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1. Introduction

Impulsive differential equations have many applications in engineering, science and finance. As a
ubiquitous phenomenon, pulses exist in mechanical systems with impacts, optimal control models in
economics, and the transfers of satellite orbit. It is difficult to model such phenomena using
continuous models or discrete models [1,2]. In the 1950s, an impulsive model was developed to
describe such specific evolution of a dynamic system [1]. Impulsive differential systems describe the
dynamic processes with discontinuous jump caused by sudden changes. A variety of impulsive
systems were investigated in the literature [3-6,23, 35, 38,40].

The characteristics of impulsive differential equations have attracted the attention of scholars [31,
32]. In recent years, many scholars have studied the initial and boundary value problem of fixed
impulse differential equations [16, 17,22]. For example, the boundary value problem of impulsive
equations have been examined in the literature [7-10, 15, 18, 24]. The existence and uniqueness of
solutions to the following impulsive equation with boundary value problems have been investigated in
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the literature [11].

—u’ = ftuu'), teJ\{t,n, -t

Au(ty) = Li(u(n)), k=1,2,---,m,

= Au'(tr) = Ni(u(ty)),

au(0) — bu'(0) = 0, cu(1) + du’(1) = 0,
wherea>0,6>0,¢>0,d>0,0=t<t1<th<---<t,=1,J=][0,1].

Some kinds of stochastic differential equation with fixed impulsive moments and Random impulsive

differential equations also obtained considerable attention in the literature [12-14,20,21,25,26,36,37].

The Hyers-Ulam stability of random impulsive stochastic functional differential equations with finite
delays has been studied in [19]. The authors considered the following system

(1.1)

d(x(2)) = f(t, x)dt + g(t, x,)dW (), t>0,t# &,

xX(&x) = bi(Ti)x(&p), k=1,2,---, (1.2)
X, =6 =1{60): -1 <6 <0},

where x, is R? -valued stochastic process such that x; € R, x, = {x(t + ) : —7 < 6 < 0}. Here, 0 = &, <
&1 <& < <& < <limye & = +oo, and x(€,) = lim,_ o x(7). Note that {N(z), > 0} is the
simple counting process generated by &, and {W() : t > 0} is a given m-dimensional Winer process.

The fixed point method [28] had been used to study the random impulsive differential equations.
Niu et al. [27] used the fixed point method to address the existence and Hyers-Ulam stability for the
following differential equation

X' = f,x(0),  tel 1#&,
x(&) = bi(Ti)x(€y ), k=1,2,---, (1.3)
X0 = X9, X' (0) = x;.
Upper and lower solution method can be used to study fractional evolution equations [33] and
impulsive differential equations [34].
To the best of our knowledge, the boundary value problem of second order random impulsive
differential equation has not been studied using the upper and lower solution method in the literature.

In this paper, we use the upper and lower solution method to study the following second order random
impulsive differential equation with boundary value problem.

—xX"(t) = f(t, x(1), X' (1)), telt,
x(&7) = br(ti)x(€y), k=1,2,---,
apx(0) — a1 x'(0) = xo,

Box(1) +B1x' (1) = x;.

(1.4)

Where f : J X RX R — R is a continuous mapping. x(¢) is a stochastic process taking values in the
Euclidean space (R, ||-||). Then, we introduce 7 to be a random variable defined from Q to E; = 0, dy),
with 0 < di < 1 for every k € N*. We assume that 7; and 7; are independent of each other when i # j
for every i, j € N* and b;: E; — R satisfies for every k € N*, by (1) > 0. Set & = &1 + 7. Obviously,
{&c} 1s a process with independent increments and the impulsive moments &, form a strictly increasing
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sequence, i.e. 0 =&y < & <& < -+- <& < --- < 1. We hold the opinion that x(&§,) = lim,_¢ o x(?),
x(&7) = lim;_g.0x(). The convergence is under the meaning of the orbit. Since for a realization
(sample) of random process, {&;} will become a series of fixed time points. Under that sense, so we can
define the limit as we would in general. We suppose that {N(¢) : r > 0} is the simple counting process
generated by &. Let J = [0, 1], R* = (0, +c0) and J’ 2J \ {1, &, -+ ). Here, ay, a1, Bo, B, Xo, X;, are
constants satisfying apa; # 0, By # 0, @, a1, B0, B1, Xo, X5 = 0.

The rest of the paper is organised as follows: In section 2, we introduce some notations and
preliminaries. In section 3, we use the upper and lower solution method to study the existence of
solutions to the second order random impulsive differential equations. In section 4, we give an
example to show the application of the main result. Finally, conclusions are presented.

2. Preliminaries

Suppose (2, T, P) is a probability space. Let L7(€Q,R") be the collection of all strongly measurable,
pth integrable, and I',-measurable with R"-valued random variables x : Q — R” and norm L”(Q,R")
for p > 1. Here, E(x) = fg xdP < oo is the expectation of x, and L”(€2, R") is equipped with its natural

1 1
norm [|xaze = (fj IIKIPdP)” = (Ellall?)>.
We introduce the space PC = PC(J, L>(Q,R™):={u(f) | u(t) = u(t,w) is a strongly measurable,
square integrable, random process from J into L?(Q,R"), and u(f) is continuous when ¢t € J’ and left
continuous when 7 € J \ J'}. We can prove that PC is a Banach space with norm

1/2
it llpe= (supE 1 u(r) | ) . 2.1)

teJ

Then, we consider the space PC' = PC(J,L*(Q,R")):={u(t) | u(t) = u(t,w) is a strongly
measurable, square integrable, random process from J into L*(Q,R"), u(t) is continuously
differentiable when 7 € J” and left continuous when r € J \ J', u'(§;) and u'(§)) exist fork = 1,2,-- - }.
It is easy to see that PC! is also a Banach space with norm

1/2 1/2
||u||PC|:max{(supE||u(t) ||2) ,(supEn 0 ||2) } (2.2)

teJ teJ

The functions in PC! which satisfy the equation (1.4) are called the solutions of the equation (1.4).

For convince, in the rest of the paper we write PC(J, L>(Q,R)) as PC(J,R), write PC'(J, L*(Q,R))
as PC'(J,R). In this paper, the upper and lower solutions of equation (1.4) are studied in PC'(J,R)
space.

Now we consider the equation (2.3)

—u"(t) = f(t, h(1), W' (1)) — M[u(t) — h(1)], tel,
u(&) = bi(th(&y), k=1,2,---,
aou(0) — au’(0) = xo,

Bou(l) + Biu'(1) = xp,

where h(t) € PC'(J,R) and M is a positive constant.

(2.3)
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Lemma 2.1. Equation (2.3) has one solution, given by
u(t) = > [Cle ¥+ Che™ M 4 )|l (0, (2.4)
k=0

Cct=cy, k=0,

k
Ch=6,C1 =250y + 3 A Ibu(ThE) — RE],  k=1,2,--

n=1
2.5
Ct =G, k=0, (2.5)

k
Ch = =2 WEGSICy 4+ 6;Co+ Y ALIbU(TORE) —hED], k=12,

n=1

and

_ 1
6,{:?

1+ Z e 2VME =6 Z o 2 VM), ~6i)+ )y =6)]

1<ij<ji<k I<iy<ji<iz<j2<k

by Z o 2 VMU, =)+~ )J],

1<i) << jn<k<j,+1

(2.6)

>,
=4
I

1+ Z 2 VME 6 Z o2 VM), =6 +(&) =6y

1<ij<ji<k 1<i1<ji1<ip<jr<k

2%

_l_

- Z o2 VMIEj, &) ++(&)) —f,-ln]’

1<i)<-<Ju<k< jp+1

L -vw
- = - é:n
Aﬂ,k - Yk=n+1 ¢

1+ Z (_l)l(n)(il)e_zm(fj]_fil)

n<ij<ji<k
+ Z (= 1)) =2 VMU =) +(& =6ip)]
n<i|<j1<ia<ja<k
+ -+ (_ 1 )I(")(il )e_z \/M[(é:jl_fi])"'"""(é:jl _fil )]:|’
n<ip<--<ji<k<j+1
1 i .
+ Mé, TIy(in) 2 VM(Ej =&i))
n<iy|<ji<k
I Z (—1)lni(in g2 VMI(&j, €y +(Ejy —Ei))]
n<ij<ji<ir<j<k

oot Z (= 1)l g2 VMI(E =448, =6 )1]

n<i)<--<ji<k<j+1

2.7)

X0 Qo + \/Mal
_ 1wy = [eMB(1)(Bo + VMBy) —e2VMEVMA=(1)(By + VM)
Ol +eVMBH DBy - VMB)  +em YMAY(1)(Bo — VMBY)
+Boh(1) + il (1)]

G , (2.8)
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oy — \/Mal X0
1 eMA~(DBo+ VMB)  x;—[eVB (1)(By + VMB)

C),=— , 2.9
0l —eWa- VA (1)By - VMBY)  +e” VB (1)(By — VMBY) 22
+Boh(1) + g1l (1)]
Qo — ‘/MCH Qo + \/Ma’l
10| = e MA-(1)(Bo + VMPB)) —2WMENMA-(1) By + VMPB) |. (2.10)
~2VME- AT (1) By — VMBY)  +e YMAT(1)(Bo — VMB))
Denote i i
- VMt t Mt !
fz(t):—;—m fo emsa(s)ds+ze i fo e VW5 o (5)ds, 2.11)
o(s) = f(s, h(s), ' (s)) + Mh(s), (2.12)
and the index function
1,(f) = L re4, 2.13
AO=30 ren (2.13)
Ly =10 e 2.14
m() = 0 n%in, (2.14)
where .
A1) = Z Ol (®),
=0 (2.15)
AT(1) = Z el (D),
k=0
and
0 k
B (0)= ) > A Ibu(m)h(€) = hEN U g.e,0(0),
;0 ; (2.16)
B0 = > > Al bu(Tth(ED) = hEN g, ().
k=0 n=1

Proof. Suppose &, & ,- -+ is a sample orbit. Thus, when ¢ € [0, &], the solution of the equation (2.3) is
up(t) = Cre ™ + Coe= M1 4 (). (2.17)

When ¢ € (&1, &;], we assume that the solution of the equation (2.3) is
u (t) =Cle ™ 4 Cle™ VMt 4 (o). (2.18)

Plug in the initial conditions
ur(§7) = bi(rhé),

2.19
WED = U (ED, (19
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we can get
1 A
C} = 5¢ WEC1 e — o 4 by(a(E) ~ R,
1 (2.20)
Cy = 5 ™MA=Cle W+ Coem M 1 by () — B
In the same way, we can get when ¢ € (&, 1],
1 A
Cl = g Wa[C eV — e W 4 by(roh(&) ~ B
2.21)
1 o
ck = Eemf"[—clf_lemf" + Ch e YME 4 b (rh(&) — h(ED).
Based on the above discussion, mathematical induction can be obtained as
k
Ch=6,Cy - 25,y + " A [bu(T)h(ED) = (€D,
n=l (2.22)
Ch = ~2WMEGIC 4+ 61Cy + Z A b (TR = hED.
n=1
Where 6;,6,, A, A; are defined as the equations (2.6) and (2.7).
So, the solution of the equation (2.3) is
u(t) = [Z Clﬂ(,sk,fk“](f)]e Z Cole, skﬂ](f)] "+ h), (2.23)
k=0
and .
Z Ciligee(1) = [Z I(fk,§k+l](l):|cl [Z Ol é"k+1](t)] e
= (2.24)
> Z A ilba(T (&) = hEN g, 11 (D),
k=0 n
Z Colig)(1) = [Z Orlie, s“m](t)] 2 Cy + Z el skHJ(f)] 2
=0 L =0 (2.25)
) AL Ib(Eh(ED) = hE g 01(0):
k=0 n=1
Therefore
u(t) = [A"(O)C; — e 2V A~()C, + B~ (t)]e V™
+[- 2\/M§1A+ + + -VM: | % (2.26)
e (HC,+A(t)Cy + B (t)]e + h(1),
() = VMIA™()Cy — e 29 A~ (1)C, + B~ (H)]e ™™ 027

— VM[-YYE A () C, + AT(HDCy + BT (D)]e” M 4+ T (1)

Substituting these equations into the boundary value conditions of the equation (2.3) yields and
using the Cramer’s rule, it follows from (2.26) and (2.27) that (2.5)—(2.16) hold.
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Lemma 2.2. 6, and 6; are uniformly bounded series.

Proof. We firstly consider 0, ,
e—Z\/M[(fjm—fim)+~"+(§j1 “€i)l < 1. (2.28)

So, for every n € N*, we have

o 2V~ 4+, 6] s( k )

m (2.29)
1<ij<-<j,<k<j,+1
5 = % N S e C O S
1<i<j<k 1<t <ji<ir<jo<k
- Z o2 VML, &) ++(E, —fnﬂ] (2.30)
1<i)<<jp<k<jn+1
<ll+ k + k +- 4 k —1
T2k 2 4 2n || 2
In the same way, we can prove that ¢; is uniformly bounded and
1
5t < EeW. 2.31)
Lemma 2.3. For every n € N*, A, and A}, are uniformly bounded series.
Proof. We can easily prove that
-2rls; <A <27,
’ (2.32)
— 2 le Mgt < A < 2l VMgE,
So, we have
Al <277 <2772,
’ Jii i (2.33)
AL <2 e < 2m 2V,
and we have proved the lemma.
Definition 2.1. Define the operator A : PC'[J,R] — PC'[J,R] such that
Ah =" [Cre M+ Che M 4 (o) |Iig, 1,1 (2). (2.34)

k=0

Definition 2.2. vy(t) € PC'[J,R] is called a lower solution of equation (1.4) if vy(¢) satisfies the
inequality group

— v (1) < f(t,vo(D), vo(1)),

vo(€7) < bi(Tivo(ép),

@ovo(0) — a1vy(0) < xo,

Bovo(1) + Bivy(1) < x;.

(2.35)
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Definition 2.3. w,(f) € PC![J,R] is called an upper solution of equation (1.4) if w(¢) satisfies the
inequality group

—wy () 2 f(t, wo(1), wy(1)),

wo(&) = b(two(&y),

@owo(0) — a1wy(0) > xo,

Bowo(1) + Bray(1) = xg.

(2.36)

Lemma 2.4. h(t) € PC'[J,R] is the solution of equation (1.4) if and only if i(t) € PC'[J,R] is the fix
point of the operator A.

Proof. 1f h(t) is the fix point of the operator A, it is to say that h(7) satisfies the equation Ah(t) = h(),
then, in the equation (2.3), we have u(t) = Ah(t) = h(t), so, we can replace u(t) with h(¢) in the
equation (2.3), and we have
—h"(1) = f(t, h(D), ' (1)),
h(EY) = bi(T)EY),
aoh(0) — a1 h'(0) = xo,
Boh(1) + B} (1) = xq,

and we have proved that A(?) is a solution of the equation (1.4).
If A(?) is the solution of the equation (1.4), then using the same method, we can easily know that it
is also the fix point of the operator A, and we have proved the lemma.

(2.37)

Lemma 2.5.(The Arzela-Ascoli Theorem)( [29]) The set M c C2[J, R"] is column compact tight if and
only if

(i) The functions in the set M are uniformly bounded, that is to say, there exists a fixed constant K
for all u(f) € M, where |ju(?)|| < K.

(i1) Functions in the set M are equally continuous, that is to say, for all € > 0, there exists 6 = d(¢€)
such that when #,1, € J and || f; — 1, ||< 6 for all u(¢r) € M, there is || u(t;) — u(t) ||< €.

Lemma 2.6.( [30]) Suppose E is a semi-ordered Banach space. For xo,y9 € E, xo < yg, and D =
[x0(®), yo(t)], A : D — E is an operator. Assuming that the following conditions are satisfied

(i) A is an increasing operator,

(i1) xo 1s the lower solution of A and y is the upper solution of A,

(iii) A is a continuous operator,

(iv) A(D) is a relatively compact set of columns in E.

Then, A has a maximum fixed point and a minimum fixed point in D. Let xy and y, be the initial
conditions. We then have the iteration sequences

Xy = AXp_1,Yn = Ayp,n=1,2,---. (2.33)

Thus,
X <X < S Xy <<y, < <y < Yo, (2.39)
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and
X, = Xy, > Y. (2.40)

3. Main result

(H;) The equation (1.4) has the lower solution v((z) and the upper solution w(#) and they meet the
inequality
vo(1) < wo(?), (3.1

for any t € J.
(H,) There exists a constant M > 0, such that

f(t’ xlay) - f(t’ X2, y) 2 _M(xl - x2)’ (32)

forany t € J,y € PC'(J,R) and vo(¢) < x2(f) < x1() < wy(D).
(H3) There exist constants B; and B, such that

k
Z nkb (Tn) I(fk §k+1](t) < Bl,

k=0

00 k
Z Z An kDn(T2) 1(& &) < Ba.
k=0 n=1

8

(3.3)

(H,) There exists an increasing continuous function ®(x) satisfies that G(x)

Ellf (&, x, »II* < Olxllper), (3.4)

for every t € J, x1, x2 € D = [vo(t), wo(t)], and y € PC'(J,R).
(Hs) There exist a function (¢, x, y) and a constant K such that

(i) For each ¢ € J, the function Y(z,-,-) : R X R — R is continuous and ¥(#,0,0) = 0. For every
x,y € R, the function ¥(:, x,y) : J/ — R is measurable;

is a decreasing function and

(ii)
E |l f(t, x1,y1) = f(t, x2,32) IP< K¥(t, Ellx; — xol%, Ellx} — x511%), (3.5)
for every t € J, x(t) € D = [vy(?), wo(?)].
_ el . _ 2VM _ k , NM1||2
(H¢) Define P = 12—, P* = 12e + In3(m; + mp), my = supE||Cle"™|]*, and
t

my = sup E||Cle™ VM1 2,
t

Then we define the sequences v, and w, as

(o)

va(t) = Z |Gl e ™ + A e M |l g (0)

-3 \/_ f [Mvica(s) + £, vama(5). v, (5)]ds (3.6)

+ m VY[ Mv,1(5) + (s, va1(9), V), (5))|ds
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[Se]

wi®) = Y [Cl@n)e™ + Chwn- e M |l g, (0)

k=0
-VM:r
- ;\/M j; emS[Mwn—l(s) + f(s, wn—l(s)aw;_l(S)):IdS 3.7
VM1 /
+ vl e—‘WS[Ma)n_l(s) + f(s, wn—l(s),a);,_l(S))]dS.

Theorem 3.1.

If conditions (H;) ~ (He) are met, the equation (1.4) has the maximum solution x*(¢) and the
minimum solution x,(¢) in [vo(t), we()] (N PC'[J,R]. And there exist w,(f) = Aw,_;(#) uniformly
convergent to x*(t), v,(f) = Av,_1(¢) uniformly convergent to x.(t), n = 1,2,---. And if x(¢) is the
solution of the equation (1.4), it satisfies

" OE|Ix()I?) .

2
In(E||x(?)[|7) < PI) ()P dr+ P". (3.8)

Proof. We will prove this theorem in five steps.
Step(1). We prove that vy(t) and wy(?) are the lower and upper solutions of the operator A, i.e., we
should prove vy(#) < Avy(t) and wy(t) > Awy(?).

When there is no random impulsive, we set v{(f) = Avy(f). Now, we only need to prove that
vo(t) < v(t). Here, we use proof by contradiction. If it is not true, then there exist 7y € J and € > 0
such that

{Vo(lo) =vi(f) + &, (3.9)
vo(t) < vi(@) + &,
foreveryt € J. If tg € J\ ({0} U {1}), it is easy to see that
VE)/(Z()) - V,ll/(lo) = 0, (310)
vy (o) — Vi (t) < 0.
However,
=i (1) = f(t,vo(1), vy(1)) — M[vi(t) = vo(1)] = —v () — M[vi(2) — vo(D)], G.11)

vy (to) — Vi (to) = M[vo(to) — vi(tp)] = Me > 0,

which is a contradiction to the inequality v (fo) — v{'(zp) < 0. Thus, our hypothesis does not work.
When ¢y = 0 or ) = 1, we assume that ¢y = 0. Therefore,

m(1) = vi(1) = vo(),

min{m(0) = m(0) G-12)
te
assuming that v{(0) + & = vy(0), it is easy to see that

V1(0) —v,(0) > 0. (3.13)
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By the boundary value conditions, we can get

aovo(0) — avy(0) < xo, (3.14)
aov1(0) — a1vi(0) = x. '

Thus, we have
@1v1(0) + ape — a;v(0) <0,

/ / (3.15)
a1[vi(0) =, (0)] <0,

which is a contradiction to the hypothesis. Therefore, we have proved that v(r) < Av(¢).
When the equation has the random pulses, we have

{ = V() = f(t,vo(0). v(0) = Mv1() = vo(1)]. (3.16)

vi(&) = bi(tvo(&y),

and vy(?) is the lower solution of the equation (1.4). Thus, according to the second inequality of (2.35),
for every t € {&i} e, We have

vo(é) < bimivo(&) = vi€p). (3.17)

Thus, based on our discussion, we conclude that for every ¢ € (&, &1l k=1,2, -+,
vi(t) = vo(t). (3.18)

Hence, we have proved that v(#) > vy () for every t € J.
In the same way, we can prove that wy(?) > Awy(?) for every t € J.

Step(2). We prove that A is an increasing operator.

First of all, we take any &;(¢) and hy(¢), h(t), ho(t) € PC'[J,R]. Suppose h(t) > hy(t) for any
t € J. Then, we prove that Ah,(r) > Ahy(f). Here, we use proof by contradiction. Let hj(¢) = Ahy(2),
h;(t) = Ahy(1). Then, we need to prove hj(t) > h5(1).

When there is no random pulse, if the hypothesis is not true, then there must exist y € J and € > 0
such that hj(ty) + & = h3(ty) and h{(1) + € > hi(1) forevery t € J. If 1o € J \ ({0} U {1}), then we have

hi"(to) — hy (1) = 0,

115 1r% (319)
h1 (tO) - hz (tO) > 0,
and
— h{" (@) = f(t, hi(1), hy (1)) — M[hi(t) — hy(D)], (3.20)
— 1y (1) = f(t, hy(1), By(1)) — MIR5(1) = ho (D). '
Thus
hi"(to) — hy"(to) = f(to, ha(t), h5(t9)) — f(to, hi(t0), B (t0))
+ M[hi(to) — hy(to)] + M[ha(ty) — hi(1))] 321)

< M[hi(ty) — ha(to)] + MIhi(to) — h3(t0)] + M[ho(ty) — hi(to)]
< -Me<O.
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Which is a contradiction. When 7, = 0 or 7, = 1, we assume that 7y = 0 and h7(0) + & = h3(0).
Then

K (0) — hy(0) > 0. (3.22)
Thus
aoh((0) — a1hi"(0) = xo, (3.23)
@oh;(0) — a1 15 (0) = xo.
Take the difference of these equation yields
a[h}"(0) = A5 (0)] + ape = 0. (3.24)
That is to say /47"(0) — h5(0) < 0, which is a contradiction.
When there exits random pulses, we have
Ao (&) = hy(&) = bt (&) < bi(thi(€) = Ahi(&). (3.25)
Then, for every t € (&, &), k= 1,2,---, we have
Ahy(1) > Ahy(1). (3.26)

Thus, for every ¢ € J, the inequality Ah;(t) > Ah,(¢) is true.

Step(3). We prove that A is a continuous operator. That is to say, we should prove that for any & > 0,
there exists 6(g) > 0 such that when || h((¢) — hy(?) ||pc1 < O, || Ah(2) — Ahy(F) ||per < €.

We assume that

(o)

Ahy = )" [Che ™ 4 Chem VW1 g () + B (1), (3.27)
k=0

Ay = 3" [Cle M+ Che M |1 g1 (0) + ho(0), (3.28)
k=0

2

EllAR — Alo|? < 3E|le Y 3" (Ch = Chlg, 1,01 (0)

k=0

2
3.29
+ 3E ( )

e~ VM1 Z(Clﬁ — CHIg 01 (®)
k=0
+3E || () - ha(t) |
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Among them,

2

(o)

Z e WI(Cf = CHlig 1)
k=0

E

Z [6 (€)= C) - e>Ma5(C, - C)
k=0

k 2

AT (1) = ha(&) = () = hz@n))]]l@gk 2(0) (3.30)
n=1
3
L—tEner "(C, - CIP +—E||er e 2ME(Cy - Gy
) k 2
+3E[e ¥ XN A b (@) (€)= ha(€)) = (€D = o) |l @) -
k=0 n=1
and we have
A*(t) = AT (D), (3.31)
A1) =A (0. (3.32)
EIIB~ (1) - §-<r>||2
0 2
Z A,,kb @[ (&) = ha€)) = (i€, = ha@E)) | egn®)
o o s ) (3.33)
< sup [Enhl(t) — h@)I* + Ellay (1) = hy(0)|P|E Z Z Ay bt g (0)
< B7 sup [Ellan () = ha 0l + Elln 1) - iz2<r>||2],
El|B* (1) - E+<r)||2
IS 2
Z A,tkb @[ (&) = ha€) = (ha(E,) = haE) | e ()
o ) (3.34)

0 k
Z Z A:l—,kb”(T”)I(fkska](t)

k=0 n=1

< sup [Ellh (t) = haI* + Ellfy (7) - hz(t)ll E

teJ

< B3 sup [Ellhl(t) — @) + Ellhn () = b @) ]

teJ
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and

)

Ellh (1) = b () I <2El

+ ZE(‘ )
<2 l L (5), 7 (s))
) (3.35)
— f(5, ha(s), By(8)) + My (5) — ha(s))]ds )
e VM1 2 t
+2E H f e V[ £ (s, hy(s), K,(s))
0
2
— f(s, ha(8), B5(8)) + M(hy(s) = ha(s))1ds )
combing with (Hs), we have
2
f “VHSL £ (s, by (), K (5)) = f(5, ha(s), Ky(s)) + M(hy(s) — ha(s))]1ds
<2 f K¥(s, Ellh(s) — ho(s)II%, Bl (s) — By(s)|*)ds (3.36)
0

!
+2 f ME||h,(s) = hy(s)|*ds.
0

From (3.31) and (3.32), we can easily know that |Q| is dependent with h(#). So, based on the
above gjscussion, we can know when || h;(¥) — hy(¢) ||— O, ||fz1(t) - ﬁz(t)ll — 0, ||C; = Cy]] » 0 and
||C> — C5l| = 0. And then ,we can get when || h1(¢) — hy(?) ||= O, E || Ah(t) — Ahy(?) |[>— 0.

Then

Nh(t) = Y (VMCle ™ = NMChe Mg, g, (1)
k=0

X ) . ) (3.37)
+ —e” m’f emsa(s)ds + —em’f e WSO'(s)ds,
2 0 2 0
hence, )
E | A'hi(t) = N'ha(0) I < 4 VME| > (Ch = Che ™l (1)
k=0
2
+4VME L= Ce Mg g (0)
k=0 (3.38)

(3]

+ 2E||e

A f e o[y (s) — ora(s)]ds
0

!
+2E emtf e‘m“'[al(s) — o5(s)]ds
0
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which implies that
im [} Ay (@) = Aho() llpcr= 0.

Thus, we have proved that A is a continuous operator.

(3.39)

Step(4). We prove that the functions in the set {u € PC'(J,R) |uce A(D)} are uniformly bounded.
Because u € A(D), forany u € {u e PC'(J,R) |u e A(D)}, there exists /() € D such that u = Ah(z),

2

Bl AR() IP < 3E|| Y Che T (1)

k=0

2
+ 3E

k —NMt
ZCze g g,11()
k=0

+3E || k() I,

2VM
M

¢ and we have

suppose 1 = L. 1, =
E A IP < fo ' MrsEIf(s,hs). K (s)) + Mi(s)ds
o fo ' MAEIf(s,h(s). K (s)) + Mis)ds

< 4Mnr, fo BILFCs. As). (DI + MEJA(s)Pds
< 4Mrirs fo OIS + MEIH()IPIds.

so, if h(z) is the solution of the equation (1.4), we have

t
E|lh(@®)|]* < 3(m; + my) + 12Mr1r2f O(E||h(s)|[*) + ME||h(s)||*ds.
0

Next, define ¢(f) = E||h(?)||* and we have the inequality

!
o(t) < 3(my + my) + 12Mr1r2f O(p(s)) + Mp(s)ds.
0
Define the right of the inequality (3.43) as the function ¢(¢), we can get

(1) < (1), te
SO,
@'(t) < 12Mrr[O(p(1)) + Mo(1)],
" O(p(s))
o ¢(s)

1
< 12Mr1r2[f ®(¢(S))ds+M],
o P(s)

Inp(t) —Ine(0) < 12Mrr, + Mds

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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then we can easily get

1
Ing(r) < 12Mr1r2[f ®(¢(S))ds + M|+ In(3m; + 3my)
o 9(s) 347
' O(p(1)) G47
SPf‘ dr + P*.
o &)
For A} © A; » 0, and 6, are bounded, combining with
) k 2
EIBOIF<E| > Y Anbun)|hE) - h)|leen®

(=0 n=l ) (3.48)

ok
Z Z nkb”(T”)I(fk,fm](t)

k=0 n=1

< sup [Ellr(0)IF + Ell)I |E

teJ

and consider that ®(s) satisfies the condition (H;) and D = [vo(1), wo(1)], where vo(t), wy(r) are all
square integrable, so, E||AA(t)||* is bounded.

Then,

Mt ot VMt ot
W (n) =5 5 f eW‘7~“a(s)ds+eT f e V¥s 0 (5)ds, (3.49)
0 0

and

2

E || A'h(r) |* < 4E +4E

Z \/_Ck tl(gk g,\ﬂ](t) Z \/_Ck I(EA fkn](t)

2
W’femsa(s)ds Mfe_mscr(s)ds
0 0

Using the same way, we can prove that E || A’h(¢) ||* is bounded. Thus, we have proved that the
functions in the set {u(t) € C*’(J,R) | u(t) € A(D)} are uniformly bounded.

(3.50)

+ 2El|le + 2E|le

Step(5). We prove that the set {u(?) | u(t) = Ah(¢)} is equicontinuous.
For every u(t) € {u(t) | u(t) = Ah(t)}, and every t;,t, € J, ||t — t|| < 6,

u(t) = [Che "™ + Cem M 4 ht) g (0, (3.51)

k=0
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and,
E [ u(ty) = u(ty) |
2
<3E Z Cile Wi L e(01) — € I(fkfk+1](t2)]
k=0
) 2
+3E Z Clzf[e_ Vit I(fk,§k+1](t1) —e lel(fkafkﬂ](IZ)]
k=0

+3E || h(t)) — h(tr) |

. 2
< 3E Z C’f[e VI ] (1) = emtzl(fk»fk+1](t2)]
=0
2

+ 3E Z Ck ]I(gk g—‘Hl](tl) —€ rlzl(-fkfkn](h)]
+6E ‘ o (5)ds )

n
+ 6E —‘ ‘ f €_WSO'(S)dS )

141

We suppose 1| € (&, &k +1), B2 € (Eky» Ekp+1), SO When |t — 6| < 6, [|Ex+1 — Il <6

2

(o)

Z le[em
k=0
— EIIC]f'eW" _ Cllcze\/MIZHZ.

M
E g g (t) — e‘FQI(fk,ka](fz)]

So, it is easy to see that when 6 — 0, E || u(t;) — u(t,) ||>— 0. Then, we consider

u’(t) = Z( mclfemt - \/Mck _rt)l(fk §k+1](t1)
=0

1 ! 1 !
+ Ee‘ ‘/Mtf emsa(s)ds + Eemtf e” Wsa(s)ds.
0 0

Ellu't)-u(t) |

Z \/_Ck VM I(§k§k+1](t1) _e

Therefore,

2
<4E

Mo, §k+1](t2)]

2
+4E

e L, §k+1](f2)]

Z VMCE[ e VWi g g, (1) — €

2

f emsa(s)ds )
n
15}

Ms o (s5)ds )

+2E( | e V1 |2

2
+2E( | V¥ |2

AIMS Mathematics
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Using the same method, we can prove that when § — 0, E || u’(t;) — u/'(t,) ||>— 0. We have already
proved that when ||t — || — 0, E || u(t;) — u(t,) |*— 0. So

| u(t1) = u(2) llpcr— 0. (3.56)

That is to say, the set {u(?) | u(t) = Ah(¢)} is equicontinuous.

Using Lemma (2.5), we know that the set {u(?) | u(#) = Ah(t)} is a column compact set. It follows
from Lemma (2.6) that the equation (1.4) has a solution in D = [vy(?), wo(t)], where t € [0, 1]. Thus,
theorem (3.1) is established. O

4. Example

The main result could have many applications, now, we give an example to illustrate this theorem.
We consider the following second order random impulsive differential equation with boundary value
problems.

- x"(t) = (=x(2) sin(?) + 1), relt,

k
x(&) = ﬁrkx(&:), k=1,2,---,

x(0) = 2x'(0) = 1,
2x(1) + X(1) = 1.

4.1)

Let 7, ~ U(O, %), then the probability density function of 7 is

2 x€e(0, %),
p(x) = 4.2)

1
0 x ¢ (0, ? .
Set &y = 0, &1 = & + Tr1- Obviously, {&} is a process with independent increments and the
impulsive moments & form a strictly increasing sequence. And for every k € N,

11 1
G<fmSgtotot o<l (4.3)

So in this example, bi(1;) = %Tk, Ty 1s a random variable defined from Q to E;, = (0,d;) = (0, %).
Suppose 7; and 7; are independent of each other when i # j, x(&]) = ligrn0 x(1) and x(&;) = ligm0 x(1).
—&i+ —&—

Taking vy(#) = 0, wo(t) = 6 cost, we can easily prove that vy(7) is the lower solution and wy(?) 1s the
upper solution of the equation (4.1). And for every vy(7) < x,(f) < x1(#) < wy(t), we have

[—x1(2) sin(?) + 1]° — [—x2(0) sin(?) + 1]

= —sin #[x,(£) — x2(D[(=x1(f) sin(r) + 1)

+ (=x1(¢) sin(t) + t)(—xp(¢) sin(?) + 1) + (—x,(¢) sin(r) + t)z] 4.4)
> =3[x; (1) — x2()][wo(?) + 177

> —147[x,(f) — x2(0)].
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So, we can easily know that M = 147.

k

5 N 2 2 ..
;An,kbm) < )27 g =30 - (DM -k (4.5)

n=1

(o)

k
So, we have proved that { 2 A kbn(Tn)}I(&,ng](t) < 3. That is to say B; = 3. In the same way we
k=0 "n=1 ’

=0 "n
can prove that B, = 3¢3 V197,
For every vy(f) < x2(1) < x1(¢) < wy(t), we have

E|l[—x(?) sint + 11*|]*> < Ellwo(2)® + 3wo(?)? + 3wo(?) + 1| < oo, (4.6)
and
Ell[—x,(?)sint + 1]° — [-x2(¢) sin £ + £]*|?
< Bl (0) = a1 (0) + 1D + (e (0) + D(xa(0) + 1) + (a(t) + DI

So, the equation (4.1) meets all the conditions of the theorem (3.1). We can get the solution of the
equation of the equation (4.1) between vy(#) = 0 and wy(f) = 6 cos ¢ by constructing iterative sequences
starting from v, an w, respectively.

4.7)

5. Conclusions

In this article, we study the existence of upper and lower solutions of second order random impulse
equation (1.4). First, we study the solution form of the corresponding linear impulsive system (2.3)
induced by system (1.4). Based on the form of the solution, we define the solution operator. Secondly,
we prove that the fixed point of this operator is the solution of equation (1.4). Finally, we construct
two monotone iterative sequences by the solution to (2.3). We then prove that they converge. Thus, it
is concluded that there exists upper and lower solution to system (1.4). Impulsive differential
equations have been studied in literature [7-10]. Random impulsive differential equations have also
been discussed in the literature [12—14, 19,27,39]. In this paper, we extend the form of solutions to
initial value problems of random impulsive differential equations to more general boundary value
problems. The upper and lower methods are applied to Random impulsive differential equations and
the related conclusions are generalized.
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