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1. Introduction and preliminaries

A mapping f : U — V is called additive if f satisfies the Cauchy functional equation

Jx+y) = f()+ f() (1.1)

for all x,y € U. It is easy to see that the additive function f(x) = ax is a solution of the functional
equation (1.1) and every solution of the functional equation (1.1) is said to be an additive mapping. A
mapping f : U — V is called quadratic if f satisfies the quadratic functional equation

Jx+y)+ fx=y) =2f(x) +2£(y) (1.2)

for all x,y € U. A mapping f : U — V is quadratic if and only if there exist a symmetric biadditive
mapping B : U> — V such that f(x) = B(x, x) and this B is unique, refer (see [1, 10]). It is easy to see
that the quadratic function f(x) = ax? is a solution of the functional equation (1.2) and every solution
of the functional equation (1.2) is said to be a quadratic mapping.
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Mixed type functional equation is an advanced development in the field of functional equations.
A single functional equation has more than one nature is known as mixed type functional equation.
Further, in the development of mixed type functional equations, atmost only few functional equations
have been obtained by many researchers (see [3, 6,9, 11, 12, 16, 17, 22, 24]).

Let G be a group and H be a metric group with a metric d(.,.). Given € > 0 does there exists ad > 0
such that if a function f : G — H satisfies d(f(xy), f(x)f(y)) < ¢ for all x,y € G, then is there exist
a homomorphism a : G — H with d(f(x),a(x)) < € for all x € G? This problem for the stability of
functional equations was raised by Ulam [23] and answerd by Hyers [7]. Later, it was developed by
Rassias [20], Rassias [18, 21] and GVuruta [5].

The probabilistic modular space was introduced by Nourouzi [14] in 2007. Later, it was developed
by K. Nourouzi [4, 15].

Definition 1.1. Let V be a real vector space. If u : V — A fulfills the following conditions

1) p(v)(0) =0,
(i1) p(v)(®) = 1 forall r > 0, if and only if v = 7y (y is the null vector in V),

(i) p(=v)(®) = pv)(1),
(V) plau + bv)(r + 1) 2 p(W)(r) A p(v)(1)

for all u,v € V, a,b,r,t € R*, a+ b = 1, then a pair (V,u) is called a probabilistic modular space and
(V, p) is b-homogeneous if p(av)(t) = ,u(v)(ﬁ) forallve V,t >0,a € R\{0}. Here Aisg : R - R*
the set of all nondecreasing functions with inf,cg g(#) = 0 and sup,; g(t) = 1. Also, the function min is
denoted by A.

Example 1.2. Let V be a real vector space and u be a modular on X. Then a pair (V, u) is a probabilistic
modular space, where

L t>0,veV
N =4 e’ ’
) {0, 1<0 ,veV.

In 2002, Rassias [19] studied the Ulam stability of a mixed-type functional equation
3 3
g[z xi) + Z g(x) = Z g(x; + x;).
i=1 i=1 1<i<j<3

Later, Nakmalachalasint [13] generalized the above functional equation and obtained an n-variable
mixed-type functional equation of the form

g (Z xl-) +(n-2) Z gy = ) gl +x))
i=1

i=1 1<i<j<n

for n > 2 and investigated its Ulam stability.
In 2005, Jun and Kim [8] introduced a generalized A Q-functional equation of the form

gx+ay)+ag(x—y)=glx—ay) +ag(x+y)

fora # 0, 1.
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In 2013, Zolfaghari ez al. [25] investigated the Ulam stability of a mixed type functional equation in
probabilistic modular spaces. In the same year, Cho et al. [2] introduced a fixed point method to prove
the Ulam stability of AQC-functional equations in S-homogeneous probabilistic modular spaces.

Motivated from the notion of probabilistic modular spaces and by the mixed type functional
equations, we introduce a new mixed type functional equation satisfied by the solution f(x) = x + x?
of the form

n—1
Z (f(2x,- + xj)) + f(2x, + x1) (1.3)
i=1, j=i+l
n—1 n
-2 Z (f(xi + xj)) + f(x, +x1)| = Zf(_xi)’
i=1, j=i+l =1

for n € N and investigate its Ulam stability in probabilistic modular spaces.

This paper is organized as follows: In Section 1, we provide a necessary introduction of this paper.
In Sections 2 and 3, we obtain the general solution of the functional equation (1.3) in even case and in
odd case, respectively. In Sections 4 and 5, we investigate the Ulam stability of (1.3) in probabilistic
modular space by using fixed point theory for even and odd cases, respectively and the conclusion is
given in Section 6.

2. General solution of a mixed type functional equation for even case

Let U and V be real vector spaces. In this section, we obtain the general solution of a mixed type
functional equation (1.3) for even case of the form

Z (f(2x,- + xj)) + f(2x, + x1) 2.1
e

n—1

D (F+x)+ fOo+ x| = ) Flx)
= i=1

i=1, i+1

forn € N.

Theorem 2.1. Let f : U — V satisfy the functional equation (2.1). If f is an even mapping, then f is
quadratic.

Proof. Assume that f : U — V is even and satisfies the functional equation (2.1). Replacing
(x1,x2,...,x,) by (0,0,...,0) and by (x;,0,...,0) in (2.1), we obtain f(0) = 0 and

fQ@2x1) =4f(x1) (2.2)
for all x; € U, respectively. Again, replacing (xi, x5, X3, ..., X,) by (x1, x1,0,...,0) in (2.1), we have
SBx1) =9f(x1) (2.3)

for all x; € U. Now, from (2.2) and (2.3), we get
flnxy) = n* f(xp),
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for all x; € U. Replacing (x1, x2, X3, X4, . . ., X,) by (X1, X2, X2,0,...,0) in (2.1), we obtain
J@xi+x) + f(x1 +2x0) = 4f(x1 + x) + f(x1) + f(x2) (2.4)
for all x{, x, € U. Replacing (xi, x2, X3, X4, . . . , X,) by (x1, x2,0,0,...,0) in (2.1), we get
JQxi+x2) + f(x2) = 2f(x1 + x2) + 2f (x1) (2.5)

for all x;, x, € U. Replacing x, by —x; in (2.5), using the evenness of f and again adding the resultant
to (2.5), we get

JCxi+x2) + f2x1 — x2) +2f(x2) = 2f(x1 + x2) + 21 (1 — x2) + 4 (x1) (2.6)
for all x{, x, € U. Replacing (x, x2) by (x; + x5, x; — x3) in (2.6), we get
JBx1+x) + f(x1 +3x2) = 4f(x1 + x2) = 2f (1 — x2) + 8 (x1) + 8 (x2) (2.7)
for all xi, x, € U. Letting (x, x») by (x1, x; + x3) in (2.5), we get
FBx1 +x) + flxr + x2) = 2f2x1 + x2) + 2 (1) (2.8)
for all x{, x, € U. Replacing x; by x, and x, by x; in (2.8), we have
JOa +3x2) + f(xr + x2) = 2f(x1 + 2x2) + 2/ (x2) (2.9)
for all x;, x, € U. Now, adding (2.8) and (2.9), we obtain

JfBx1 4+ x2) + f(x1 +3x2) + 2f(x1 + x2) (2.10)
=2f2x; + x2) + 2f(x1 +2x2) + 2f(x1) + 2f(x2)

for all x;, x, € U. Using (2.4), (2.7) and (2.10), we obtain (1.2). Hence the mapping f is quadratic. O
3. General solution of a mixed type functional equation for odd case

Let U and V be real vector spaces. In this section, we obtain the general solution of a mixed type
functional equation (1.3) for even case of the form

Do (f@xi+xp) + f2x, + x1) (3.1)
e

n—1

D (Fei+xp)+ fOo+ x| == fx)
i=1

i=1, j=i+l
forn € N.

Theorem 3.1. Let f : U — V satisfy the functional equation (3.1). If f is an odd mapping, then f is
additive.
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Proof. Assume that f is odd and satisfies the functional equation (3.1). Replacing (xi, x,...,x,) by
0,0,...,0)and (x1,0,...,0)in (3.1), we obtain f(0) = 0 and

J@2x1) =2f(x1) (3.2)
for all x; € U, respectively. Again, replacing (x;, x2, X3, . .., X,) by (x1,x1,0,...,0) in (3.1), we have
SBx1) =9f(x1) (3.3)

for all x; € U. Now, from (3.2) and (3.3), we get
fnxy) = nf(x)
for all x; € U. Replacing (xy, x2, X3, X4, . . ., X)) by (X1, x2,0,0,---,0)in (3.1), we get
FQ2x1+ x2) = 2f(x1 + x2) = —f(x2) (3.4)

for all xy, x, € U. Replacing x, by —x; in (3.4), using the oddness of g and again adding the resultant
to (3.4), we get

J2xi+x2) + f(2x1 — x2) = 2f(x1 + x2) + 2 (1 — x2) (3.5)
for all x1, x, € U. Replacing (xi, x,) by (x; + X2, x; — x3) in (3.5), we get
FBx1 + x2) + fx1 +3x2) = 4f(x1) +4f(x2) (3.6)
for all x;, x, € U. Replacing x; by x, and x, by x; in (3.4), we have
JQ2x1 4+ x2) + f(x1 +2x) =4f(x1 + x2) — f(x1) — f(x2) (3.7
for all x;, x, € U. Replacing (x1, x») by (x, x; + x3) in (3.4), we get
SBx; +x2) = 2f2x; + x2) = —f(x1 + x2) (3.8)

for all x;, x, € U. Replacing x; by x, and x, by x; in (3.8) and adding the resultant equation to (3.8),
we obtain

FBxi+x2) + fx1 +3x) = 2fQx1 + x2) = 2f(x1 +2x2) = =2 (1 + x2) (3.9)
for all x{, x, € U. Using (3.6), (3.7) and (3.9), we obtain (1.1). Hence the mapping f is additive. O
4. Stability of a mixed type functional equation for even case
In this section, we prove the Ulam stability of the n-variablel mixed type functional equation (1.3)
for even case in probabilistic modular spaces (PM-spaces) by using fixed point technique.

For a mapping f : M — (V, ), consider

Se(x’y) (2xl +X]) +f(2xn +xl)

-2 (f(x,- )+ fQ+ x| = D fx)
j i=1
forn € N,
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Theorem 4.1. Let M be a linear space and (V, u) be a u-complete b-homogeneous PM-space. Suppose
that a mapping f : M — (V, u) satisfies an inequality

H(S (X1, X2,y X)) 2 (X1, X2, -y X)) 4.1

forall xi,x,,...,x, € M and a given mapping p : M X M — A such that

p(29%,0,...,002*"Nt) > p(x,0,...,0)?) 4.2)

forall x e M and
PR X1, 2 xs, ..., 27 x,) (220 = 1 (4.3)
for all xy,x;,...,x, € M and a constant 0 < N < 2%, Then there exists a unique quadratic mapping

T : M — (V,) satisfying (2.1) and

t
(T () = f(x) ( Sy N)) p(e,0,..., 0)(D) (44)

forall x € M.
Proof. Replacing (x1, x2,...,x,) by (x,0,...,0)1in (4.1), we obtain
p(f(2x) = 22 f())(0) > p(x,0,...,0)() 4.5)

for all x € M. This implies

2
H (f(zzx) x )(f) = pu(f2x) - 22 f(x)) 271) (4.6)
> o(x,0,...,0)2%7)

for all x € M. Replacing x by 27! x in (4.6), we obtain

27
r (f = 9 g )) (1) = (f 9 _ fo )(22,,) @.7)
> p(27'5,0,...,0) (22N ;\Z)
> p(x,0,...,0) (2 N7"1).
From (4.6) and (4.7), we obtain
2%x) 4l
,U(f (22a - f(x )) (1) 2 Y1) 1= p(x,0,....0) (2N 1) (4.8)

forall x e M.
Consider P := {f : M — (U, w)|f(0) = 0} and define  on P as follows:

n(f) = 1inf{l > 0 : u(f(x))Un) = ¥(x)(1), Vx € M}.

AIMS Mathematics Volume 5, Issue 6, 5903-5915.



5909

It is simple to prove that 7 is modular on N and indulges the A,-condition with 2° = x and Fatou
property. Also, N is n-complete (see [25]). Consider the mapping Q : P, — P, defined by QT (x) :=

Tg:") forall T € P,.

Let f, j € P, and [ > 0 be an arbitrary constant with n(f — j) < [. From the definition of 1, we get

p(f(x) = j)r) = F(x)(0)

for all x € M. This implies

1 (Qf(x) — Qj(x)) (Nlr)
= (272 £(2°x) — 272 j(2"%)) (Nr)
= u(fQ2'x) = j2"x) (2% Nir)
> P(2%%)(2*“ Nt)
> W(x)(1)

for all x € M. Hence n(Qf — Qj) < Nn(f — j) for all f, j € P,, which means that Q is an n-strict
contraction. Replacing x by 2%x in (4.8), we have

22a
" (f(zzaX) - f(zax>) OES {30 *9)
for all x € M and therefore
u (2_2(2a)f(22ax) _ 2—2af(2ax)) (Nf) (410)

= p (2720 ~ f2'0) @N1)
> Y(2%) (2% Nt) > W(x)(7)

for all x € E. Now

22a
(% -f (’0) (2"ve + ) (4.11)

22a na na
>l S - L2 o (B2 - oo

= ¥(0)()

for all x € M. In (4.11), replacing x by 2°x and 2°(Nt + ) by 2%%425(N?t + Nt), we obtain
(f (2*x)

aa ) (Z“x)) (222" (Nt + Ni)) (4.12)

> P(2°x) (22N > P(x)(1)

for all x € M. Therefore,

(f(23”x) _fem)

730a) 2 )(Zb(Nzt + Nl)) > P(x)(1) (4.13)

AIMS Mathematics Volume 5, Issue 6, 5903-5915.
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for all x € M. This implies

3a
(% - f(x)) (2" Q" (Nt + N1y + 1)) (4.14)
23a 2a 2a
>l S - L2 o o) (Z52 - oo
> Y (x0)()
for all x € M. Generalizing the above inequality, we get
am m—1
(% - f(x)) ((2bN)m-1t +2° Z(ZZ’N)HI) > P(x)(f) (4.15)
for all x € M and a positive integer m. Hence we have
m—1
nQ"f - )< QN 2" ) 2" N)! (4.16)
m i 2b
<2 ) @NT < 5

i=1

Now, one can easily prove that {Q"(f)} is n—converges to T € P, (see [25]). Thus (4.16) becomes

2b
T =< TN (4.17)
which implies
b
w (T (x) - f(x))( N ) > P(x)(1) = p(x,0,...,0) (22N 1) (4.18)
for all x € M and hence we have
w(T(x) — f(x)) (2szugl(1 - 2bN)) > p(x,0, ...,0)) (4.19)

for all x € M and hence the inequality (4.4) holds. One can easily prove the uniqueness of T (see [25]).
]

5. Stability of a mixed type functional equation for odd case

In this section, we prove the Ulam stability of the n-variable mixed type functional equation (1.3)
for odd case in probabilistic modular spaces (PM-spaces) by using fixed point technique.
For a mapping f : M — (U, u), consider

n—1

So(xt,Xn. k) = > (f@xi+ X)) + (2, + x1)

i=1, j=i+l

AIMS Mathematics Volume 5, Issue 6, 5903-5915.
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(G ) + S ) EZﬂn

forn € N.

Theorem 5.1. Let M be a linear space and (V, u) be a u-complete b-homogeneous PM-space. Suppose
that a mapping f : M — (V, u) satisfies an inequality

HCS o (X1, X2, X)) 2 P(X1, X2, -, X0)(F) (5.1
forall xi,x,,...,x, € M and a given mapping p : M X M — A such that

p(2°x,0,...,0)2"N1) > p(x,0,...,0)() (5.2)
forall x € M and

PQMx1, 27 x,, ..., 2 x,) (25 F) = 1 (5.3)

1

for all xi,x,,...,x, € M and a constant 0 < N < -

A M — (V) satisfying (3.1) and

Then there exists a unique additive mapping

MA(x) = f(x)) ( 2 p(x,0,...,0)) (5.4

t
NS (1 - 2bN))
forall x € M.

Proof. Replacing (xy, x5, ..., X,) by (x,0,...,0)in (5.1), we obtain
H(f2x) = 2f())(0) =z p(x,0,...,0)) (5.5)
for all x € M. This implies

2x
(ﬁ;ﬁ—ﬂ>yo W (F20) — 200 2°1) (5.6)

> p(x,0,...,0)2%)

for all x € M. Replacing x by 27! x in (5.6), we obtain

-1
u(qw—ﬂﬂm:(ﬂ)fa Mt) 5.7)

2-1 b
_ | Nt
> p(27'x,0,...,0) (sz - )
> p(x,0,...,0) (2”N‘1t).
From (5.6) and (5.7), we obtain

(f (2°x)
u

—ﬂ)yn>wum>—puo L0)(2°N"71) (5.8)
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forall x e M.
Consider P :={f : M — (U, u)|f(0) = 0} and define 7 on P as follows:

n(f) = inf{l > 0 : u(fF))A) = Px)(@), Vx € M.

It is simple to prove that 7 is modular on N and indulges the A,-condition with 2° = x and Fatou
property. Also, N is n-complete (see [25]). Consider a mapping Q : P, — P, defined by QA(x) :=
f% forall A € P,.

Let f, j € P, and [ > 0 be an arbitrary constant with (f — j) < [. From the definition of 1, we get

u(f(x) = j))Un) = ¥ (x)(2)

for all x € M. This implies

P (Qf(x) = Qjx)) (NIr)
= p(2f2"%) = 27j(2"0) (NIn)
= 1 (f(2'x) = j@"x) (2" Nlr)
> P(29x)(2"N1)
> W()(1)

for all x € M. Hence n(Qf — Qj) < Nn(f — j) for all f, j € P,, which means that Q is an n-strict
contraction. Replacing x by 2¢x in (5.8), we get

22a
I (f ( o 2 - f(2“x)) (1) 2 W2"x)(0) (59
for all x € M and thus
p (272 £(2%%) - 27 (2%)) (VD) (5.10)

= 1 (27 (2% x) ~ f(2'%) (2" N1)
> W(Q2x)(2"Nt) > P(x)(1),

for all x € E. Now

22a
,u(f (22ax) - f(x)) (2@ + 1) (5.11)
22a na na
> p (f(zgax) - f(ZQX)) (Nt) A pt (f(zax) —f (x)) (1)
> Y (x)(1)

for all x € M. In (5.11), replacing x by 2°x and 2°(Nt + ) by 292°(N?t + Nt), we obtain

f(2%x)
'u 22a
> P(2%%) (25N > W(x)(1)

- f(2“x)) (272" (N?t + N) (5.12)
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for all x € M. Therefore,

(f (2%x)  f(2°%)
L —

S~ oa )(2b(N2t +ND) 2 P0() (5.13)

for all x € M. This implies

3a
u (f (;ax) - f(x)) (2Q@°(N*1 + No) + 1)) (5.14)
23a Da 2a
N “(f(zsax) _ f(zax)) (" + M) A#(f( e )) o
> Y (x0)()
for all x € M. Generalizing the above inequality, we have
am m—1
7 (f (;mx) - f(x)) ((2”N)m-1t +2° Z(sz)"—lt) > Y(x)(2) (5.15)
i=1
for all x € M and a positive integer m. Hence we have
m—1
nQ"f - )< @Ny"H 2" ) 2PNy (5.16)
i=1
1— 2b
<2b Z(sz) ! < T
Now, one can easily prove that {Q™(f)} is n-convergent to A € P, (see [25]). Thus (4.16) becomes
2b
A= <1y RO (5.17)
which leads
b -1
w(A(x) - f(x))( i ) > W(x)(1) = p(x,0,...,0)(2"2°N7 1) (5.18)
for all x € M and hence we have
t
A(x) — > p(x,0,...,0 5.19
AR = f() (MW(1 - sz)) p(x 1) (5.19)

for all x € M and hence the inequality (5.4) holds. One can easily prove the uniqueness of A (see [25]).
O

6. Conclusion

In this paper, we introduced a new n-variable mixed type functional equation satisfied by the
solution f(x) = ax+bx*. Mainly, we obtained its general solution and investigated its Ulam stability in
PM-spaces by using fixed point theory and we hope that this research work is a further improvement

in the field of functional equations.
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