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Abstract: The 2-degree of a vertex v in a (molecular) graph G is the number of vertices which are
at distance two from v in G. The first leap Zagreb index of a graph G is the sum of squares of the
2-degree of all vertices in G and the third leap Zagreb index of G is the sum of product of the degree
and 2-degree of every vertex v in G. In this paper, we compute the first and third leap Zagreb indices
of bridge and chain graphs. Also we apply these results to determine the first and third leap Zagreb
indices of some chemical structures such as polyphenyl chains and spiro chains.
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1. Introduction

A molecular graph in chemical graph theory is the graphical representation of the structural
formula of a chemical compound in which the vertices represent atoms and edges represent chemical
bond between those atoms. A topological index of a molecular graph G is a real number which
characterizes the topology of G. Also it is invariant under graph automorphism. Topological indices
have been widely used in Quantitative Structure-Activity Relationship (QSAR) and Quantitative
Structure-Property Relationship (QSPR) studies. It has application in many folds, to name a few
areas, biochemistry, nanotechnology, pharmacology. Bond energy is a measure of bond strength of a
chemical compound. The distance between two atoms is considered as the bond length between them.
The higher the bond energy, the smaller is the bond length between those atoms. The recently
introduced 2-degree based topological invariants, analogous to novel graph invariants (Zagreb
indices), namely leap Zagreb indices, may be applied in studying such bond energy between atoms in
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a molecular graph of a chemical compound.

Throughout this paper, G = (V, E) represents a connected molecular graph with the vertex set V(G)
and the edge set E(G). Let the number of vertices and edges of G be n and m respectively. The
degree of a vertex v in G is the number of vertices adjacent to v in G and denoted by deg(v : G).
The 2-degree (or the second-degree) of a vertex v in G is the number of vertices which are at distance
two from v in G and denoted by d,(v : G). The Zagreb indices, namely, the first and second Zagreb
indices, are the most important and oldest molecular structure descriptors. These indices have been
studied extensively in the field of Mathematical Chemistry [3—5]. Recently, the concept of Forgotten
topological index also known as F-index have attracted many researchers which results in over 100
research articles related to F-index. A.M.Naji et al. [13] have recently introduced and studied some
properties of a new topological invariant called Leap Zagreb indices. They are defined as follows:

Definition 1. (i) The first leap Zagreb index LM,(G) of a graph G is equal to the sum of squares of the
second degrees of the vertices, LM\(G) = Y. d»(u)*
ueV(G)
(ii) The second leap Zagreb index LM,(G) of a graph G is equal to the sum of the products of the
second degrees of pairs of adjacent vertices, LMy(G) = 3, dy(w)d,(v).
weE(G)
(iii) The third leap Zagreb index LM5(G) of a graph G is equal to the sum of the products of the degree
with the second degree of every vertex in G, LM3(G) = ), deg(u)d,(u)
ueV(G)

Subsequently, Z. Shao et al. [18] generalized the results of Naji et al. [13] for trees and unicyclic
graphs and determined upper and lower bounds on leap Zagreb indices and characterized extremal
graphs. Basavanagoud et al. [2] computed exact values for first and second leap hyper Zagreb indices
of some nano structures. V. R. Kulli [7-9] introduced and studied various leap indices. Shiladhar et
al. [17] computed leap Zagreb indices of wind mill graphs. Most recently, Naji et al. [14] have studied
some properties of leap graphs.

Azari et al. [1] found formulae for first and second Zagreb indices of bridge and chain graphs.
Nilanjan De [15, 16] computed F-index and hyper Zagreb index of bridge and chain graphs. Jerline et
al. [6] obtained exact values for harmonic index of bridge and chain graphs. E. Litta et al. [10] worked
on modified Zagreb indices of bridge graphs. Mohanad Ali et al. [11] computed F-leap index of some
special classes of bridge and chain graphs. Zhang et al. [12] worked on Edge-Version Atom-Bond
Connectivity and Geometric Arithmetic Indices of generalized bridge molecular graphs. Motivated by
their results, we compute exact values for the first and third leap Zagreb indices of bridges and chain
graphs. Also we discuss some applications related to these indices in the last section of this paper.

First, we recall the definitions of bridge and chain graphs from [1] as follows:

Definition 2. Let {G,‘}?:1 be a set of finite pairwise disjoint graphs with distinct vertices v; € V(G;). The
bridge graph B, = B1(G1,Gs,...,G4;v1,V2,V3,..., V) of{Gi}fl=1 with respect to the vertices {v,-}f-l=1 as
shown in Figure 1, is the graph obtained from the graphs G, G,, . ..,Gy by connecting the vertices v;
and vy by an edge foralli =1,2,...,d - 1.

Definition 3. The bridge graph B, = B,(G1,Gy,...,Gg v, Wi, Vo, Wa,y ..., Vg, We) Of {G,-}fl=1 with
respect to the vertices {v,-,w,-}fl:1 as shown in Figure 2, is the graph obtained from the graphs
G1,G,,Gs,...,Gy by connecting the vertices w; and vi.1 by an edge foralli=1,2,...,d — 1.

AIMS Mathematics Volume 5, Issue 6, 6521-6536.



6523

Definition 4. The chain graph C = C(G1,G2,...,Gg;vi, Wi, Vo, Wa, ..., Vg, Wq) of {G 1 with respect
to the vertices {v;, wl} _, as shown in Figure 3, is the graph obtained from the graphs Gl, G, ...,Gy by
identifying the vertices w; and vy foralli=1,2,...,d — 1.

2. First and third leap Zagreb indices of bridge and chain graphs

v Vo v3 Vd—1 Vd

Figure 1. The bridge graph 5;.

2.1. The bridge graph B,

The following lemma gives the 2-degree of any arbitrary vertex in the bridge graph 8.

Lemma 5. Let G1,G,, -+ ,G, be d > 5 connected graphs. Then the 2-degree of any arbitrary vertex
u in the bridge graph B, formed by these graphs is as follows:

i+t + 1, ifu=v

Va+ g + 1, if u=vy

Vot +us+ 1, ifu=v,

Va1t Ug+ g2+ 1, ifu=vy

do(u: By) = v+ iy + g1 +2, Jifu=v, 3<i<d-2 (2.1)
dry(u:Gy)+ 1, if u€ Ng,(v1)

dry(u:Gg)+ 1, if u € Ng,(va)

dy(u:G)+2,if ueNg(v;), 2<i<d-1

dr(u:Gy), if ue V(G)\ Ng[vil, 1 <i<d

where v; = dr(v; : G;) and u; = deg(v; : G;), 1 <i<d.
Next, we compute the first leap Zagreb index of the type-I bridge graph B;.
LCtSi: Z dz(thJ,lSlSd

ueNG, (v)

Theorem 6. LM,(B,) = ZLMl(G)+Z |(icr + it + D% + 20y + iy + 1) + 48, +8/,L,]+2 z Vi
+2(81+Sy, )+(/J1+'ud—2/.lg 24— 2)+(,uz+l)(/¢2+2v1+1)+(,ud 1+ D(ua- 1+2vd+1)+3d—12

Proof. By virtue of Lemma 5

LM(B)= ), du:B)

UeV(B))
=+ + 1P+ g+ gy + D+ g+ s+ 1D+ (Vaoy + fa + fga + 1)
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+Z(vl+u,1+um+2) ) @G+ D (dau: Gy + 1)

MENG] (1) ueNG ,(va)

+Z > (a’z(u:G,-)+2)2+Z > d: Gy

i=2 MGNG‘.(\),‘) i=1 MEV(G,‘)\NGI. [vi]

=vi+ (o + D2 +2vi(uy + 1) + Vi + (gg + 1) + 2vg(ugy + 1) +v3
Uy + a3+ D+ 2v(uy + s+ D)+ V5 A+ (g + g + 1)
d-2
+2va (g + pa—2 + 1) + Z [(Vi + 1)+ 207 + D(ict + fier + 1) + (Wict + pisr + 1)2]
i=3

+ ) [dau: G + 2w G|+

ueNg, (vi)

+ Z [dz(u : Gy)? + 2ds(u Gd)] + 1y
”ENGd(Vd)

+Z Z do(u: G)? +4ddo(u : G)) +4Z/JZ+Z Z o : G,
i=2 ueNg; (vi) i=1 ueV(G)\Ng;[vil

d-1
= ZLMI(G)+Z (it + it + D + 20ty + i + 1) + 48, + 841

i=1 i=2
d-2

ZVz +2(81+Sa) + (W + pa =200 = 203 = 2pg0 — 2ug-1) + (U2 + D(up + 2v + 1)
=

+(ug-1 + D(ug-1 +2vyg+ 1)+ 3d — 12.
Thus the result follows. ad
Corollary 7. If G\ = G, = --- = G, = G in a bridge graph B, then

LM(B,) = dLM(G) + (4d — 6)u* + (4d — 8)v + (12d — 26)u + (4d — #)(vu + S) + 4d — 12, where
S= ) du:G).

ueNg(v)

Lemma 8. [1] The degree of an arbitrary vertex u of the bridge graph By, d > 5 is given by:

w+ 1, ifu=w
+1, ifu=

deg(u: By) = Pt 1 i u=va , 2.2)
wi+2, ifu=v,2<i<d-1

deg(u:Gy), ifueViG)\{v}, 1 <i<d

where u; = deg(v; : G;), 1 <i<d.

Next, we compute the third leap Zagreb index of the type-I bridge graph 8, Let us denote s; =
>, deg(u:Gy,1<i<d.

ueNg,; (vi)
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Theorem 9. LM3(8,) = Z LM3(G)) + (51 + 54) +2 Z Si + 2(2‘/1 +6u;) +2 Z(.Uz 1) — 2(u2 + pg-1) —

=2 i=1
1 +vg) = 3(uy + py) + 4d - 10.
Proof. By virtue of Lemma 5 and 8
LMyB) = ) daw)deg(u)
uev(By)
=+ + D+ D)+ 0o +py +pz + Dy +2) + (vg + gy + D(ug + 1)

d-2

F Vot + Ha + Haa + D@ao +2)+ D 0+ iy + s + 2)(t; + 2)
i=3

£ (dau:Gy)+ Ddegu: G+ Y (da(u: Gg) + 1)(deg(u : Gy))

LIENGI v1) MENGd(Vd)

d-1 d
+> D [ G)+degu: G+ D > (dolu: G)(deglu: Gy)

i=2 ueNg,(vi) i=1 ueV(G,—)\NGi[v,-]

= (vipy + vy + popy + o+ g + 1)+ (Voo + 2vo + ppy + 2y + papn + 23 + g + 2)
+(Vapta + va + pa1pa + Ha-1 + pa + 1) + (Vacipta—1 + 2vao1 + papa-

d-2
+20g + faofa-1 + 20a-2 + a1 +2) + Z(Vi,ui +2vi + i+ 200+ i

i=3

2 + 2u; +4) + Z (dr(u : Gy)deg(u : Gy) +deg(u : Gy)) + Z (dr(u : Gy)

ueNg, (v1) ueNG,;(va)
d-1
deg(uu: Gg) +deg(u: Ga)+ Y > (do(u : G)deg(u : Gy) + 2deg(u : G))
=2 MENGI.(V,')

n Zdl Z d>(u : Gydeg(u : G;)

i=1 ueV(G;)\Ng,[vi]

Thus the result follows. O

Corollary 10. IfG, = G, = --- = G4 = G in a bridge graph B,, then

LM3(8B)) = dLM3(G) +2(d — 1)(s + v + u?) + 2u(3d — 5) + 4d — 10, where s = 5. deg(u : G).
ueNg(v)

2.2. The bridge graph B,

Figure 2. The bridge graph 8,.
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For any two nonempty sets A and B, AAB denotes the symmetric difference of A and B and defined
asAAB=(A\B)U(B\A) = (AU B)\ (AN B). First, we obtain the 2-degree of any arbitrary vertex in
the type-II bridge graph B, as follows:

Lemma 11. Let G,G,, - ,G, be d > 5 triangle free connected graphs. Then 2-degree of any
arbitrary vertex u in the bridge graph B, formed by these graphs is as follows:

dr(u : Gy), if ue V(Gy)\ Ng,[wi]

dy(u: Gy)+ 1, if ue Ng,(wy)

dr(u: Gy), if ue V(G) \ {Ng,[vilUNg,[w]}, 2<i<d-1

dy(u: Gy), if ueV(Gy) \ Ng,[v4

dry(u: By) =1dr(u:Gy) + 1, if u€ Ng,(vy) (2.3)
dry(u:G)+1, if ue (Ng(v)ANg (W), 2<i<d-1

dr(u:G))+2, if ue Ng,(vi) N Ng,(w;), 2<i<d-1

Oi+ Miy1, ifu=w;, 1<i<d-1

Vit Ay, ifu=v;,2<i<d.

where v; = dy(v; : G)), u; =deg(v; : G;) ;2 <i<d, 6; =dr(w; : G}), A; =deg(w; : G)); 1 <i<d-1.
Next, we compute the first leap Zagreb index of type-II bridge graph 5.
Let us denote S'l = Y du:GpandS,= > dy(u:Gy)

ueN(;1 (wy) M€NGd Vq)

d
Theorem 12. LM (B,) = 3, LM{(G;) +2(S| + Sa) + (4 + ia) +
i=1

d-1 d-1 d-1 d

) 2 [2d>(u : G)+1]+4 X % [dau 2 G)+11+ 3, (U], +26ikti1)+ L (A7 +2vidi).
i=2 MGNGi(V,')ANGi(wi) i=2 uENGi(V,')ﬂNGl.(Wi) i=1 i=2

Proof.

LM\(B) = ) do(u:B,)

ueV(8,)

d-1
= Z dr(u : G)* + Z Z do(u : G;)*

ueV(G)\Ng, [wil =2 ueV(G)\{Ng, [vilUNg, [wil}

> G+ ) (daui G+ 1Y
ueV(Ga)\Ng 4 [val ueNg, (wi)

d-1

+Z Z (d>(u: G) + 1)

i=2 uENGi(V,‘)ANG’. (W[)

d-1
@G+ Y (G +2)

”ENGd(Vd) i=2 MENGI,(V,‘)QNG’.(W,*)
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d-1 d
+ 2(51' + 1) + Z(Vi + A1)
i=1 i=2

d-1
=LM(G) =61 — D, du:G)Y+ Y[ ) dw:GP— > du:G) - -6

ueNGl(wl) i=2 ueV(G;) ueN(©v;)UN(w;)
MG = Vi = Y d: G+ Y dw: G +2 Y dau: G+ A
ueNG,(va) ueNG, (wi) ueNgG, (wi)

d-1
1 D ldau: G +2dy(u: G+ 1N+ Y [da(u: Go)* +2da(u s Gg) + 1]

i=2 uENGi(v,-)ANGI.(w,-) ueNgG, va)

d-1
2 1 D dau: G +4da(u: Gy) +4]]

i=2 uGNGi (V,')ﬂNG’. (wi)

d-1 d
# 167 + 2031 + il + D+ 2vidiy + AL
i=1 i=2
Thus,
d
LM\(B) = ) LMi(G) +2(S| +Sa) + (A1 + ta)
i=1
d-1 d-1
> D Rabw:Gy+1+4) > [dw:G)+1]
i=2 M€NG,-(V1')ANGI-(W:') i=2 MENGI.(VI‘)QNG[.(W,‘)
d-1 d
+ Z(/Jizﬂ +20iui41) + Z(/l,-z_l + 2vidiy).
i=1 i=2
O
Corollary 13. If G, = G, = --- ,Gy4 = G, in a bridge graph B,, then LM(B,) = dLM(G) + 1 + u +
2 +S)+(d-2) > Rdry(u:G)+1)+4(d-2) > (dr(u - G)+1)+(d—1)[,uz+/12]+
ueNG(v)ANg(w) ueNg(v)NNg(w)
2(d — D[ou + vA], where S = Y, dy(u:G)and S’ = ), dy(u:G).
ueNg(w) ueNg(v)

In what follows next, we compute the third leap Zagreb index of 8.

Lemma 14. The degree of an arbitrary vertex u of the bridge graph B,,d > 5 is given by:

deg(u: Gy), if ueV(Gy)\ {wi}

deg(u: Ga), if ucV(Ga) \ {val

deg(u:B,) =qdegu: G)), if ue VIG) \{vi,w;}, 2<i<d-1 2.4)
i+l ifu=w, 1<i<d-1

ui+ 1, ifu=v;,2<i<d.

where p; = deg(v; : G;) ;2 <i<d, ,; =deg(w; :G;); 1 <i<d-1.
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d
Theorem 15. LM;(8B,) = > LM5(G;) + >, deg(u : G + >, deg(u
i=1

ueNG, (w1) UENG, (va)
d-1 d-1 d-1
Gy + Y > degu : G) + Y > deg(u : G) + % 2 2deg(u
i=2 ueNg,(wi)\Ng,; (vi) i=2 ueNg, (vi)\Ng,; (wi) i=2 u€Ng,;(vi)NNg,(w;)

-1 d-1 d d
Gi) + 21 Ui A + 21 Hiv1 + 22/11'—1 + _21(51' + Vi) — v — 4.

Proof. By virtue of Lemma 11 and 14

LMyB) = ). dyw)deg(u)

MGV(Bz)
d-1
= Z dz(u:Gl)deg(u:G1)+Z Z do(u : G)deg(u : Gy)
ueV(G1)\Ng, [wi] i=2 ueV(G)\{Ng, [vilUNg;,[wil}
) dau:Godegu: G+ Y (da(u: Gy)+ 1)(degu: Gy)
ueV(Ga)\Ng,[val ueNg, (wi)
d-1 d-1
D0 D (@G deg G+ D Y (dau: G+ 1)
i=2 u€Ng,;(wi)\Ng, (vi) i=2 u€Ng,;(vi)\Ng,(wi)
d-1
(deg(u: G+ D (da(u: Gy) + (deglu: G) + ).
uGNGd(Vd) i=2 uENGi(V,')ﬂNG[(W,')
d-1 d

(dau : Gy) + Ddeg(u: G) + 3 (6 + i) + 1)+ Y (0 + )i + 1)
i=1 i=2

Thus the result follows. O
Corollary 16. If G, = G, = --- = G4 = G in a bridge graph B,, then
LM3(B,) = dLM3(G) + ), degu : G)+ ) deg(u : G) + (d — 2)( > deg(u : G) +

ueNg(w) ueNg(v) ueNg(w)\Ng(v)
> deg(u:G)+ > 2deg(u: G) +(d - DRuA+u+ ) +di6+v)—(v+9).

ueNg(v)\Ng(w) ueNg(v)NNg(w)

2.3. The chain graph C

Figure 3. The chain graph C.

In the following lemma, we obtain the 2-degree of any vertex in the chain graph C.

Lemma 17. Let G, , G, ,---,Gy4, d = 5 be Cs-free connected graphs and let
C = C(G1,Gy, - ,Ggswy, Vo, Wa, V3, -+ ,Wu_1,Vy) be the chain graph formed using these graphs.
Then the 2-degree of any vertex u in C is given as follows:
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dy(u : Gy), if ue V(Gy)\ Ng,[wi]

dy(u : Gy) + ptp, if u € Ng,(wy)

dy(u : Gy), if u€ V(Gy) \ Ng,[val

dy(u: Gg) + A4y, if u € Ng,(vq)

dy(u:C)=3dr(u: G)), if ue V(G \ {Ng,[wil]UNg[vl}, 2<i<d-1 (2.5)
dr(u : Gi) + piwr, if u € Ng,(wi) \ Ng,(vi), 2<i<d-1

do(u : Gi) + iy, if u € Ng,(vi) \ Ng,(w), 2<i<d-1

do(u 2 Gi) + Aoy + i, if u € Ng,(v) N Ng,(w), 2<i<d—1

§i+Virt, if u=w;= vy, 1<i<d-1,

where v; = d,(v; : G;), u; = deg(v; : G;), A; = deg(w; : G;) and
0i=dy(w; : Gy forall1 <i<d.

Now, we compute the first leap Zagreb index of the chain graph C by applying Lemma 17.
Theorem 18. For the chain graph C,

d
LM\(C)= Y LM\(G)+ Y, [d(u: G+l + Y [RAaada(u: Gy + A5]
1

i= u€Ng, (wr) ueNG,;,(va)
d-1 d-1
. 2 . 2
+ D Ruda: G+l d+ Y > RAdau: G+ A
i=2 ueNg,(wi)\Ng, (vi) i=2 u€Ng,(vi)\Ng,;(wi)
d-1
+2 Z [Aimida(u : G) + pivida(u 2 G) + 1]
i=2 MENGi(V;)ﬂNGl.(W,')
d-1 d-1
2 2
+Z Z (A, +:ui+1)+226ivi+l-
i=2 LlENGi(Vi)ﬂNGi(W,‘) i=1
Proof. By Lemma 17, we have
LM(O) = ), da(u:C)
ueV(C)
2 2 2
= > WG+ ) [hu:G+ml+ Y dau:Gy
ueV(GD\Ng, w1l ueNG, (wi) ueV(Ga)\Ng 4 [val
d-1
. 2 C 2
+ ) G+ AP+ )Y > d(u : Gy)
ueNG,(va) i=2 ueV(G)\{Ng;[vilUNg, [wil}
d-1 d-1
2 2
+ Z Z [da(u : Gi) + pi1]” + Z Z [da(u : Gy) + Ai1]
i=2 ueNg, (w)\Ng; () i=2 ueNg, (v)\Na, (wi)
d-1 d-1
2 2
+ Z Z [da(u : Gi) + iy + i ]” + Z[@' + Vil
=2 LlENGi(vi)ﬁNGi(W,') i=1
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=LM(G)— D [dau: G’ 1=+ > [da(u: G1)* + 2da(u s Gipa + 23]

uENGl (wy) MGNGI (w1)
MGy = Y dau: Gy =vi+ D [do(u: Go) + 244 1da(u s Gg) + A5
ueNG ,(va) ueNG ,(va)
d-1 d-1
N G-y > Gy
i=2 ueV(Gj) =2 uGN(;[,[Vi]UNG[[Wi]

d-1
+ Z Z [dz(u : Gi)z + 2/li+1d2(u 1 Gy + /’li2+1]

i=2  u€Ng;(wi)\Ng,(v)

d-1
+ Z Z [do(u : G)* +22;_1dar(u : Gy) + A7]

i=2 u€Ng;(vi)\Ng; (wi)
-1

d
0Dl G+ 24da(u s Gy) + 2piada(u : G) + 24ty + ALy + 1]

=2 uENG,- (V,‘)ﬁNGi (wy)

d
= YLMG)+ ) Rwdu:G)+il+ Y RAds(u: Go)+ 4]

i=1 MENG1 (wy) uENGd(Vd)
d-1 d-1
. 2 . 2
D Ruad: G+ d+ ). > RAdau: G+ AL
i=2  ueNg;(wi)\Ng, (v) i=2  ueNg,;(vi)\Ng,;(w:)

d-1
+2 Z Z [Aimida(u 2 Gi) + pida(u 2 Gy) + Aimipliv ]

i=2 ueNg,(v)NNg,(wi)

d-1 d-1
=2 MENGI.(V,')QNG'.(W,') i=1
O
Corollary 19. In a chain graph C, if G| = G, = --- = G4 = G, then
LM (C) =dLM(G)+ Y Rud:(u:G)+u*l+ 3 [2Adr(u: G)+ %]+ (d-2) > [2ud,(u -
UeNg(w) ueNg(v) ueNGg(wW)\Ng(v)
G)+u*l+(d-2) > [2Ad>(u : G) + A?]
ueNG()\Ng(w)

+2(d-2) > [Ady(u : G) + udy(u : G) + Au]

UueNg(v)NNg(w)
+(d-2) Y (2 +d)+2d - 1Dov.

ueNg(v)NNg(w)

Lemma 20. Let G, , G, ,---,Gy4, d = 5 be Cs-free connected graphs and let
C = C(G1,Ga, -+ ,Ggswy, Vo, W, V3, -+ ,Wa_1,Vy) be the chain graph formed using these graphs.
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Then the degree of any vertex u in C is given as follows:

deg(u : Gy), if ue V(Gy) \ {wi}
deg(u: C) = deg(u: Gg), if ueV(Gy) \ {va} 2.6)
st deg(u: Gy, if ue V(G)\ (viwih, 2<i<d—1 '

Ai+ i1, if u=wi=vyy, 1 <i<d-1,

where u; = deg(v; : G;), A; =deg(w; : G;) forall1 <i<d

Finally, we compute the third leap Zagreb index of the chain graph C by applying Lemma 17 and
20.

d
Theorem 21. LM;(C) = ) LM;(G;) + >, jodeg(u : Gy) + > Ag_deg(u
i=1 ueNg, (wi) ueNg,(va)
d-1 d-1 d-1
Gy + 2. 2 Mindeg(u : Gy) + X )y Aisdeg(u : Gy) + 3 > (Aj1deg(u :
i=2 ueNg,(wi)\Ng,; (vi) i=2 u€Ng, (vi)\Ng,; (w;) i=2 ueNg,;(vi)N\Ng, (wi)

d-1
G)) + pisdeg(u : Gy)) + ;1(5;'/1”1 + Vi1 di).

Proof. By virtue of Lemma 17 and 20

LMyC) = ) d(w)deg(u)
uev(C)
= dy(u : Gr)deg(u : Gy) + Z (da(u : Gy) + po)deg(u : Gy)
ueV(G)\Ng, [w1] ueNg, (wi)
+ Z do(u : Gy)deg(u : Gy) + Z (d>(u : Gyg) + Ay_y)deg(u : Gy)
ueV(Ga)\Ng,[val ueNg,(va)
d-1 d-1
+ Z Z do(u : G)deg(u : G;) + Z
i=2 ueV(G)\{Ng, [wilUNg,[vil} i=2 u€Ng,;(wi)\Ng, (vi)
d-1
(do(u: G)) + piodeg(u: G+ > > (do(u: G) + A;)deg(u : Gy)
i=2 u€Ng,;(vi)\Ng,(wi)
d-1
>0 D (@i G)+ A+ picn)deg(u: Gy)
i=2 MENG[.(VI‘)QNG[.(WI‘)
d-1
# 6+ Vi) (i + i),
i=1
Thus the result follows. ]
Corollary 22. In a chain graph C, if G| = G, = --- = G4 = G, then
LM5(C) = dLM3(G) + Y, udeg(u : G)+ 2 Adeg(u : G) + (d — 2)( D udeg(u : G) +
ueNg(w) ueNg(v) ueNg(w)\Ng(v)
D Adeg(u : G) + D A+ wydeg(u : G)) + (d— 1)(0u + vA).
ueNG(V)\Ng(w) ueNG(vV)NNG(w)
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3. Examples

In this section, we determine the first and third leap Zagreb indices of some molecular graph
structures.

v v v
W
w
w
(a) (b) (©)

Figure 4. Ortho, meta and para positions of two vertices in a hexagon H.

Two vertices v and w of a hexagon H (Cg) (please refer Figure 4) are said to be in
(i) ortho-position, if they are adjacent in H
(ii) meta-position, if they are distance two in H
(iii) para-position, if they are distance three in H.

We connect i > 5 ortho-hexagons to form a polyphenyl chain denoted by O,, as follows:

Figure 5. Polyphenyl chain O,,.

One can observe that the Polyphenyl chain O), shown in Figure 5 is a B, type bridge graph.
Therefore, from Corollary 7, we get

LM,(Oy) = hLM,(G) + (4h — 6)2 + (4h — 8)v + (12h — 26)u + (4h — H)[vu + Z do(u : G)] +4h — 12

UENG(V)
= 24h + (4h — 6)(4) + (4h — 8)(2) + (121 — 26)(2) + (4h — 4)(4) + (4h — 4)(4) + 4h — 12
= 1084 — 136.
Similarly,

From Corollary 10, we get

LM3(Oy) = 24h + (2h — 2)(2) + (2h — 2)(2) + 2(2)3h — 5) + 2(h — 1)(2 + 4) + 4h — 10
= 60h — 50
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Figure 6. Polyphenyl chain M.

The polyphenyl chain M, is formed by connecting # > 5 meta-hexagons as shown in Figure 6 .

The polyphenyl chain $;, is formed by connecting 4 > 5 para-hexagons as shown in the following
Figure 7.

Figure 7. Polyphenyl chain #,.
It is clear that the Polyphenyl chains M), and $;, are type-II bridge graphs 5,.

Using Corollary 13, we get

LM (M) = hLM(G) + A + u + 2 Z do(u: G)+(h-2) Z Q2dy(u : G) + 1)]

ueNg(w) ueNGg(W)\Ng(v)

+(h—2) Z 2d>(u: G) + 1) + 4(h —2) Z (do(u: G) + 1)
ueNg(v)\Ng(w) ueNg(v)NNg(w)

+2 Z dr(u: G) + (h— D +2(h — DS + 2(h — Dvad + (h— 1)A*

UENG(v)
=24h+4+24)+(h-2)2Q2Q)+ 1]+ (h-2[22Q)+ 1] +4h-2)2+ 1)+ 24+ (h— 1))
+4(h - 1)4) + (h—1)(4)

Thus LM, (M,,) = 70h — 48.

Similarly, by Corollary 13, we have

LM\(Pp) =24h+4+24)+ (h=2)[24)+ 2]+ (h—=2)8+2)+4(h—-2)(0) +2(4) + (h— 1)(4)
+8h-1)+8h—-1)+(h—-1)4)

Therefore, LM (P)) = 68h — 44.
Using Corollary 16, we get

LM3(M,) =24h+8+ (h—-2)8 +(h—1)12+ h(4) -4
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= 48h - 24

LM;(Py) =24h +8+ (h—2)8+ (h—1)12+4h -4
= 48h - 24.

Next, we shall see an application related to the chain graph C. The spiro-chain S PC4(d, 3) is a chain

graph formed using d > 5 copies of the cycle Cy.
Here the number 3 in the construction denotes the position of the vertices v and w in the spiro-chain

(refer Figure 8).

AKX

Figure 8. Spiro-chain S PC,(d, 3) formed with d > 5 copies of C, connected in 3" position.

The spiro-chain S PCe(d,4) is a chain graph formed using d > 5 copies of the cycle C¢ or hexagon
where the vertices v and w are connected in the 4" position (refer Figure 9).

000200,

Figure 9. Spiro-chain S PCy(d, 4) formed with d > 5 copies of Cs connected in 4" position.

By applying Corollary 19, we get
LM\ (S PC4(d,3)) = dLM,(G) + Z [Ruds(u : G) + 2] + Z [24ds(u : G) + A%]

ueNg(w) ueNg(v)
+(d -2) Z Rudy(u : G) + 1?1+ (d - 2) Z [2Ad>(u : G) + A°]
ueNGg(W)\Ng(v) ueNG(V)\Ng(w)

+2(d - 2) Z [ds(u : G) + ud>(u : G) + Ay

ueNg(v)NNg(w)

+(d - 2) Z (A% + 12 +2(d — 1)y

ueNg(v)NNg(w)

= 54d — 66.

Similarly, from Corollary 19, we have LM, (S PC¢(d,4)) = 80d — 56.
By applying Corollary 22, we get

LM;(SPCy(d,3)) = 8d + 22 +2) + 22 +2) + (d — 2)(16) + (d — 1)(4)
=284 — 20

Similarly, from Corollary 22, we have LM5(S PC¢(d, 4)) = 48d — 24.
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4. Conclusions

We have computed exact values of one of the recent topological invariants namely first and third
leap Zagreb indices for bridge and chain graphs. It is worth mentioning that computing second leap
Zagreb index of bridges and chain graphs has not yet addressed and interested researchers may work
on it. Also these indices need to be explored for several other interesting graph structures arising from
mathematical chemistry and other branches of science.
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