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Abstract: Let G = (V(G),E(G)) be a graph. An ordered set of vertices R = {vi,va,..., v}
is a 2-resolving set for G if for any distinct vertices s,w € V(G), the representation of vertices
r(s|R) = (dg(s,v1),...,dg(s,v))) and r(w|R) = (dg(w, 1), ...,ds(w,v;)) differs in at least 2 positions.
A 2-resolving set of minimum cardinality is called a 2—metric basis of G and its cardinality is
called the 2—metric dimension (fault-tolerant metric dimension). In this article, the exact value of
the 2—metric dimension of the family circulant graph C,(1,2) is computed and thereby disproving the
conjecture given by H. Raza et al., [Mathematics. 2019, 7(1), 78]. The 2—metric dimension of the
family generalized prism graph P,, X C,, and the M&bius ladder graph M, is computed. Furthermore,
we improved the result given by M. Ali et al., [Ars Combinatoria 2012, 105, 403—410].
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1. Introduction and Preliminaries

For a connected and simple graph G = (V(G), E(G)), d(s,w) represents the length of the shortest
path between two vertices s,w € V(G). Let an ordered set of vertices R = {vi,vs,...,v;} € V(G)
and s € V(G), then r(s|R) = (d(s,vy),d(s,v2),...,d(s,v;)) denotes the representation of vertex s
with respect to R. The set ‘R is called a resolving set or metric generator if for each pair of vertices
s,w € V(G), the representations r(s|R) and r(w|R) uniquely identify s and w i.e., r(s|R) # r(w|R)
[1,2]. A resolving set or metric generator of least number of entries is called a basis for G and its count
is known as the metric dimension of G, represented by dim(G). Consider the set of distinctive vertices
of s,w € V(G)is D(s,w) = {v € V(G) : d(s,v) # d(w,Vv)} and the set of non-trivial distinctive vertices
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s,wis D*(s,w) = D(s,w) —{s, w}. Now, the two vertices s, w are twins if and only if D*(s, w) = ¢. The
degree d, of the vertex v € V(G) is defined as the number of edges attached to v [3—7]. The following
lemma is used in proving the result later in this article.

Lemma 1.1. [8] Let dm(G) = 2 and {vi,v2} be a resolving set of G, then
max{d,,,d,,} < 3.

In 1953, the idea of metric dimension associated to a general metric space was introduced (see [9]).
Later, Slater defined the notion of resolving set for the connected graph G, in 1975 (see [10] and [11]).
It was also discussed independently by Harary et al. in 1976 (see [12]). The resolving sets were
basically defined to locate any intruder in a network but later many applications in robotics, chemistry
and biology were presented in [13]. However, the weakness in the original concept of metric dimension
was the possible uniqueness of the vertex identifying the vertices of the graph. This led to the more
general concept of k-metric dimension (denoted by dim;(G)), introduced by A. Estrado-Moreno et
al., in 2014 (see [14]), where there are k vertices identifying the vertices of the graph. This notion
corresponds to the classical version of metric dimension, for k = 1.

The notion of k—resolving set is defined as follows: Let R = {v{,v,,...,v;} be an order set of
vertices in a graph G and AD((s,w)|R) = (ldg(s,vi) = dgw,v))l,...,
ldg(s, v;) — dg(w,v;)|) be the absolute difference representation of s, w € V(G) with respect to R. The
set R is called a k—resolving set for G, if for any distinct vertices s,w € V(G), the representation of
vertices r(s|R) and r(w|R) differs in at least k positions. In other words, R is called a k—resolving set
for G, if AD((s,w)|R) has at least k non zero entries. A k—resolving set of minimum cardinality in G
is known as k—metric basis and its cardinality is the k—metric dimension of G, denoted by dim;(G).

Since, it was studied in [15] that computing the k—metric dimension of a graph G is NP-hard. Also,
obtaining the k—resolving set of a graph G for each value of & is a remote possibility. This leads to the
definition: If n is the largest integer for which G has a n—resolving set, then we say that G is a n metric

dimensional graph. In other words, the difference in representation r(s|R) — r(w|R) = (a,as,...,a)
has a; # 0 for at least n position. Such a graph G is called n-metric dimensional graph. Thus, for any
ke{l,...,n}, dim(G) can be computed in a p—metric dimensional graph (see [16]).

A. Estrado-Moreno et al. gave a necessary and sufficient condition for the existence of k-metric basis
and presented some important results on the dim(G) in [17]. The k—metric dimension of general metric
spaces is also studied in [18]. The closed formulae and tight bounds for the k—metric dimension of
corona product of graphs and lexicographic product of graphs were computed in articles [19] and [20]
respectively. The k-metric dimension of grid graphs is computed in [16]. Furthermore, this concept
was extended to the more general case of non-necessarily connected graphs in [21]. The case k = 1
and the equally interesting case k = 2 has gathered the most attention, lately.

The 2—-metric dimension has also been discussed under the name of the fault-tolerant metric
dimension, first introduced by Slater in [22]. Later, Hernando et.al. in [23] gave the relation between
the metric and the 2—metric dimension, i.e., dimy(G) < dim(G)(1 + 2.54%™@-1) The 2—metric
dimension of some families of generalized Peterson graphs P(n,t) are discussed in [24]. For more
details on 2—metric dimension, we refer to the articles [25-31] and [32].

The bounds and formulae for dealing with the k—metric dimension as studied in [20] can be helpful
in dealing with the 2—metric dimension of graphs. Here, we include some of the important results on
the 2—metric dimension of the connected graphs with order n > 2.
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Theorem 1.2. [14] If G is a n—metric dimensional graph and let ki, k, be two integers. If 1 < k; <
k, <, then dimy, (G) < dimy, (G).

Theorem 1.3. [14]If G # P,, then for each k € {1, ...,n}, dim(G) > k + 1.
Theorem 1.4. [17] G = P, if and only if dimy(G) = 2.
Theorem 1.5. [17] Every vertex of G is twin if and only if dimy(G) = n.

In this paper, we computed the 2—metric dimension of some families of graphs. In Section 2, we
disproved the conjecture given in [1] by computing the exact value of dim,(C,(1,2)). In Section 3, the
2—metric dimension of the family, generalized prism graph, P,, X C, is computed. Finally, in Section
4, we improved the result of the metric dimension of the family, Mobius ladder graph, M,, given in [2]
by computing the exact value of dim,(M,,).

2. The 2—metric dimension of family of the circulant graph C,(1,2)

The circulant graph C,(1,2) 1is formed by cyclically arranging the vertices
{vi,va,...,v,} in such a way that, for (1 < k < n), each vertex v is adjacent to the 2 vertices that

immediately follow v; and 2 vertices that immediately precede vy, i.e., join v; tO iy, Vis2 and to
Vi—1, Vi—2. The graph Cg(1,2) is shown in Figure 1.
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V4

Figure 1. The circulant graph Cg(1;2).

The following lemma will be helpful in computing the 2—metric dimension of family of the circulant
graph C,(1,2).
Lemma 2.1. [33,34] For n > 5, the circulant graph C,(1,2);
4, ifn=1mod 4,
dim(C,(1,2)) =

3, else.
It is conjectured in [1], the dim,(C,(1, 2)) as:
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Conjecture 1. [/] dim,(C,(1,2)) =7, forn > 7.
In [30], J. B. Liu et al. disproved the conjecture in case of even n. The result is given below:
Theorem 2.2. [30] dim,(C,(1,2)) =4, forn > 8 and n = 0 mod 2.

Here, we have computed the exact value of the 2—metric dimension for the graph C,(1, 2), for all
n>>5.

Theorem 2.3. The 2—metric dimension of C,(1,2), forn > 5 is

6, ifn==6.

dimy(C,(1,2)) ={ 5, ifn=1mod 4
4, ifn=0,2,3 mod 4

Proof. To prove this theorem, we consider the following cases:
Case 1: (When n is even)

Here, we have the following subcases:

Case 1a: (When n = 6)

It can be easily verified that R = {vy, vy, v3, 4, Vs, v} is a 2—resolving set for Cg(1,2). This implies
that dim,(Ce(1,2)) < 6. Therefore, by using Lemma 2.1 and Theorem 1.2, we have dim(Ce(1,2)) =
3 < dimy(Cg(1,2)) < 6. The only thing that remains to show is dim,(Ce(1,2)) # 4 or 5. Here, it is
sufficient to show that any set of cardinality 5 cannot be the 2—resolving set for C¢(1,2). We have this
only possibility:If R = {v{, v,, v3, vy, vs}, then AD((v3, ve)|R) = (0,0,2,0,0).

Case 1b: (When n is even and n > 8)

The result follows that dim,(C,(1, 2)) = 4, by Theorem 2.2.

Case 2: (When n is odd)

Here, we have the following subcases:

Case 2a: (Whenn =5)

It can be easily verified that R = {v{, s, v3, vy, vs} is 2—resolving set for Cs(1,2). This implies that
dim,(Cs(1,2)) < 5. Therefore, by using Lemma 2.1 and Theorem 1.2, we have dim,(Cs(1,2)) = 5.
Case 2b: (Whenn =1 mod4 andn > 9)

Take R = {v;, v2, v3, Va3, Vis }, then the representation of the vertices v; are:

For even i:
(1,0,1, 251, 221y, ifi=2;
i =2 -2 n=2i-5 n-2i-3 . . n—1.
R e B ifd<i<®H
r(vilﬁ%) = nl n-1 n-l 1) if j = m3.
220250 ===
n—i+l n—i+3 n—i+3 2i-n—4 2i—n—4 e n+7 .
( 2 B 2 b 2 ’ 2 1) 2 ), lf T S 1 S n— 1
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and for odd i:
(0,1,1,24, 21, ifi=1;
(1,1,0, 24, 1), ifi=3;
i =] (5SS, S
(n%’ %’ %1’1’0)’ lfl: %,
(n—£'+2’ n—£'+2, n—£'+4’ 2i—£z—l , 2i—£z—5), if % <i<n-1.

Since it can be easily seen that for all s,w € V(C,(1,2)), the AD((s, w)|R) has non-zero entries in at
least two positions, implying that dim,(C,(1,2)) < 5. Therefore, by Lemma 2.1 and Theorem 1.2, we
have dim,(C,(1,2)) = 5.
Case 2¢: (Whenn =3 mod4 andn > 7)

Take R = {v{, v2, v3, v4}, then the representations of the vertices v; are:

For even i:
(1,0,1, 1), if i =2;
.51 55, if4<is g
r(vilR) = (noitl noivd noit3 i if 15 < < n9.
2 ° 2 2 2/ 5= sis 5
—i+1 n=i+3 n—-i+3 n—i+5 sf ntll H
(et et e oyl <<,
and for odd i:
(O’ 1, 1’2)7 lfi: 1;
(1,1,0, 1), if i = 3;
rOIR) =1 1 e e if 5 < i<,
2°020% 209 2 D) 1 Sl s 2
(n—é+2, n—é+2, n—£+4’ n—é+4)’ if % < i <n.

Since it can be easily seen that for all s,w € V(C,(1,2)), the AD((s, w)|R) has non-zero entries in
at least two positions, implying that dim,(C,(1,2)) < 4. Therefore, by Lemma 2.1 and Theorem 1.2,
we have dim,(C,(1, 2)) = 4. This concludes the proof. O

3. The 2—metric dimension of family of the generalized prism graph P,, X C,

The generalized prism graph P,, X C, has vertex set V(P,, X C,) = {u;j|]l <i<mA 1< j<n}and
edge set E(P,, X C,) = {u;juicjs1y, Uijhisnjll < i <m A1 < j < n}, where subscripts i and j are to be
read as modulo m and n respectively (see Figure 2).

The following lemmas will be helpful in proving next theorem.

Lemma 3.1. Let dimy(G) = 3 and {vi, v, v3} be a 2—resolving set of G, then max{d,,,d,,,d,,} < 3.

Proof. In view of Theorem 1.4 G cannot be a path graph, therefore, the proof is obvious by using
Lemma 1.1 and Theorem 1.2. O

Lemma 3.2. [34] For n > 3, the metric dimension of the generalized prism graph P,, X C, is
3, if nis even.

dim(P,, x C,) = 2, ifnisodd,

AIMS Mathematics Volume 5, Issue 6, 6609-6619.
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u3d

Figure 2. The generalized prism graph P3 X Cs.

In the theorem given below, we have computed the 2—metric dimension of P,, X C,,.

Theorem 3.3. The 2—metric dimension of P,, X C,, forn > 3 is

3, ifn=3,

dimy(P, xC) =1,

Proof. To prove this theorem, we consider the following cases:
Case 1: (When 7 is even)
Take R = {uy, u, Uy(ns2), ul(%)}, then the representation of the vertices u;; is:

(l_j, "n 2+21’n 4+2i lf]: 1’

r(uijls)%) — (l +] 2.0+ ] 3, n+2i— 21, n+2+21 21) if2 < ] < %’

2j+n+2i-4  2j+n+2i—6
(n—j+in—j+i+1, L5=—, L5

), if 22 < j<n.

Since it can be easily seen that for all s,w € V(P,, X C,), the AD((s, w)|R) have non-zero entries in
at least two positions, implying that dim,(P,, X C,) < 4. Therefore, by Lemma 3.2 and Theorem 1.2,
we have dim,(P,, X C,) = 4
Case 2: (When n is odd)
Here, we have the following subcases:
Case 2a: (Whenn = 3)
It can be easily verified that R = {uyy,u12, u13} is 2—resolving set for P, x C3. This implies that
dim,(P,, X C3) < 3. Therefore, by using Lemma 3.2 and Theorem 1.2, we have dim,(P,, X C3) = 3

AIMS Mathematics Volume 5, Issue 6, 6609-6619.
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Case 2b: (When n is odd and n > 5)
Take R = {u;y, u, Wynst), ul(%)}, then the representation of the vertices u;; is:

. —342i n—3+2i eos 1.
(l_]’m’nz l’nz l)’ lfj_l’

. . . . n—1+2i-2j n+1+2i-2j
r(u|R) = (i+j-2,i+j—-3, > ),
2jtn—1+42i-4 2j-n-1+2i—6

2 ) 2

if 2 < j <2

n—j+in—j+i+1, ), if 22 <j<n

Since it can be easily seen that for all s,w € V(P,, x C,), the AD((s, w)|’R) has non-zero entries in
at least two positions, implying that dim,(P,, X C,) < 4. Therefore, by Lemma 3.2 and Theorem 1.2,
we have dim(P,, X C,) = 2 < dimy(P,, X C,) < 4. The only thing that remains to show that any set of
cardinality 3 cannot be the 2—resolving set. In view of Lemma 3.1, we have the following cases:

a) If R = {uyy, urs, uy}, with 1 < s <t < %, then AD((u11, uxn)|R) = (2,0,0).

bYIf R = {uyy, ury, up ), with 1 < s <%l <t <n, then

0,0,1), if r= 2L,

AD((u1p, u21)|IR) = (0,0,2) else.

o) If R = {uyq, ups, Uy}, with 1 < s <t < %, then

(1,0,0), ifr= ";21;

AD((uz(n-1y, uin)IR) = { (2,0,0) else.

d)If R = {ur1, g, e}, with 1 <5 <22 <1 < p, then

0,1,0), if 1= 2L,

AD((uin 12D R) =905 ) else,

Hence, in all above cases, there is no 2—resolving set for P,, X C, of cardinality 3. This completes
the proof. O

4. The 2—metric dimension of family of the Mobius ladder graph M,

The family of the Mobius ladder graphs are the graphs with an even number of vertices. They are
formed by adding edges connecting opposite pair of vertices in the cycle. It has exactly 5 4-cycles
which joined together in such a way to form a topological Mdobius strip. It can also be viewed as prism
with two crossed edges. The two different views of the graph M¢ is shown in the Figure 3.

Lemma 4.1. [2] The metric dimension of M,, for n > 8 is
3or4, ifn=2 modS§,;

dim(M,) = 3 else

AIMS Mathematics Volume 5, Issue 6, 6609-6619.
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Figure 3. Two views of Mobius ladder M.

In the following theorem, we have computed the 2—metric dimension of M,,.
Theorem 4.2. The 2—metric dimension of M, for n > 3 is 4.

Proof. To prove this theorem, take R = {u;, up, vy, v,}. Representation of the vertices u; and v; with
respect to R are

(O’ 1’ 1’2)’ lfl: 1,
(i—1,i-20i-1), if2<i<?t
rul®R) =4 6" 5.9 if i = 22;
nn n=2n e on+d,
(3.3 55 if i = 2,

m—i+2,n—i+3,n—i+1l,n—i+2), if 2 <i<n.

(1,2,0,1), ifi=1;
Gi—-1,i—-1,i-2), if2<i<?;
rviR) =4 (6.5.5.59, if i = 42
(%555, if i = 2%
m—i+l,n—i+2,n—i+2,n—1i+3), if%siSn.

Since it can be easily seen that for all s,w € V(M,), the AD((s, w)|'R) has non-zero entries in at
least two positions, implying that dim,(M,,) < 4. Therefore, by Lemma 4.1 and Theorem 1.2, we have
dimy(M,) = 4. ]

Since, the metric dimension of the graph is always strictly less than the 2—metric dimension of the
graph, the following result is obviously stated.

Theorem 4.3. The metric dimension of Mobius ladder graph is 3, for every n.

AIMS Mathematics Volume 5, Issue 6, 6609-6619.
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5. Conclusion

In this paper, the 2—metric dimension of the families circulant graph C,(1, 2), the generalized prism
graph P,, X C,, and Mébius ladder graph M,, are computed, which were found to be constant. Here, we
end with the following open problem.

Open Problem Find the 2—metric dimension of the family of the generalized Petersen multigraphs
P(2n,n) forn > 2.
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