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1. Introduction

Predator-prey model is one of basic interspecies relations for ecological and social system [1]. The
more complex biochemical network structure and food chain are based on the predator-prey model [2].
The study of Lotka and Volterra [3, 4] has opened the way to study the dynamics of the predator-
prey systems. After that, Gause and Smaragdova also proposed a well-known Gause-type predator-
prey model. Kolmogorov first focused on the qualitative analysis of this Gause-type predator-prey
model in 1972. Freedman [5] introduced the generalized autonomous Gause model, which comes
from accounting for periodic changes of the environment. Gause-type predator-prey models have been
widely applied to describe some population models [6-9]. For example, Hasik [6] considered the
generalized Gause-type predator-prey model

{ x' = xg(x) — yp(x),

1.1
Yy =ylgx)—7], ()

here g(x) represents the increase in prey density. When the natural environment is relatively bad, the
mortality rate of the population is higher than its birth rate, so the g(x) here can get a negative value.


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020394

6136

p(x) represents the amount of prey consumed by a single predator per unit time. g(x) —y represents the
growth rate of the predator, and the same as g(x), g(x) — y can also be taken to a negative value. Ding
et al. [7] considered the periodic Gause-type predator-prey system with delay

{ X () =x@) f(t,x(t —7()) — gt, x(O)y(t —o1(2)),
Y (@®) =y@[-d(@®)+ h(t, x (- o2(D))],

where x(0), y(0) > 0O are the prey and the predator and obtained the positive periodic solution of this
system (1.2) by using the continuation theorem.

For the past few years, more and more researchers are interested in the dynamic behavior of
predator-prey systems with Allee effect. The Allee effect describes that the low population is affected
by the positive relationship between population growth rate and density, which increases the
likelihood of their extinction. Terry [10] considered predator-prey systems with Allee effect and
described how to extend the traditional definition of effective components and population Allee effect
for a single species model to predators in the predator-prey model. Cui et al. [11] focused on the
dynamic behavior and steady-state solutions of a class of reaction-diffusion predator-prey systems
with strong Allee effect. Cai et al. [12] explored the complex dynamic behavior for a Leslie-Gower
predation model with additive Allee effect on prey. Without considering the influence of Allee effect
on prey, the model has a unique global asymptotically stable equilibrium point. However, considering
the influence of Allee reaction on prey, the model has no definite positive equilibrium point [12].
Baisad and Moonchai [13] were interested in a Gause-type predator-prey model with Holling type-I1I
functional response and Allee effect on prey as follows

d
d—); = r(l —2%)(x—m)x—

dy px
- = —cly.
dt x2 + a? Y

(1.2)

S.Xz

x2 +a2y’ (13)

Using the linearization method, they gave the local stability of three equilibrium types and also carried
out a numerical simulation of the results. Guan and Chen [14] studied the dynamical analysis of a two
species amensalism model with Beddington-DeAngelis functional response and Allee effect.

The study of the dynamics of a harvested population is a topic studied in mathematical
bioeconomics [15], inside a larger chapter dealing with optimal management of renewable resources.
The exploitation of biological resources and the harvesting of interacting species is applied in
fisheries, forestry and fauna management [15-17]. Etoua and Rousseau [16] studied a generalized
Gause model with both prey harvesting and Holling response function of type III:

dx (1 x) mxzy N

dt K] ax*+bx+1 b

dy cmx? (1.4)
= oyld+ ——— ], .
dt y( +ax2+bx+1)

x>0,y>0,

where the eight parameters: r, k,m,a,c,d, h are strictly positive and » > 0. Through the following
linear transformation and time scaling

1 1
X, ,T) = (zx, ay, cmkzt) .
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Laurin and Rousseau [17] transformed the model (1.4) into the simplified system with the number of
parameters reduced to five

2
e = ox(l — x) — _a
F=pxl =) ya/x2+,8x+1

X (15)
oy — .
Y y( ax2+ﬁx+1)
x>0,y>0,

with parameters

r 5 d h
(p, Cl’,ﬁ, (S, /l) = (kaz’ak ,bk, w, W) .

And the Hopf bifurcation was studied in [16, 17]. Du et al. [18] considered a general predator-prey
model with prey and predator harvesting and proved that the predator-prey system has at least four
positive periodic solutions. In addition, some other predator-prey models have been studied
widely [19-22].

In this paper, we consider a generalized Gause-type predator-prey model with Allee effect, Holling
type III functional response and harvesting terms

dx

2
dx _ (t)( x(1) s(H)x

my(f) - H\(1),

dr =%
dy _( pOX(1)

dr  \x2(t) + &2(1)
x(0) > 0, y(0) > 0,

) (x(2) = m(0))x(t) —

t€[0,T], (1.6)
— b(0)y(r) - C(t)) y(1) = Hy(1),

where x = x(f) and y = y(¢) represent the population sizes of prey and predator at time ¢, respectively.
The size can represent numbers of individuals or density in the unit space of the population. To ensure
biological significance, the parameter of K is positive, and a, b, ¢, H,, H,, m, p, r, s are positive
T —periodic functions. The meaning of the parameters in system (1.6) is given as follows:

e ¢ is the amount of prey at which predation rate is maximal.

e b is the predator population decays in the competition among the predators.

e ¢ is the natural per capita death rate of the predator.

e K is the environmental capacity of the prey.

e m is the minimum viable population.

e p is the conversion efficiency of reduction rate of the predator.

e 7 is the growth rate of the prey.

e s is the maximum per capita consumption rate.

In system (1.6), the Allee effect is defined by the term r(r) (1 — %) (x(t) — m(0))x(¢) and the

Holling type-III functional response is represented by the term #)X:Zm This Holling type-III
functional response describes a behavior in which the number of prey consumed per predator initially
increases quickly as the density of prey grows and levels off with further increase in prey density [13].
H,(t) and H,(t) describe the harvesting rate of prey and predators. We consider four important

assumptions as regards the interactions between prey and predator:
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e the prey population is affected by the Allee effect,

e the functional response is Holling type-III,

e the influence of artificial harvest is considered on predator and prey, and

e the predator population decays in the competition among the predators is investigated.

In this paper, we establish some conditions to ensure that system (1.6) has at least two positive
periodic solutions. We outline the format for the rest of this paper. In Sect. 2, we describe several
technical lemmas. In Sect. 3, using a systematic qualitative analysis and employing the Mawhin
coincidence degree theory, we obtain that system (1.6) has at least two positive 7—periodic solutions
of system (1.6).

2. Preliminaries

In this section, we will give relevant definitions of the Mawhin coincidence degree theory [23] and
several technical lemmas.

Let both X and Y be Banach spaces, L : DomL Cc X — Y bealinearmapand N : XX [0,1] — Y
be a continuous map. If ImL € Y is closed and dimKerL = codimImL < +oo, then we call the operator
L is a Fredholm operator of index zero. If L is a Fredholm operator with index zero and there exists
continuous projections P : X — X and Q : Y — Y such that ImP = KerL and ImL = KerQ =
Im(I — Q), then L|p,inkerp - (I — P) X — ImL has an inverse function, and we set it as Kp. Assume
that Q x [0, 1] € X is an open set. If ON(Q x [0, 1]) is bounded and Kp(I — Q)N(Q X [0,1]) € X is
relatively compact, then we say that N(Q x [0, 1]) is L—compact.

Next, we will give the Mawhin coincidence degree theorem.

Lemma 2.1. ( [23,24]) Let X and Y be two Banach spaces, L : DomL c X — Y be a Fredholm
operator with index zero, Q € Y be an open bounded set, and N : Q x [0, 1] — X be L—compact on
Q x [0, 1]. If all the following conditions hold

[Cy] Lx # ANx, for x € 0Q N DomL, A € (0, 1);

[C2] ONx # 0, for every x € 0Q N KerL;

[C5] Brouwer degree deg{JON,Q N KerL,0} # 0, where J : ImQ — KerL is an isomorphism.
Then the equation Lx = Nx has at least one solution on Q N DomL.

Lemma 2.2. ([19]) Let x > 0, y > 0, z > 0 and x > 2+/yz. For functions f(x,y,z) = =% = V;:_4yz and
x—\x2-4yz

g(x,y,2) = z—z,the following assertions hold:

(i) f(x,y,z) and g(x,y, z) are monotonically increasing and monotonically decreasing with respect
to the variable x € (0, 0);

(1) f(x,y,z) and g(x,y, z) are monotonically decreasing and monotonically increasing with respect
to the variable y € (0, o0);

(ii1) f(x,y,z) and g(x,y, z) are monotonically decreasing and monotonically increasing with respect
to the variable z € (0, co).

Throughout this paper, we denote by C[0, T'] the space of all bounded continuous functions f :
R — R, and denote by C, the set of all functions f € C and f > 0. For the convenience of statement,
we use the notations as follows

=T 1 g L _ . M _
f Tf() f@dt, f —[g[l(){g]f(t),f —tg[loa};]f(t).
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3. Existence of positive periodic solutions

the system (1.6).
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2

L LyyL.

() c ) > 4b"Hy;
LM,Z

<H2>( L

2

M M rgM.
- ) > avm;
(H3) the algebra equation system

et se'e’
212 ) (o — i) —
r( K)(e m)

H
— - “L_o,
e* + (a) et
= 2u _ H
_re 5 —beV—E——QZO,

e + (a) e’
has finite real-valued solutions (u;*, v;*), k=1, 2, ..., n, satisfying

where

Z detG (l/tk*, Vk*) ﬁ l/tk*

n
1_[ vi' # 0,
(u*,vie*) k=1 k=1
_u[m et sete” 25e3eY ﬁl sele
re'| =+1 - — |- + + = -5
K K] e +(@? [,y (a)z]z e @
G (ug,vy) = _ _
(k k) 2p82u 2pe4u

1,V H,
—be + =

e + (@)’ [+ (a)z]z
Then system (1.6) has at least two positive T —periodic solutions.

u(t)
a(ty=rn|1=¢

Proof of Theorem 2.1. Suppose (x(#),y(¢)) € R? is an arbitrary positive of system (1.6). Let x =
e"®, y = ¢"® it follows from system (1.6) we can obtain

(eu(l) -m (l)) _ s (t) eu(l)ev(t)
2u(t)
o) = L (e

_H (1)
O 4+ g2 () er® ’
H, (1)
_ ) _ _ 2
T e + g2 (1) b(n)e c(®) eV
d
where = —
Let

X=Y={@0=w®,ve) eC(R R):z¢+T)=z ()},
be equipped with the norm

T

Izl = || @, v(©)"|| = max |u @]+ max [v (),
1€[0,T} 1€[0,7]
where X and Y are Banach spaces, T is the transpose.
AIMS Mathematics
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In this section, we will establish the existence results of at least two positive periodic solutions for
Theorem 2.1. Assume the following conditions hold:
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Taking z € X and then we will define operators of L, P and Q as follows.

Firstly, let

d
L: DomLNX — Y, Lz = dj

It is clear that
KerL ={ze€domL: z=c, c €R?,

that is dimKerL = dimR? = 2. Next we calculate ImL. Let
dz
= y(¢t ey
7 = y(1), y(?)

Integrating both sides of this equation, we have

f Tar = f y ()t

T
f y(@dt = z(T) - z(0) =
0

thus

From
X =Y = {2(0) = (@), v(t)" € C(R, R?) : z(t + T) = z(t))},

we can obtain y(7) = z(¢), that is

T
ImL={z€eY: f z(t)dt =0}
0

is closed in Y. Obviously, ImL N R* = {0}.
Considering P, Q are both continuous projections satisfying

ImP = KerL, ImL = KerQ = Im(I — Q).

Let
P: X — KerL,

then, we get P(z) is a constant. Here, we denote it by
1 T
P = — 1)dt.
(2) T j(; z(1)

T
Q:Y—Y\ImL, B= f z(tdt and Q(z) = ap,
0

Secondly, let

then, we have

T T
0(0(2)) = Q(ap) = a fo apdt = o’ fo dt = &’BT = Q(z) = o,

AIMS Mathematics Volume 5, Issue 6, 6135-6148.
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i.e.

Hence,

1 (7
0(2) = Tﬁ z(t)dt.

Thirdly, for Vz € Y, z(¢) = z(t) — Q(z), we’re going to verify z,(¢) € ImL, i.e. foT z1 (Hdt = 0. Here

T T T T T
f zl(t)dt:f Z(t)dt—f Q(z)dt:ﬁ—af f zdtdt =B —aBT =B-B =0,
0 0 0 0 0

that is
z1(t) € ImL.

Moreover, we can obtain
Y = ImL ® R*, codimImL = dimR* = 2.

1.e.,
dimKerL = codimImlL.

So L is a Fredholm operator with index zero, which implies L has a unique inverse. We define by
Kp : ImL — KerP N DomlL the inverse of L.
By simply calculating, we have

! T t
Kn(2) = f Zw)dw — ~ f f 2 (w)dwd,
0 T 0 0

Define N : X — Y by the form
e ( A (o), 1 )
<= s

As (z(2), 1)
where
o W
w0 = 1= )0 -mn) - SRS - A
p (1) e ® " H, (1)
Ay (z(1), 1) m_b(t)e()_c(t)_W'
Thus
1 T
7[ Ay (z(1), Ddt
ONz=| | Yor ,
Tfo Ay (z(1), Ddt
and
Kp(I — Q)Nz 3.2)

:(QMQW%MWJ_(%EHM@WLMWW)
f() AZ (Z(W), W)dw %j(; J(; A, (Z(W), W)de[

AIMS Mathematics Volume 5, Issue 6, 6135-6148.
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_( 1 f(’i foi Ay (z(w), wdwdw ]+( - f(,: f(’i f(’i Ay (z(w), w)dwdwdt }

LI Axewy, widwdw )\ & [ [ [ A (2(w), wydwdwd

_ ( T A Gow), widw =+ [ [ AL @), widwds = (£ = 1) [ Ay Ow), w)dw ]
1 8o ew), wydw = % [ [ Ay (aw), wydwdr = (£ = 1) [ Ax zw), widw )

Let Q C X be bounded. Fo_r Yz € Q, we have that ||z]| < My, |[u(®)| < M, and [v(¢)| < M,.
Next, we see that ON(Q) is bounded.

T u(t)
% fO r(t)(l—e?)(e”(’)—m(t))dt

1 (7 5(@) e @e® 1 (T H (¢
' f 5 (1) e"Pe dl‘+| 1()dt
0

T e + q2 (1) T 0 e

T 2u(r) u(t)
'%f [r(t)e”(’)—r(t)m(t)—r(t)e y omne ]dt'
0

IA

1 (7
?L Ay (z(1), Ddt

IA

K K
1 (7 5(r)e"@e® 1 (TH @
+—f swere )L AOP
T J, a? (1) TJ, e
M EmeMt s
g

X —2)€2M1 + HleM‘,
a

B ___ re
FeM +7m +

IA

—+

and

IA

+

1 fT p (l) eZu(z) "
T J, €9+ a?(1)
1 T
T f c (t)dt| +
0

T 2ulr) 2
< lf p@® e +p)a (t)dt
T J, 2 + g2 (1)

1 T
‘T j(: p([)dt

= p+beM +¢+ Hye™.

1 T
— f b (1) e Vdt
T Joy

1 (T H, @0 ‘

1 T
‘T fo As (2(0), 1)dt

+

T 0 eV(t)

+beM + ¢+ HyeM

+be™ + ¢+ Hye™

It is immediate that QN and Kp(I — Q)N are continuous.

Consider a sequence of function {z} € Q. We have the following inequality for the first function of
Kp(I = Q)N..

Kp(I — Q)NA(z(11), 1) — Kp(I — Q)NA(z2(1), 1)
i u(w) u(w) ()
[l -2 - o,

eZu(w) + a2 (W) - eu(w)

_ T u(w) u(w) ,v(w)
_(n lz)f [r(w)(l_ eK )(eu(w)_m(w))_ s(w)e™e™  H, (W)]dw
0

T eZM(w) + az (W) N eU(W)

r“m"e
+
K K

IA

L o=2M) M, M M,
(t; — 1) [PMeM — rlmt —

AIMS Mathematics Volume 5, Issue 6, 6135-6148.
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2M,

M — Te rme
—(t1—1t)|re —rm— + .
( 2>[ = =

For another function, we have similar inequalities as follows

Kp(I — Q)NAy(z(t1), t1) — Kp(I = Q)NA»(z(12), 1)
1] 2u(w)
_ f [—p w)e b (w) ™ — ¢ () — T2 ] dw

eZu(w) + a2 (W) eV(W)

(a2t fT[ PN e oy - 2]
0

T e2u) 4 g2 (w) evw)

M 2M, L

(1 =) |2 et _ ot M2
1722 a2l eMi

IA

+(t — 1) [EeM' +C+ EzeMl] .

Hence the sequence {Kp(I — Q)Nz} is equicontinuous. Using the periodicity of the functions, we know

that the sequence {Kp(I — Q)Nz} is uniformly bounded.

An application of Asg)li-Arzela’s theorem shows that {Kp(I — Q)N (5)} is compact for any bounded
set Q C X. Since ON(Q) is bounded, we conclude that N is L—compact on  for any bounded set

QcX.
Then, considering the operator equation Lx = ANx, as follows

i (r) = AA (), 1),
V(1) = Ao (2(), 1),

where A4 € (0, 1). Let
u() = trerg%u(t), u(m) = tg{ngl]u(t),
V(&) = max v(f), v(n2) = min v ().
t€[0,T] 1€[0,T1]

Through simple analysis, we have
(&) =u(m)=0,v(E&) =vip)=0.

From (3.3), we can find that

u(é1)
r(&)(l - e—)(e“@” -mE)) -

K eED) 1 g2 (&) e
p (&) ) &) Hy (&)
2 1+ a2 (&) b(&)e™ —c (&) - e 0,

and

u(n1) u(n) Hv(n)
_ €\ ) _ s e ™e™  Hy () _
r(m) (1 X )(e m (771)) 2 ) e
2u(n2) H
14 (TIZ) e —b (772) ev(qz) —c (772) _ 2 (TIZ) — O,

e2um) 4 g2 (172) evm)

s () e e H (&)

b

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

AIMS Mathematics Volume 5, Issue 6, 6135-6148.
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In view of (3.4), we have

€D

s (‘fl) PO

H, (&)

r(fl)(l - )(e"(f” —m(&)) =

then, we get

e + a? (&)

e“(fl) ’

L M, M
r r'm
— &) M €D 4 bt <,
K K
which implies that
M MmM \/ M 4 rMmM 2 aetpmt
r+ — M+ -
e = K ( ) K @
%
K
M MM M 4 rMmM 2 _ Autymt
<r+K+\/(r+K) o
2 =",
K
Similarly, we can discuss the range of ¢“ from (3.6)
u(n1) u(m) ,v(n1)
r(n) 1_6 ! (eu(fll)_m(n))zs(nl)e Ve H1(771)>0
! K ! Q240 4 g2 (1) e ’
A direct calculation gives
L M, M
r r'm
—em My —— e ¢ bt < 0,
K K
SO we can obtain
My rMII?M B \/(FM + rMI,(nM)Z B 4(rLI)(2mL
o = < ¢t
E
K
M MmM Mo rMmM? _ 4et)mt
<r+K+¢(r+K) o
e =",
K
From (3.5), we have
2u(é2)
p (&) e™™ (&)
b(&)e® — |- 2———— —c(&)|e"® + Hy (&) =0,
and "
et
ble®© (—p 5 = cL) " + Hyt <0,
e~ + (ab)
then, we get
pMEZqu I pMe2ut 2 L
v eZu_ +((ZL) eZu_ +(aL) < v(fz)
e~ = e

2bt

AIMS Mathematics
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< =e”*

By (3.7), we obtain

) p (772) eZM(nz) )
b () " ~ (m —c(m)|e"™ + H, (1) = 0,
and "
bl — _re’ ctle’™ + Hyt <0
eu- + (aL)2 ? ’

this implies that

2
M 2 M2
L”_CL_ LU—CL —4bLH2L
e2u_+(aL) eZu_ +(aL)

Voo . v(172)
e =: <e
2bt
pMMZ L pM€2”+ L 2 L
L S | L A YA &
€2u_+(aL) e2u— +(aL)
< =e'.

2bt

And then, in view of (3.5) and (3.7) we have

L 2u_
e
pM &) _ (—p 5 - CM) e’ + M > 0,
e+ + (aM)
that is
2
L 2u_ L ,2u_
Pt My (Lz _ CM) _ ApMEM
e2u4r +(aM) eZu+ +((1M)
e"(fz) > ::e[+
2bM
or
pLeZu_ M pLeZI,tf 2 M
SN =S
eZu+ +(uM) eZu+ +(aM)
eV(fz) < .:el_
SpH : .
From (3.7), we obtain
L 2u_
e
pM > im) _ (—p 5= CM) '™+ M > 0,
et + (aM)

i.e.
" > 1. or '™ < -,

In view of Lemma 2.2, we can find that v_ < [_ < [, < v,. Thus, we have

{ v(&) > lorv(é) <L,

Vo < V(&) < i,

and

v() > lorv(p) <L,
vo < V(772) < Vi,

AIMS Mathematics Volume 5, Issue 6, 6135-6148.
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that is
v(&) € (v, L)V Uy, vi), v(m) € (v, 1)U (UL, vy).
Similarly, we get
u() € (u-, uy), u(m) € (u-, uy).
It is easy to know that u., v., [, are independent of A. Consider the following two sets

Q :{z:(u,V)T€X|u_<u< Uy, Vo<V < l_},
ng{z:(u,v)T€X|u_<u< u,, I, <v< v+}.

Obviously, Q; € X and 51 N ﬁz = @. S0 Q;’s (i = 1, 2) satisty the condition [C;] of Lemma 2.1.
Next, we show that ON, # 0, for Vz € 0Q; N KerL = 0Q; N R* (i = 1,2).
If it is not true, then there exists (u, v)’ € dQ;, such that

T
f Ay (z(1), ndt =0,
0
T
f A (z(t), ) dt = 0.
0

By virtue of the mean value theorem, there exists two points ¢; € [0, T] (j = 1, 2) satisfying
Ay (z(n), 1) =0,
A (z(12), 1) = 0.

So, we obtain
ue€ (u_, uy),

and
Ve (V—9 l—) U (l+’ V+) ’

which contradicts (u, v)T € dQ; N R?. So the condition [C,] in Lemma 2.1 holds.

Then, we check the condition [C3] in Lemma 2.1. Define the homomorphism
J: ImQ — KerL, Jz = z. From [H3], we have
deg(JON,Q; N KerL,0} = > sgnJON (z)
ZZGQN’I(O)
= Z detG (u;,vy) | | u; l_[ v, # 0.
2 €ON-1(0) k=1 k=1

This implies that the condition [C3] in Lemma 2.1 holds too. Note that, ; and €, satisfies all
conditions of Lemma 2.1. Therefore, system (1.6) has at least two 7' —periodic solutions. O

Here, we would like to give two remarks.

Remark 2.1. If we take H(t) = 0, H,(t) = 0 and b(¢) = 0, i.e., system (1.6) without considering the
harvesting terms of prey and predator, as well as the predator competition, we find that the system (1.3)
in [13] is the system (1.6).

Remark 2.2. In [16] and [17], the authors only considered the Gause model (1.4) and (1.5) with prey
harvesting h;, respectively, but they don’t investigate the influence of the predator harvesting. In fact,
the influence of the predator harvesting is very important in biological populations and bioeconomics,
especially in fisheries management etc.
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4. Conclusions

In this paper, we are concerned with a Gause-type predator-prey model with Allee effect, Holling
type III functional response and the artificial harvesting terms, which are very important in biological
populations and bioeconomics. Four important assumptions as regards the interactions between prey
and predator is considered. By applying the Mawhin coincidence degree theory, we obtain the existence
of multiple positive periodic solutions for the predator-prey model.
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