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1. Introduction

Linear functions are considered as simplest functions in linear spaces. The class of functions and
sets that are just a step more complicated then linear ones namely convex functions and convex sets.

The subset C of Rn is said to be convex if

px + qy ∈ C

∀x, y ∈ C, p ∈ (0, 1) and q = 1 − p. The function f : Rn → R is said to be convex if its epigraph
is convex subset of R.The convexity of sets and functions are the the objects of many studies during
the past few decades. The convexity of a function and set make it so special because of its interesting
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properties like convex function has global minima, it has non-empty relative interior and convex set is
connected having feasible directions at any point.

Some of early contributions to convex analysis were made by Holder, Jensen and Minkowski. The
importance of convex analysis is well known in optimization theory [2,3], inspite of many applications,
many recent problems in economics and engineering the notion of convexity does not longer suffices.
Hence it is always necessary to extend the notion of convexity to some general form to meet recent
problems see [4–10], for further reading on fractional integral inequalities we refer [11–17]. Moreover,
the new inequalities in analysis is always appreciable. The present paper is organized as follow: in
the second section, we give some preliminary material. In the third section, we derive some fractional
integral inequalities for generalized strongly modified h-convex function, whereas in the fourth section.
we present applications of results to the mean. Finally, we conclude our results.

2. Preliminaries

We start from some preliminaries material and basic definitions.

Definition 2.1. [18] Let f : ϕ→ R be an extended-real-valued function define on a convex set ϕ ⊂ Rn.
Then the function f is convex on ϕ if

f (tb1 + (1 − t)b2) ≤ t f (b1) + (1 − t) f (b2), (2.1)

for all b1, b2 ∈ ϕ and t ∈ (0, 1).

Definition 2.2. [19] Choose the functions f , h : J ⊂ R → R are non-negative. Then f is called
h-convex function if

f (tb1 + (1 − t)b2) ≤ h(t) f (b1) + h(1 − t) f (b2), (2.2)

for all b1, b2 ∈ J and t ∈ [0, 1].

Definition 2.3. [20] Choose the functions f , h : J ⊂ R → R are non-negative. Then f is called
modified h-convex function if

f (tb1 + (1 − t)b2) ≤ h(t) f (b1) + (1 − h(t)) f (b2), (2.3)

for all b1, b2 ∈ J and t ∈ [0, 1].

Definition 2.4. [21] Let ϕ be an interval in real line R. A function f : ϕ = [b1, b2] → R is said to be
generalized convex with respect to an arbitrary bifunction η(b1, b2) : E × E→ F where E, F ∈ R if

f (tb1 + (1 − t)b2) ≤ f (b2) + tη ( f (b1), f (b2)) , (2.4)

for all b1, b2 ∈ ϕ, t ∈ [0, 1].

Definition 2.5. A function f : ϕ = [b1, b2]→ R is called ηh convex function if

f (tb1 + (1 − t)b2) ≤ f (b2) + h(t)η ( f (b1), f (b2)) , (2.5)

for all b1, b2 ∈ ϕ, t ∈ [0, 1] and h : J → R is a non-negative function.
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Definition 2.6. [22] A function f : ϕ = [b1, b2]→ R is called strongly convex function with modulus
µ on ϕ, where µ ≥ 0 if

f (tb1 + (1 − t)b2) ≤ t f (b1) + (1 − t) f (b2) − µt(1 − t)(b1 − b2)2, (2.6)

for all b1, b2 ∈ ϕ and t ∈ [0, 1].

Definition 2.7. [23] A function f : J ⊂ R → R is said to be strongly η-convex function with respect
to η : E × E→ F where E, F ∈ R and modulus µ ≥ 0, if

f (tb1 + (1 − t)b2) ≤ f (b2) + tη( f (b1), f (b2)) − µt(1 − t)(b1 − b2)2, (2.7)

for all b1, b2 ∈ J, t ∈ [0, 1].

Definition 2.8. [24] Choose the functions f , h : J ⊂ R → R are non-negative. Then f is called
generalized strongly modified h-convex function if

f (tb1 + (1 − t)b2) ≤ f (b2) + h(t)η( f (b1), f (b2)) − µt(1 − t)(b1 − b2)2, (2.8)

for all b1, b2 ∈ J and t ∈ [0, 1].

Definition 2.9. [25] Let 0 < s ≤ 1. A function f : J ⊂ R → R is called s-φ -convex with respect to
bifunction φ : E × E→ F where E, F ∈ R (briefly φ-convex) if

f (tb1 + (1 − t)b2) ≤ f (b2) + tsφ ( f (b1), f (b2)) , (2.9)

The next remark provides the relations among the convexities.

Remark 1. 1. If η(b1, b2) = b1 − b2 then,(2.4) reduces to (2.1);
2. If h(t) = t then, (2.5) reduces to (2.4);
3. If h(t) = t and η(b1, b2) = b1 − b2 then,(2.5) reduces to(2.1);
4. If η(b1, b2) = b1 − b2 then, (2.5) reduces to (2.3);
5. If µ = 0 and η(b1, b2) = b1 − b2 then,(2.8) reduces to (2.3);
6. If µ = 0, η(b1, b2) = b1 − b2 and h(t) = t then,(2.8) reduces to(2.1);
7. If µ = 0 then,(2.8) reduces to (2.5);
8. If h(t) = t then, (2.8) reduces to (2.7);
9. If µ = 0 and h(t) = ts then, (2.8) reduces to (2.9).

Utilization of more complicated convex functions

Most of the modern problems in engineering and other applied sciences are non-convex in nature.
So it is difficult to reach at favorite results by only the classical convexity. That’s why the convexity is
generalized in many directions. To understand the generalization of convexity it may categorize as:

Some generalization are made to change the form of defining e.g. quasi convex [26], pseudo
convex [27] and strongly convex [28].

Some generalizations are made by expanding the domain e.g. [29] and some generalization are
made by changing the range set of convex functions e.g. [30]. So generalizations the convex is always
appreciable.

The next lemmas are useful in proving the main results.
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Lemma 2.10. [31] Let f : J ⊆ R → R, be a differentiable mapping on J̊ such that f ′ ∈ L1[b1, b2],
where b1, b2 ∈ J with b1 < b2. If α, β ∈ R, then

α f (b1) + β f (b2)
2

+
2 − α − β

2
f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

=
b2 − b1

4

∫ 1

0

[
(1 − α − t) f ′

(
tb1 + (1 − t)

b1 + b2

2

)
+ (β − t) f ′

(
t
b1 + b2

2
+ (1 − t) b2

)]
.(2.10)

Lemma 2.11. [31] For s > 0 and 0 ≤ ε ≤ 1, we have∫ 1

0
|ε − t|s dt =

εs+1 + (1 − ε)s+1

s + 1
, (2.11)∫ 1

0
t |ε − t|s dt =

εs+2 + (s + 1 + ε) (1 − ε)s+1

s + 1
(2.12)∫ 1

0
t2 |ε − t|s =

−2(ε − t)s+3 + (1 − ε)s+1(s + 2)(s + 3) − 2(1 − ε)s+2(s + 3) + 2(t − ε)s+3

(s + 1)(s + 2)(s + 3)
.

Lemma 2.12. [32] Let f : J → R, J ⊆ R be a differentiable mapping on J̊ with f ′′ ∈ L1[b1, b2], where
b1, b2 ∈ J, b1 < b2, then

1
b2 − b1

∫ b2

b1

f (x)dx − f
(
b1 + b2

2

)
=

(b2 − b1)2

16

[∫ 1

0
t2 f ′′

(
t
b1 + b2

2
+ (1 − t) b1

)
dt +

∫ 1

0
(t − 1)2 f ′′

(
tb2 + (1 − t)

b1 + b2

2

)
dt

]
.

(2.13)

Lemma 2.13. [23] If f n for nεN exists and is integrable on [b1, b2], then

f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

=
(b2 − b1)n

2n!

∫ 1

0
tn−1 (n − 2t) f (n) (tb1 + (1 − t)b2) dt. (2.14)

Lemma 2.14. [25] Suppose that f : [b1, b2] → R is a differentiable function, g : [b1, b2] → R+ is a
continuous function and symmetric about b1+b2

2 and f ′ is an integrable function on [b1, b2]. Then

f (b1) + f (b2)
2

∫ b2

b1

g(x)dx −
∫ b2

b1

f (x)g(x)dx

=
b2 − b1

4


∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)du

 f ′
(
1 + t

2
b1 +

1 − t
2

b2

)
dt

+

∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)du

 f ′
(
1 − t

2
b1 +

1 + t
2

b2

)
dt

 .
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3. Fractional integral inequalities

Theorem 3.1. Let f : J → R, J ⊆ R be a differentiable mapping on J̊ with f ′ ∈ L1[b1, b2], where
b1, b2 ∈ J, b1 < b2. If | f ′(x)|q for q ≥ 1 and 0 ≤ α, β ≤ 1, is generalized strongly modified h-convex
function on [b1, b2], then∣∣∣∣∣∣α f (b1) + β f (b2)

2
+

2 − α − β
2

f (
b1 + b2

2
) −

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

8

)
(2)

1
q

{(
1 − 2α + 2α2

)1− 1
q

[
1
2

(
1 − 2α + 2α2

)
| f ′(b2)|q

+

∫ 1

0
|1 − α − t|

(
h
(
1 + t

2

)
η
(
| f ′(b1)|q + | f ′(b2)|q

))
dt

−
µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+
(
1 − 2β + 2β2

)1− 1
q

×

[
1
2

(
1 − 2β + 2β2

)
| f ′(b2)|q +

∫ 1

0
|β − t| h(

t
2

)η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt

−
µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)] 1
q
 (3.1)

Proof. The proof begins with f ′(x) ∈ [b1, b2], then using Lemma (2.10), and power mean inequality
we have for q > 1∣∣∣∣∣∣α f (b1) + β f (b2)

2
+

2 − α − β
2

f (
b1 + b2

2
) −

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

b2 − b1

4

[∫ 1

0
|1 − α − t|

∣∣∣∣∣∣ f ′
(
tb1 + (1 − t)

b1 + b2

2

)∣∣∣∣∣∣ dt +

∫ 1

0
|β − t|

∣∣∣∣∣∣ f ′
(
t
b1 + b2

2
+ (1 − t) b2

)∣∣∣∣∣∣ dt
]

≤
b2 − b1

4


(∫ 1

0
|1 − α − t| dt

)1− 1
q
[∫ 1

0
|1 − α − t|

(
| f ′(b2)|q + h

(
1 + t

2

)

× η
(
| f ′(b1)|q , | f ′(b2)|q

)
− µ

1 + t
2

(
1 −

1 + t
2

)
(b1 − b2)2 dt

)] 1
q

+

(∫ 1

0
|β − t| dt

)1− 1
q

×

[∫ 1

0
|β − t|

(
| f ′(b2)|q + h

( t
2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

)
−µ

t
2

(
1 −

t
2

)
(b1 − b2)2 dt

)] 1
q
}
. (3.2)

Using Lemma (2.11), we have

µ (b1 − b2)2
∫ 1

0
|1 − α − t|

(
1 + t

2

) (
1 − t

2

)
dt =

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)
. (3.3)

And

µ (b1 − b2)2
∫ 1

0
|β − t|

t
2

(
1 −

t
2

)
dt =

µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)
. (3.4)
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Substituting values from Eqs (3.3), (3.4) in inequality (3.2), we obtain∣∣∣∣∣∣α f (b1) + β f (b2)
2

+
2 − α − β

2
f (

b1 + b2

2
) −

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

8

)
(2)

1
q

{(
1 − 2α + 2α2

)1− 1
q

[
1
2

(
1 − 2α + 2α2

)
| f ′(b2)|q

+

∫ 1

0
|1 − α − t|

(
h
(
1 + t

2

)
η
(
| f ′(b1)|q + | f ′(b2)|q

))
dt

−
µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+
(
1 − 2β + 2β2

)1− 1
q

×

[
1
2

(
1 − 2β + 2β2

)
| f ′(b2)|q +

∫ 1

0
|β − t| h(

t
2

)η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt

−
µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)] 1
q
 .

For q = 1, using Lemma (2.10) and Lemma (2.11), we have∣∣∣∣∣∣α f (b1) + β f (b2)
2

+
2 − α − β

2
f (

b1 + b2

2
) −

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

4

) {
1
2

(
1 − 2α + 2α2

)
| f ′(b2)|

+

∫ 1

0
|1 − α − t|

(
h
(
1 + t

2

)
η
(
| f ′(b1)| , | f ′(b2)|

))
dt −

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)
+

1
2

(
1 − 2β + 2β2

)
| f ′(b2)| +

∫ 1

0
|β − t| h(

t
2

)η
(
| f ′(b1)| , | f ′(b2)|

)
dt

−
µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)}
, (3.5)

This completes the proof. �

Remark 2. If we take h(t) = t and µ = 0 then inequality (3.1) reduces to inequality (13) in [33].

Taking α = β in Theorem (3.1), we have following corollary.

Corollary 1. Let f : J → R, J ⊆ R be a differentiable mapping on J̊ with f ′ ∈ L1[b1, b2], where
b1, b2 ∈ J, b1 < b2. If | f ′(x)|q for q ≥ 1 is generalized strongly modified h-convex function on [b1, b2]
and 0 ≤ α, β ≤ 1, then

AIMS Mathematics Volume 5, Issue 6, 6620–6638.
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∣∣∣∣∣∣α2 [
f (b1) + f (b2)

]
+ (1 − α) f

(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

4

) (
1 − 2α + 2α2

2

)1− 1
q
{[(

1 − 2α + 2α2

2

)
| f ′(b2)|q +

∫ 1

0
|1 − α − t|

× h
(
1 + t

2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt −

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+

[(
1 − 2α + 2α2

2

)

×
(
| f ′(b2)|q

)
+

∫ 1

0
|α − t| h(

t
2

)η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt −

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q


=

(
b2 − b1

8

)
(2)

1
q
(
1 − 2α + 2α2

)1− 1
q

{[(
1 − 2α + 2α2

2

)
| f ′(b2)|q +

∫ 1

0
|1 − α − t|

h
(
1 + t

2

)
η
(
| f ′(b1)|q ,× | f ′(b2)|q

)
dt −

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+

[(
1 − 2α + 2α2

2

)

×
(
| f ′(b2)|q

)
+

∫ 1

0
|α − t| h(

t
2

)η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt −

µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

 .
(3.6)

Remark 3. If we take h(t) = t and µ = 0 then inequality (3.6) reduces to inequality (16) in [33].

By choosing α = β = 1
2 ,

1
3 in Theorem (3.1) respectively, we obtain following corollary.

Corollary 2. Let f : J → R, J ⊆ R be a differentiable mapping on J̊ with f ′ ∈ L1[b1, b2], where
b1, b2 ∈ J, b1 < b2. If | f ′(x)|q for q ≥ 1 is generalized strongly modified h-convex function on [b1, b2]
and 0 ≤ α, β ≤ 1, then∣∣∣∣∣∣12

[
f (b1) + f (b2)

2
+ f

(
b1 + b2

2

)]
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

16

)
(2)

2
q

{[∫ 1

0

∣∣∣∣∣12 − t
∣∣∣∣∣ h (

1 + t
2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt

+
1
4
| f ′(b2)|q −

µ

4
(b1 − b2)2

(
5

128

)] 1
q

+

[
1
4

(
| f ′(b2)|q

)
+

∫ 1

0

∣∣∣∣∣12 − t
∣∣∣∣∣

× h
( t
2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

)
dt −

µ

4
(b1 − b2)2

(
5

128

)] 1
q
 , (3.7)
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and

∣∣∣∣∣∣16
[

f (b1) + f (b2) + 4 f
(
b1 + b2

2

)]
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

5
72

(b2 − b1)
(
18
5

) 1
q
{[

5
18
| f ′(b2)|q +

∫ 1

0

∣∣∣∣∣23 − t
∣∣∣∣∣ (h (

1 + t
2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

))
dt

−
211
324

µ(b1 − b2)2
] 1

q

+

[
5

18
| f ′(b2)|q +

∫ 1

0

∣∣∣∣∣13 − t
∣∣∣∣∣ (h ( t

2

)
η
(
| f ′(b1)|q , | f ′(b2)|q

))
dt −

211
324

µ(b1 − b2)2
] 1

q
 .

(3.8)

Remark 4. Setting q = 1 in Corollary (2), we have the following result.

Corollary 3. Let f : J → R, J ⊆ R be a differentiable mapping on J̊ with f ′ ∈ L1[b1, b2], where
b1, b2 ∈ I, b1 < b2. If | f ′(x)|q for q ≥ 1 is generalized strongly modified h-convex function on [b1, b2]
and 0 ≤ α, β ≤ 1, then∣∣∣∣∣∣12

[
f (b1) + f (b2)

2
+ f

(
b1 + b2

2

)]
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

4

) {
1
2
| f ′(b2)| + η

(
| f ′(b1)| , | f ′(b2)|

) ∫ 1

0

[
h
(
1 + t

2

)
+ h

( t
2

)] ∣∣∣∣∣12 − t
∣∣∣∣∣ dt −

µ

2
(b1 − b2)2

(
5

128

)}
,

(3.9)

and ∣∣∣∣∣∣16
[

f (b1) + f (b2) + 4 f
(
b1 + b2

2

)]
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(
b2 − b1

4

) {
5
9
| f ′(b2)| + η

(
| f ′(b1)| , | f ′(b2)|

) [∫ 1

0
h
(
1 + t

2

) ∣∣∣∣∣23 − t
∣∣∣∣∣ dt

+

∫ 1

0
h
( t
2

) ∣∣∣∣∣13 − t
∣∣∣∣∣ dt −

211
162

µ(b1 − b2)2
]}
. (3.10)

Remark 5. If we take h(t) = t and µ = 0 then inequalities (3.7)–(3.10) reduce to inequalities (17)
and (18) in [33].

Theorem 3.2. Let f : J ⊂ [0, 1) → R be a differentiable mapping on J̊ with f ′′ ∈ L1[b1, b2], where
b1, b2 ∈ J and b1 < b2. If | f ′′| is genarilized strongly modified h-convex on [b1, b2], then∣∣∣∣∣∣ f

(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣ ≤ (b2 − b1)2

16

{[
1
3
| f ′′(b1)| +

∫ 1

0
t2h(t)

η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ , | f ′′(b1)|
)

dt −
1

20
µ

(
b1 + b2

2
− b1

)2 +

[
1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣
+

∫ 1

0
(t − 1)2 h(t)η

(
| f ′′(b2)| ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣
)

dt −
1

20
µ

(
a2 −

b1 + b2

2

)]}
. (3.11)
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Proof. From Lemma (2.12), we have∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

[∫ 1

0
t2

∣∣∣∣∣∣ f ′′
(
t
b1 + b2

2
+ (1 − t) b1

)∣∣∣∣∣∣ dt +

∫ 1

0
(t − 1)2

∣∣∣∣∣∣ f ′′
(
tb2 + (1 − t)

b1 + b2

2

)∣∣∣∣∣∣ dt
]
.

Since | f ′′| is generalized strongly modified h convex function, so∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

[∫ 1

0
t2 (
| f ′′(b1)| +h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ , | f ′′(b1)|
)
− µ(t) (1 − t)

(
b1 + b2

2
− b1

)2 dt

+

∫ 1

0
(t − 1)2

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ + h(t)η
(
| f ′′(b2)| ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣
)
−µ(t) (1 − t)

(
b2 −

b1 + b2

2

)2 dt


=
(b2 − b1)2

16

[
1
3
| f ′′(b1)| +

∫ 1

0
t2h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ , | f ′′(b1)|
)

dt

−µ

(
b1 + b2 − 2b1

2

)2 ∫ 1

0
t3 (1 − t) dt +

1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ +

∫ 1

0
(t − 1)2

×h(t)η
(
| f ′′(b2)| ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣
)

dt + µ

(
2b2 − b1 − b2

2

)2 ∫ 1

0
(t − 1)3 tdt

]
. (3.12)

And∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

{[
1
3
| f ′′(b1)| +

∫ 1

0
t2h(t) η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ , | f ′′(b1)|
)

dt −
1
20
µ

(
b1 + b2

2
− b1

)2
+

[
1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣ +

∫ 1

o
(t − 1)2 h(t)η

(
| f ′′(b2)| ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣
)

dt −
1

20
µ

(
b2 −

b1 + b2

2

)]}
.

This completes the proof. �

Remark 6. If we take h(t) = t and µ = 0 then inequality (3.11) reduces to inequality (24) in [33].

Theorem 3.3. Let f : J ⊂ [0, 1) → R be a differentiable mapping on J̊ with f ′′ ∈ L1[b1, b2], where
b1, b2 ∈ J and b1 < b2.If | f ′′|q for q ≥ 1 with 1

p + 1
q = 1 is generelized strongly modified h-convx on

[b1, b2], then
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∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

(
1
3

) 1
p
{(

1
3
| f ′′(b1)|q +

∫ 1

0
t2h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q , | f ′′(b1)|q
)

dt −
1

20
µ

(
b2 − b1

2

)2 1
q

+

(
1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q +

∫ 1

0
(t − 1)2 h(t) η

(
| f ′′ (b2)|q ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q
)

dt −
1
20
µ

(
b2 − b1

2

)2 1
q
 .
(3.13)

Proof. Suppose that p≥ 1 , using Lemma (2.12) and power mean inequality, we have∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

[∫ 1

0
t2

∣∣∣∣∣∣ f ′′
(
t
b1 + b2

2
+ (1 − t) b1

)∣∣∣∣∣∣ dt +

∫ 1

0
(t − 1)2

∣∣∣∣∣∣ f ′′
(
tb2 + (1 − t)

b1 + b2

2

)∣∣∣∣∣∣ dt
]

≤
(b2 − b1)2

16

(∫ 1

0
t2dt

) 1
p
(∫ 1

0
t2

∣∣∣∣∣∣ f ′′
(
t
b1 + b2

2
+ (1 − t)b1

)∣∣∣∣∣∣q dt
) 1

q

+
(b2 − b1)2

16

(∫ 1

0
(t − 1)2dt

) 1
p
(∫ 1

0
(t − 1)2

∣∣∣∣∣∣ f ′′
(
tb2 + (1 − t)

b1 + b2

2

)∣∣∣∣∣∣q dt
)1
q
.

Since | f ′′|q is generalized strongly modified h-convex, then we have∫ 1

0
t2

∣∣∣∣∣∣ f ′′
(
t
b1 + b2

2
+ (1 − t)b1

)∣∣∣∣∣∣q dt

≤

∫ 1

0
t2 f ′′ |b1|

q dt +

∫ 1

0
t2h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q , | f ′′(b1)|q
)

dt −
∫ 1

0
µ(1 − t)t2t

(
b1 + b2

2
− b1

)2

dt

≤
1
3

f ′′ |b1|
q +

∫ 1

0
t2h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q , | f ′′(b1)|q
)

dt −
1

20
µ

(
b2 − b1

2

)2

.

And ∫ 1

0
(t − 1)2

∣∣∣∣∣∣ f ′′
(
tb2 + (1 − t)

b1 + b2

2

)∣∣∣∣∣∣q dt

≤

∫ 1

0
(t − 1)2

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q dt +

∫ 1

0
(t − 1)2h(t)η

(
| f ′′(b2)|q ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q
)

dt

−

∫ 1

0
µ(t − 1)2t(1 − t)

(
b2 −

b1 + b2

2

)2

dt

≤
1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q +

∫ 1

0
(t − 1)2h(t)η

(
| f ′′(b2)|q ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q
)

dt −
1

20
µ

(
b2 − b1

2

)2

.
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After simplification, we have∣∣∣∣∣∣ f
(
b1 + b2

2

)
−

1
b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣
≤

(b2 − b1)2

16

(
1
3

) 1
p
{(

1
3
| f ′′(b1)|q +

∫ 1

0
t2h(t)η

(∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q , | f ′′(b1)|q
)

dt −
1

20
µ

(
b2 − b1

2

)2 1
q

+

1
3

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q +

∫ 1

0
(t − 1)2 h(t)η

(
| f ′′ (b2)|q ,

∣∣∣∣∣∣ f ′′
(
b1 + b2

2

)∣∣∣∣∣∣q
)

dt −
1

20
µ

(
b2 − b1

2

)2 1
q
 .

Which completes the proof. �

Remark 7. If we take h(t) = t and µ = 0, then inequality (3.13) reduces to inequality (25) in [33].

Theorem 3.4. Let f : J̊ ⊂ R → R be a n-times differentiable generalized strongly modified h-convex,
function on J̊ where b1, b2 ∈ J̊ with b1 < b2 and f

′

∈ L1[b1, b2]. If
∣∣∣ f ′ ∣∣∣p is generalized strongly modified

h-convex, function with µ ≥ 1, then for n ≥ 2 and p ≥ 1, we have∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

(
n − 1
n + 1

)1− 1
p
[
n − 1
n + 1

∣∣∣ f (n)(b2)
∣∣∣p +

∫ 1

0
h(t)tn−1(n − 2t)dtη

(∣∣∣ f (n)(b1)
∣∣∣p , | f n(b2)|p

)
−µ

(n − 1)
(n + 1)(n + 3)

(x − y)2
]
. (3.14)

Proof. Case-i: Since it is known that
∣∣∣ f ′ ∣∣∣ is generalized strongly modified h-convex function, then

using the property of modules, and Lemma (2.13), we have following inequality for p = 1∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

∫ 1

0
tn−1 (n − 2t)

∣∣∣ f (n) (tb1 + (1 − t)b2)
∣∣∣ dt. (3.15)

Using the definition of generalized strongly modified h-convex function, we have∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2!

∫ 1

0
(n − 2t)

[
| f n(b2)| + h(t)η (| f n(b1)| , | f n(b2)|) − µ(x − y)2t(1 − t)

]
dt

≤
(b2 − b1)n

2n!

[
| f n(b2)|

∫ 1

0
tn−1(n − 2t)dt + η (| f n(b1)| , | f n(b2)|)

∫ 1

0
h(t)tn−1(n − 2t)dt

−µ(x − y)2
∫ 1

0
tn(1 − t)(n − 2t)dt

]
. (3.16)
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As ∫ 1

0
tn−1(n − 2t)dt =

n − 1
n + 1

(3.17)∫ 1

0
(1 − t)(n − 2t)dt =

n − 1
(n + 1)(n + 3)

. (3.18)

Substituting (3.17) and (3.18) in (3.16), we have∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

[
n − 1
n + 1

∣∣∣ f (n)(b2)
∣∣∣ + η (| f n(b1)| , | f n(b2)|)

∫ 1

0
h(t)tn−1(n − 2t)dt

−µ
n − 1

(n + 1)(n + 3)
(x + y)2

]
.

Case-ii For p > 1 applying Holder inequality, we have∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

[∫ 1

0
tn−1(n − 2t)dt

]1− 1
p
[∫ 1

0
tn−1(n − 2t)

∣∣∣ f (n) (tb1 + (1 − t)b2)
∣∣∣p dt

] 1
p

.

Using definition of generalized strongly modified h-convex function, we have∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

(
n − 1
n + 1

)1− 1
p
[∣∣∣ f (n)(b2)

∣∣∣p ∫ 1

0
tn−1(n − 2t)dt + η (| f n(b1)| , | f n(b2)|)∫ 1

0
h(t)tn−1(n − 2t)dt − µ(x − y)2

∫ 1

0
tn(n − 2t)(1 − t)dt

]
×

∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx − Σn−1
k=2

(k − 1) (b2 − b1)k

2 (k + 1)!
f (k)(b1)

∣∣∣∣∣∣
≤

(b2 − b1)n

2n!

(
n − 1
n + 1

)1− 1
p
[
n − 1
n + 1

∣∣∣ f (n)(b2)
∣∣∣P +

∫ 1

0
h(t)tn−1(n − 2t)dtη

(∣∣∣ f (n)(b1)
∣∣∣p , | f n(b2)|p

)
−µ

(n − 1)
(n + 1)(n + 3)

(x − y)2
]
.

Which completes the proof. �

Remark 8. If we take h(t) = t then Theorem (3.13) reduces to Theorem (2.5) in [23].
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Theorem 3.5. Suppose that f : [b1, b2] → R is a differentiable function, g : [b1, b2] → R+ is a
continuous function and symmetric about b1+b2

2 and | f ′| is a generalized strongly modified h-convex
function. Then∣∣∣∣∣∣ f (b1) + f (b2)

2

∫ b2

b1

g(x)dx −
∫ b2

b1

f (x)g(x)dx

∣∣∣∣∣∣
≤

b2 − b1

4

[
2 | f ′(b2)| + Kη

(
| f ′(b1)| , | f ′(b2)|

)
−
µ

2
(1 − t2)(b1 − b2)2

] ∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)dudt

(3.19)

where k = maxt∈[0,1] |g(t)| and g(t) = h
(

1−t
2

)
+ h

(
1+t
2

)
.

Proof. From Lemma (2.14) and the fact that | f ′| is generalized strongly modified h-convex, we have∣∣∣∣∣∣ f (b1) + f (b2)
2

∫ b2

b1

g(x)dx −
∫ b2

b1

f (x)g(x)dx

∣∣∣∣∣∣
≤

b2 − b1

4

∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)
[∣∣∣∣∣∣ f ′

(
1 + t

2
b1 +

1 − t
2

b2

)∣∣∣∣∣∣ +

∣∣∣∣∣∣ f ′
(
1 − t

2
b1 +

1 + t
2

b2

)∣∣∣∣∣∣
]

dudt

≤
b2 − b1

4

∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)
[
2 | f ′(b2)| + h

(
1 + t

2

)
η
(
| f ′(b1)| , | f ′(b2)|

)
−2µ

(
1 + t

2

) (
1 − t

2

)
(b1 − b2)2 + h

(
1 − t

2

)
η
(
| f ′(b1)| , | f ′(b2)|

)]
dudt

=
b2 − b1

4

∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)
(
2 | f ′(b2)| +

[
h
(
1 + t

2

)
+ h

(
1 − t

2

)]
η
(
| f ′(b1)| , | f ′(b2)|

)
−
µ

2
(1 − t2)(b1 − b2)2

)
dudt

=
b2 − b1

4

(
2 | f ′(b2)| +

[
h
(
1 + t

2

)
+ h

(
1 − t

2

)]
η
(
| f ′(b1)| , | f ′(b2)|

)
−
µ

2
(1 − t2)(b1 − b2)2

)
∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)dudt

≤
b2 − b1

4

[
2 | f ′(b2)| + Kη

(
| f ′(b1)| , | f ′(b2)|

)
−
µ

2
(1 − t2)(b1 − b2)2

] ∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)dudt

where k = maxt∈[0,1] |g(t)| and g(t) = h
(

1−t
2

)
+ h

(
1+t
2

)
. �

Remark 9. If we take µ = 0, h(t) = ts then Theorem (3.15) reduces to Theorem (3) in [25].

Corollary 4. In theorem (3.15) if we choose h(t) = t then k = 1 and µ = 0, we have the inequality of
the theorem (2) (Gordji, Dragomir and Delaver).∣∣∣∣∣∣ f (b1) + f (b2)

2

∫ b2

b1

g(x)dx −
∫ b2

b1

f (x)g(x)dx

∣∣∣∣∣∣
≤

b2 − b1

4
[
2 | f ′(b2)| + η(| f ′(b1)| , | f ′(b2)|)

] ∫ 1

0

∫ 1−t
2 b1+ 1+t

2 b2

1+t
2 b1+ 1−t

2 b2

g(u)dudt. (3.20)
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Corollary 5. In corollary (3.17) if we choose g = 1, η(x, y) = x − y, we have the following inequality∣∣∣∣∣∣ f (b1) + f (b2)
2

−
1

b2 − b1

∫ b2

b1

f (x)dx

∣∣∣∣∣∣ ≤ b2 − b1

8
[
f ′(b1) + f ′(b2)

]
. (3.21)

for convex functions that is equivalent to Theorem (1.2) in [1].

4. Application to means

For two positive numbers b1 > 0 and b2 > 0, define

A(b1, b2) = b1+b2
2 ,

G(b1, b2) =
√

b1b2,

H(b1, b2) = 2b1b2
b1+b2

,

L(b1, b2) =


[

bs+1
2 −bs+1

1
(s+1)(b2−b1)

] 1
s
, b1 , b2

b1, b1 = b2,

I(b1, b2) =


1
e

(
bb2

2

bb1
1

) 1
b2−b1

, b1 , b2

b1, b1 = b2

Hw,s(b1, b2) =


[

bs
1+w(b1b2)

s
2 +bs

2
w+2

] 1
s

, s , 0
√

b1b2, s = 0

(4.1)

for 0 ≤ w ≤ ∞. These means are respectively called the arithematic, geometric, harmonic, generalized
logarithmic, identric and Heronian means of two positive numbers b1 and b2.

Applying Theorem (3.1) to f (x) = xs for s , 0 and x > 0 result in the following inequalities
for means.

Theorem 4.1. Let b1 > 0, b2 > 0, q ≥ 1, either s > 1 and (s − 1)q ≥ 1 or s < 0. Then∣∣∣∣∣A(αbs
1, βbs

2) +
2 − α − β

2
As(b1, b2) − Ls(b1, b2)

∣∣∣∣∣
≤

(
b2 − b1

8

)
(2)

1
q

{(
1 − 2α + 2α2

)1− 1
q

[
1
2

(
1 − 2α + 2α2

) ∣∣∣sbs−1
2

∣∣∣q
+

∫ 1

0
|1 − α − t|

(
h
(
1 + t

2

)
η
(∣∣∣sbs−1

1

∣∣∣q , ∣∣∣sbs−1
2

∣∣∣q)) dt

−
µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+
(
1 − 2β + 2β2

)1− 1
q

×

[
1
2

(
1 − 2β + 2β2

) ∣∣∣sbs−1
2

∣∣∣q +

∫ 1

0
|β − t| h(

t
2

)η
(∣∣∣sbs−1

1

∣∣∣q , ∣∣∣sbs−1
2

∣∣∣q) dt

−
µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)] 1
q
 . (4.2)
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Taking f (x) = lnx for x > 0 in Theorem (3.1) results in the following inequality for means.

Theorem 4.2. For b1 > 0, b2 > 0, b1 , b2 and q ≥ 1, we have∣∣∣∣∣∣∣ lnG2(bα1 , b
β
2)

2
+

2 − α − β
2

lnA(b1, b2) − lnI(b1, b2)

∣∣∣∣∣∣∣
≤

(
b2 − b1

8

)
(2)

1
q

{(
1 − 2α + 2α2

)1− 1
q

[
1
2

(
1 − 2α + 2α2

) ∣∣∣∣∣ 1
b2

∣∣∣∣∣q
+

∫ 1

0
|1 − α − t|

(
h
(
1 + t

2

)
η

(∣∣∣∣∣ 1
b1

∣∣∣∣∣q , ∣∣∣∣∣ 1
b2

∣∣∣∣∣q)) dt

−
µ

4
(b1 − b2)2

(
−2α4 + 8α3 − 8α + 5

12

)] 1
q

+
(
1 − 2β + 2β2

)1− 1
q

×

[
1
2

(
1 − 2β + 2β2

) ∣∣∣∣∣ 1
b2

∣∣∣∣∣q +

∫ 1

0
|β − t| h(

t
2

)η
(∣∣∣∣∣ 1

b1

∣∣∣∣∣q , ∣∣∣∣∣ 1
b2

∣∣∣∣∣q) dt

−
µ

4
(b1 − b2)2

(
−2β4 + 8β3 − 8β + 5

12

)] 1
q
 . (4.3)

Finally, we can establish an inequality for the Heronian mean as follows.

Theorem 4.3. For b2 > b1 > 0, b1 , b2 w ≥ 0 and s ≥ 4 or 0 , s < 1, we have

∣∣∣∣∣∣H s
w,s(b1, b2)

H(bs
1, b

s
2)

+ H
s
2 +1
w,( s

2 +1)

(
b2

b1
+

b1

b2
, 1

)
− H s

w,s

(
L(b2

1, b
2
2)

G2(b1, b2)
, 1

)∣∣∣∣∣∣
≤

(b2 − b1)A(b1, b2)
2G2(b1, b2)

 1
2 |s|

w + 2

(
G2(s−1)

(
b2,

1
b1

)
+

w
2

Gs− 1
2

(
b2,

1
b1

))
+η

(
|s|

w + 2

(
G2(s−1)

(
b1,

1
b2

)
+

w
2

Gs− 1
2

(
b1,

1
b2

))
,
|s|

w + 2

(
G2(s−1)

(
b2,

1
b1

)
+

w
2

Gs− 1
2

(
b2,

1
b1

)))
×

∫ 1

0

[
h
(
1 + t

2

)
+ h(

t
2

)
] ∣∣∣∣∣12 − t

∣∣∣∣∣ dt − (
5

64
)µ

(
(b1 − b2)A(b1, b2)

G2(b1, b2)

)2
 . (4.4)

Proof. Let f (x) = xs+wx
s
2 +1

w+2 for x > 0 and s < (1, 4). Then

f
′

(x) =
s

w + 2

(
xs−1 +

w
2

x
s
2−1

)
.

By corollary (3.6) it follows that
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∣∣∣∣∣∣∣∣12
[ f

(
b2
b1

)
+ f

(
b1
b2

)
2

+ f

 b2
b1

+ b1
b2

2

 ] − 1
b2
b1
−

b1
b2

∫ b2
b1

b1
b2

f (x)dx

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
1
2

1
2

bs
2 + w(b1b2)

s
2 + bs

1

bs
1(w + 2)

+
bs

1 + w(b1b2)
s
2 + bs

2

bs
2(w + 2)

 +

(
b2
b1

+ b1
b2

)s
+ w

(
b2
b1

+ b1
b2

) s
2

+ 1

w + 2


−

1
w + 2


(

b2
b1

)s+1
−

(
b1
b2

)s+1

(s + 1)
(

b2
b1
−

b1
b2

) + w

(
b2
b1

) s
2 +1
−

(
b1
b2

) s
2 +1(

s
2 + 1

) (
b2
b1
−

b1
b2

) + 1


∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣H s
w,s(b1, b2)

H(bs
1, b

s
2)

+ H
s
2 +1
w,( s

2 +1)

(
b2

b1
+

b1

b2
, 1

)
− H s

w,s

(
L(b2

1, b
2
2)

G2(b1, b2)
, 1

)∣∣∣∣∣∣ . (4.5)

On the other hand, we have

b2
b1
−

b1
b2

4

{
1
2

∣∣∣∣∣∣ f ′
(
b2

b1

)∣∣∣∣∣∣ + η

(∣∣∣∣∣∣ f ′
(
b1

b2

)∣∣∣∣∣∣ ,
∣∣∣∣∣∣ f ′

(
b2

b1

)∣∣∣∣∣∣
) ∫ 1

0

[
h
(
1 + t

2

)
+ h(

t
2

)
] ∣∣∣∣∣12 − t

∣∣∣∣∣ dt −
µ

2

(
b1

b2
−

b2

b1

)2

(
5

128
)


=

b2
2 − b2

1

4b1b2

1
2

∣∣∣∣∣∣∣ s
w + 2

(b2

b1

)s−1

+
w
2

(
b2

b1

) s
2−1

∣∣∣∣∣∣∣
+η


∣∣∣∣∣∣∣ s
w + 2

(b1

b2

)s−1

+
w
2

(
b1

b2

) s
2−1

∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣ s
w + 2

(b2

b1

)s−1

+
w
2

(
b2

b1

) s
2−1

∣∣∣∣∣∣∣


×

∫ 1

0

[
h
(
1 + t

2

)
+ h(

t
2

)
] ∣∣∣∣∣12 − t

∣∣∣∣∣ dt −
µ

2

(
b2

1 − b2
2

b1b2

)2 (
5

128

)
=

(b2 − b1)A(b1, b2)
2G2(b1, b2)

 1
2 |s|

w + 2

(
G2(s−1)

(
b2,

1
b1

)
+

w
2

Gs− 1
2

(
b2,

1
b1

))
+η

(
|s|

w + 2

(
G2(s−1)

(
b1,

1
b2

)
+

w
2

Gs− 1
2

(
b1,

1
b2

))
,
|s|

w + 2

(
G2(s−1)

(
b2,

1
b1

)
+

w
2

Gs− 1
2

(
b2,

1
b1

)))
×

∫ 1

0

[
h
(
1 + t

2

)
+ h(

t
2

)
] ∣∣∣∣∣12 − t

∣∣∣∣∣ dt − (
5

64
)µ

(
(b1 − b2)A(b1, b2)

G2(b1, b2)

)2
 . (4.6)

Obviously (4.5) and (4.6) yield (4.4). �

5. Conclusions

Fractional differential and integral equations play increasingly important roles in the modeling of
engineering and science problems. It has been established fact that, in many situations, these models
provide more suitable results than analogous models with integer derivatives. Fractional integral
inequality results when 0 < q < 1 can be developed when the nonlinear term is increasing and
satisfies a one sided Lipschitz condition. Using the integral inequality result and the computation of
the solution of the linear fractional equation of variable coefficients, Gronwall inequality results can
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be established. In the present report, we developed the fractional integral inequalities for more
broader class of convex functions named as generalized strongly modified h-convex functions, we
also established some applications of derived inequalities to means. Our results extend and generalize
many existing results, for example [1, 23, 33–35].
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