz (1. wp+(1-w)x3

19141201 9py.02 W

In view of the Definitions 1.4 for k = 1,2, we get

Coog = ~ Zf 1—<s<1—z>>]odpquz—1—(”“‘“)2 ( q)

i=1 e=0 Py

L&y , 1~ . Pe—a
D, =- 1= () |odpgz=1-= D s'| 57—y
I B R O e |

Putting the above calculations into (3.2), we obtain
f ! Coran

<
0 +Z) P1-91

Similarly, by computing the (p,, ¢»)-integral, utilizing the fact
right-hand side of (3.3), we have

f f 19p1.a01 230 pr.gaW

S MZ(Cprg *+ Dpia)Cragy + Diprgo)- (3.4)

)
Y13 9,,1 paaran K@ wp+(1-w)x3)

x19p1.91%39p2.07W

T

)(1)(38p1p2 q1q2‘7(()(1,wp+(l—w))(3) 2

x19p1.01%30p2.07W

0 p, g, W- (3.3)

xi X%ampz qm?((gp)

> = < M,0,p € N on the

x19p101%03%p2.42 W

)(1)(% p1p2 qlqzq((ZQ + (1 - W)XI,WP + (1 - W)X3)

Odpl 1 ZOdﬂzﬂzw

Analogously, we get

INA

00 K (@0 + (1= whyi, xa +wp + (1= wixa)|”

0dp1.g120dpy ., W

10p1.g1 2% 0y W

S M2(Cpigy + Dprg)Chprgy + Diprgy) (3.5)
fl fl ﬁafnpz (11(127((ZQ + (1= 2)x2, wo + (1 - W)X3) od J
0 0 X20p,.012 x30pr.qW e
S M(Cpigr + Dprg)Cprgy + D) (3.6)
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and

xoxs G2 K(zo + (1 = 2y, xa + wo + (1 —w)xa)|”

P1P2,49192

0%p1.q Zodpz,qzw

fl fl
0o Jo 20, 4,240, g, W

SMP(Cprgi + Dy g ) Crogy + D)

Now by making use of the inequalities (3.4)—(3.7) and using the fact that

1 1 1
T144,T1 —
zw del,quodpz,qZW = >
f()v f()v [1 +T1]p1,q1[1 +Tl]p2,q2

we get the desired inequality (3.1). This completes the proof.

Corollary 1. I Taking p;, = 1 for k = 1,2 in Theorem 3.1, we get

1 0 2
— Ku,p) ,dgu+ K(u,p)**d,u
()(2—)(1)[ 8 (,p) y,1dq ) (u,p) *2d, ]

1 0 4
- Ko, v 3d2v+f K(o,v)*d,v
(X4_X3)[L (©,V) vsdq ) (0,v)*"d,

% 0. -

+(W’

AMZ)(Cyy + Dy, ) (Cy, + D) [(0 = 1) + (x2 — 0] | (0 = x3)” + (xa — )]

<

Y+ 7]y, [T+ 711,

where

C., :1_(1_Qk)zn:i5i‘I2(l—CIZ)i,

n
i=1 e=0

L G -
Dqkzl—z S(l_ i+1)
i=1 i

and A, ‘W are defined in Remark 4.
Il. Taking g, — 1~ for k = 1,2 in part I, we get

X2 X4

1
02 = xDWs —x3) Jy, Jys

‘7( (0,p) + K(u,v)dvdu — Q'

™ n i+1-s 2
< M (%Ziﬂ( o )) [(Q—X1)2+C\(2—Q)2H(P—X3)2+(X4—P)2]
- (1 + 1) X2~ X1 X4 = X3 ’

where

1 X2 1 Y4
Q= f K(u, p)du + K(o,v)dv.
X2 = X1 Iy X4 = X3 Jys

Remark 5. Taking n = s = 1 in part IT of Corollary 1, we obtain Theorem 4 of [47].

(3.7)
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Theorem 3.2. Suppose that n € N, s € [0,1] and all the assumptions of Lemma 2.1 holds. If

X4 2 T | X242 T X2:X4 52 T
XlX%aPle K& w|* 199192910 K@W) 391 pp.a1 9, K@w) 510010 K@W) [ jal
3 EIpr 3wl |73 p— e ——| are n-polynomial s-type
x19p1:41% x3%p2.42 x19p1.91% " " Opr.qa W P1:41% x39p2.92 p1:a1% “O0pr.an

. . RN K(o.p)
convex functions on the co-ordinates on N for T > 1, and |[“SPR24an | < M,
1191412 x30p2.02W

Y452 K(zw) 252 K(zw) X242 K(zw)

X17P1P2:9192 < M X37P1P2-91492 ’ P1P2:9192 ’ < M E N thel’l the OllOWil’l

191,012 4 0ppqyW| T " | 20p1.412 x3Opran W > X280, 01240 W | T » 0,0 ) Jf 8
inequality holds

‘ 1 pro+(1-pi)xi X2
K (0,p) — —[f K(u, p) u+f K(u,p)*d,,, u]
p1()(z —)(1) i Y 171 “ piro+(1=p1)xa e

1 fpzp+(l DP2)X3 Y4
_ K(o,V) v dp, 5V + f K(o,v)*d,, ,,v
2(ca — x3) [ 5 x34p2.q2 S 2,42

< AM{/(‘?{PWI + BPMII) (Apsgr + Bprogn) [(Q —)(1)2 +(x2 — Q)z] [(p —/\/3)2 + (xa —p)z]

+Jﬂ|

b

[(p1 + q)(p2 + 6]2)]1_%
(3.8)

where

1 (pk - 6]k) S ( ‘17; )i
A = E s' - ,
Dk>qk Dk + n el £ p2e+2 pz+1

B ____Z Pk~ 4qk
Pkoqk — D+ Gi n z+2 1+2

i=1
fork =1,2and A, A are defined in Lemma 2.1.

Proof. Taking absolute value on both sides of (2.1), by applying power mean inequality for double
integrals, we get the following inequality

1 pro+(1-pi)xi pro+(1-p1)x2
K,p)— ——— [ f K(u, p)odp, g1 + f K (u, p)od, ]
l Pilya —x1) |Jy, pra > pra

1 p2p+(1-p2)x3 p2p+(1=p2)x4
- W(,v)d,v+f K(o,v)ody,.q,v
Pz()(4 _X3) [[\/3 0, V)olp,.q, » Q5 V)olp, 4,

1l -
SA(f f ZWOdm,qledpz,qu)
0o Jo
x{(@ = x1)*(p — x3)’ (ff

1 1
+© = x1)’(xa = p)° [f f w
o Jo
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1

X1,X3 plpquqz(]((zg+(1 _Z)XI’WP+(1 —W)X3) J J B
04p1,qi1< 04py g2 W

191012 30w

1

?
Odplmz Odpz,%w)

?1‘8571172 ‘II‘IZ(J((ZQ + (1 =2y, wo + (1 —w)xg) i

110p1.g1 2% 0y W
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1

?
Odplmz Odpz,%w)

1 1 /\/202 (]((ZQ+(1_Z)X,WP+(1—W)X)T
+(x2 —0)(p — x3)° [f f ow | Bz 2 3
o Jo

20, 412 y30pr.aW

N K@zo+ (1 -2, wp+ (1 -w
+(x2 — 0)*(xs — p)° (f f w i aia (@0 + ( W2 wp + ( W4)
0 0

20, 0,240, W

T 7
OdPI a1 0d1’2ﬂ2 W) }

Xl X3 P1P2 QMz(J((ZQ + (1 =-2x,wo+ (- W))(3)

Considering first integral
0 Pl,QIZOdPLLDW
01012 x:0pr.sW

110302 pyay 0 Kl@wp+(1=wis) |

) f f D R R | e ™ . )
- W < 0 2700 w
aray KOt wp+(1=wix3) | P P22
0 0 +% Z?—l [ (SZ)] X1X3 m/quqz

x10p1.912 x39p3.00W

(3.9)

Computing the (p;, g1)-integral on the right-hand side of (3.9), we have

X1X3 plpquqz(K(QWPHl W)X%)
0

1= (s = 2]

X1X3 p1p2 qlqzq(()(l wp+(1- W)X%)
0

x19p1.412 x39p2.00W

<

<[
o | +izn[1- (s

Odpl 1%

x19p1.012 x39p2.02W

In view of the Definitions 1.5 fpr k = 1,2, we get

1 (! ~ I (—g) N\ a \
= - E 1-(s(1=2)"|od = E )
Apran n £ L Z[ (s(1 -2)) ]0 Pl D+ n s p2e+2 pi+1

i=1 e=0

1< 1 _ 1 IR Pk — 4k
Bra = O [ 216 oz = = D [T
Pk = - fo Z[ (s2) ]O P’ Pctqr n * (P;:rz ‘13:2

i=1

Putting the above calculations into (3.9), we obtain
f 1 ﬂ]’lm

< w
0 +B P1,41

Similarly, by computing the (p», g»)-integral, utilizing the fact
right-hand side of (3.10), we have

f f 1901012 x:0prpW

< MT(‘?(PI,CII + Bl’h’]l)(ﬂl’%(ﬁ + 'sz,ch)' (31 1)

.
10395, py 190 K@ WP H(1=W)x3)

x19p1.012 x39p2.02W
2 T
110391 pr.ayan K 1:wp+(1-w)x3)

w. (3.10)

Odpz,qz

x19p1.012 x39p2.02W

2
wuinaa D) o Ag o 5 e N on the
—_ ' &

x19p1.012 392,02V

XIXK p|p2 q|q27<(ZQ + (1 - W)Xl’wp + (1 - W)X3) d
0p;,q1208 py,q. W
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Analogously, we get

1 1
ffzw
0 JO

)/\xalz’mz,qwz(}((zg + (1 =whxi,xa +wo+ (1 —wa) !

110p112X40p, W

< MT(ﬂPl»Ql + BPI,‘II)(‘?{PL‘]Z + sz,qz)’
Ll 082 e Ko+ (1= 2y wp + (1 — wixs)|* o
w Y F 08p1.1208py. W
0 Jo pa1% x3Opr.gaW
S MT(ﬂplvql + BPI,QI)("?{PL‘D + sz»q2)
and
et pend L aK@o + (1= 2y, xa + wp + (1= wya) ! J
w Y Y 08p,.q1208 py g W
0o Jo pLa1< Opy oW
< MT(‘ﬂPIsQI + Bplm)(ﬂpz,qz + BPL‘D)'
Now by making use of the inequalities (3.11)—(3.14) and the fact that
1 pl 1
wod, 020, oW = )
\fo fo P 0Tpae (p1+q1)(p2+ q2)
we get the desired inequality (3.8). This completes the proof.
Corollary 2. I. Taking T = 1 in Theorem 3.2, we get
| 1 p1o+(1-pi)xi Y2
«(g,m——[f Kw.p) ydy, u+f Kw.p) d,, u]
P1x2 —x1) Y1 S rio+(1-pix2 e
1 p2p+(1=p2)x3 Y4
-~ K,V) y,d,,, V+f K(o,v)¥*d,, ,,v +ﬂ|
P2(xs = X3) f)(; e p2p+(1=p2)xa paz

< AM(Ap, gy + Bprgy) Ay + Bung) |0 = x1)* + (2 — 0| [ (0 = x3)* + (xa - p)?]-

I1. Taking py = 1 for k = 1,2 in Theorem 3.2, we obtain

1 0 Y2
'(K (0,p) — ——— [ Ku,p) y,dgu + f K(u,p)*2d,, u]
o

2 —x1) [Jy
1 P 4
_—(X4 0 [ 5 K(0,V)y,dg,v + ) K (o, v) Vd,v | + (W'
MM A, +B,) (A, +B,.)
< \/( q q ) q q [(Q—X1)2+(X2_Q)2] [(P—X3)2+(X4—P)2],

[+ (1 +g)]'

where

_ 1 l_qk ShN i 2e e\i
ﬂ‘]k_l_i_qk_ " Zzs%(l_%),

i=1 e=0

0dp.g120dp,. oW

(3.12)

(3.13)

(3.14)
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1 I~ -
B, = - — ! |,
qk 1+q1c n;s(l—q;(_Q)

and A, ‘W are defined in Remark 4.
I1l. Taking p; = 1 fork = 1,2, and g, — 17 in part I, we get

1 X2 X4

02 = x1)xa — x3) i I

“K (0,p) + K(u,v)dvdu — Q'

! [1 . i2+5i+6—6si]3[(Q—X1)2+(X2—Q)2H(P—X3)2+()(4—P)2]
né 20+ DE+2) X2 — X1 X4 = X3 ’

where Q is defined in part II of Corollary 1 .
IV. Taking n = 1 = s in part III, we have the following inequality

X 1 X2 X4
‘ (Q’p)+()(2—)(1)(,¥4—)(3) i Yy
M [(Q—Xl)z + (2 —Q)z] [(P—X3)2 + (x4 —p)z]
-4 X2 — X1 X4~ X3 ’

K(u,v)dvdu — Q'

where Q is defined in part I of Corollary 1.
4. Application to special means

Let k € R\{-1,0}, and ¢; and ¢, be two distinct positive real numbers. Then the generalized
logarithmic mean L (¢, ¢;) is defined by

1
k+1 k+1 3
o — ¢ )

Li(p1,92) = ((k+ D@ — 1)

Proposition 2. If m,k > 1 and x1, x2, x3, X4 are positive real numbers such that x| < x, and x3 < x4,
then one has

'Q’” x p* - 7 [ L@, x1) + Ln(x2,0)] — L [
m m (s — Xx3)

2 —x1) Li(p.x3) + [,f(,\q,p)]
(L. xn) + Ltz 0) (L poxs) + Litxs, )|

N 1
02 = x1)(0a — x3)
M [(Q —x1)* + (x2 —9)2] [(p —x3) + (xa —p)z]
T A +m)n X2 = X1 X4 = X3 '

Proof. Let K(o,p) = 0™ X p* for m,k > 1. Then, we have

0 ” 1= q1 Qm+1 _Xm+1
f u ka)(lquLt:pk[ m+l]( : ’
X1 1—6]1 0 —Xi
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X2 1= m+1
[ ot = [P ()
0 1 -4} X2 —
0 1 p _Xk+1
m k 3
LQ XVodny = 0" [1 "”]( p-xs )
1
1

X4 1 Xk+l )
m k xa _om
X VviXid, v =
j;: ¢ ° o [1 qu] X4 —

%) 0 1 - 1 — pk+1 _Xk+l

f f “mka)ndq]”xquzv: [ ,q,,i H Zi]l )( & ,
X1 YX3 1 - P —X3

Y4 1 _ 1 _ m+l m
e N =
i Jp - 0= Xi

2 O . ‘o i 1 - a0 1 1 — ¢ XZHI _Qm+1 pk+1 _XI§+1
u-xv dql”XSdfizv - m+1 k+1
o Ju 1= [[1-¢" [\ x2-0 P—X

(QX]

m+1
+1

and

r r m m k
X2 Y4 m o k)(zd xg _ 1= q1 1— ¢ X2+1 -0 +1 X§+1 -p +1
u-xXv U dg,V = T | [T g5 _ _ )
o Jp q, 1Ll —q; | X2—0 X4 —pP

It follows from part I of Corollary 1 that
k m+1 m+1 m+1
Jo; 1-¢g o —x Xy —0O
e - il ) (5=
(2 —x1) 0 — X1 X2 —0
~ Qk [ 1-— 0 ] [(pkﬂ Xl3c+1) (X§+l pk+1)
Oa—x3) [1 - g5 P = X3 X4—p

AMF(Cor + Dy ) Cox + D) (0 = x1)* + (k2 = 07| (0 = xa)” + (s = )]

+Z‘

< ,
Y+ 11g [+ 71,
where
2= ool s = =)
2 =xD0a —x3) [1 =g |1 - g5+ 20— Xi P —X3
. (Qm+l XTH ) (XI;H pk+1) (szn+l Qm+1 ) (pk+l X§+1)
0 —X1 X4—pP X2 —Q0 P —X3
(sznﬂ QmH)(XﬁH _pk+1)]
X2 —0 X4—pP ’
Clk) e
Co =1 ZZSC]k(l_‘]k)’
i=1 e=0
Il 11—
Z)kal__ Sl(l ?fl)
ni3 ~ 4
AIMS Mathematics
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Remark 6. Applying the same idea as in Proposition 2 and using Theorems 3.1, 3.2 and their
corresponding corollaries, and choosing suitable functions, for example K(o,p) = 0" X p*, m,k > 1
and o,p > 0; K(o,p) = Qip, o,p > 0; K(o,p) = €2, 0,p € R, and so on, we can obtain other new
interesting inequalities for special means. We omit their proofs and the details are left to the interested
readers.

5. Conclusions

In this paper, we have defined several new partial post quantum derivatives and integrals for the
functions with two variables, provided some new generalizations in the frame of a new class of convex
functions named n-polynomial s-type convex functions, found a new version (p;p», g1g2)-Ostrowski
type inequality via the class of n-polynomial s-type convex functions on co-ordinates, established
a twice partial integral identitity involving (p; p,, q1¢»2)-differentiable functions, and generalized the
Ostrowski type inequality. Our results are the generalizations of many previous known results, and our
ideas and approach may lead to a lot of follow-up research.
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