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1. Introduction
The radial addition K+L of star sets K and L can be defined by
p(KIL’ ) = p(K, ) + p(L’ )’

where a star set is a compact set that is star-shaped at o and contains o and p(K, -) denotes the radial
function of star set K. The radial function is defined by

o(K,u) = max{c >0 : cu € K}, (1.1

for u € ™!, where S"~! denotes the surface of the unit ball centered at the origin. The initial study
of the radial addition can be found in [1, p. 235]. K is called a star body if p(K, ) is positive and
continuous, and let 8" denote the set of star bodies. The radial addition and volume are the basis
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and core of the dual Brunn-Minkowski theory (see, e.g., [2-10]). It is important that the dual Brunn-
Minkowski theory can count among its successes the solution of the Busemann-Petty problem in [3,11-
14]. Recently, it has turned to a study extending from L,-dual Brunn-Minkowski theory to Orlicz
dual Brunn-Minkowski theory. The Orlicz dual Brunn-Minkowski theory and its dual have attracted
people’s attention [15-28].

For K € 8" and u € $"~!, the half chord of K in the direction u is defined by

1
d(K,u) = E(,o(K, u) + p(K, —u)).

If there exists a constant A > 0 such that d(K,u) = Ad(L,u), for all u € S™ !, then star bodies K, L
are said to have similar chord (see Gardner [1] or Schneider [29]). Lu [30] introduced the i-th chord
integral of star bodies: For K € 8" and 0 < i < n, the i-th chord integral of K, is denoted by B;(K), is
defined by

Bi(K) = % f d(K, u)""'dS (u). (1.2)
Sn—l

Obviously, for i = 0, B;(K) becomes the chord integral B(K).

The main aim of the present article is to generalize the chord integrals to Orlicz space. We introduce
a new affine geometric quantity which we shall call Orlicz mixed chord integrals. The fundamental
notions and conclusions of the chord integral and related isoperimetric inequalities for the chord
integral are extended to an Orlicz setting. The new inequalities in special cases yield the L,-dual
Minkowski and L,-dual Brunn-Minkowski inequalities for the L,-mixed chord integrals. The related
concepts and inequalities of L,-mixed chord integrals are derived. As extensions, Orlicz multiple
mixed chord integrals and Orlicz-Aleksandrov-Fenchel inequality for the Orlicz multiple mixed chord
integrals are also derived.

In Section 3, we introduce the following new notion of Orlicz chord addition of star bodies.

Orlicz chord addition Let K and L be star bodies, the Orlicz chord addition of K and L, is denoted
by K+¥4L, is defined by

¢( d(K, u) d(L,u) ):1,

) - 1.3

where u € §"!, and ¢ € ®,, which is the set of convex functions ¢ : [0,0)?> — (0, o) that are
decreasing in each variable and satisfy ¢(0, 0) = co and ¢(oo, 1) = ¢(1,00) = 1.

The particular instance of interest corresponds to using (1.3) with ¢(x;, x2) = ¢1(x1) + £d(x,) for
€ > 0 and some ¢, ¢, € @, which are the sets of convex functions ¢, ¢, : [0, 0) — (0, co0) that are
decreasing and satisfy ¢(0) = ¢,(0) = o0, ¢1(0) = ¢hp(c0) = 0 and ¢;(1) = (1) = 1.

In accordance with the spirit of Aleksandrov [31], Fenchel and Jessen’s [32] introduction of mixed
quermassintegrals, and introduction of Lutwak’s [33] L,-mixed quermassintegrals, we are based on the
study of first-order variations of the chord integrals. In Section 4, we prove that the first order Orlicz
variation of the mixed chord integral can be expressed as: For K,L € 8", ¢1,¢, € ®,0 < i < n and
>0,

4 Bi(K¥46-L)=(n—i)-

By, (K, L), 1.4
. (K, L) (1.4)

1
(@) (1)
where (¢)/(1) denotes the value of the right derivative of convex function ¢, at point 1. In this first
order variational equation (1.4), we find a new geometric quantity. Based on this, we extract the
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required geometric quantity, denoted by B, ;(K, L) which we shall call Orlicz mixed chord integrals of
K and L, as follows

1 , d .
By, (K, L) = — - (¢1),(1) - —=|  Bi(K+y& - L). (1.5)
n-—1i delg—o+
We show also that the new affine geometric quantity has an integral representation as follows:
1 d(L,u) >
Bs(K,L)=— d(K,u)"'dS (u). 1.6
0.i(K, L) nfsn_ltﬁ(d(l(,u)) (K, u) (u) (1.6)

When ¢(r) = 177 and p > 1, the new affine geometric quantity becomes a new L,-mixed chord integrals
of K and L, denoted by B, ;(K, L), which as is in (2.7).

In Section 5, we establish an Orlicz Minkowski inequality for the mixed chord and Orlicz mixed
chord integrals.

Orlicz Minkowski inequality for the Orlicz mixed chord integrals If K,L € 8", 0 <i < n and
¢ € D, then

1/(n—i)
&@U } (1.7)

Bsi(K,L) > Bi(K) - ¢ ((m
If ¢ is strictly convex, the equality holds if and only if K and L are similar chord.
When ¢(¢) = t7 and p > 1, (1.7) becomes a new L,-Minkowski inequality (2.8) for the L,-mixed
chord integrals.
In Section 6, as an application, we establish an Orlicz Brunn-Minkowski inequality for the Orlicz
chord additions and the mixed chord integrals:

Orlicz Brunn-Minkowski inequality for the Orlicz chord additions IfK,L € 8", 0 <i < n and

¢ € @y, then
B(kK) \'"" ( B \""
¢ [(B&Kﬂm) ’(BAK%L)) ) (19

If ¢ is strictly convex, the equality holds if and only if K and L are similar chord.

When ¢(f) = 77 and p > 1, (1.8) becomes a new L,-Brunn-Minkowski inequality (2.9) for the
mixed chord integrals.

A new isoperimetric inequality for the chord integrals is given in Section 7. In Section 8, Orlicz
multiple mixed chord integrals is introduced and Orlicz-Aleksandrov-Fenchel inequality for the Orlicz
multiple mixed chord integrals is established.

2. Preliminaries

The setting for this paper is n-dimensional Euclidean space R". A body in R” is a compact set equal
to the closure of its interior. For a compact set K C R”, we write V(K) for the (n-dimensional) Lebesgue
measure of K and call this the volume of K. Associated with a compact subset K of R" which is star-
shaped with respect to the origin and contains the origin, its radial function is p(K, -) : $"! — [0, c0)
is defined by

p(K,u) =max{d>0: Au € K}.

Note that the class (star sets) is closed under union, intersection, and intersection with subspace. The
radial function is homogeneous of degree —1, that is (see e.g. [1]),

(K, ru) = r~'p(K, u),
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forall u € S" ! and r > 0. Let 6 denote the radial Hausdorff metric, as follows: if K, L € 8", then
S(K’ L) = |P(K, l/l) - P(L, u)|00°

From the definition of the radial function, it follows immediately that for A € GL(n) the radial function
of the image AK = {Ay : y € K} of K is given by (see e.g. [29])

p(AK, x) = p(K,A™'x), (2.1)
for all x € R".
For K; € §",i = 1,...,m, define the real numbers Rk, and rg, by
Rk, = max d(K;,u), and rgx, = min d(K;, u). 2.2)
ueSn-1 ueSn-1
Obviously, 0 < rg. < Rk, for all K; € §". Writing R = max{Rk,} and r = min{rg,}, where i = 1,...,m.

2.1. Mixed chord integrals

If Ki,...,K, € 8", the mixed chord integral of Ky, ..., K, is denoted by B(Kj, ..., K},), is defined
by (see [30])

B(K,...,K,) = %f d(Ki,u)---d(K,, u)dsS (u).
sn-1

ftK,=---=K,;,=K,K,_iy; =--- = K, = L, the mixed chord integral B(Kj,..., K,) is written as
Bi(K, L). If L = B (B is the unit ball centered at the origin), the mixed chord integral B;(K, L) = B;(K, B)
is written as B;(K) and called the i-th chord integral of K. Obviously, For K € §" and 0 < i < n, we
have

Bi(K) = % f d(K, u)"dS (). (2.3)
Sn—l

frKy ==K, =K K,.;, = -+ =K,y = Band K, = L, the mixed chord integral
B(K,...,K,B,...,B,L) is written as B;(K, L) and called the i-th mixed chord integral of K and L.
—— e

n—i—1 i

For K,L € 8" and 0 < i < n, it is easy to see that

Bi(K,L) = 1 f d(K, w)"" 7 'd(L, u)dS (u). (2.4)
Sn—l

n

This integral representation (2.4), together with the Holder inequality, immediately give the Minkowski
inequality for the i-th mixed chord integral: If K, L € 8" and 0 < i < n, then

Bi(K, L)"™" < Bi(K)""' B«(L), (2.5)
with equality if and only if K and L are similar chord.
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2.2. L,-mixed chord integrals

Definition 2.1 (The L,-chord addition) Let K,L € 8" and p > 1, the L, chord addition ¥, of star
bodies K and L, is defined by

d(K¥,L,u)™" =d(K,u)™ +d(L,u)", (2.6)

foru e S"'.
Obviously, putting ¢(x;, xp) = xl_p + x;p and p > 1 1in (1.3), (1.3) becomes (2.6). The following
result follows immediately from (2.6) with p > 1.

Bi(K%,e-L)— B(L) 1 .
P i BETpe D Z B 1 f A(K, u)"*Pd(L, u)"dS (u).
Sn—l

n—1ie->0" £ n

Definition 2.2 (The L,-mixed chord integrals) Let K,L € §",0 < i < nand p > 1, the L,-mixed
chord integral of star K and L, denoted by B, ;(K, L), is defined by

n

BMKU:lf d(K, u)""*Pd(L, u)"dS (u). (2.7)
gn-1

Obviously, when K = L, the L,-mixed chord integral B, ;(K, K) becomes the i-th chord integral B;(K).
This integral representation (2.7), together with the Holder inequality, immediately gives:

Proposition 2.3 IfK,L € 8", 0<i<nandp > 1, then
B, (K,L)"™" > B(K)" """ B(L)", (2.8)

with equality if and only if K and L are similar chord.
Proposition 2.4 I[fK,L € 8", 0<i<nandp > 1, then

BAKF,L) 71" = B(K) 7 + B(L) 70, 2.9)

with equality if and only if K and L are similar chord.
Proof From (2.6) and (2.7), it is easily seen that the L,-chord integrals is linear with respect to the
L,-chord addition, and together with inequality (2.8), we have for p > 1

B,.(0, K-T-pL) = B,.(0,K)+ B,(0Q.,L)
Bi(Q)" D= (B (k)P BP0y,

\%

with equality if and only if K and L are similar chord.
Take K¥,L for Q, recall that B, ,(Q, Q) = B,(Q), inequality (2.9) follows easily. ]

3. Orlicz chord addition
Throughout this paper, the standard orthonormal basis for R” will be {ey,...,e,}. Let ®,, n € N,
denote the set of convex functions ¢ : [0, )" — (0, co) that are strictly decreasing in each variable and

satisfy ¢(0) = co and ¢(e;) = 1, j = 1,...,n. When n = 1, we shall write ® instead of ®;. The left
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derivative and right derivative of a real-valued function f are denoted by (f); and (f);, respectively.
We first define the Orlicz chord addition.

Definition 3.1 (The Orlicz chord addition) Letm > 2,¢ € ®,,, K; € S" and j = 1,...,m, the Orlicz
chord addition of Kj, ..., K, is denoted by +,(Kj, ..., K,), is defined by

d(K,, u) d(Km,u))

PR Sl}, 3.1

d(F4(Ky,...,Kp),u) = sup{/l >0: ¢(

for u € S"'. Equivalently, the Orlicz chord addition ¥4(Kj, ..., K,,) can be defined implicitly by

d(K;, d(K,,
¢( _dKew _ dEw) ):1, (32)
d(+¢(K1’ R Km)’ M) d(+¢(K1 RS Km), I/l)
forallu e S"'.
An important special case is obtained when
¢(X1, e ,Xm) = Z ¢](-xj)’
=1
for some fixed ¢; € ® such that ¢;(1) = --- = ¢,(1) = 1. We then write +4(Ky,...,K,) =
Ki¥4- - ¥4K,. This means that K, +, - - - +,K,, is defined either by
< d(K;,
d(K\+y- - ¥4K,, u) = sup /1>O:Z¢j( ( Ju))ﬁl , 3.3)
j=1 A

for all u € S™~!, or by the corresponding special case of (3.2).

Lemma 3.2 The Orlicz chord addition +, : (8")" — 8" is monotonic.
Proof This follows immediately from (3.1). |

Lemma 3.3 The Orlicz chord addition +, : (8")" — 8" is GL(n) covariant.
Proof From (2.1), (3.1) and let A € GL(n), we obtain

d(*4(AK1,AK, ..., AK,), u)

AK AK AK,

= sup{/l>0:¢(d( /ll’u),d( /lz,u),-”,d( /lm’u))SI}
K{,A! K, Al K, A"}

= sup{/l>02¢(d( 1’/1 u)’a'( 2’/1 u)’.“’d( m’/l u))SI}

= d(¥4(Ky,...,K,),A"u)
= d(-\F(ﬁ(Kl’ ) Km)a l/l).

This shows Orlicz chord addition ¥4 is GL(n) covariant. O
Lemma 3.4 Suppose Ki,...,K, € S". If ¢ € ©, then

o[0) o)
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if and only if
d(F4(Ky,. ... Ky, u) =t

Proof This follows immediately from Definition 3.1. O
Lemma 3.5 Suppose K,,,,...,K,, € S". If p € ®, then

r v
i S d(Ey(K .. K)o 0) < peTiES

Proof Suppose d(+4(Ki,...,K,),u) = t, from Lemma 3.4 and noting that ¢ is strictly deceasing on
(0, 00), we have

1 = ¢(—d(Kt1’”)) bt ¢(d(K:“”))

< o()eeof)
- )

Noting that the inverse ¢! is strictly deceasing on (0,c0), we obtain the lower bound for

d(_\i_qﬁ(Kl’ ey Km)9 l/l):
7

= T
¢_1(;)
To obtain the upper estimate, observe the fact from the Lemma 3.4, together with the convexity and
the fact ¢ is strictly deceasing on (0, o), we have

. ¢(d<l<1,u>)+_”+¢(d<1<m,u>)

t t
(d(Kl,u) +-- 4+ d(Km,u))
me

mt

=

- mlf)

Then we obtain the upper estimate:
R

¢

t <

O

Lemma 3.6 The Orlicz chord addition +, : (8")" — 8" is continuous.
Proof To see this, indeed, let K;; € 8", i e NU{0}, j = 1,...,m, be such that K;; — Kj; asi — oo. Let

d(F4(Kit, . .., Kim), u) = t;.

Then Lemma 3.5 shows
r,~j RU
T Shs oo
¢'(--) ¢~'(:)
where r;; = min{rg, } and R;; = max{Rg, }. Since K;; — Ko;, we have Rg,;, — Rk, < oo and rg,, —
ri,; > 0, and thus there exist a,b such that 0 < a < t; < b < oo for all i. To show that the bounded

AIMS Mathematics Volume 5, Issue 6, 6639-6656.



6646

sequence {#;} converges to d(+4(Koi, - .., Kon), u), we show that every convergent subsequence of {t;}
converges to d(+4(Ko1, . .., Kon), u). Denote any subsequence of {t;} by {t;} as well, and suppose that
for this subsequence, we have

t; > t,.

Obviously a < ¢, < b. Noting that ¢ is a continuous function, we obtain

d(Koy, u) d(Kop, M)) < 1}

L)

t. t.

L. —>sup{t* >O:¢(

= d(-\|1¢(K01 P KOm)’ I/t)

Hence
d(F4(Kit, . .., Kim), u) = d(F4(Ko1, - . ., Kow), )
as i — oo,
This shows that the Orlicz chord addition ¥+, : (S§")" — S" is continuous. |

Next, we define the Orlicz chord linear combination for the case m = 2.

Definition 3.7 (The Orlicz chord linear combination) The Orlicz chord linear combination, denoted
by ¥4(K,L,,p) for K,L € 8", and @, 8 > 0 (not both zero), is defined by

(K, u) d(L, u) )
"o (d(-F¢(K, L,a,p), ”)) th & (d(ijs(K, L,a,p), u)) = (3.4)

for ¢, ¢ € ®and all u € S"!.

We shall write K¥4¢- L instead of ¥4(K, L, 1, &), for £ > 0 and assume throughout that this is defined
by 3.1),if @ = 1,8 = € and ¢ € ®. We shall write K+4L instead of +,4(K, L, 1, 1) and call it the Orlicz
chord addition of K and L.

4. Orlicz mixed chord integrals

In order to define Orlicz mixed chord integrals, we need the following Lemmas 4.1-4.4.

Lemmad.l Let¢p e Dande > 0. IfK,L € S", then K¥,e-Le S".
Proof Let uy € S™ !, and {i;} € $"! be any subsequence such that u; — ug as i — oo.
Let
d(K-\l’-qu, l/tl') = /1,'.
Then Lemma 3.5 shows

r R
<A <

¢7'(3) ¢7'(3)
where R = max{Rk, R;} and r = min{rg, r}.
Since K, L € 8", wehave 0 < rgy < Ry < 0 and 0 < r;, < R; < o0, and thus there exist a, b such that
0 <a < A; £b < coforalli. To show that the bounded sequence {A;} converges to d(K+4& - L, ug), we
show that every convergent subsequence of {1;} converges to d(K+4¢ - L, up). Denote any subsequence
of {4;} by {4;} as well, and suppose that for this subsequence, we have

b

ﬂi g /l().
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Obviously a < 4y < b. From (3.4) and note that ¢y, ¢, are continuous functions, so ¢1‘1 18 continuous,
we obtain

d(K, up)
A= d(L, uo)
_ s U
e (125
0
as i — oo. Hence i« ) @« )
K, Ugp L, Ugp
+ =1.
¢1( X ) 8¢2( 2 )
Therefore
/10 = d(K-T-(ﬁS . L, Mo).
That is
d(K¥4e - L,u;) = d(K¥4e - L, up).
as i — oo,
This shows that K¥4e- L € S". O

Lemmad4.2 IfK,L € S", > 0and ¢ € D, then

K¥se-L—>K 4.1)
ase— 0",
Proof This follows immediately from (3.4). O
Lemmad4.3 IfK,LeS", 0<i<nand¢,, ¢, € D, then
. . n—i d(L,u) _
— d(K+4e-Lu)"™" = . ( )-d(K, u)"". “4.2)
A I @0 \ak
Proof From (3.4), Lemma 4.2 and notice that gb]l, ¢, are continuous functions, we obtain for 0 <i < n
d .
— d(K+se- L, u)"™"
de o ( +¢8 l/t)
. . i d(L,u)
= 1 —Dd(K, u)" " d(K, -
S (n — (K, u) ( (K, )2 (d(K+¢s L u)))
. o' (D
X lim
y—1- y - 1
n—i d(L,u) ) _
= : ~d(K,u)"",
@) (d(K, 1)
where AL w
L,u
=1- - |,
Y &2 (d(Kfr(l,e L u))
and note thaty —» 1~ as & — 0%, O
Lemmadd4 [fpc O, 0<i<nand K,L € §", then
(¢ (1) d . 1 f d(L,u) i
- — Bi(K L)y = - -d(K,u)"'dS (u). 4.3
n—i  del o DEree D=0 ) O Gy ) A w TS W) (4-3)
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Proof This follows immediately from (2.1) and Lemma 4.3. |

Denoting by B, (K, L), for any ¢ € ® and 0 < i < n, the integral on the right-hand side of (4.3) with
¢» replaced by ¢, we see that either side of the equation (4.3) is equal to By, ;(K, L) and hence this new
Orlicz mixed chord integrals B, ;(K, L) has been born.

Definition 4.5 (The Orlicz mixed chord integral) For ¢ € ® and 0 < i < n, Orlicz mixed chord integral
of star bodies K and L, By;(K, L), is defined by

_ L diL,u)) nei
Byi(K.L) = ~ fs n_1¢( d(K,u)) d(K, u)""'dS (u). (4.4)

Lemma4.6 If¢,¢, € ,0<i<nand K,L € S", then

CACRT Bi(K+4¢ - L) - Bi(K)
— lim :

B,, (K,L) = 4.5
K. L) = =12 lim . (4.5)
Proof This follows immediately from Lemma 4.4 and (4.4). O
Lemmad4.7 I[fK,L € S", ¢ € ® and any A € S L(n), then for € > 0
A(K+4e- L) = (AK)¥4e - (AL). (4.6)
Proof This follows immediately from (2.1) and (3.3). m|

We find easily that B,;(K,L) is invariant under simultaneous unimodular centro-affine
transformation.

Lemmad.8 [fpc O,0<i<nand K,L € 8", then for A € S L(n),
By i(AK,AL) = By (K, L). 4.7)

Proof This follows immediately from Lemmas 4.6 and 4.7. O
5. Orlicz chord Minkowski inequality

In this section, we will define a Borel measure in S"!, denoted by B, (K, v), which we shall call
the chord measure of star body K.

Definition 5.1 (The chord measure) Let K € 8" and 0 < i < n, the chord measure of star body K,
denoted by B, (K, v), is defined by

1 d(K,v)"!

dB,(K,v) = p B.(K) ds (v). 5.1

Lemma 5.2 (Jensen’s inequality) Let u be a probability measure on a space X and g : X — I C R be
a p-integrable function, where I is a possibly infinite interval. If  : I — R is a convex function, then

j}; Y(g(x))du(x) = ¢ ( fx g(X)dﬂ(x))- (5.2)

If y is strictly convex, the equality holds if and only if g(x) is constant for u-almost all x € X (see [34,
p. 165]).
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Lemma 5.3 Suppose that ¢ : [0, 00) — (0, 00) is decreasing and convex with ¢(0) = co. If K,L € §"
and 0 <i < n, then

1 d(L,u) i Bi(L) 1/(n—i)

If ¢ is strictly convex, the equality holds if and only if K and L are similar chord.
d(K, u)""
nB;(K)
measure on S"~!. Hence, from (2.4), (2.5), (5.1) and by using Jensen’s inequality, and in view of ¢ is

decreasing, we obtain
1 d(L, .
f ¢( ( ”))duc u)"~'ds ()
gn-1

Proof For K € 8"',0 <i < nandany u € S"!, the chord measure dS (u) is a probability

nBi(K) d(K, u)

B d(L. 1)
- fsnl ¢ (d(K, u)) By (K, uw)

B(K,L
¢( ( ))

Bi(K)

Bi(L)\""™
¢[(Bl~(1<>) }

Next, we discuss the equality in (5.3). If ¢ is strictly convex, suppose the equality holds in (5.3),
form the equality necessary conditions of Jensen’s inequality and (2.5), it follows that d(L, u)/d(K, u)
is constant, and K and L are similar chord, respectively. This yields that there exists » > 0 such that
d(L,u) = rd(K,u), for all u € S"~'. On the other hand, suppose that K and L are similar chord, i.e.
there exists A > 0 such that d(L, u) = Ad(K, u) for all u € S"~'. Hence

1 d(L,u) i
nB,(K) gn-1 ¢(d(K, u))d(K’ I/t) dS(I/t)
_ 1 B,(L) 1/(n—i) .
" B Jy [(Bi(K)) )d(’(’ u)"dS (u)
Bi(L) 1/(n—0)
¢ (( Bi(K )) ) '
This implies the equality in (5.3) holds. i

Theorem 5.4 (Orlicz chord Minkowski inequality) If K,L € 8", 0 <i < nand ¢ € D, then

B(L)\""™
Byi(K,L) > B(K) - — . 54
6.(K, L) (K) ¢((B,-(K)) (5.4)
If ¢ is strictly convex, the equality holds if and only if K and L are similar chord.
Proof This follows immediately from (4.4) and Lemma 5.3. O
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Corollary S5 If K, L€ 8", 0<i<nand p > 1, then
B, (K, LY"™ 2 B(K)"""PB{(L)", (5.5)

with equality if and only if K and L are similar chord.
Proof This follows immediately from Theorem 5.4 with ¢;(¢) = ¢,(f) =t 7 and p > 1. O
Taking i = 0 in (5.5), this yields L,-Minkowski inequality: If K, L € 8" and p > 1, then
B,(K,L)" > B(K)"""B(L)™",
with equality if and only if K and L are similar chord.
Corollary 5.6 Let K, L€ M c 8", 0<i<nand¢$ € ®, and if either

By{0Q,K) = B4(Q, L), forall Q € M (5.6)
. Byi(K.Q) Byi(L.Q)
@i\ I>s _ Poi\t
BK -~ BD for all Q € M, 5.7
then K = L.

Proof Suppose (5.6) holds. Taking K for Q, then from (2.3), (4.4) and (5.3), we obtain

B\
B,’K:B,‘K,L ZB,K s——
(K) = Byi(K,L) > Bi( W((Bi(K))
with equality if and only if K and L are similar chord. Hence
Bi(K) < Bi(L),

with equality if and only if K and L are similar chord. On the other hand, if taking L for Q, by similar
arguments, we get B;(K) > B;(L), with equality if and only if K and L are similar chord. Hence
Bi(K) = B;(L), and K and L are similar chord, it follows that K and L must be equal.

Suppose (5.7) holds. Taking L for Q, then from from (2.3), (4.4) and (5.3), we obtain

B ; K, L Bi L 1/(n—i)
1 - M > ¢ L ,
Bi(K) Bi(K)
with equality if and only if K and L are similar chord. Hence
Bi(K) < Bi(L),

with equality if and only if K and L are similar chord. On the other hand, if taking K for Q, by similar

arguments, we get B;(K) > B;(L), with equality if and only if K and L are similar chord. Hence

Bi(K) = B;(L), and K and L have similar chord, it follows that K and L must be equal. |
When ¢,(t) = ¢,(t) =t77 and p > 1, Corollary 5.6 becomes the following result.

Corollary 5.7 Let K,Le M c 8", 0<i<nandp > 1, and if either
B, (K, Q) = B, (L, Q), forall Q e M

or
B,i(K,Q) B,i(L,Q)

B(K)  Bi(L)

, forall Q € M,

then K = L.
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6. Orlicz chord Brunn-Minkowski inequality

Lemma 6.1 IfK,L€ 8", 0<i<n, and ¢, p, € ®, then
Proof From (3.1), (3.4) and (4.4), we have for K¥,L = Q € §"

By, i(Q. K) + By, (Q, L)

= l d(K’ M) d(L, l/l) —i
T n fsn_l ¢ (d(Q, w)’ d(0, u)) d(Q,u)""'dS (u)

= Bi(Q). (6.2)
The completes the proof. m|

Lemma 6.2 Let K,L € 8", e > 0 and ¢ € .
(1) If K and L are similar chord, then K and K+, - L are similar chord.
(2) If K and K+4& - L are similar chord, then K and L are similar chord.
Proof Suppose exist a constant A > 0 such that d(L, u) = Ad(K, u), we have

( d(K, u) )+ ( Ad(K, u) )_1
¢ d(K¥4&- L,u) &¢ d(K¥4e - L,u) -

On the other hand, the exist unique constant 6 > 0 such that

d(K. u) (K, u)\
ook )= o)~

gl

This shows that d(K+,¢ - L, u) = 6d(K, u).
Suppose exist a constant A > 0 such that d(K+4¢ - L, u) = Ad(K, u). Then

l d(L,u) _ 1
N e\ akvpe L) =

d(L,u)
d(K¥4e- L,u)

where ¢ satisfies that

This shows that

is a constant. This yields that K¥,& - L and L are similar chord. Namely K and L are similar chord. O
Theorem 6.3 (Orlicz chord Brunn-Minkowski inequality) If K,L € 8", 0 <i < n and ¢ € ®,, then

(k) \""" ( B """
12 ¢((B,-(K—F¢,L)) ’(B,-(K—VhﬁL)) ) 6.3)

If ¢ is strictly convex, the equality holds if and only if K and L are similar chord.
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Proof From (5.4) and Lemma 6.1, we have

B(K¥4L) By, i(K+4L,K) + By, (K+4L, L)

Bi(K¥,L Bi(k) | B "7

Bi(K) 1/(n—i) Bi(L) 1/(n—i)

\%

B{(K¥4L)¢ ((

This is just inequality (6.3). From the equality condition of (5.4) and Lemma 6.3, it yields that if ¢ is
strictly convex, equality in (6.3) holds if and only if K and L are similar chord. O

Corollary 64 If K, L € §", 0 <i<nand p > 1, then
Bi(K-T-pL)_p/("_i) > Bi(K)—p/(n—i) + Bi(L)—p/(n—i)’ (6.4)

with equality if and only if K and L are similar chord.
Proof This follows immediately from Theorem 6.2 with ¢(xy, x,) = x;” + x;” and p > 1. O
Taking i = 0 in (6.4), this yields the L,-Brunn-Minkowski inequality for the chord integrals. If
K,L € 8" and p > 1, then
B(K¥,L)™"" > B(K)™""" + B(L)™"'",

with equality if and only if K and L are similar chord.
7. The isoperimetric inequality for chord integrals

As a application, in the section, we give a new isoperimetric inequality for chord integrals. As we
all know, the isoperimetric inequality for convex bodies can be stated below (see e.g. [26], p. 318).

The isoperimetric inequality If K is convex body in R", then

ViK' (S(K))!
(i) =(5) 7D

with equality if and only if K is an n-ball.
Here B is the unit ball centered at the origin, V(K) denotes the volume of K and S (K) is the surface
area of K, defined by (see [26], p. 318)
V(K B) — V(K
S(K) = lim LEFEB -V k. B),
e

-0

where + the usual Minkowski sum. Here, the mixed volume of convex bodies K and L, V(K| L),
defined by (see e.g. [1])

Vi(K,L) = % f h(L,uw)dS (K, u). (7.2)
gn-1

Next, we give some new isoperimetric inequalities for mixed chord integrals by using the Orlicz
chord Minkowski inequality established in Section 5.
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Theorem 7.1 (The L,-isoperimetric inequality for mixed chord integrals) If K € 8", 0 < i < n and

p =1, then
=y ) n—i . n—i+p
(Bp,,(lo) N (Bm) , (7.3)

S(B) —\V(B)

with equality if and only if K is an n-ball, where Ep,,-(K) =nB, (K, B).
Proof Putting L = B, ¢(t) = t 77 and p > 1 in Orlicz chord Minkowski inequality (5.4)

Bp,i(K, B) S (Bi(B) )—p/(n—i)

Bi(K) Bi(K)
That is ‘
B, (K, B\"" _ (Bi(K))’
Bi(K) “\vB) )
Hence . ,
an,i(K7 B) n—i s B,(K) n—i+p
S(B) ~\V(B) '
From the equality of (5.4), we find that the equality in (7.3) holds if and only if K and B are similar
chord. This yields that the equality in (7.3) holds if and only if K is an n-ball. O

Theorem 7.2 (The isoperimetric inequality for the chord integrals) If K € §", then

BK)\ (BE)\"'
(S(B)) 2(V(B)) ’ 74

with equality if and only if K is an n-ball, where E(K) = nB(K, B).
Proof This follows immediately from (7.3) with p = 1 and i = 0. O
This is just a similar form of the classical isoperimetric inequality (7.1).

8. Extensions

As extensions, in the Section, the Orlicz mixed chord integral of K and L, B4(K, L), is generalized
into Orlicz multiple mixed chord integral of (n + 1) star bodies L, K, ..., K,. Further, we generalize
the Orlicz-Minklowski inequality into Orlicz-Aleksandrov-Fenchel inequality for the Orlicz multiple
mixed chord integrals.

Theorem 8.1 If L, K,,...,K, € 8" and ¢, ¢, € O, then

d 1
—|  B(Li¥se-K,Kp, -+ ,K,) = ————
deg D18 1 o "= wenm
d(Ki,
xf 13 AGSILD) d(Ly,u)d(Ky,u) - - - d(K,, u)dS (u). (8.1)
sn-1 d(Ly,u)
Proof This may yield by using a generalized idea and method of proving Lemma 4.4. Here, we omit
the details. o
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Obviously, (4.3) is a special case of (8.1). Moreover, from Theorem 8.1, we can find the following
definition:

Definition 8.2 (Orlicz multiple mixed chord integrals) Let L, Ky, ..., K, € 8" and ¢ € @, the Orlicz

multiple mixed chord integral of (n + 1) star bodies Ly, K, ..., K, is denoted by B,(Li, K1, ..., K,), is
defined by

1 d(K,.
BoLi. K. Ky) = fs ¢( dELll Z)))d(Ll,u)d(Kz,u)--.d(Kn, w)dS (). (8.2)

When L, = K, By(L;,Kj,...,K,) becomes the well-known mixed chord integral B(Kj, ..., K,,).
Obviously, for 0 < i < n, By;(K, L) is also a special case of By(L{, K,..., K,).

Corollary 8.3 If L, K,,...,K, € 8" and ¢, ¢, € O, then
, d
By, (Li, Ky, ..., K,) = (¢1),.(1) - Te g:oB(Ll +p&-Ki, K, ..., K,). (8.3)

Proof This yields immediately from (8.1) and (8.2). O
Similar to the proof of Theorem 5.4, we may establish an Orlicz-Aleksandrov-Fenchel inequality
as follows:

Theorem 8.4 (Orlicz-Aleksandrov-Fenchel inequality for the Orlicz multiple mixed chord integrals) If
L,Ky,....,K, €S8, ¢ cDand 1 <r <n, then

[ BK; ..., K Kri1, . K7
B(L,K;...,K,)

B¢(L19K19K2’ e aKn) = B(LI’K29 e aKn) ' ¢ (8‘4)

If ¢ is strictly convex, equality holds if and only if L, K., ..., K, are all of similar chord.

Proof This yields immediately by using a generalized idea and method of proving Theorem 5.4. Here,

we omit the details. O
Obviously, the Orlicz-Minklowski inequality (5.4) is a special case of the Orlicz-Aleksandrov-

Fenchel inequality (8.4). Moreover, when L; = K, (8.4) becomes the following Aleksandrov-Fenchel

inequality for the mixed chords.

Corollary 8.5 (Aleksandrov-Fenchel inequality for the mixed chord integrals) If K,...,K, € 8" and
1 <r<n,then

B(Ky, oK) < [ | B KiK. KT (8.5)
i=1
with equality if and only if Ky, . .., K, are all of similar chord.

Finally, it is worth mentioning: when ¢(r) = 7 and p > 1, B4(Li,K;,...,K,) written as
B,(Li,K;,...,K,) and call it L,-multiple mixed chord integrals of (n + 1) star bodies L, Kj, ..., K,.
So, the new concept of L,-multiple mixed chord integrals and L,-Aleksandrov-Fenchel inequality for
the L,-multiple mixed chord integrals may be also derived. Here, we omit the details of all derivations.
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