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1. Introduction

Let Q be an open subset of R"”. For any s € (0,1) and p € [1,00), we can define the fractional
Sobolev space W*P(€)). The study on fractional Sobolev space is a classical topic in functional
analysis and harmonic analysis and the theory of fractional Sobolev space has been widely applied in
different fields, such as optimization, phase transition, anomalous diffusion, material science,
non-uniform elliptic problems, gradient potential theory etc (see [10]). In 1991, Kovacik and
Rékosnik studied variable exponential spaces LP™ and W'*™® (see [17]). Since then, some scholars
have successively studied the theories and applications of these spaces (see [7,9, 11-14,20, 21] and
their related references). With the vigorous development of variable index space theory, in recent
years, some scholars have focused their research on the variable exponent fractional Sobolev spaces.
In 2017, Kaufmann, Rossi and Vidal extended the constant exponent p of fractional Sobolev space to
variable exponent p(x,y) type (not only that, but also another variable exponent g(x)), and studied the
compact embedding of these spaces and obtained the existence and uniqueness of solutions for
non-local problems of p(x)-Laplacian equations by means of these spaces (see [16]).

Let Q c R" be a bounded domain with Lipschitz boundary, and ¢ : Q@ — (1,00) and p : Q x
Q — (1, o) be two continuous functions bounded away from 1 and co. Assume that p is symmetric,
ire. p(x,y) = p(y,x). For s € (0,1), the variable exponent Sobolev fractional space is defined as
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follows in [16]:

— p(x.y)
WSIDPEN () = {u € LIV(Q) - f f ul0 = w1y < oo for some A > o} (LD

axq APEY|x — ylrtspley)

On the spaces defined in this way, scholars set up certain conditions to study trace
theorem (see [8]), indefinite weights of p(x,y)-Laplace equations (see [19]), non-local eigenvalues
with variable exponential growth conditions (see [2]), separability, reflexivity, density and a class of
nonlocal fractional problems (see [6]), a priori bounds and multiplicity of solutions for nonlinear
elliptic problems involving the fractional p(-)-Laplacian (see [15]), extension domains (see [4]),
strong comparison principle for the fractional p(x)-Laplace operators, sub-super-solution method for
the nonlocal equations involving the fractional p(x)-Laplacian (see [5]) and so on.

Due to the need of research, some scholars limited the exponent of the variable exponent fractional
Sobolev spaces above to LPY(Q), i.e. replace g(x) in the definition with p(x), where p(x) = p(x, x),
see for example [2].

In [3], the author adjusted the definition of (1.1) to give another form of variable exponent fractional
Sobolev space:

_ — p(x,y)
- {u e 'OQ) : f f ) = w4y < oo for some 4> 0}, (1.2)

o APOD[x — y[resp(en

where the integral is extended from Q x Q to Q = R?* \ (CQ x CQ) with CQ = R" \ Q. The authors
used the closed subspace Xy := {u € X : u = Oa.e. in R" \ Q} to study the p(x)-Kirchhoft Dirichlet
boundary problem

(1.3)

u(x)—u(y)|PO) s (x)— .
m((], lLJ}B‘X e dxdy) (= 2p0) u(x) = Au() O ux)  in €,
u(x) = inR"\ Q,

, (x) . . ..
where (—A ) u(x) = fRn M',’fx(f))lxﬁ(;lﬂﬁpfmdy for all x € R". Some basic properties, such as reflexivity,
completeness, separability, uniform convexity, were also obtained.

In [23], the authors considered such variable order fractional Sobolev space HS("’)(Q), where for
any function u € L*(Q) satisfying u = 0in R" \ Q,

1
u(x) — u(y)|? 2
[uls.y = (ff lu(x) 2((y)|ddy < oo,
R | — YOy

They studied an elliptic equation involving variable exponent driven by the fractional Laplace
operator with variable order derivative.

In this paper we want to define a new kind of variable exponent fractional Sobolev spaces similar
to the ones in [3] and [23], but with the variable order s(x) and the variable exponent w Some
basic properties of this kind of spaces are discussed and an application on so called s(-)-p(-)-Laplacian
equations is given.
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2. Concepts and basic properties of W*"-?0(Q)

Throughout this paper, without specification, we will generally assume that Q is a Lebesgue
measurable subset of R” with positive measure. The set of all Lebesgue measurable functions on € is
represented by £(€2). We begin with some basic notations and concepts.

Definition 2.1. Let P(Q) be the set of all Lebesgue measurable functions p(-) : Q — [1, 0o] and S(€Q)
be the set of all Lebesgue measurable functions s(-) : Q — (0, 1).

Given p(-) € P(Q), s(-) € S(Q), denote

pt =esssup p(x), p~ =essinf p(x),
xeQ xeQ

s* =esssup s(x), s =essinf s(x).
xeQ xeQ

For convenience, we set
Q. ={xeQ: p(x) = oo}

Definition 2.2. For p(-) € P(Q) and u € L(Q), define the modular associated with p(-) by
Ppoalu) = f ()P Pdx + |lull .
Q\Q.

Definition 2.3. For p(-) € P(Q), s(-) € S(Q) and u € L(Q), define ¢ by

ju(x) = u)| 5
Psey,pr.0U) = f f 1y D dxdy + |lullL=@u)-

(\ Qo)X (Q2\Qc0)

It is easy to verify that ¢ )0 is a pseudonorm on £L(£2) (see [18]), i.e.

L. @50),p0).0(0) = 0,

2. @s01.p0. (=) = Py per. (W),

3. @5 poelau + v) < @y po @) + Besypo o) fora,f > 0,a + 5 = 1.

Definition 2.4. For p(-) € P(Q), the variable exponential Lebesgue space is defined as:
LPOQ) = {u € £(Q): 1> 0, st pp(.),g(%) < oo},
which is a Banach space with the following norm
. u
||Lt||Lp(-)(Q) = inf {/l >0 pr(.),g(i) < 1}.

See [7,9,13,14,17].

Definition 2.5. For p(-) € P(Q), s(-) € S(Q), the variable exponential fractional Sobolev space is
defined as

WOPO(Q) = {u € L9(Q): 3> 0,5t 9yl ) < oo}
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with the seminorm
. u
[M]Ws(»,pt)(g) = inf {/1 >0: QDS(.),I,(.)’Q(E) < 1}

and the norm

lledllwserroy = llullro@) + [Ulwsoro@)-

It is easy to verify that under this norm W*©-**)(Q) is a Banach space.

Take any Cauchy sequence {u,} ¢ W*O*O(Q). For any & > 0, there exists N € N, such that
whenever n,m > N, we have |lu, — t,|lwsoro) < & So U, — unllro@ < & By the completeness of
LPY(Q), there exists uy € LPY(Q) such that ||u, — uollz-0@) — 0 as n — oo, from which we obtain {u,}
converges to u in measure. Since [u, — U, ]wsor0@) < €, by Propositions 2.4 below and Fatou Lemma,
we have [u, — uglysoro — 0 as n — oo. That is |lu, — ugllwsoro — 0asn — co. Next we prove
uy € WOrO(Q). By Propositions 2.4 below once more, we get ng such that

QDS(‘),],(.),Q(% - %) <1, forall > 0.

Take Ay > 0 such that gos(.),p(.),g('j{—?) < oo, then

P)+p(y)
(lo(x) — toOY)| = luty (X) — (V)2 Uny = Up
Pp0) - - dxdy + |——lr=@.) < L. 2.1)
prY g POISCPO)S) Aoy
(@ QX(Q\ Q) Ay * =yl 2

In view of the inequalities: for 1 < p < coanda > 0,b > 0,

(a+ by’ <277 (a” + bP),

add (x)+p(y)
pPLO)+ply.

|ty (X) = 1y, (V)| 2
PX)+p(y) - ;

@ax@a. Ao - =y

to both sides of inequality (2.1), then we get gas(.),p(.),g(ﬁ—g) < 00,

Example. Let Q be bounded and closed, s(-) € S(Q) with 0 < s~ < s* < 1 and p(-) € P(Q) with
p* < oo. fis Lipschitz continuous on Q and |f| < 1, then f € W*O-PO(Q).

Indeed, first we have

ororalf) = Llf(x)lp(")dx <.

Second we have PW+P()

lf(x) = fODI =
@se)per.0(f) = f f PO +P0)S0) dxdy
aJa yr* 2

lx —

P)+p(y)

B If(x) = fO)l >
= oo dxdy
PO P00
Q Jonyermx—y21} |x — y|* 2

PX)+pQ)

X) — 2
+ff - fol =
4 POSCP(0)S0)
Q JaonfyeRm|x—yl<1} |x — y|" 2

=L +D1
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We estimate I, and I, respectively. As

P+
lf (02 1
f f e XAy < ( P dz)dx
Q JON{yeR":|x—y|>1} |x—y| 2 Q (zeR™ =1} 12

since n + s~ > n, the integral f{zeR”'Izl>1} |z|"+fdz is convergent. Then we get

P(0)+p() P()+p()

. X)) 7+ 2
. 1ff @) VOIS e
+ PO)s()+p()s(y)
Q Jonfyerm:|x-y>1} lx —y|" z

On the other hand,

PX)+p(y)

Mlx —y| 2
L= f f 1 LESCOTp(0)50) dxdy
Q Jan(yeR[x—yl<1} [x — y| 2

1
< Mf(f de)dx
o \Jizernyg<ny 2P0

< 00

b

where M is the Lipschitz constant. Since n + p*(s™ — 1) < n, the integral f{z
convergent. We conclude that ¢ ,.) o(f) is finite.

1 .
erniget) g A 18

In this article, without confusion, [u]wysor0@), Ppe) o) and @y ) o(u) can be abbreviated as [u],

p(u) and ¢(u) respectively.

Definition 2.6. Let u;,u € W*OrO(Q). We say that uy is p-convergent to u if there exists 1 > 0 such

that o(A(ur — u)) — 0 as k — oo and we denote this convergence by u 5 ou We say that wy is

. . [-1]
[ - I-convergent to u if [ux — u] — 0 as k — oo and we denote this convergence by u, — u.

Definition 2.7. Let X be a normed linear space. If every chord of the unit sphere of X has its midpoint

below the surface of the unit sphere, then X is called strictly convex.

For the variable exponent p(-,-) : Q — [1, o] which is symmetry, i.e. p(x,y) = p(y, x) on Q X Q,

denote
+

p*=esssup p(x,y), p = essinf p(x,y),
(x,y)eQxQ (x,y)EQXQ

Qu = {(x,y) € QX Q: p(x,y) = oo}

In view of Definitions 2.2 and Definitions 2.4, we can define modular p.., and variable exponent

Lebesgue spaces LP*” on Q x Q. The conclusions on LP(€) can be moved to L7)(Q x Q).

Proposition 2.1. If u € WOrO(Q) and [u] > 0, then gp(ﬁ) < 1. Further, (p(ﬁ) = 1 for all non-trivial

u € WOrO(Q) if Poa., < o

Proof. Fix a decreasing sequence {A;} such that 4, — [u]. Then by Fatou Lemma and the definition

of [ -],

u u
—) < liminf(—) < 1.
lpp s hminfe(2) <
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Now suppose that pQ\Q < 0o, but assume to the contrary that ga( ) < 1,thenforall 4,0 < A < [u],

have @
u [u] u ) ([u] )P o0 u
—) = - <= —).
@ /1) 90( 1) =\ 2 @( [u])
Therefore, we can find A sufficiently close to [u] such that ¢(§) < 1. But by the definition of [ - ],
we must have ¢(%) > 1. From this contradiction we see that equality holds. O

Corollary 2.1. Assume that u € W*O-*0O(Q).
1. If [u] < 1,then ¢(u) < [u];
2. If [u] > 1,then ¢(u) > [ul;
3. [u] < o(u) + 1.

Proof. 1. If u = 0, it is immediate that the conclusion holds. Now suppose that 0 < [u] < 1, by
Proposition 2.1, ga(ﬁ) <1, and so

e(u) = 90([u]ﬁ) < [ulw(ﬁ) < [u].

2. If [u] > 1, then for all 4, [u] > 4 > 1, by the definition of [ - ], we have ¢(%) > 1 and further
%cp(u) > 1. Let 1 — [u], we come to the conclusion.
3. By 1. and 2., it is immediate. O

Proposition 2.2. [u] < 1 and ¢(u) < 1 are equivalent in W*O-PO(Q).

Proof. If ¢(u) < 1, by definition of [ - |, we obtain directly [u] < 1. On the other hand, if [u] < 1, for
any A > 1, we have ¢(%) < 1, furthermore by Fatou Lemma ¢(u) < li/{n %gf e < 1. O

Proposition 2.3. Suppose |Q..| = 0, then for any u € WOr0(Q),

min{@(u), @(u)7"} < [u] < max{pu)7, ()7 ).

Proof. If u = 0, it is immediate. Consider the case u # 0. If p™ < 00, 0 < [u] < 1, then we need only
to prove that

o) < [u] < ()"

If [u] > 1, it is similar to get go(u)p% < [u] < ¢(u)p%.
By the definition of ¢,
el _ o) < 0]
i [u]” ™ [u]P"
By Proposition 2.1 go( ) = 1, so the desired result is true.

If p* = oo, then (,o(u)ﬂ = 1, so the right hand inequality holds and we need only to prove the left
hand inequality. By Corollary 2.1, ¢(u) < 1. Since |Q| = 0,

P(X)+p(y) p(\)
u(x) = u(y) e
IJ(X)H'(}) P(X)s(x)+p()s(y) X y
SO(M)” 0 s0(u) o=yt

— =1,
=l )so()

from which it follows @()7 < [u]. O
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Proposition 2.4. For {u;} € WOPO(Q), [u;] — 0 as k — oo if and only if o(Auy) — 0 for all A > 0. In
particular, [-]-convergent implies -convergent.

Proof. Necessity. For any 0 < € < 1,4 > 0,h > 1, there exists K, > 0 such that whenever k > K,
there holds [1hu;] < € < 1. By 1. of Corollary 2.1, we have ¢(1hu;) < 1, so

1 1
o(Auy) < ESO(/lh”k) < 7

There exists H > 0 such that % < & whenever h > H. Take K = max{K,, H}, then when k > K,
©(Auy) < e.

Sufficiency. Assume that ¢(Au) — 0 as k — oo, there exists Ky > 0 such that ¢(Au;) < 1 whenever
k > K,. Further we have [Au;] < 1, so

~ |

[ue] <

For any € > 0, there exists 4y > 0 such that % < & whenever A > Ay. Choose K = max{Kj, Ap}.
When k > K, there holds [u;] < e. O

Proposition 2.5. If pf, , < oo, then [-]-convergent and g-convergent are equivalent in W***0(Q).

Proof. Necessity. By Proposition 2.4, it is immediate.
Sufficiency. Let uy % 0as k > oo, then there exists Ao > 0 such that p(ouy) — 0. By

Proposition 2.4, we need only to prove that for any 4 > 0, Au 5 0ask o oo Noticing that
o(Auy) < ((j—o)f(Q\Qw) + %)go(/louk), we come to the conclusion. o

Proposition 2.6. If |Q| < +oco and p™ < oo, then for u € WOPO(Q) and {u;} < WOPO(Q), the

following statements are equivalent:

(1[I
1. u,—u.

2. ukiu andukiu.
3. up — u in measure and for some y > 0 and 6 > 0, p(yu) — p(yu), (dur) — @(ou).

Proof. The equivalence between statements 1 and 2 can be obtained from Theorem 2.69 in [7] and
Proposition 2.5. Now we prove the equivalence between statements 2 and 3.

If statement 2 holds, by Theorem 2.69 in [7], we just have to prove that for some 6 > 0, ¢(ou;) —
@(ou). Since u; — u in measure, thus

P(0)+p() P)+p(y)

| (X) — w2 — fux) —u)l ™7

on Q2 X € in measure.
Moreover, if [QQ] < +oo, then

P)+p() P)+p(y)
() — w2 fu) —u@)l >

S@)p()+sy)p() n+ S@)p()+s(y)p(y)
2 |x =yl 2

lx — y[**

on Q X Q in measure.
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By the inequality

p(x)+ P()

(%) — e (y)|

S(xX)p(x)+s)p(y)
lx -y
P+ p()) p(r)+p())
<ol | (%) — u(x)) = (u(y) — u(y))| Iu(X) — u(y)l
— s(x)p(x)ﬂo)p(\) S(X)p(x)H())p(y)
|x —yl™ 2 Ix -y

and Vitali Convergence Theorem we deduce that ¢(u;,) — ¢(u), so statement 3 holds.
On the other hand, assume that statement 3 holds. Now suppose that u; — u in measure and for
some 0 > 0, p(ou;) — ¢(ou). We may assume without loss of generality that 6 = 1. Then we have

p(x)+p(\)
|(ur(x) — u(x)) — (ux(y) — u(y))| -0
on Q X Q in measure and
p(x)+p(\)
|(ur(x) — u(x)) — (ux(y) — u(y))| 0
S(X)p(x)+s()p(y)
lx =yl 2
on Q X Q in measure. Combining the inequalities above, we get
PX+p() )+p0)
(e (x) — u(x)) — (i (y) — u(y))l
|X . |n+ S(A)p()r)+ sMPG)
p(X)+p0) p(x)+p(>)
- 1 1 (xX) = ui(y)l |lu(x) — u(y)|
- |.X _ y|n+ V(X)p(X)ZV(»p()) + |x _ y|n+ v(x)p(r);rvo)p())
. (4
and o(u) — @(u), i.e. u, — u. O

Corollary 2.2. If p{,, < oo, then for any & > 0, there exists § > 0 such that for any u € W*-*"(Q)
with ¢(u) < 0, we have [u] < .

It is immediate by Proposition 2.5.
Proposition 2.7. ¢ is lower semicontinuous, i.e. if uy LN uask — oo, then p(u) < likm inf o(uy).

Proof. We prove in following two cases.
1. p(u) < oo.
Let uy, u € WOPO(Q), u, UL yask — oo By Propositio 2.4, ]}im ©(A(u — u)) = 0 for any A > 0.

Let e € (0, %). By the convexity of ¢,

1 1-2 1-2
P((1 = o) = ¢ 3u + £ % - ) + guk)
% ) + = ((1 —28)u— ) + (1 Za)uk)
1 2 1-2 1-2
< e+ 7‘%( - uk)) ).
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Letting k — oo, by Fatou Lemma, we have

1-2¢

(1 — &) < %(p(u) + likm inf o(uy).

Next letting € — 0%, by Fatou Lemma,

1 1. .
o(u) < Eso(u) *3 h?l glf (i),

from which we come to the conclusion.
2. p(u) = oo.
It is immediate that the conclusion holds if liin inf (1) = co. Now suppose likm inf o(u) < oo.
Denote Ay = sup{d > 0, p(Au) < oo}. Because u € W*O*O(Q), 1y > 0. By ¢(u) = oo, we know Ay < 1.
Next we prove that 4y ¢ (0, 1). Assume that 4, € (0, 1), then choose 4; € (1o, 1) and @ € (0, 1) such

that
A1 — Ay

Ao

+a+4=1.
We have
e(Au) = 90((/11 = Ao)u + Ao(u — uy) + /louk)

< A=A
Ao

A
e(Aou) + CV(P(;O(M - Uk)) + Ao ().

Letting k — oo, we get

A = A

e(Au) < e(Aou) + Ay likm_)glf (ui)

<(l-a liininf o(uy) < oo,

which contradicts the definition of Ay. Therefore Ay ¢ (0,1),1.e. 190 < 1. As 4y = 1, forany 4 € (0, 1),
@(Au) < oo. According to the conclusion of first case

o(Au) < likm inf p(Auy) < likm inf o(uy)
by Fatou Lemma. Further we get
ou) < liAm %pf o(du) < likm inf o(uy),

then we complete the proof. O

Theorem 2.1. 1. If p* < oo, then W*O-PO(Q) is separable. 2. If 1 < p~ < p* < oo, then WOPO(Q) is

reflexive.
Proof. We only prove the first conclusion, the second conclusion is similar. By p* < co, we know that
PO+P0) PO+p0)

LPOQ) and L™= (Q x Q) are separable. By Theorem 1.22 in [1], we have LPO(Q) x L™ 2 (Q X Q)
is also separable. Define the mapping

AIMS Mathematics Volume 5, Issue 6, 6261-6276.



6270

T - WS(.)’[,(.)(Q) N Lp(.)(Q) % Lp(-);rp(-) (Q « Q)
ur— (u(x) ux) — uQ) )
’ o0 PX)s)+p)s») |°

|x — y| PO+t T @)

It is easy to show that T : W*O-PO(Q) — T(W*PO(Q)) is an isometric mapping. As W*O-P0(Q) is
PO+p()

a Banach space, T(W*0-*0)(Q)) is a closed subspace in LPV(Q) x L™= (Q x Q) and by Theorem 1.21
in [1], T(WSO20(Q)) is separable, i.e. WP (Q) is separable. o

Theorem 2.2. If 1 < p(x) < p* < oo, then WOPO(Q) is strictly convex.

Proof. Here we use the following equivalent definition of strictly convex spaces. Let (X,]|| - ||) be
normed linear space, (X, || - ||) is called strictly convex if for every u € X,v € X,u # 0,v # 0, the
equality ||lu + v|| = |lu|| + ||v|]| implies u = Av, where A is positive.

For every u € WOrO(Q), v € WOPO(Q),u # 0,v £ 0, [lu + vilwsowoy = lullwsoroq) + IVIlwsonoq)s
we assert that
e + vllzro@) = llullro@) + VIl

Indeed by the definition of || - [|ys0.r0(q), We have
llue + Vlio@) + [V + viwsoroq) = llullpog) + [ulwsoroq) + IVIipo@) + [Vlwsoroq)-
If [lu + vllro@) < lullro@) + [VILro@), we obtain
[u + V]wsoro) > [ulwsoroq) + [VIwsoroq)

which is contradict to the fact [u + v]ysor0q) < [Ulwsoro@) + [VIwsoro@)-
By Theorem 1 in [21], (LPO(Q), || - llLro(eyy) 18 strictly convex, then there exists 4 > 0 such that
u=Av. O

Remark. Singer introduced k-strict convexity in [22]. It is defined as follows: the normed space
(X, || - 1]) 1s k-strictly convex, if for any xg, x1,- -+, X € X, [|xo + X1 + - - - + xi|| = |[x0ll + 121 + - - - + || x|
implies xo, X1, - - , X; is linearly dependent. It is easy to see that strictly convex is 1-strictly convex. If
the normed space (X, || - ||) is k-strictly convex, then for any m > k, the normed space (X, || - ||) must be
m-strictly convex. So if 1 < p(x) < p* < oo, WOPO(Q) is k-strictly convex.

Theorem 2.3. If |Q| < +o00 and p* < oo, then the set of all bounded measurable functions is dense in
WS(-),p(~)(Q)_

Proof. For any u € WO*0(Q), define a sequence of functions

u(x), if lu(xol <k,
ui(x) = |k, if u(x) > k, k=1,2,---
-k, ifu(x) < —k,

AIMS Mathematics Volume 5, Issue 6, 6261-6276.
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Then we have that

1. up(x) = u(x), a.e. in Q;

2. Jup(x)] < Ju(x)l;

3. Jur(x) — up(y)| < |lu(x) — u(y)|, for any x,y € Q.

By Lebesgue Dominated Convergence Theorem, we have that p(u,) — p(u), e(u;) — @(u). By

... [I1]
Proposition 2.6, we have u, — u . O

3. An application

In this section, we discuss the Dirichlet boundary value problems of s(x)-p(x)-Laplacian equations.
First let W;"""(Q) denote the closure of CS(Q) in WOPO(Q), i.e.

sC)p() T hysenpo
WOPOQ) = Q) e,

Define the s(x)-p(x)-Laplacian operator ¥ as

fmm:=]me—u@W“?“%mm—u@»
Q

dy.
lx =yl
Let Q be a bounded domain in R”, p(-) and s(-) be continuous, 1 < p~ < p" <oo. f: QXR - R
is a Carathéodory function and satisfies the following conditions:
(f1) There exist g(x) with 1 < g(x) < g* < p~ and constant C > 0 such that |f(x, £)] < C(1 +[¢[/®1)
fora.e. x € Qand eacht € R.
(f2) There exists u > 1 such that uF(x,t) < f(x,t)t for a.e. x € Q and all ¢ € R, where

F(x,t) = f f(x,7)dr.
0

(f3) For a.e. x € Q, f(x, 1) is monotonically decreasing with respect to ¢.
Consider

{ Fu(x) = f(x,u(x)), xeQ,

u(x) =0, x € 0QL. 3.1

Definition 3.1. We say that u € W(‘;(')’p(')(Q) is a weak solution of problem (3.1) if for all v € WS(')’p(')(Q)

we have
ff () = w52 () - up) ) ~ v(y))dxdy = f S (x, u(x)v(x)dx
X |x — y|"+w 5 , ]

Theorem 3.1. Problem (3.1) has a unique weak solution in Wg(')’p(')(Q) )

Corresponding to the problem (3.1), consider the energy functional 7 : WOS(')”’ (')(Q) — R defined by

T = Ju(x) — uy)| "2 d F e utond
)= Ox0 P(x);rp(y) |x_y|n+i'(")l’(/");'é(v)p(v) xay o X, UlX))ax.

We know that the critical point of / is the weak solution of the problem (3.1), so we only examine
the critical point of /. Before proving Theorem 3.1, we give two theorems to be used. Theorem 3.2 can
be inferred from Theorems 1.3 and 1.7 in [24], and Theorem 3.3 is derived from [7].
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Theorem 3.2. Let X be a real reflexive Banach space. If the real functional I : X — R is coercive,
strictly convex, and has bounded Gdateaux differential in X, then I has a unique minimum point, which
is of course also a critical point.

Theorem 3.3. Let p(-), g(-) € P(Q) and suppose |Q \ Q| < 0. Then L c L1V if and only if
q(x) < p(x) a.e.. Furthermore
1fllgey < (1 +12\ QL DIl

Our task is to verify that I is coercive, strictly convex, and has bounded Gateaux differential in
Wg(')’p (), so that the only minimum point of 7 is the critical point, which is the weak solution of the
problem (3.1).

Proof of Theorem 3.1.

1. Existence of bounded Géateaux differential.

Let I(u) = Y(u) + ¢(u), with

P)+p(y)

|u(x) — u(y)| 2
l//(lxt) = f f p(x)+p(y) 4 5P +MIPG) dXdy ’
@ Jo BP0 _ e

o(u) = f F(x, u(x))dx.
Q

We consider the Gateaux derivative of ¢ and ¢ respectively.
First let u, h € Wé(')’p Q). Given x,y € Qand 0 < |f] < 1, by Mean Value Theorem, there exists
6 € (0, 1) such that

() = u@)) + 1h(x) = RODI"F = u(x) — u(y) =5

n+ S(X)P(X);Y(y)l’(y)

(X)+p(y)
BP0t x -y

_ 1) = u(y)) + 0r(h(x) = RGN ™32 ((x) — u())(h(x) = h(y)

s(0p(x)+s3)p(y)
2

lx — yI™*
P(X)+p()

M) = u@)l + 1A = AT =2 (ux) — u@))((x) - h)

S(0)p(xX)+s0)pQ)
2

I —yI™
The Holder inequality implies that

PX)+p(y)

f f lu(x) = )| + 1h(x) = A= ((x) = u)(A(x) = h(y)) dx
QJQ

dy < oo.

PO +IPO)
e
lx =yl 2

Hence by Lebesgue Dominated Convergence Theorem, we obtain

P)+p(y)

- 72 — —
<), h >= f f |u(x) — u(y)| (u(x) — u))(h(x) = hQ)) , dy,
aJa |

S(O)p()+s()p(y)
Nt ==
x =y 2

On the other hand, for any / € WS(')”’ “(Q) consider
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< . > = lim 20 ) = )
—>O t
= lil’l(’)l f(x,u + Oth)hdx, 0<6<1.
11— Q
Since (f1) implies

< 4Oy g 4 —Ihlq(x)]

q(x) q(x)
A ( 1

< | L2 (1 + ) + ) + —_|h|‘f(x)]
g q

< C[1+ [ul'™ + |1,

by (f1) once more and Theorem 3.3, we have
WS(J,P(')(Q) c LP(')(Q) C Lq(')(Q).

According to Lebesgue Dominated Convergence Theorem, we know that
<¢'(u),h>= f J(x, u(x)h(x)dx.
Q

It is immediate that I’ is linear, so now we verify that I’ is a bounded functional of 4 € Wg(')’p (')(Q).
By Holder inequality,

PO+p() )+PU)

, |u(x) — u(y)l “h(x) = h()|
| < l’b (M)’ h > | < ff s(x)p(X>+S()‘)p(y) dXdy
o Jo |x |n+
P(X)+p(») ~1

|u(x) —uy)l>—

S p()+s(y)p(y) ) p)+p()-2
2 p(X)+p(y)

<C

PX)+p(y)
LP@+P0)-2 (QxQ)

y|(n+

|h(x) — h(y)|

s)p( X>+ S
|(”Jr ) 7D

|x -

P(0)+p(y)
L 2 (QxQ)

lx—y
= Clu][h]
< CllullllAl].

By Holder inequality, (f1) and Theorem 3.3,
| <¢'(w),h > < f Lf Ce, uCe)llA(x)ldx
Q

< ( f |h(x)ldx + f |l h(x)ldx)
Q Q

< CllAllLi @) + Cllull oo @Al a0 @)
< C(L + [lulDliAl.
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2. 1 is coercive.
By Young inequality,

p(X)+pL )

|u(x) — u(y)l
Iw) = f fg; p(x)+p@)|x |n+s<x>pu>+s<>)po-) dxdy — L F(x,u(x))dx

p(X)+p0)

|u(x) — M(Y)| u(x)
f f (x)+17(y)|x S(X)p(x)H())p()) d'Xdy f |f(x M(X))—ld

P(X)+p(»)

lu(x) — u(\/)l C *
=], gy B~ O+

l(¥)+p(>>

z;i[ wm—wm dd—99—€ hmwnﬂmeMw.
Q

Y poonda g

If we assume ||u|| > 1, then we have

1 C il
1) > —ull” - (= + Dl = ——
p* 7 Ju

So as ||u|| = +oo, I(1) — +o00.

3. I is strictly convex.

By p~ > 1, we know that any u, v € Wy "O(Q), y(“2) < Ly(u) + Ly ().

By (f3), we have ¢(”T+V) > %qﬁ(u) + %(/)(v), so we assert that / is strictly convex.

Therefore, according to Theorem 3.2, we get the unique minimum value point of I, which is the
weak solution of the problem (3.1). O

4. Conclusions

We define a class of variable exponent fractional Sobolev spaces W*?0(Q), which is a subspace
of LPY(Q), and has variable order s(x) and variable exponent w Ws0-P0(Q) is a Banach space
under the given norm. We give some basic properties, such as the closed unit ball is equivalent in the
sense of [ - ] and ¢, and that the [ - ]-convergent and ¢-convergent are equivalent, norm convergent is
equivalent to the p-convergent and the ¢-convergent. If the exponent p(x) satisfies certain conditions,
we obtain that W*0-?0(Q) is reflexive, separable, strictly convex and the set of all bounded measurable
functions is dense in W*0-?0)(Q). As an application, we obtain the existence and uniqueness of weak
solutions in Wg(')’p (')(Q) for Dirichlet boundary value problems of s(x) — p(x)-Laplacian equations.
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