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1. Introduction

In non-linear programming and optimization theory, convexity plays an important role. Three
important areas of non-linear analysis are monotone operator theory, convex analysis and theory of
non-expansive mapping. In early 1960 these theories get emerged. Theses areas have got the attention
of many researcher and many connections have been identified between them over the past few years.
The notion of convexity has been expanded and generalization in numerous ways utilizing novel and


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2020446

6960

modern methods in recent years. Convexity also plays vital part in fields outside mathematics such as
chemistry, biology, physics and other sciences. It is always interesting to generalize the definition of
convexity from different aspects because the wide range of applications. Recently the object of
numerous studies have been the convexity of functions and sets. For further studies on generalization
of convexity one can see [1-9] and references therein.

In this paper, we introduce the concept of modified (p, h)-convex functions as generalization of
convex functions. Some basic results under various conditions for the modified (p, #)-convex functions
are investigated. We investigate the Jensen and Hermite-Hadamard type inequalities related to modified
(p, h)-convex functions. For more on Hermite-Hadamard inequalities, we will refere to the reader [10—
20].

Let us see some basic definitions and generalizations of convex functions [21,22].

Definition 1.1. (Similarly ordered function) [17] Two functions f and g are called similarly ordered
(f 1s g-monotone) on I C R, if

f(r) = f(s),8(r) — g(s)) = 0,
forallr,s€l.

Definition 1.2. (Super (Sub) multiplicative function) [4] A function 4 : J — R is said to be
supermultiplicative if

h(xy) = h(x)h(y), (1.1)

for all x,y € J, where /J c R. If inequality (1.1) is reversed, then h is said to be a
submultiplicative function.

Definition 1.3. [19] Let f € L,[a, b], the Riemann-Liouville Integrals J¢, f and J;_f of order @ > 0
are defined by

Jr(x) = % fx(x -0 f(ydt, x> a,

and

1 b
Jy-(x) = @ f (t—x)*! f(dt, x < b,
where

I'a) = f e X dx,
0

is the Gamma function.

Definition 1.4. (Convex function) Let / C R be an interval, then a function f : I — R is called convex
if the following inequality holds:

fltx+ (1= 8y) <tf(x) + (1 —f(), VYx,yeland tel0,1].
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Definition 1.5. (p-convex set) [18] The interval / is called p-convex set if
[t + (1 —£)s"]7 e 1,

forz € [0, 1] and for all r, s € I, whereas p = - or p = 2k+1, m = 2t+1, n = 2u+1, and t, u, ke N.

Definition 1.6. (p-convex function) [18] A function f from X to R is known as p-convex function
whereas [ is a p-convex set, if

£l + (1= s"17) < 1f () + (1 = 0f (),
forte[0,1]and Vr,s€l.

Definition 1.7. (Modified /-convex function) [8] Let f,/ : / C R — R be non-negative functions. A
function f : I ¢ R — R is called modified 4-convex function if

fr+ (1 =10s) < h@)f(r) + (1 = h@)[f(s),
forte[0,1]and Vr,s € J.

Definition 1.8. ((p, h)-convex function) [9] Assume /# : J C R — R be a non-negative and non-zero
function. A function f : I — R, where [ is p—convex set in R is called (p, h)-convex function, if f is
non-negative and

f(er? + (1 - 1)s"]7) < h@®) f(r) + h(1 — ) f(s),
fort € (0,1)and Vr, s € I, where p > 0.

Definition 1.9. (Modified (p, h)-convex function) Assume % : / C R — R be a non-negative and non-
zero function. A function f : I — R, where [ is p—convex set in R is called modified (p, h)-convex
function, if f is non-negative and

F(Ler” + (1= 0s"17) < () £(r) + (1 = h(t)f(s), (1.2)

fort € (0,1)and Vr,s € I, where p > 0.
Likewise, if the inequality sign in (1.2) is inverted, then f is known as a modified (p, h)-concave
function.

Of course, if we put in (1.2)

1. p =1 then we get modified A-convex function;
2. p =1 and h(t) = t then we get classical convex function.

The paper is organized as follows: In next section, we will derive some basic properties of this
generalization. However, the third, fourth and fifth sections are devoted to develop Hermite-Hadamard
inequality, Jensen type inequality and Fejér type inequalities for modified (p, h)-convex functions.
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2. Basic results

In this section, we will verify our basic properties.

Proposition 1. Assume f; : I ¢ R — R be modified (p,h)-convex function, suppose u;,--- ,i, be
positive scalers. Consider a function g from R to R so that
ADD then g is modified (p, h)-convex function.

Proof. We know that f; : I ¢ R — R be modified (p, h)-convex functions. Then ¢ € [0, 1] and
Y,r, s €1, wehave

gtr’ + (1 - D)sP)r = Zuiﬁ(ﬂ’“(l—f)s”)%”
i=1

IA

Z/Ji(h(t)fi(r) + (1 = h()) fi(5)),
i=1

h(t) ) () + (L= h(®) Y pifis),
i=1 i=1

h(t)g(r) + (1 = h(2))g(s).

The proof is completed. O

Proposition 2. Leth: J c R — [0,1]. If g : I — R is modified (p, h)-convex function, and f : I - R
is convex and increasing, then f o g is also modified (p, h)-convex function.

Proof. Since g is modified (p, h)-convex function on /, we obtained

foglex” + (1 —0y17) = f (g (Ix” + (1 = 0y"17)) < f(A(D(x) + (1 = h(B)g()).

Then by using the convexity of f, we obtain

f(h@®gx) + (1 = h(1)g(») < h@®)f(g(x)+ (1 - h(1)f(g())
= h(@®)(f o g)x) + (1 —h@®)f o)),
which implies that f o g is modified (p, h)-convex function. O

Proposition 3. Let h : J ¢ R — [0,1]. Further let {fJ I >R, je N} is non empty collection of
modified (p, h)-convex functions such that for each x € I, max fi(x) exists in R, then the function
je

f 1 — Rdefined by f(x) = max fi(x) for each x € I is modified (p, h)-convex.
Jje
Proof. For any x,y € [ and t € [0, 1], we have

F(ex” + (1 = 0)y"]7)

max fi([t” + (1 = 1)y"17)

Jje

max {h(Ofi0) + (1 = () f(7)]

h(ey max £(x) + (1 = h(e)) max £(5),
(O f(x) + (1= (D) £ (),

which is required. O

INIA
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Proposition 4. Let h : J C R — [0, 1]. Further let g and f are two modified (p, h)-convex functions.
Then the product of f and g will be a modified (p, h)-convex function if g and f are similarly ordered.

Proof. We know that g and f are modified (p, h)-convex function. Then

F((1 = 0a +1a?)rg((1 - Dya’ + tad)r

< [(1 = hD)f(r) + h(@®) f(HIA - hD)g(r) + h(1)g(s)]

= [1 = h(OF f(r)g(r) + h(D(1 = k() f(r)g(s) + h(®)(1 = h(2))f (5)g(r)
+ [T f(5)g(s)

= (1 = h(@®) f(r)g(r) + k() f(5)g(s) — (1 = h(1) f(r)g(r) — h(1) f(5)g(s)
+ [ = h(OP f(r)g(r)

+ h()(1 = h(0)) f(r)g(s) + h(@)(1 = h(1)) f(5)g(r) + [R(D)]* f(5)g(s)

= (1 = k() f(r)g(r) + k(1) f(5)g(s) — h()(1 = h(1))

X [f(g(r) + f(s)g(s) = f(s)g(r) — f(r)g(s)]

< (1= h(@) f(ng(r) + h(®) f(5)g(s).

That’s the required result. O
3. Hermite-Hadamard type inequalities

Theorem 3.1. Assume f from I to R be modified (p, h)-convex function on the interval [a,,a,] with
a; < a, then we have

1 1 ap

P P\y
ff(a] +a2) dzs( pp p)frp_lf(r)dr
) 2 a, — a, )
1
Sf(al)+{f(az)—f(al)}fh(f)dt- (3.1)

0

Proof. Letu? = ta] + (1 — )a) and v/ = (1 — 1)a} + ta5, then we get

A Ha\e e \r (el + (1= D) + (1= Dl + tad))?
() =) o z |

1 i 1 L
< h(i)f[(m’; +(1=0ah)r]+[1 - h(i)]f[((l — tay +taj)r].

Integrating inequality over ¢ € [0, 1], we get
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P P\»
f a‘+a2) dt < h(%)ff[(ta’l’Jr(l—t)aé’)ll’]dt+

1

0 =)

X ff[((l—t)afl’wag)i]dr

0
az

1y p -1 p 1
h(z) ag—affrp f(r)dr+a5_af [l—h(i)]

aj

IA

a

X f "L (rdr

ap
az

Now, we know that

Thus,

Combining (3.2)

_ P -1
= Tz P () dr. (3.2)
ap 1
al —a? !
PP f(rdr = 2p lff[(m§+(1—r)af)p]dr
ap 0
1
al —a’
< 2 > 1 f [h(D) f(a2) + (1 = h(t) f(ar)]dt
’ 1
a!’ _ al’
- 2p ‘[f(a1>+{f<az>—f<a1>} f h(r)d .
0
a 1
apfap f 7 f(ndr < far) +{f (@) — flay) f h(t)dt.
2 1
aj 0
(3.3)
and (3.3), we obtain the required result. O

Remark 1. If we put p = 1 in (3.1) then we gain Hermite-Hadamard type inequality for modified
h-convexity, (see [8]).

Remark 2. If we put p

inequality.

AIMS Mathematics

1 and A(f) = ¢ in (3.1) then we attain classical Hermite-Hadamard type
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Theorem 3.2. Assume f be modified (p, h)-convex function and f € L[ay, a;], with a; < a,. Then

P P %
1 (a1 +a2) < ['(a) [(1 _h(%))‘]g;rf(az)+h(%)]ng(a]) ,

a 2 T (a5 —a))
and
T | e+ 7 | « L@
(ay - a1 a

Proof. We know that f is modified (p, h)-convex function, so we have

25 <fpoB s

Let r” = (ta] + (1 — t)al), and s = ((1 — 1)a} + ta}), then

1
P, P\
(a]+a2

)p = {1 - h%)}f(m? +(1=nap)r + h(%)f((l ~ 1)) + 1a)7.

Multiplying above inequality by 27!, then integrating over ¢ € [0, 1], we get

1 11
lf(allj;alzj ’ ( +ap)pfta—1dt
a
0
n [ 0
S{l_h(i }ft“ Lf(tal + (1 - nad)r +h(§) 7 F (1 = Dd + tad)rdt
0 0
1 ag—u" a-l p
=<1-h|= p-l d
{ (2}f(a§ a’l’) L

ai

a2 a-1
L (V-4 p
A Py
(Z)f(ag_all)) f(V)V alzj_a’; 1%

ap

g o R S
s > |) 5 flax) + fan

which is (3.4).
We know that f is a modified (p, h)-convex function, then

fd + (1 = nad)s + f(1 - )al + tal)7
<h@®)f(ar) + (1 = h@®)f(az) + (1 = h@)f(ar) + h(t)f(a)
= f(a1) + f(az).

(3.4)

(3.5)
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Multiplying above inequality by /2~! and then integrating over ¢ € [0, 1], we get
1 1
7 ftd” + (1= Dab)yrde+ | 17V F(1 = 0d + tad)rdr

0 0

1
< [f(a) + f(a2)] ffa_ldl‘,
0

from which we have

I'(a)

(a’27 — af )@

Jar (@) + ngf(al)] < w

The result is completed. O

Remark 3. If p = 1 in (3.4) and (3.5) then we will get the result for modified #-convex function,
(see [8)).

4. Jensen type inequality

The following expression is useful to prove Jensen type inequality for modified (p, h)-convex
functions.

Assume f from I to R be an modified (p, h)-convex function. For ri,r, € [ and a; + @, = 1, we
have f(a1r! + axr?)? < h(@)f(r) + (1 = h(@)f(r). |

Also when m > 2 for ry,ra, ..., € I, 32 a; = Land T; = 3, a;, we have

1

1
m P m—1 ) P
f(z a,-rf’] = f(Tm_1 Tal r’+ aerJ
m—1

i=1 i=1

m—1

i=1 - m-l

Theorem 4.1. Assume f from I to R be an modified (p, h)-convex function and h be non-negative
super-multiplicative function. If T; = ¥, @, fori = 1,...,m, so that T,, = 1 where m € N, then

m % m—1
f[Z airﬁ’] < flm) + D T = frian). 4.2)
i=1 i=1

Proof. By using (4.1) it follows that:

AIMS Mathematics Volume 5, Issue 6, 6959-6971.
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m P m—1 ) %
f (Z a,-rf) < W(T0)f {Z‘ TZ’_I rf’) + (1= h(T ) f ()

=1 =

1\P
— T, & a; : A1
- (1 - h(Tm—l))f(rm) + h(Tm—l)f Tm_1 { - Tm_zr’(] + Tm_l rfn—]
T m—2 o %
< (1= W) f (1) + h(Tm_l)[h(Tm-Z) f[ = rf]
m—1 =1 LTm-2

+ (1 - h(;j)) f(rm_l)],

using the fact that 4 is supermultiplicative function, we have

m=2 7
< (1= h(T))f(r) + (T o) f [Z ;irf]

=1 - ™M

T (1= (72|

m—1

= f(rm) + h(Tm—l)f(rm—l) - h(Tm—l)f(rm) - h(Tm—Z)f(rm—l)

m—2 P
+h(Tm—z)f[Z - rf] :

=1 m=2

= f(rm) + W(T-D)Lf (rn-1) = f(rm)] = W(T—2) f(rin-1)

5 1\ :
T -3 - a; !
m 1 r[) ,
Tm—2 [ Z Tm—3 ' } )

A2
+ Tm rr[;—Z
-2

»
i=1

+ (T o) f (

from (4.1), we get

< frm) + M(Tn-DUf (rn1) = f(rm)) = W(T—2) f(rin-1)

1

Tm—3 = a; ’ Tm—3
+ h(Tm—Z)[h ( Tm—2 ) f( Tm—3 rlp] + (1 —h (m)) f(rm—Z)]v

i=1

using the fact that 4 is supermultiplicative function,
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< f(rm) + h(Tm—l)[f(rm—]) - f(rm)] - h(Tm—Z)f(rm—])
m=3

+ h(Tm—3)f (Z Ta/i rlp) + h(Tm—Z)f(rm—Z) - h(Tm—S)f(rm—Z)

=1 m-3

= f(rw) + (T DL (rm=1) = f(ra)] + B(T ) f (r—2) = f(rm-1)]

1

m=3 P
- h(Tm—3)f(rm—2) + h(Tm—3)f [Z Tal rlpJ

=1 m=3

<

< frm) + WD (rne1) = fr)] + B(T ) f (rim=2) — f(rm-1)]
+ h(T ) f(rm=3) = f(rm—2)] + ...
+ (T f(r) = f(r3)] + KT f(r1) = f(r2)]

m—1
= flrm) + D T = frian)].
i=1

The result is completed. O

Remark 4. If we choose p = 1 and h(¢) = t in (4.2) then we have classical Jensen type inequality.
5. Fejér type inequality

Theorem 5.1. Assume that g and f are functions such that f is modified (p, hy)-convex function and g
is modified (p, hy)-convex function, fg € Li([vy,Vv2]) and hih, € Li([0, 1]) along vi,v, € I and v, < v;.
Then we get

v 1

s [ s < g5 + 101 [ mi@s(odr
2 1
i 0

1 1
+ m(vy,vy) fhz(t)dt + n(vy, v2) fhl(t)dt, 5.1
0 0

where

[(vi,v2) = [f(v)g(v1) — f(r)g(vi) — f(v)g(v2) + f(v2)g(n2)];
m(vy,v2) = [f(v2)g(v1) — f(r2)g(v2)];
n(vi,v2) = [f(v1)g(v2) — f(v2)g(v2)].

Proof. We know that f be modified (p, h,)-convex function and g be modified (p, h,)-convex function,
we have
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S} + (1= t)V’z’]%) <@ f(wi) + (1= hi(0)f(v2);
gy +(1 - t)vlz’]%) < ha(Dg(v) + (1 — ha()g(v2),
for each 7 € [0, 1]. Because f and g are non-negative, we attain the inequality
FANVY + (1= 0V519)e([] + (1 = v517)
< hiOho (D fv)gv1) + hi(D)(1 — ha(0) f(vi)g(v2)
+ (1 = ()0 f(v2)g(v1) + (1 = h (D)L = ha (1) f(v2)g(v2),

integrating above inequality over (0,1), we attain the inequality

1

ff([tvf + (L= V1)) + (1 = D5 17)dt

0

1 1
< fgvi) f h (Dhy()dt + f(v1)g(v2) f h()(1 = ha(1))dt
0 0
1
+ f(v2)g(v1) f (1 = h@)ha(0))dt
0

1
+ f(v2)g(v2) f(l — )1 = ha(1))dr.
0

By setting r = [tv} + (1 — t)v‘z’]é, we get

V2

5 | 7 f((dr < f(r)g(v)
2 1

|
+ [fv)gv1) = f(v)g(vi) — f(v)g(va) + f(v2)g(va)] fhl(t)hz(f)dl

0

1 1
+ [f(2)g(vi) = f(v2)g(v2)] f hy(Ddt + [f(v)g(v2) = f(v2)g(v2)] f hy (1)dt
0 0

1 1 1
< f(v2)g(va) + (v, v2) f hi(Ohy(Ddt + m(vy, v2) f hy(Hdt + n(vy, v2) f hi(t)dt.
0 0 0

Remark 5. If we take p = 1 and A(¢) = ¢ in (5.1) then we will get the result for convex function.

AIMS Mathematics
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6. Conclusions

Convexity play an important rule in applied sciences and mathematics. In this paper, we introduced
modified (p, h)-convex functions which unify p-convexity with modified i#-convexity. We investigated
the fundamental properties of modified (p, h)-convexity and gave the Hermite-Hadamard, Fejér and
Jensen’s type inequalities.

Acknowledgment

1. Research Project on Basic Scientific Research Operating Costs of Higher Education Institutions
in Heilongjiang Province (1353MSYYBO17), Mudanjiang City 2018 Guidance Science and
Technology Plan Project Technical Attack Project of Mudanjiang City (G2018q2465), Nature Science
Fund of Daqing Normal University (19ZR04).

2. The research was supported by the National Natural Science Foundation of China (Grant Nos.
11971142, 11871202, 61673169, 11701176, 11626101, 11601485).

Contflict of interest

The authors declare that no competing interests exist.

References

1. G. Toader, Some generalization of the convexity, Proc. Colloqu. Approx. Optim. Cluj-Napoca.,
(1984), 329-338,

2. S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential equations,
John Wiley and Sons, USA, 1993.

3. G. Farid, W. Nazeer, M. S. Saleem, et al. Bounds of Riemann-Liouville fractional integrals in
general form via convex functions and their applications, Mathematics, 6 (2018), 248.

4. Y. C. Kwun, M. S. Saleem, M. Ghafoor, et al. Hermite-Hadamard-type inequalities for functions
whose derivatives are convex via fractional integrals, J. Inequal. Appl., 2019 (2019), 1-16.

5. 1. A. Baloch, S. S. Dragomir, New inequalities based on harmonic log-convex functions, Open J.
Math. Anal., 3 (2019), 103-105.

6. W.Igbal, K. M. Awan, A. U. Rehman, et al. An extension of Petrovic’s inequality for (h-) convex
((h-) concave) functions in plane, Open J. Math. Sci., 3 (2019), 398—403.

7. S. Mehmood, G. Farid, K. A. Khan, et al. New fractional Hadamard and Fejer-Hadamard
inequalities associated with exponentially (h, m)-convex functions, Eng. Appl. Sci. Lett., 3 (2020),
45-55.

8. M. K. Wang, Y. M. Chu, W. Zhang, Monotonicity and inequalities involving zero-balanced
hypergeometric function, Math. Inequal. Appl., 22 (2019), 601-617.

9. Y. M. Chu, M. A. Khan, T. Ali, et al. Inequalities for a-fractional differentiable functions, J.
Inequal. Appl., 2017 (2017), 1-12.

AIMS Mathematics Volume 5, Issue 6, 6959-6971.



6971

10. C. Y. Jung, M. S. Saleem, W. Nazeer, et al. Unification of generalized and p-convexity, J. Funct.
Spaces, 2020 (2020), 1-6.

11. D. Ucar, V. F. Hatipoglu, A. Akincali, Fractional integral inequalities on time scales, Open J.
Math. Sci., 2 (2018), 361-370.

12. S. Zhao, S. 1. Butt, W. Nazeer, et al. Some Hermite-Jensen-Mercer type inequalities for k-Caputo-
fractional derivatives and related results, Adv. Differ. Equ., 2020 (2020), 1-17.

13. H. Kadakal, M. Kadakal, 1. Iscan, New type integral inequalities for three times differentiable
preinvex and prequasiinvex functions, Open J. Math. Anal., 2 (2018), 33—46.

14. T. Zhao, M. S. Saleem, W. Nazeer, et al. On generalized strongly modified h-convexfunctions, J.
Inequal. Appl., 2020 (2020), 1-12.

15. S. Kermausuor, Simpson’s type inequalities for strongly (s, m)-convex functions in the second sense
and applications, Open J. Math. Sci., 3 (2019), 74-83.

16. Y. C. Kwun, G. Farid, W. Nazeer, et al. Generalized riemann-liouville k-fractional integrals
associated with Ostrowski type inequalities and error bounds of hadamard inequalities, IEEE
access, 6 (2018), 64946-64953.

17.J. E. Pecari¢, F. Proschan, Y. L. Tong, Convex Functions, Partial Ordering and Statistical
Applications, Academic Press, New York, 1991.

18. K. S. Zhang, J. P. Wan, p-convex functions and their properties, Pure Appl. Math., 23 (2007),
130-133, .

19. E. M. Wright, An inequality for convex functions, Amer. Math. Monthly, 61 (1954), 620-622,

20. M. Z. Sarikaya, A. Saglam, H. Yildirim, On some Hadamard-Type ineualities for h-convex
functions, J. Math. Inequal., 2 (2008), 335-341.

21. H. Bai, M. S. Saleem, W. Nazeer, et al. Hermite-Hadamard-and Jensen-type inequalities for
interval nonconvex function, J. Math., 2020 (2020), 1-6.

22. X. M. Zhang, Y. M. Chu, X. H. Zhang, The Hermite-Hadamard type inequality of GA-convex
functions and its application, J. Inequal. Appl., 2010 (2010), 1-11.

E ©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

@ AIMS Press terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 6, 6959-6971.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Basic results
	Hermite-Hadamard type inequalities
	Jensen type inequality
	Fejér type inequality
	Conclusions

