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Abstract: In this paper, we prove the existence of infinitely many small solutions for the following
fractional Schrodinger-Poisson system

(=AYu+ V(xu+ ¢u = f(x,u), xe€R3,
(—A)'¢ = u?, x € R3,

where (—A)“ denotes the fractional Laplacian of order @ € (0, 1) and V is allowed to be sign-changing.
We obtain infinitely many small solutions via a dual method. Our main tool is a critical point theorem
which was established by Kajikiya.
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1. Introduction and preliminaries

This article deals mainly with the following fractional Schrodinger-Poisson systems

{ (=A)u+V(xX)u+ ¢u = f(x,u), x€R>, (1.1)

(~A)Yp =, xeR,

where (—A)“ denotes the fractional Laplacian of order a € (0, 1) and V is allowed to be sign-changing.
In (1.1), the first equation is a nonlinear fractional Schrodinger equation in which the potential ¢
satisfies a nonlinear fractional Poisson equation. For this reason, system (1.1) is called a fractional
Schrodinger-Poisson system, also known as the fractional Schrodinger-Maxwell system, which is not
only a physically relevant generalization of the classical NLS but also an important model in the study
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of fractional quantum mechanics. For more details about the physical background, we refer the reader
to [3,4] and the references therein.

It is well known that the fractional Schrodinger-Poisson system was first introduced by Giammetta
in [8] and the diffusion is fractional only in the Poisson equation. Afterwards, in [14], the authors
proved the existence of radial ground state solutions of (1.1) when V(x) = 0 and nonlinearity f(x, u)
is of subcritical or critical growth. Very recently, in [15], the author proved infinitely many solutions
via Fountain Theorem for (1.1) and V(x) is positive. However, to the best of our knowledge, for the
sign-changing potential case, there are not many results for problem (1.1).

In recent years, the following potential function was discussed: (V;) V(x) € C@®R? R) and
inf, g3 V(x) > —oo, which is called sign-changing potential. It is well known that the Schrodinger
equation has already attracted a great deal of interest in the recent years with the above sign-changing
potential. Many researchers studied infinitely many solutions for Schrédinger equation with the above
sign-changing potential and some different growth conditions on f, see [11, 13]. On the basis of the
previous work, many authors considered infinitely many solutions for different equations with
sign-changing potential and some different growth conditions on f, see [1,5-7,10, 11,13, 18-22] and
the references therein. In particular, Bao [7] and Zhou [13] studied infinitely many small solutions for
Schrodinger-Poisson equation with sign-changing potential. However, we know that there are few
papers which deal with infinitely many small solutions without any growth conditions via dual
methods.

Inspired by [7, 13], we will study infinitely many small solutions for the problem (1.1) under the
following assumptions on V and f:

(V,) There exists a constant dy > 0 such that

lim meas({x eR?: |x —y| < dpy, V(x) < M}) =0, YVM>O.

[y[—00

(f1) There exists constant §; > 0 and 1 < r; < 2 such that f € C(R?® x [-6;,6;],R) and
lfCe Ol < a@le"™", 11 <6, YxeR,

where a(x) € Lﬁ(Rﬂ is a positive continuous function.
(f2) lim £&0 = 400 uniformly for x € R.
—
(f3) There exists a constant &, > 0 such that f(x, —t) = —f(x, t) for any |f| < 6, and all x € R>.
Note that condition (V,) is usually applied to meet the compact embedding.
Next, we are ready to state the main result of this paper.

Theorem 1.1 Suppose that (Vi), (V,) and (f1)—(f3) hold. Then when s € (%, 1), t € (0,1) satisfying
4s + 2t > 3, problem (1.1) has infinitely many solutions {u;} such that

1

. 1 1
— | 1=A) uPdx+ = f V(xXupdx + — f @), updx — f F(x, u)dx < 0
2 R3 2 R3 4 R3 k R3

and u;, — 0as k — oo.
Throughout this paper, C > 0 denote various positive constants which are not essential to our
problem and may change from line to line.
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2. Variational framework and main results

Before stating this section, we first notice the following fact: by (V;), we can conclude that there
exists a constant V; such that V(x) = V(x) + V, > 0 forall x € R3. Let f(x u) = f(x,u) + Vou and
consider the following new equation

{ (=A)u+ V(x)u + ¢u = f(x,u), x€R>,

(=AN)'¢p = u?, x e R3. 21

It is easy to check that the hypotheses (V;), (V) and (f;)—(f3) still hold for V and fprovided that
those hold for V and f. In what follows, we just need to study the equivalent Eq (2.1). Therefore,
throughout this section, we make the following assumption instead of (V)

(V) V(x) € C(R3,R) and inf zs V(x) > 0.
To this end, we define the Gagliardo seminorm by

B u(x) — u)P \?
[u]a/,p = (‘fR3 o |)C _—y|N+(lp dXdy) ,

where u : R? — R is a measurable function.
On the one hand, we define fractional Sobolev space by

W*P(R%) = {u e LP(RY) : u is measurable and (U)o, < 00}

endowed with the norm 1
lellop = (1212, + Ilal3)” (2.2)

lul, = ( f |u<x)|f’dx)p .
R3

If p = 2, the space W*%(R?) is an equivalent definition of the fractional Sobolev spaces based on
the Fourier analysis, that is,

where

HRY) 1= W™ (R?) = {u e L*(R%): f (1 + |EPude < oo},
R3

||u||Ha=( f P @PdE + f |u|2d§)2,
R3 R3

where u denotes the usual Fourier transform of u. Furthermore, we know that || - ||z« is equivalent to

the norm 1
l|etl| o = (f I(=A) 2 ul*dx + f uzdx) )
R3 R3

Let Q € R? and L7(Q), 1 < p < +oo be a Lebesgue space, the norm in L”(Q) is denoted by |-| »a- Let
H{ (), Q C R3, and H*(R?) denote the usual fractional Sobolev spaces (see [9]). Under the assumption
(V1), our working space is defined by

endowed with the norm

E= {u € H'RY) : f V(x)uldx < oo} (2.3)
R3
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and
E(Q) = {ue HX(Q) : f V(x)u*dx < o).
Q

Thus, E is a Hilbert space with the inner product

(Vg = fR (P TETE) + WEW)) dé + fR V@uvdsx,

(V5o = fg (IEPemENw(E) + TEWE)) dE + fg V(u()v(xdsx,

and the norm 1

llull, = ( fR 3 (1P &) + [€)P) dé + fR 3 v(x)bﬂ(x)dx)z :

||u||m:( fg (IEP )P + ()I) dé + fg V(x)uz(xmx)z,

Moreover, || - ||, and ||u||g o are equivalent to the following norms

1

llul] := ||u||E=( f |(~=A)2 ufdx + f 17(x>u2dx) :
R3 R3
||u||E,Q:( f [(=A) 2 uPdx + f V(X)ude)z,
Q Q

where the corresponding inner product are

and

(u,v)g = f (A u(=2)7v + V(x)uv)dx.
R3

and

(U, V)gq = f ((~A) 2 u(=2)%v + V(xpuv) dx.
Q
The homogeneous Sobolev space D*?(R?) is defined by
D*(R®) = {u € L% (R%) : |£"T(¢) € LR},

which is the completion of C3’(R*) under the norm

llellpe> = (f I(—A)gulde) = (f |§|2“|’ﬁ(§)|2d§) ;
R3 R3

endowed with the inner product

(U, V) a2 = f (=A)Iu(=A)% vdx.
R3
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Then D%?*(R?) — L% (R?), that is, there exists a constant C > 0 such that
lleello;, < Colleal| pe2. (2.4)

Next, we give the following lemmas which discuss the continuous and compact embedding for
E — LPR3) for all p € [2,2;]. In the rest of paper, we use the norm || - || in E. Motivated by
Lemma 3.4 in [16], we can prove the following Lemma 2.1 in the same way. Here we omit it.
Lemma 2.1 E is continuously embedded into LP(R®) for2 < p < 2} := ﬁ and compactly embedded
into LF(R®) for all s € [2,2}).
Lemma 2.2 ([ [9], Theorem 6.5]) For any a € (0, 1), D**(R?) is continuously embedded into L*(R?),
that is, there exists S, > 0 such that

( f |u|2adx) <S, f I(=A)2ul’dx Y ue D**(R>).
R3 R3

Next, let @ = s € (0, 1). Using Holder’s inequality, it follows from Lemma 2.1 and Lemma 2.2 that
for every u € E and s,1 € (0, 1), we have

3+2t

6 T 1
f uzvdxs( f |u|31+22fdx) ( f V[ dx) <y S lulPlvllpe, (2.5)
R3 R3 R3 342t

where we used the following embedding

N‘__

E < L¥5(R3) if 2t + 45 > 3.

By the Lax-milgram theorem, there exists a unique ¢, € D"*(R?) such that

f V(=AY ¢ dx = f (—A)2 ¢ (—A)Zvdx = f wvdx, v e DA(RY). (2.6)
R3 R3 R3
Hence, ¢/, satisfies the Poisson equation

(-A)¢' =u?, xeR’.

Moreover, ¢/, has the following integral expression

)
¢ (x) = f X ;3(3) sdy, x€ R?,

which is called 7-Riesz potential, where

s, T3 —2n)

— 2
=T ro

Thus ¢’ (x) > 0 for all x € R?, from (2.5) and (2.6), we have

@ Iz < S 2 ||u|| 5 < Cllul? if 2t +4s > 3. 2.7)

+21
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Therefore, by Holder’s inequality and Lemma 2.1 and Lemma 2.2, there exist C, >0,C, >0
such that

3+2t

f gu’dx < (f .1° dX) (f IMIM'dX) < Ciliglipallull® < Callull’.

Now, we define a cut-off function 27 € C(R,R) such that 0 < h(?) < 1, h(-t) = h(¢) for all t € R,
h(t) = 1 for all |¢{| < d, h(t) = O for all |t > 2d and A is decreasing in [d, 2d], where 0 < d <
—mm{él,éz, }. Let

fulx,uw) = f(x,wh(u), Y (x,u)e€ R® x R, (2.8)

and .
Fr(x,u) = f fulx,dt, Y (x,u) € R?® x R. (2.9)
0

Consider the following modified fractional Schrédinger-Poisson system

(=A)'u + V(X)u + ¢u = fi(x,u), x€R3, (2.10)
(=AY = u?, x € R, '
and define the cut-off functional by
1 1
Tn(u) = = f (I( A)iuf® + V(X)IMI - f Lutdx — f Fy(x, u)dx.
2 R3 4 R3
Moreover, the derivative of J is
(Th(u),vy = f (A2 u(=A)*v + V(v + gluv — f(x,uw)dx, VuveE. (2.11)
R3

Then u € E, satisfies |u| < [, is a critical point of the functional 7, u is a weak solution of (1.1).
Since the embedding E(€2) < L"(€2) is continuous, where r € [2,27] and Q C R3, then there exists
a constant o, such that |u|,.o < o,/lullgqo. By Lemma 2.1, we know that E(Q2) — LP(€2) is compact
for all p € [2,2}). Similar to [7], the energy functional ), : E — R is well defined and of class
C!(E,R). Obviously, it can be proved that if u is a critical point of 7}, then the pair (u, ¢!, is a solution
of system (1.1).

Let I'; denote the family of closed symmetric subsets A of E such that 0 ¢ A and the genus y(A) > k.
For more details on genus, we refer the readers to [23]. To prove the existence of infinitely many
solutions, we mainly apply the following critical point theorem established in [2].

Lemma 2.3 [2] Let E be an infinite dimensional Banach space and J;, € C'(E,R) an even functional
with J,(0) = 0. Suppose that [, satisfies

(J1) T is bounded from below and satisfies (PS) condition.

(J>2) For each k € N, there exists an Ay € Ty such that sup,, Jr(u) < 0.

Then there exists a critical point sequence {u;} such that J,(u;) < 0 and 1}1—930 u, = 0.

In order to prove our main result by Lemma 2.3, we need the following lemmas.
Lemma 2.4 Assume that a sequence {u,} C E, u, — uin E as n — oo and {||u,||} be a bounded
sequence. Then, as n — oo, we have

f (¢Lnun - ¢Lu)(un - u)dx — 0. (212)
R3
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Proof. Take a sequence {u,} C E such that #, — u in E as n — oo and {||u,||} is a bounded sequence.
By Lemma 2.1, we have u, — u in LP(R?) where 2 < p < 25, and u, — u ae. on R3. Hence
SUp,,c llttall < oo and |lul| is finite. Since s € (%, 1), then we know that £ — L%(R3) holds. Hence

by (2.4) and (2.7), we have
< (f (‘P;,,”n - ¢;u)2dx)2 (f (un — Lt)zdx)2
R3 R3

< \5[[ (¢}, unl* + |¢Lu|2)] [l — ull2
R3

2 2 2 2 \1
< C3(II¢L,L||2;||un||2£ + |I¢;II2;IIMIIZ£)2||un —ull2
s 5

f (‘P;nun - (]SIZM)(M,, - u)dx
R3

4 41
< G(llunll”™ + )2 ey, — ull, — 0, as n — co.

This completes the proof of this lemma. O

Lemma 2.5 Suppose that (Vy), (V,) and (f1), (f2) hold. Then g, is bounded from below and satisfies
the (PS) condition on E.

Proof. By (V)), (V,), (f1), f>) and the definition of &, we can get

|Fy(x,v)| < ax )| I+ —Ovz, VY (x,v) € (R3,R).

For any given v € E, let Q = {x € R® : |v| < 1}. By Holder’s inequality and the definition of 7,
one has

2
C 1
> ShiEa+ 7 [ dwdx— [ Futnas

C
ZIvii2 o - f(“ﬂw ;ﬂw
Q

1 1
:Mw:wW+—f¢MM—fﬁwmwx
4 R3 R3

2
(2.13)
C a(x) . .
z?w@—f( V" + ij
Q
C 1
zzwmg—7mun allvllyg nmg
C er OQr
2wmg—74mw|zwwn 'nmw

which implies that 7, is bounded from below by r; € (1,2). Next we prove ., satisfies the (PS)
condition. Let {v,} C E be any (PS) sequence of 7}, that is, {J,(v,)} is bounded and ., (v,) — 0. For
eachn € N, set Q, = {x € R? : |v,| < 1}. Then by (2.13), we have

Q2 Oer

Ia(X)I 2 pllvalli g

C
czmwaz?m@@ —— vl g »

AIMS Mathematics Volume 5, Issue 6, 6902-6912.



6909

which implies that ||v,||gq, < C and C is independent of n. Thus

1 s 1 ~ 1
—f |(—A)2v,,|2dx+—f V(x)vﬁdx+—f ¢! vidx
2 Jo, 2 Jo, 4 Jg,

=Jn(vy) + f Fu(x,v,)dx (2.14)
Q,

92 OQr
<C+ r—la(X)I%,Rsllvnllgg '
1 " o

—— Il g, <

where C is independent of n. Similarly

1 s 1 — 1
ﬂ%h—fKﬂwwm+ifWW%H—f%ﬁﬂifﬂmmm
2 R3 2 R3 4 ]R3 " R3

1 . 1 — 1
> — f I(=A)2v,dx + = f V(x)vidx + — ¢ vidx — f Fi(x,v,)dx.
2 Jrna, 2 Jrna, 4 Jrang, " n

Therefore,
1

s 1 ~ 1
—f |(—A)2vn|2dx+—f V(x)vidx+—f vnvzdx
2 Jpne, 2 Jpna, 4 Jma,

S jh(vn) + f Fh(x» Vn)d-x
Q, (2.15)

r

er

°nm

%
< C+ —la(x)| 2 gslvally o +
rl 2-rq =on
<C,

where C is independent of n. Combining (2.14) with (2.15), we have

1 s 1 _ 1
= —f I(=A)2v,[*dx + —f V(x)vidx + —f ¢ vidx
2 R3 2 R3 4' R3 "

is bounded independent of n. Hence, as in the proof of Lemma 3.1 in [12], we have

1 . 1 (-
Clvall € = f I(=A)2v,[*dx + = f V(xvidx < S?<C,
2 R3 2 R3

which implies that {v,} is bounded in E. Going if necessary to a subsequence, we can assume v, — v
in E. Since the embedding E < LP(R?) is compact, then v, — v in LP(R?) for all 2 < p < 2 and
v, — va.e.onR>.

By (f>) and Holder’s inequality, we have

fR3 (fu(x, Vi) = fu(x,v) (v, = v)dx

< r st _
< L 3(Icl(x)llvnl + Volvul + la()vI™ + Volvl) [v, — vidx (2.16)

<cﬁwm ollvally s + Vollvallogs +la@ol 2 mew+wwmwm—mms

= 0,(1).
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On the other hand, by Lemma 2.4, we get that

f (¢, Vi — O V) (v, —v)dx — 0, as n — co. (2.17)
R3
Hence together with (2.16) and (2.17), we get

0n(1) =(J3(vn) = T;(0), v = v)
= v, = VI + f (@), Vn = $VI(n = v)dx
R3

- f (fn(x,vi) = fiu(x,v)) (v, — v)dx
R3
> Csllv, = VI + 0,(1).

This implies v, — v in E and this completes the proof. O

Similar to the proof of Lemma 3.2 in [7] and Lemma 3.2 in [17], we can get the following lemma.
Lemma 2.6. For any k € N, there exists a closed symmetric subsets A, C E such that the genus
Y(Ay) = k and sup,,, T (v) <O0.

Proof. Let E, be any n-dimensional subspace of E. Since all norms are equivalent in a finite
dimensional space, there is a constant S = S(E,,) such that

il < Blvil2

for all v € E,, where || - ||, is the usual norm of L*(R?).
Next, we claim that there exists a constant M > O such that

1
3 f v[2dx > f Iv[>dx (2.18)
R3 [v|>1

for all v € E, and ||v|| < M. In fact, if (2.18) is false, then exists a sequence {v;} C E,\{O} such that

vy — 01in E and
1
— f vilPdx < f lvil>dx
2 R3 [vi|>1

for all k € N. Let uy = —*—. Then

”VkHZ,RS

1
3 < f |uy|*dx, forall k € N. (2.19)
Ivel>1

On the other hand, we can assume that u; — u in E since E,, is finite dimensional. Hence u; — u in
L*(R?). Moreover, it can be deduced from v; — 0 in E that

meas{x €R> : || > 1} - 0, k— oo.

f |uk|2dxs2f |uk—u|2+f wdx - 0, k> o
[vel>1 R3 [vie|>1
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which contradicts (2.19) and hence (2.18) holds. By (f;), we can choose a [ small enough such that

- 8 3+2t

(1 1
flw) > 2 (5 + 7500 )ﬁvz-
for all x € R* and 0 < v < 2. This inequality implies that

1 1
F(x,v) = F(x,v) < 4(5 + ZS,Q‘LQ ) BV (2.20)
3+2¢

The assumption (f3) implies F,(x, v) is even in v. Thus, by (2.20), we have

jh(v):lfl(—A)évlzdx+lf\N/(x)vzdx+lfqﬁivzdx—th(x,v)dx
2 Q 2 Q 4 Q Q

1 1
< IV + 38t = [ Fitnbidd

2 vl
1o 1oy 2 I 1.4 2 2
< — — — — —
< 2||v|| + 4S“931+22,”v” 4(2 + 4StQ31fz, B - [v|*dx

1 1 1 1
= (5 + ZSIQ‘:;BZ[) ||V||2 - 4(5 + ZStQiLZZz)ﬁZ (L* |v|2dx - Lp[ |V|2dX)

for all v € E, with |[|v]| < min{M, 1}. Let 0 < p < min{M, 1} and A, = {v € E,, : ||v|| = p}. We conclude
that y(A,) > n and

1 1
sup Jn(v) < —(— + —Stg“lz)p2 < 0.

VEA, 2 4 3+2t

This completes the proof.

Proof of Theorem 1.1 . By (f})-(f3), we know that 7}, is even and ,(0) = 0. Furthermore,
Lemmas 2.5 and 2.6 imply that ., has a critical sequence {v,} such that J,(v,) < 0 and v, — 0 as
n — oo. Thus, we get by Lemma 2.3 that problem (1.1) has infinitely many small solutions. This
completes the proof.

3. Conclusions

We consider a class of fractional Schrodinger-Poisson systems with sign-changing potential.
According to the assumptions, we construct an equivalent new system. By dual method and the
critical point theorem, we proved the existence of infinitely many small solutions.
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