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Abstract: In this paper, we prove the existence of at least three periodic solutions for the quasilinear
periodic boundary value problem

—p(X)x" +a(t)x = Af(t,x)ae.t € [0, 1],
x(D)=x(0)=x'(1)—-x'0)=0

under appropriate hypotheses via a three critical points theorem of B. Ricceri. In addition, we give an
example to illustrate the validity of our result.
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1. Introduction and main results

In this paper, we consider the quasilinear periodic boundary value problem

—p(X)x" +a(t)x = Af(t,x)ae. t € [0, 1], (1.1)
x(D)=x(0)=x'(1)—-x'0)=0 ’

where f(z,x) : Rx R — Riis an L'-Carathéodory function which is 1-periodic in ¢ and A is a positive
parameter.

We need the following assumptions:

(Q1) p: R — (0, +00) is a continuous function such that there exist two positive numbers M > m
and

m< p(x) <M, V¥ xeR. (1.2)
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(Qn) a(r) € C(R) is a 1-periodic positive weight function, that is, there exist @; > @y > 0 such that
ag < a(t) <ay, Yrel0,1]. (1.3)

Since the three critical points theorem was obtained by Ricceri [11], it has been one of the most
frequently applied abstract multiplicity theorems. After that, Averna-Bonanno [1] and Ricceri [12, 13]
have given some general three critical points theorems due to Ricceri [11]. These three critical points
theorems in [1, 11-13] are widely used to solve differential equations (see, for example [1-10, 13]). In
particular, in [5], using the three critical points theorem of [11], Bonanno and Livrea have studied the
existence and multiplicity of solutions for the periodic boundary value problem

(1.4)

=x" +A(t)x = A()VG(x), t €[0,T],
x(T) = x(0) =x(T)-x'(0) =0,

where A(?) = (a; j(t))uxs 1s positive definite matrix for all z € [0, T],a; j() € C([0,T],R),G € C'R",R)
and b(r) € L'([0,T]) \ {0} that is a.e. nonnegative. Noticing that when p(x’) = 1,7 = 1 and f(t,x) =
b(t)g(x), the n-dimensional problem (1.4) from [5] reduces to the one-dimensional problem (1.1) in
case n = 1. Recently, in [7], using two general three critical points theorems of [1] and [12], Li et al.
have studied the existence of three periodic solutions for p-Hamiltonian systems

(1.5)

—(|X'[P72x') + A(D)|x|P~2x = AVF(t, x) + uVG(t, x), t € [0, T],
x(T) - x(0) =x(T)-x'(0) =0,

where A, € [0,+00),p > 1,A(t) = (a;(t))uxn 15 positive definite matrix for all 1 € [0,T],a; (1) €
C(0,T],R),F : [0,T] x R" — R is a function such that F(-, x) is continuous in [0, 7] for all x € R"
and F(t,-) is a C'-function in R" for a.e. 1 € [0,T], and G € [0, T] x R* — R is measurable in [0, 7]
and C' in R". Noticing that when p = 2,7 = 1,n = 1 and u = 0, problem (1.5) becomes problem (1.1)
as p(x') = 1.

It is well known, the second order Hamiltonian systems satisfying periodic boundary conditions
is motivated by celestial mechanics(see [15]). Finding periodic solutions for the system is a classic
problem. The authors of [5] and [7] have proved the existence of three periodic solutions for this
system. We also want to point out that, in [S] and [7], the nonlinear terms in the differential equations
of the problems studied there do not depend on the derivatives of the unknown functions, i.e., p(x’) = 1,
in (1.1). So we are interested in problem (1.1).

On the other hand, in [3], using the three critical points theorem of [11], Afrouzi and Heidarkhani
established a three solutions result for the following quasilinear two point boundary value problem

{ —-x" = Ah(X)f(t, x), te€la,b],

x(a) = x(b) = 0, (1.6)

where f : [a,b] Xx R — Ris an L'-Carathéodory function, & : R — (0, +00) is a continuous function
and A > 0,a,b € R, and extend the main result of [8] to problem (1.6). Inspired by the ideas of [3, 8],
we discuss the existence of three periodic solutions for problem (1.1).

The aim of this paper is to establish some new criteria for problem (1.1) to have at least three
periodic solutions by applying the three critical points theorem due to B. Ricceri. In addition, we give
an example to illustrate the validity of our result.

Next we state our results.
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Theorem 1.1. Let g(y) = foy ( fOT p(f)df) dr (Vy € R) and F(t,x) = fOx f(t,&€)dé. Assume that
R x R — R is an L'-Carathéodory function with 1-periodic in t, p : R — (0, +o0) satisfies (Q;)
and a(t) € C(R) satisfies (Q,). Assume that there exist three positive constants c,d and s with s < 2,
g2d) + g(-2d) + aoz—dz > ¢ min{m, ay}, and a function y(t) € L' ([0, 1]) such that

() f(t,x) > 0 for each (t, x) € [0, 1] x [0, 247;

(i) F(t,x) < y(®)(1 + |x|*) for all x € R and a.e. t € [0, 1];

(ii1)

¢? min{m, o} i

su F(t,x) < 4 f F(t,d)dt. (1.7)
R A 52d) + g(~2d) + dand® J,

Then, there exist an open set A € [0, +00) and a positive number ry such that for every A € A, problem

(1.1) has at least three periodic solutions whose norms in Z are less than r,, where

Z = {x: [0, 1] - RJx is absolutely continuous, x(1) = x(0), x" € L*([0, 1])}.

When f(z, x) = fi(¢) f2(x), we have the following result by using Theorem 1.1.

Theorem 1.2. Assume that f; : R — R is a 1-periodic continuous function, f» : R — Ris a
continuous function, p : R — (0, +00) satisfies (Q;) and a(t) € C(R) satisfies (Q,). Assume that there
exist three positive constants c,d and s with s < 2, g(2d)+g(-2d)+ % > ¢? min{m, ay}, and a positive
constant y such that

(i) fo(x) > 0 for each x € [0, 7;

(ii) fox H(E)dé < y(1 + |x|°) for all x e Rand a.e. t € [0, 1];

(i11)
ma £i() - max f Fode
2

e d)ci(mz’z)‘f e f filoydr - f hé)de. (1.8)

Then, there exist an open set A € [0, +o0) and a positive number ry such that for every A € A, problem

—p(X)X" + a(t)x = A1f1(t) fr(x) ae. t € [0, 1], (1.9)
x(1) = x(0) =x'(1)—x'(0)=0 ’

has at least three periodic solutions whose norms in Z are less than r.

Remark 1. If we take p(x’) = 1 in Theorem 1.2, then we can get the corresponding results of problem
(1.4) as T = 1,n = 1. Inspecting the conditions of Theorem 3.1 in [5], it is not difficult to find that its
hypothesis is different from that of our Theorem 1.2, so this is a new result.

Furthermore, when a(f) and f(z, x) don’t depend on ¢, we have the following autonomous version
of Theorem 1.1.

Theorem 1.3. Assume that f : R — R is a continuous function and p : R — (0, +o0) satisfies

2
(Qq). Assume that there exist three positive constants c,d and s with s < 2, g(2d) + g(-2d) + %
c®min{m, ay}, and a positive constant y such that

(i) f(x) > 0 for each x € [0, 3];
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(1) fox f(&)dé < y(1 + |x|°) for all x € R;

(iif)
¢ min{m, oy}
xes[l-lfc]f J@ME < 3 d) + 29(-2d) + Band? f F&)dé: (1.10)

Then, there exist an open set A € [0, +o0) and a positive number ry such that for every A € A, problem

{ —p(X)x” + ax = Af(x), (1.11)

x(1)=x(0)=x'(1)-x'(0)=0
has at least three periodic solutions whose norms in Z are less than ro, where a > 0.

We postpone the proofs to the next section and turn to give an example to illustrate the validity of
Theorem 1.1.

Example 1. Let p(y) =2 —cosy, a(f) = 1 and

) = | sin(rrt)le”, if (¢, x) € [0, 1] X (=00, 16],
fit,x) = | sin(zet)|(Vx + e'® — 4), if (¢, x) € [0, 1] X (16, +00).

Then, wehavem =1, M =3, a0 = a; =1,
gy) =y* +cosy -1,
and

F(t, %) = fo 0, E)de

| sin(zrt)|(e* — 1), if (¢, x) € [0, 1] X (=0, 16],
|sin(7rt)|(§ Vi3 + xe'® — 4x + A), if (t,x) € [0,1] X (16, +c0),

= 2, then

where A = —15¢'0 + & . If d = 16 and ¢ =

mln{m o}

d2
g(2d) + g(-2d) + O‘OT = 2174 + 2 c0s 32 > ¢ min{m, ao} = 4,

and
sup  F(t,x) < (&2-1)
(t,x)€[0,11x[-2,2]
R CICRER))
3070 + 2 cos 32
3
4 # . 16

< t — 1)dt
S 30707 2cos32 J, |SimEIe” = 1)

1
3
3

¢? min{m, a,} E
= F(@t, d)dt.
2(2d) + g(-2d) + 4a,d? j; ¢ d)
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This shows that (1.7) of Theorem 1.1 holds. Further, if y(f) = ¢'® and s = 2, then all the assumptions
of Theorem 1.1 are satisfied. Hence, there exist an open interval A € [0, +00) and a positive number
ro such that for every 4 € A, problem (1.1) has at least three periodic solutions whose norms in Z are
less than ry.

Remark 2 If we take p(x’) = 1 in Theorem 1.1, then we can get the corresponding results of problem
(1.5)asT =1,p=2,n=1and u = 0. Let F(¢, x) and a(¢) be the functions in Example 1 respectively,
and then after a simple calculation, it is not difficult to verify that

—x"+a(t)x = AVF(,x), t € [0,1],
x(1) = x(0) = x'(1) — x(0) =0,

satisfy the conditions of Theorem 1 of [7]. Moreover, Example 1 does not satisfy the assumptions of
Theorem 1 of [7], so Theorem 1.1 represents a development of Theorem 1 of [7] in some sense.

2. Variational setting and proof of Theorems

For the reader’s convenience, we first recall here the three critical points theorem of [12] and Propo-
sition 3.1 of [13].

Lemma 2.1. ( [12], Theorem 1) Let Z be a separable and reflexive real Banach space, ® : Z — R a
continuously Gateaux differentiable and sequentially weakly lower semi-continuous functional whose
Gateaux derivative admits a continuous inverse on Z* and ® is bounded on each bounded subset of
Z;¥Y : Z — R a continuously Gateaux differentiable functional whose Gateaux derivative is compact.
Assume that

lim (O(x) — A¥Y(x)) = +o0 2.1

[|lx][—+o0
for all A € [0, +00), and that there exists 8 € R such that
sup inf(D(x) + A(B — P (x))) < inf sup(D(x) + A(B — Y (x))). (2.2)
>0 x€Z x€Z >0

Then, there exist an open set A € [0, +00) and a positive number ry such that for every A € A, the

equation
D' (x)—AY'(x)=0

has at least three solutions whose norms in Z are less than r.

Proposition 2.2. ( [13], Proposition 3.1) Let Z be a nonempty set, and ®,¥ two real functions on Z.
Assume that there are r > 0 and xy, x| € Z such that

b4
DO(xy) =¥(x) =0, D(xp) >r, and  sup Y(x)<r (Xo)
xe®@-1((—00,r]) D(xo)

Then, for each B € R satisfying

W(xo0)
su Yx)<B<r ,
xe@-! ((—poo,r]) P D(x0)

one has
sup ing(CI)(x) + A8 - ¥(x))) < in;f sup(D(x) + A(B — P(x))).

n>0 ~ >0
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Remark 3 We recall that a L'-Carathéodory function f : [0, 7] x R — R is defined by

(Cy) t — f(t, x) is measurable for every x € R;
(Cy) x = f(t, x) is continuous for almost every ¢ € [0, T];
(Cs) for every p > 0 there exists a function /, € L'([0, T]) such that

sup | f(z, x)| < 1,(¢) for almost every ¢ € [0, T'].

[xI<p

Next, we establish the variational setting for problem (1.1).
Throughout the sequel, the Sobolev space Z is defined by

Z = {x: [0, 1] — RJx is absolutely continuous, x(1) = x(0), x" € L*([0, 1])}

with the norm

1 3
]l = ( fo (P + lez)dt) .

Clearly, Z is a Hilbert space and Z* = Z, where Z* is the dual space of Z.
Setting

gly) = fy (fT p(f)df) dt, forevery y € R,
0o \Jo

we have

.
g = fo p(é)dé, and g”(y) = p(y), forevery y € R.

Proposition 2.3. Assume that p(-) satisfies (Qy), then g’ is strongly monotone.

Proof. By (Q;) and (2.4), we have

_fyzp(g)dggm(y—z)<0, if y<gz;

§M-g@=9 .
[ p@dé=my-2)>0, if y>z

It follows that
&0 - @) -2 = my -2
for all y, z € R. This shows that g’ is strongly monotone.

Put
1 1 1
O(x) = f g(x'(0))dt + 3 f a(1)|x(0)[*dt, for every x € Z.
0 0

Proposition 2.4. Assume that p(-) and a(t) satisfy (1.2) and (1.3) respectively, then
(1) @ is well-defined in Z;

(2) @ is Gateaux differentiable in Z;

(3) @’ is a Lipschitzian operator;

4) D is convexin Z.

(2.3)

(2.4)
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Proof. From (1.2) and (1.3), we have

1 1 X' (1) T 1 X' (1) M 1
f g(xX' (t))dt = f ( f ( f p(f)df)dr)dtsM f ( f TdT)dt:— f |X'(¢)|dt
0 0 0 0 0 0 2 0

and

M (! ! 1
d(x) < —f Ix'(0)|*dr + ] f Ix()]?dt < = max{M, a}||x]|,
2 Jo 2 Jo 2

for every x € Z, which implies that @ is well-defined in Z.
Taken that x,y € Z and {a,} € R\{0} with lim a, = 0. By the mean value theorem of differential
n—+oo

calculus, for a.e. t € [0, 1], we can see that there exist u,(f) and v,(¢) such that

lim u,(¢) = X'(t), lim v,(¢) = x(?)
n—-+o0o n—+oo

and , , ,
L0+ 4 O) = §ED) _ 1, 1,
1 2 1 2
sa(D)(x(1) + anyg)) sa(0)(x(1)) -

Then, by (1.2) and (1.3), if n is large enough, we have

18" (ua(D)y' (O] < M(X' @1 + ' (DD @),
(D), )y ()] < a1 (Ix(@)] + [y(ODIy(@)] (2.5)

for almost every ¢ € [0, 1]. Again using the Lebesgue’s theorem, from the continuity of g’ and the
arbitrariness of {a,}, we know that @ is Gateaux differentiable in Z with

1 1
' (x)(y) = fo g X ®)y ()dt + j(; a(D)x(t)y(t)dt. (2.6)
If we fix x,y,z € Z with ||z]| < 1. Let u(z) be such that

lg"(x' () — &' (D) < 1g" (u)IIX' (@) — y' )
for every t € [0, 1]. Thus, by the Holder inequality, (1.2), (1.3) and (2.4), we have

1 1
fo E'X'®) - g M) (ndt + fo a®)(x(t) — y(1)z(t)dt

IA

1 1
fo lg” w()llx' (1) = y' (@)l - IZ'(I)Idt+01fO [x(2) = ()| - |2(2)ldt

MIx" = y'llz2 - 121122 + anllx = yllg2 - [lzllz2
max{M, a; }{lx = yl| - [lzl,

IA A

which shows that
1D’ (x) = D' W)llz+ < max{M, a;}llx — yll,

AIMS Mathematics Volume 5, Issue 6, 6061-6072.



6068

for every x,y € Z and @’ is Lipschitzian.
Finally, from (1.2) and (2.4), we know that g is convex. Noticing that a(f)x? is convex in x, we have
@ is convex in Z. O

For every x € Z, put

X 1 x(1)
F(t,x) = fo f(t,&)dé, and W(x) = fo ( : f(r,g)dg) dt.

Since £ : [0, 1]XxR — Ris an L!-Carathéodory function, we know that P’ is a well-defined and Gateaux
differentiable functional with

1
W(00) = fo FGt, Oyt

for every x,y € Z. Since the embeddings Z — L7 (¢ > 1) and Z — L™ are compact (See R. A.
Adams [16]), we have ¥ : Z — Z* is a continuous and compact operator.
Next, we consider the functional / : Z — R defined by

I(x) = O(x) — A¥(x) 2.7)

for every x € Z, where 4 > 0. Clearly, I is Gateaux differentiable. If x € Z is a critical point for /, we
have

1 1 1
fo SO (e + fo (OOt = A fo £t X))

for each y € Z. This implies that g’ o x’ has a weak derivative which equals a(#)x(t) — Af(t, x(¢)) and is
thus continuous, so g’ o x” is C'([0, 1]). Since g’ is an invertible C'-function, it follows that x’ is also
in C'([0, 1]), hence x is in C?([0, 1]).

Set

e(t) = -g' (X' (@) + f a(T)x(T)dr - /lf f(r, x(t))dr - C
0 0

such that [ e(t)dr = 0. Let y(1) = [ e(x)dr. Then y(r) € Z and [ le(t)’dt = 0, that is, e(¢) = O for a.c.
t € [0, 1]. This shows that

—-g"(xX)x"(t) + a(H)x(t)
—p(X' ()X (1) + a(t)x(t) = Af(¢, x(1))

—(8" o XY (1) + a(D)x(2)

for all ¢ € [0, 1]. Hence we conclude that x is a solution of problem (1.1) belongs to C*([0, 1]).

Proof of Theorem 1.1 Consider the functional /(x) = ®(x) — A¥(x) for every x € Z and 4 > 0. From
Proposition 2.4, we know that @ is well-defined, Gateaux differentiable and convex functional in Z,
and @’ is a Lipschitzian operator, which implies that ® is a sequentially weakly lower semicontinuous
via Theorem 1.2 of [15]. Further, we claim that ® admits a continuous inverse on Z*. In fact, by (1.2),
(1.3), Proposition 2.3 and (2.6), we have

(D'(x) = D' (y), x =~ y)

1 1
= fo G X@®) - ®),x@ -y @)dt + fo a()|x(t) — y(0)dt

AIMS Mathematics Volume 5, Issue 6, 6061-6072.



6069

v

1 1
f mlx' (1) - ' (0 dt + f aolx(r) = y(0)Pdt
0 0

: 2
min{m, ao}llx — ylI°,

\%

for all x,y € Z, which shows that @’ is uniformly monotone in Z. Put y = 0, then we have

min{m, ao}l|x* < KO’ (x), x)] < 19" (0)llz- - llxl

= min{m, ao}llx|l < [[®"(X)llz:,

which shows that @’ is coercive in Z. Since @’ is a Lipschitzian operator, @’ is hemicontinuous in Z.
By Theorem 26. A of [14] we can see that ® admits a continuous inverse on Z*. From the estimation
formula in the proof of Proposition 2.4 ®(x) < %max{M, a1 }||x|?, we see that @ is bounded on each
bounded subset of Z.

On the other hand, as we saw in above, ¥ : Z — R a continuously Gateaux differentiable functional
whose Gateaux derivative is compact. Based on the previous discussion of /, we know that the critical
points of [ = @ — AY in Z are the solutions of problem (1.1). Therefore, we only need to verify that
both assumptions of Lemma 2.1 are valid.

From (1.2) and (1.3), it follows that

1
O(x) 2 5 min{m, aolllxl,

for all x € Z. By assumption (ii), we see that

lim I(x)= lim ®(x)— AP(x) = +oo,

[lxll—>+00 llxll—>+c0

and so (2.1) of Lemma 2.1 holds.
Next, We want to prove the validity of (2.2) in Lemma 2.1 by using Proposition 2.2. For x € Z,
taking into account

t 1
x| < IIX'(T)dTHIX(h)ISf X' (Dl + |x(ty)]
1 0

1 !
f |X'(T)|dT+f |x(2,)|d1,
0 0
1 3 1 3
(f |X'(T)|2dT) + (f |X(T)|2dT) ,
0 0

max |x(5)] < V2||xl.
t€[0,1]

and

|x(2)]

IA

IA

we have

Thus, for each r > 0, we can obtain
-1 4r
O ((—oo,r]) CixeZlmax [x()| £ /| ————— ¢,
1€[0,1] min{m, o}
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which shows that

sup  Y(x) < sup F(, x),
xe®L((=00,r]) (#,0)€[0,1]X[—c,c]

4r
min{m,aq} "

Put x; = 0 and

where ¢ =

d, if £ € [0, 11,
d .
2dr+4,  ifre(y,3],

W= g ifreql, 3,
d, ifte[3,1].

Then we have ®(x;) = Y(x;) =0, xy € Z,

D(xo)

1 1 1! s
78Cd) + 78(=2d) + 5 fo a(Dlxo(@)| dt

IA

I (2d)+1 ( 2al)+a1 f1| (t)|2dt
48 48 2 J, X0

1 1 3o d?
= Zo(2d) + ~o(=2d
38Cd) + 28(=2d)+ 577

1 1
< Zg(Zd) + Zg(—Zd) +a,d?,

and

\

1 1 ap [ 5
Oxo) 2 78(2d) + 8(-2d) + = f lxo(D)]"dt
0

1 4
1 1 3ayd?
= o2d) + ~o(=2d
38Cd + 78(=2d)+ 5777
1 1 od?
2 0(2d) + —g(=2d) + 0L
> 48( )+4g( )+ g
3d

From min {xy(?)} = d, max {xo(D)} =

and the assumptions (i), we have
rel§.31 telg.7]

2

3

i 7 X 1
fo fod . Odédt + f e + f f f, O)dédr
f ’ fd F(t,£)dédr = f ' P dyr.
0 )

min{m,aq

Moreover, choose r = < 2 }, and recall from the assumptions of Theorem 1.1 that

P(xo)

\Y
N

[§)

Cl’od2

2(2d) + g(—-2d) + > ¢ min{m, o).

From (1.7), (2.8), (2.9),(2.10) and (2.11) we obtain that

2d -2d d?
g2d) _g(-2d) _ao

@
(x0) > =7 4 8

r>0

(2.8)

(2.9)

(2.10)

(2.11)
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and \
¢? min{m, o} i Y(xo)
su Y(x) < f Ft,dydt<r .
I, 2Qd) + g(=2d) + 4o D(xo)
By Proposition 2.2, we know that (2.2) of Lemma 2.1 holds. So, the proof is complete. O

Proof of Theorem 1.2 Let f(z, x) = fi(¢) f>(x). Noting that

sup  F(#,x) = max fi(r) - max f f(§)de,
1€[0,1] xe[-c.cl Jo

(t,x)€[0,1]x[~c,c]

it is easy to verify that the assumptions of Theorem 1.1 hold. So, the proof is complete. O
Proof of Theorem 1.3 Let f(z, x) = f(x). Noting that

sup  F(x) = max fo FE)de,

(t,%)€[0,11x[~c,c]

it is easy to see that the assumptions of Theorem 1.1 hold. So, the proof is complete. O

3. Conclusions

Periodic solutions of Hamiltonian systems are important in applications. For second order Hamilto-
nian systems or p-Hamiltonian systems subject to periodic boundary conditions, there are many works
reported on the existence of three periodic solutions. But the results on the multiplicity of periodic
solutions of quasilinear periodic boundary value problem are very rare. In this paper, we study a quasi-
linear second order differential equation involving periodic boundary condition. Using a three critical
points theorem obtained by B. Ricceri, we establish some new existence theorem of at least three peri-
odic solutions for the quasilinear periodic boundary value problem (1.1) under appropriate hypotheses.
In addition, we give an example to illustrate the validity of our results.
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