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Abstract: A family of subgraphs of a finite, simple and connected graph G is called an edge covering
of G if every edge of graph G belongs to at least one of the subgraphs. In this manuscript, we define
the edge covering of a stacked book graph and its uniform subdivision by cycles of different lengths.
If every subgraph of G is isomorphic to one graph H (say) and there is a bijection ¢ : V(G) U E(G) —
{1,2,...,|V(G)| + |E(G)|} such that wt,(H) forms an arithmetic progression then such a graph is called
(@, d)-H-antimagic.

In this paper, we prove super («, d)-cycle-antimagic labelings of stacked book graphs and r subdivided
stacked book graph.
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1. Introduction and Preliminaries

Let G be a finite, simple and connected graph. A family of subgraphs H;, H,, ..., H, is called an
edge-covering if every edge from E(G) belongs to at least one of the subgraphs H;, i = 1,2,...,t.
When H;,i = 1,2,...,t is isomorphic to a given graph H, then graph G admits an H-covering. G is
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called an (a, d)-H-antimagic if there exists a total labeling ¢ : V(G) U E(G) — {1,2,...,v + ¢} with
the H-weights,
wi(H) = ) o0+ > ¢le),
veV(H) ecE(H)
forming an arithmetic progression @,a + d, @ + 2d,...,a + (t — 1)d, where @ > 0 and d > 0 are two
integers and ¢ is the number of all subgraphs of G isomorphic to H. Moreover, G is said to be super
(a, d)-H-antimagic if (V(G)) = {1,2,3,...,|V(G)|}.

The H-supermagic graph was first introduced by Gutiérrez and Lladé in [3]. Some other results
can be seen from [4, 7-11]. An (a,d)-H-antimagic labeling was introduced by Inayah et al. [5].
The further results on antimagic labeling are discussed in [2, 6, 16]. In [12], authors discussed the
supermagic and super (a, 1)-C4-antimagic labeling of book graph and its disjoint union. The super
(a, d)-Cs-antimagicness of a corona graph for differences d € {0, 1,...,5} is discussed in [1]. M. A.
Umar [14] study the existence of the super cycle-antimagic labeling of ladder graphs for differences
d e€{0,1,...,15}. M.A.Umar et al. [13] gives the super (@, d)-C4-antimagic labeling of book graphs
for differences d = 1,2, ...,13.

In this research manuscript, we investigated the existence of super (@, 1)-C4-antimagic labeling of
stacked book graphs S By, , that can be thought of as generalization of a book graph and super (a, 1)-
Cyr+1)-antimagic labeling of its r subdivided graph S B, (7).

2. Cycle-antimagic labeling of stacked book graphs

A Cartesian product of two graphs G; and G,, denoted by G,0G,, is the graph with vertex set
V(G,)aV(G,), where two vertices (u,u’) and (v,Vv") are adjacent if and only if u = v and u’v' € E(G3)
oru’ =V and uv € E(Gy).

A stacked book graph denoted by S B, is defined as the cartesian product of a star graph S, on
p + 1 vertices with a path P, on g vertices. i.e., S B, 5 = S ,+10P,, where the symbol 0O used to denote
the cartesian product of two graphs. The stacked book graph S B, , contains g(p + 1) vertices and
q2p +1)—(p + 1) edges.

The vertex set V(S B(,,) have the elements {c?, xgj) :1<i<p,1<j<q}and the edge set E(S B,.,))
have the elements

q P DD 14 a1 (D GHD D GHD
Ui (Ul.zl{cj X, }) U (Ui:1 (szl{cj /T xx }))
A typical picture of stacked book graph S B, is given in Figure 1:

(&3] @ (©] @ ®)

w b B ® o ©
4 4 Xy X, 4

Figure 1. Stacked book graph S B4 5.
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Clearly stacked book graph § B, , admits Cs-covering. It will be worth noting for p = 1, the
stacked book graph S B, ) is a ladder graph P,0OP,, for p = 2, the stacked book graph S B, is a
grid graph P,0P, and for g = 2, the stacked book graph § B, ») is a book graph P,0P,. Ming-Ju Lee
et al. describe the super (a, 1)-cycle-antimagic labeling of grid graph P,0P, in [15]. M. A. Umar
et al. [12] give the supermagic and super (a, 1)-Cs-antimagic labeling of book graph and its disjoint
union while [13] describes the super (a, d)-C4-antimagic labeling of book graphs for differences d =
1,2,...,13. Therefore we consider p, g > 3 in this paper.

Let C’ be the (i, j)" cycle for 1 <i < p,1 < j <q—1inSB,. Each (i, j)'-cycle C;’ in SB,,,
has the vertex set {7, cU*D), xgj), xfj“)} and the edge set {¢VcUtD xﬁj)xgj“), c@xgj), c(f”)xgj“)}.

The corresponding Cij -weight under a total labeling ¢ would be:

wig(Ch = > pm+ D gle).
vev(ClY) e€E(CY)
j+l

= Z (¢(xl(k)) + ¢(C(k)) + ¢(C(k)xl(k))) + (¢(fo)xf]+l)) " ¢(C(])C(]+1)))
=y

For our convenience, throughout this paper by i = 1, p, we meani = 1,2, ..., p and vice versa.

Theorem 1. Let p,q > 3 be positive integers and S , be a star on p + 1 vertices. Then stacked book
graph S B, ;) admits a super (a, 1)-Cy-antimagic labeling.

Proof. The total labeling ¢, have the form:

Po(cV) = {%1 +4 j=0 (mod2)

% j=1 (mod2)

do(x) =g +i+(j-1)p i

=1,p,j=1,q
Po(cPx) = pQRg+1-j)+q+1—i i=1,pj=1.g
po(cVcV* D) = 2q(p + 1) - j i=1pj=14q-1
Po(x Xy = g2p+ D+ i(g— 1) + j i=1Lpj=1lg-1
Evidently,
Po(x”) + p(cPx) = 2g(p + 1) + 1
Bo(c?) + p(cT) + (VD) = r§1 +2q(p+ 1) +1 2.1)
and therefore,
Wegy (C\ ¢(x x5 D) = 6g(p + 1) +3 + r%ﬁ 2.2)
Equations (2.1) and (2.2) gives:
Wiy (C)) = 8q(p + 1) + 2 + rg1 +j+3(-D@g-1 (2.3)
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For convenience, define wt, (partial) = 8g(p + 1) + 2 + [ IR
Therefore the C.;’-weights are:

witg, (Cy') = {wty,(partial)} + 1
Wigo(Cy%) = {wig,(partial)} + 2

Wigo(Cy 7Y = {wty, (partial)} + g — 1
Wiy (C1) = {wig,(partial)} + 1 + (g — 1)
witg, (C3?) = {wty,(partial)} + 2 + (¢ — 1)

Wiy (C77") = {wty, (partial)} + 2(q — 1)
Wigo(C2771) = {wty, (partial)} +2(g — 1)

Wiy (CP1) = {wty,(partial)} + 1 + (P = 1)(g — 1)
Wiy (CP?) = (i, (partial)} + 2 + (P — 1)(g - 1)

Wiy (CPI71) = {wiyy (partial)} + p(g — 1) (2.4)

which makes the total labeling ¢, a super («, 1)-C4-antimagic labeling and the proof is complete. O
3. Cycle-antimagic labeling of r-subdivided stacked book graph

Let G be a graph and r > 1 be a positive integer. By G(r), we define r-subdivided graph of G
constructed by inserting r new vertices into every edge of G.
In this way, S B, (r) is the r-subdivided graph of stacked book graph with the vertex set {¢”, x
1<i<p1<j<qu{e? 6" :1<i<p,1<j<q-1}and the edge set

() (lj)

{c(j)u(li’j),xl(j)u(r”) u,((”)u,({”l) 1<i<pl1<j<qgl<k<r-1]U

{C(j)Eij) (j+1) E]), (])5(11) (]+1)5(lj) (J)elgi)l’é(l])él(;]l) 1<i< p,l < ] < C]—l 1<k<r-— 1}
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where ul™”, €, 6 are r new vertices inserted into the edges c(”x(’), Pt and x(’) (’“)

respectlvely Clearly r-subdivided stacked book graph § B, ,(r) admits Cy,.1)-covering.
Let C;(JH) be the (i, j)"-cycle for 1 <i < p,1 < j < g~ 1inSB,, (). Each (i, )"-cycle C;/
S B, (r) has the vertex set

@p, Gp o G+ G+ () () 6D G .
and the edge set {u, "u, ", u, " w0, €7€7,,0,70, 7 1 <k <r—1}U

{c(j)u(li’j), C(j+1)u(]i,j+1) x(])u(z i) x§j+1)u5i,j+1>,c(j)6§1) (j+1) (j) (1) (5(1 2J) (J+1) 551',,')}

c -weight under a total labeling ¢ would be:

Wt¢(cf4(]r+1>): Z P(v) + Z ¢(e).

vev(Cy eeE(C};

4(r+1)

(Hrl)) (Hrl))

+1 ro ¥l
]Z (#(c) +p(xM) + Y Z (6) + B + ¢(5§i,,-))] +
=J

s=j s=1

j+1
+ Z (¢(C(s)u(lt,s)) i ¢(xl(_s)u(ri,s))) + (b(C(j)EiJ)) + ¢(C(j+1)€£j)) 4 ¢(xgj)6(lz,1))+
s=j
j+l

+ ¢(x(J+1)6(l J)) + Z ¢( ) ]Ei)]) +¢)(6(l J)é‘(kl+Jl) Z[Z ¢( ]((l S)u]((:.s )

= Partial; + 2Partial, + Partial; 3.1

where

j+l

Partial; = ¢(c"/ (])) + ¢(cVDeV) + Z P(c") + Z P(€, (])) + Z P(€, ) /(:31 (3.2)

s=j

Partialy = ¢(x") + $(cul") + p(cPuf”) + > gl + Z S u"y (3.3)
k=1

Partialy = ¢(x;"6}"") + (" 57) + > p(6(") + Z $0L 750+ (3.4)
= k=1

Theorem 2. Let p,q > 3 and r > 1 be positive integers and S By, ,(r) be r-subdivided stacked book
graph then S B, ;/(r) admits a super (B, 1)-Cy+1)-antimagic labeling.

Proof. The total labeling ¢ have the form:

S = {r 1+ 4 j=0 (mod2)

% j=1 (mod2)

o(x) = j+ig i=1p, j=14q
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$e”) =pg+klg—1)+1+j j=Tq-1k=Tr
O =p+(qg—D(pk+r+i)+ 1+ i=1,p, j=1,q-1, k=1,r
o) = r(p + (g — 1) + q(pk + i) + j i=1,p, j=1,q k=1,r
HcU Ny =r(p+ (G- D+q(p(r+2)+2 - +1—j i=1,p, j=1g¢q
o uy = r(p+ (g — 1) +qp(r+3) +2— i)+ 1 — i=1,p, j=14q
du U = r(p+ (g =D +q(pQRr+3 -k +2-i)+1-j i=1,p j=1,q, k=1,r—1
P(cPe”) =r(p+ D(g—1) +2q(pr+ D+ 1) - j j=1,q-1
HcVEN) =r(p+ 1)(g— 1) +qQp(r+1)+3)— (1 + ) j=1lg-1
p(el e ) = pBqr+2q—r) — (g - Dk =2r) +3g—1 - j j=Tg=T1 k=Tr=1
6" 7) = (g = DIr(p +2) +i1+ 2pg(r+ 1) + g + j i=Llp j=lg-1
(VDY = (g - DIr(p +2) +2p + 1 =il + 2pq(r + 1) + 2 — j i=1,p j=1,q-1
P08 = (g - DI2pr+p+r)+1—i-pkl+2qlpr+p+11-j i=1p, j=lg-1, k=1,r-1
Using expressions (3.2), (3.3) and (3.4), we have:
D(g—-1
Partial;, = [%'l +j+1+7r[pg+ % + 1+ j]+
+2r(p+1)g—-1)+4pgir+1)+5g—-1-2j
-1
= DIpGBgr+2q—r +2r(g-1)+3g—1—j— r(q2 ),
= [%] +1+pgrd+3r)+p(1+rQRqg—-—r)+rQr+1)(g—-1)+qgQ3r+2) 3.5
Partial, = ig+ j+2r(p+ 1)(g— 1)+ pg2r +5) + 2g(2 - i) + 2 - 2j+
o (r+1)
+rlr(p+1D(g—-1)+qi+ j+pg > ]
. . r
+(r=Dlr(p+ (g =1+ pgQr+3) +q2 = + 1 - j- £
=r(p+D(@-1DA+2r)+ A +1r2pg(1 +1r)+1+2q]+1 (3.6)
-1 1 -Dr-1
Partial; = p+(g—-1D)(r+)+ 1+ j+ pr—(q )2(r D - pr—(q )2(r )
+(@-DR2r(p+2)+2p+1]+4pg(r+1)+3g—(r—1)j
(r=D(@-DRpr+2p+2r+1—-i]l+2q(r—1)[pr+p+1]
=r(r+ 1)(g - 1)(2p+3)+q(2pr2+5pr+2p+2r+ D+r+ilg—1)+j
= SPartial; + i(g — 1) + j (3.7)
where SPartial; = r(r + 1)(g — 1)Q2p + 3) + q2pr* + 5pr +2p +2r + 1) + r
wt¢(Ci’(jr +1)) = Partial; + 2Partial, + Partial;
= Partial; + 2Partial, + SPartial; + i(g — 1) + j (3.8)
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One can observe here that_the Partial; + 2Partial, + SPartial; are independent of i and j. Equation (3.8)
clearly shows that wt¢(C;’(Jr +1y) only depends on i and j. Equation (3.8) with equation (2.4) proves that
S B(,,¢)(r) admits a super (8, 1)-Cy(1)-antimagic labeling which completes the proof. O

4. Conclusion

In this manuscript, we prove results related to super (a, 1)-C4-antimagic labeling of stacked book
graphs S B, ;) and super (a, 1)-Cy4-1y-antimagic labeling of its r subdivided graph S B, ;) (r). One can
extend these results for other differences d and for disjoint union of stacked book graphs. One can also
prove results about applications of graph labeling in data science and communication networks.
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