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1. Introduction

Von Neumann gave the idea of regularity in rings in 1935 [1] and showed that if the semigroup,
(S, -) is regular, then the ring (S, +, -) is also regular [1]. In 1951, Bourne showed if Vx € § there
exist a,b € § such that x + xax = xbx, then semiring (S, +, -) is also regular [2]. In structure theory
of semirings, ideals play a vital role [3]. In [4], Xueling Ma and Jianming Zhan used the concept
of h-ideals. They used the basic and main concept of h-ideals to prove many properties and results.
Similarly, Jianming Zhan et al., in [5] also used /-ideals in their researches. This class of A-ideals has
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been used in many researches by different researchers. Ideals of semirings used in the structure theory
play an important role in many aspects. Some properties of ideals are discussed in [6—8]. Gan and
Jiang [9] studied the ordered semirings containing 0. Han and others in [10] discussed also the ordered
semirings. lizuka [11] introduced a new type of ideals namely A-ideals. In [12—-14] they used h-1deals
for many purposes related to their researches.

Main and basic concepts related to ordered semirings are given by Gan and Jiang [9]. The authors
also derived some ideas related to minimal ideal, maximal ideal, ordered ideal of an ordered semiring
and simple ordered semirings. Han, Kim and Neggers [10] also worked on semirings by partial ordered
set. Munir and Shafiq [19] characterized the regular semirings through m-ideals. Satyt Patchakhieo
and Bundit Pibalijommee [15] gave the basic definition of ordered semirings and left and right ordered
ideal of the ordered semirings. They used two definitions in their properties and applications to prove
their result.

Keeping in view the different characterizations of the regular semirings by the properties of the
h-ideals, we were motivated to characterize the ordered h-regualr semirings by the properties of their
ordered h-ideals. For this purpose, this paper represents ordered A-regular semirings along with their
ordered h-ideals. In Section 2, we give some basic definitions which will be used in our further course
of work. In Section 3, we characterize the ordered h-ideals semirings by their ordered h-ideals. In
Section 4, we characterize the ordered h-regular semirings, and in Section 5, the characterization of
the ordered h-weakly regular semirings is given. The conclusion of the paper is presented in the final
Section 6.

2. Preliminaries

Definition 1. A non-empty set S together with two binary operations + and - satisfying the following
properties:

(Cy) (S, +) is a semigroup,

(C) (S,-) is a semigroup,

(C5) Distributive laws hold in S, that is

h-(h+h)=t -+t 1,

and
(HhH+th) =t - 3+1- t3forall t,h,t3 €8S,

is called a semiring, which is denoted by (S, +, -).

Definition 2. (S, +,-) is additively commutative iff for all x;,y; € S,x; +y, = y1 + x1. S is
multiplicatively commutative iff for all x,,y, € S,x;1 - y1 = y1 - x1. (§,+,") is called a commutative
semiring iff it is both additively commutative and multiplicatively commutative. Suppose (S, +,-) is a
semiring, ifVae S;a+0=a=0+aanda-0=0=0"-a, then 0 €S is called absorbing zero in S.

Definition 3. [/5] Let E # 0 and (S, +,-) is a semiring, E C S, is a left ideal or right ideal if these
properties are satisfied:

(I))t, +t, € E forallt,,t, € E.

(I,) SEC EorES CE.

If E is left ideal and right ideal of S, then E is an ideal of S .
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Definition 4. [15] Suppose (S, <) is a partially ordered set satisfying the following properties:
(Ty) (S,+,") is semiring,

(T,) if x; < x5, then x; + e < x5 + e,

(T3) if x; < x5, then xj1e < xye and ex; < exa,

forall xi,x,,e €S, then, (S, +, -, <) is an ordered semiring.

Definition 5. [15] Suppose (S, +, -, <) is an ordered semiring. Let E # 0, F # () be subsets of S, then
we denote (E] = {g € S|g < rfor some r € E}and EF = {gh|g € E,h € F}.
We can write (S, +,,<) as S.

Definition 6. [15] Suppose S is an ordered semiring, E + 0 and E C S satisfies the following
properties:

(Ty) E is left ideal or right ideal of S;

(T) if g < wfor somew € E, then g € E.

Then E is a left ordered ideal or right ordered ideal.

If E is both left ordered ideal and right ordered ideal of S, then E is ordered ideal of S.

Definition 7. Suppose S is an ordered semiring, if x; € S, there exist t € S such that x, < xtx,, then
S is called a regular ordered semiring.

3. Ordered /h-ideals semirings

In this section, we characterize the ordered h-ideals semirings by their ordered A-ideals.

Definition 8. Suppose E is a nonempty subset of an ordered semiring S, then E is a left ordered h-ideal
of S if the following properties are satisfied:

(1) E is a left ordered ideal of S,

(2)ife+x; +t=x,+1tforsome x;,x, € E,t € E, thene € E.

Similarly, we define the right ordered A-ideal.
If E is both a left ordered h-ideal and a right ordered h-ideal of S, then E is said to be an ordered
h-ideal of S.

Peﬁnition 9. Suppose E # 0, E C S and S is an ordered semiring, then the h-closure of E, denoted by
E, is defined by

E = {g €8, there exist x;,xp € E,g+x1+h<x,+h,heE}

Definition 10. Suppose S is an ordered semiring. If for every x; € S, there exist e,h,c € S such that
X1 + x1ex; + ¢ < x1hxy + c,. Then S is called h-regular ordered semiring.

Definition 11. Suppose S is an ordered semiring then x; € S is said to an ordered h-regular if x| €
(x18x1] . If each element of S is ordered h-regular, then S is said to be an ordered h-regular semiring.

It is easy to see that each A-regular ordered semiring is an ordered A-regular semiring but converse
does not hold. We see this by the following example.
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Example 1. Suppose S = {t|, t,, tz}. Define binary operations - and + on S as:

+ | h || . Hh ||t
h|h|h |tk h|bh|h| B
and
Lh | h|h |13 L | bh|h|h©
L | H| K| 1K I | Hh | | B

We define order relation < on S as follows :

<={(t,1),(12) . (313) . (11.12) , (t1.13) , (12.13)} -

Then (S, +, -, <) is an ordered semiring. Furthermore, forallae S (1) a+t, +c<tb+c,ce S (2)
t;,tp € (@aSali.e ty <asa,t, < asa, for some asa € aSa. Hence S is an ordered h-regular semiring.
On the other hand t; + tzat; + t, < t3¢t3 + t, has no solution, so S is not an h-regular ordered semiring.

Lemma 1. Suppose S is an ordered semiring and E C S and F C S, where E and F are nonempty, then
1) EcE.

Q) IfECF thenECF.

(3) (E1F C (EF]) and E(F] C (EF].

Proof. (1) Letg € (E]. Then there exists 4 € E such that g < h.Since h € E, then there exist ry, 7, € E
suchthath+r  +k <ry+k, k€ E.Itfollowsthat g +ri+k < h+r +k < r,+k. Since E C (E],
ri.r € (E), k € (E], g € (E), i.e. (E] C (E].

(2) Consider EC F. Let g € E. Then, there exist r, r, € E such that g+r+k<r+k kekE. By
the assumption, we get ry, r», k € F. This implies g € F,soECF.

(3) Let g € (E] and w € F. So, there exist p,g € (E]suchthat g+ p+ s < g+ s, s € (E]. So,
gw+ pw + sw < gw + sw. Since p,q,s € (E], p < rpand g < r{ and s < r{/,for some rl,r{,r{/ e E,
so pw < riw € EF and gw < r{w € EF and sw < r{/w € EF. This implies that gw € (EF]. So
(f]F c ﬁ Similarly we get E(T] C (EF]. O

Lemma 2. [15] Suppose E C S, where E is nonempty and S is an ordered semiring. If E is closed
under addition, then so are (E], (E].

Now we will use further throughout the section N (set of all positive integers). Let S be ordered
semiring, £ # 0 and E C §, suppose ), ;. E be set of all finite sum of elements of E, and for x € §,
let Nx = {nx|n € N}.

Lemma 3. Suppose E and F are nonempty subsets of an ordered semiring S, with E + E C E and
F+ F CF. Then

(1) EC(E]CE C (E],

(2) (E] = (E], if E is left ordered h-ideal (or right ordered h-ideal) of S,

3)E+FCE+FCE+F,
(4) (E]1+ (FIC (E]+(FIC (E+F],

(5) E F C (E] (F],

(6) If E and F are two left ordered h-ideal and right ordered h-ideal of S, respectively then (E] (F] C

(2 finiee EF |
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Proof. (1) We see that E C (E].
Let g € (E], so by definition of “( ]”, there exists r € E such that

g < r
g+r+r < r+r+r.
This implies that g € E = (E] C E.
Since E C (E], L
= E C (E].

(2) Let E is left ordered h-ideal (o_r right ordered h-ideal) of §.
By(i). (E] < (T, = (] < (B,
Letg e (F] then by definition of 4 -closure, there exist /, k € (7] such that

g+h+s<k+s,se(E]
Since h,k, s € m then by definition of 4 -closure, there exist ry, 5, 13, 14, 1's, ¢ € (E], such that
h+r+s1<r+s,5 €(E]

k+l’3+S2<l’4+S2,S2€(E]

S+rs+ 53 <rg+ 83,83 € (E]

=
g+h+s+r+s1+r+s,+rs+s3 < k+s+r+s,+r+s+rs+s3
S rg+S+s+r+8+rs+ 53
< rgt+ 8 +rg+s3+r+ 5
= nN+rg+re+s1+ 52+ 5853
-

g+h+s+ri+rs+rs)+(si+s+53) < (r1+ry+71e) + (51 + 52+ 53).
Since sy, 52, 53 € (E], then by definition of “( ]”, there exist s{, sé, sg € FE such that 5; < s{ and

sstéandS3Ssg.

=>s1+sz+S3§s{+sé+sé

As E is a left ordered h-ideal (or right ordered h-ideal) of S, so E is a left ordered ideal (or right
ordered ideal) of S.
Then by definition of left ordered ideal or right ordered ideal, we get

S1+ 85+ 53 €E.

Now, since ry, 14, ¢ € (E], so by using definition of “( ]”, there exist r{, ri, ré € E, such that r; < r{

and ry < rft and rg < ré

=>r1+r4+r6£r{+r£+ré.
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Then by definition of left ordered ideal or right ordered ideal, we get
r+ry+re €E.
Then by definition of left ordered ideal or right ordered ideal, we get ry, r, rs, 76, 51, 53 € E

h+s+ i +rs+s1+83) < (rp+re+s+583)
g+ th+s+ri+r+rs)+(s;+s+53) < (rp+ry+rs)+(sp+52+53)

where s1 + 5, + 53 € E, then by definition of h-closure, we get g € E, then by (1), we get g € E C

(E] = g<(E],= (E]C (E]

= (E] = (E]
(3) From (1), we have E C Eand FCF

— E+FCE+F.

Now we show E + F C E + F. Suppose g € E + F, so there exists 7 € E and k € F such that
g=h+k
Since h € E, k € F, so by using definition of h-closure, there exist r, 7/ € E and w,w/ € F such that

h+r+s <r +s.,s €E,

and
k+w+s<w +s5,5 €F.

gtr+si+w+s h+k+r+s +w+s

g+(r+w)+(s;+s5) < F+si+w + 5,

= r/+w/+s1+s2

g+(r+w)+(s1+s2)s(r/+w/)+(s1+s2)

As (s1 + 52) € E + F, then by definition of A-closure, we get g € E + F,

— E+FCE+F

(4) Let g € (E] + (F], then there exists p € (E], g € (F], such that g = p + gq.
Now,

g+p++h=p++p+g9)+h = g+(p+q9+h=(pP+p)+(@+q+h
Since p + p emandq+q€m, then by definition of A-closure, we getgem+m,

= (E] + (F]1 C (E] + (F].
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Suppose g € (E] + (F], so there exists p € (E], ¢ € (F], such that g = p + ¢.
Since p € E and g € (T], so by using definition of h-closure, there exist 7,7/ € (E] and w, w/ € (F]
such that
p+r+s; <r +s,s €(E],

and
q+w+S2§w/+s2,sze(F].
g+r+wHsi+SH=p+qg+r+w+s +5

/ /

g+r+w+si+ 5 r+w + 51+ 5.

Since (r+w),(r/+w/)€(E+F],
g+(r+w)+(s1+sz)s(r/+w/)+(s1+sz).

This implies g € (E + F], =

(E]+ (F1
(E]1+ (F1
(E]+ (F1

N

(E + F]
(E + F]
(E + F].

N

IN

(5) By Lemma 1, we get .
E F C(E](F].
(6) Let E, F are two left ordered h-ideal or right ordered h-ideal of S. We will prove that (E]
(F1¢ (Zfij EF]
For this, let g € E m then g = hk,as h € E, k e m, then by definition of A-closure, there exist
p,p’ € (E]land q,q' € (F] such that

h+p+s13p/+s1,s1€(E],

and
k+qg+s<q +s5,5 €(F].
As
hk + pk + s1k < p'k + s,k.
Also
pk+pq+psz£pq/+ps2 and p/k+p/q+p/szﬁp/q/+p/s2.
As
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hk
hk+pk+pq+p/q+s1k+p/sz+ps2

g
g+ pk+pq+plg+(sik+p's;+ps)

IA

p/k+s1k+pq+p/q+p/s2+ps2
p'q + p'sy+ sik+ pg + ps
pq+p'q +(s1k+p/s2+ps2).

IA

Since E and F are left ordered ideal and right ordered ideal of S respectively, therefore,
pk+pg+p'ge Y EF,pg+plq e ) EF,
[finite [finite

and
s1k+p/sz + ps; € Z EF.

finite
This implies that
g+ (pk+pq +p/q) + (slk+p/52 +psz) < (pq +p/q/) + (s1k+p/sz +psz).

So

— e[z

finite

gﬁ@

finite finite

:EEQ(ZEF

finite

Example 2. (i) Every regular ordered semiring is an ordered h-regular semiring.

(it) Consider the semiring (N, +, -, <), where N is the set of natural numbers. We define the relation
<onNbyg <h<e g=>hforall g,h € N. Then, (N,<) is a partially ordered set, furthermore
(N, +, -, <) is an ordered semiring. Since g + ghg + s < ghg + sforall g,h € N,s € N, (N, +,-,<) is
an ordered h-regular semiring. Moreover, since 2 € N,2 £ 2h2 = 4h forall h € N, (N, +, -, <) is not
a regular ordered semiring. In addition, we get (2N] is an ordered ideal of (N, +, -, <) which is not
an h-ideal, for the reason that2 +4+1 =3 +4as 1 ¢ (2N].

Theorem 1. Suppose S is an ordered semiring and E be left ideal or right ideal or ideal, then
conditions given below are equivalent:

(1) E is left ordered h-ideal or right ordered h-ideal or ordered h-ideal of S ;
(2)LetgeS,g+r+h<r,+hforsomer,r,€ E, heEthengeckE;

(3)E =E.

Proof. (1)==(2) Suppose E is a left ordered h-ideal. Suppose g € S such that g + r; + h < r, + h for
some ry, r, € E, h € E then by using definition of left ordered h-ideal, we get g € E.
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(2)=(3) Suppose (2) is true. Consider g € E, then there exist 71, r, € E such that g+ri+h<r+h,
h € E. By condition (2), we get g € E. So, E C E. Since E C E, therefore E = E.

(3)=(1) Assume that E = E. Let g € S be such that g + r, + & < r, + h for some ry, 7, € E,
heE Thenge E.Since E = E,soge E = E. Thus g € E. Since g + r; + h < r, + h for some
ri,r, € E, h € E, then g € E, so by the definition of left ordered Ah-ideal or right ordered A-ideal or
ordered h-ideal, we get E is left ordered h-ideal or right ordered A-ideal or ordered A-ideal of S. O

Theorem 2. Suppose S is an ordered semiring, then:

(1) Intersection of any family of left ordered h-ideals of S is a left ordered h-ideal.
(2) Intersection of any family of right ordered h-ideals of S is a right ordered h-ideal.
(3) Intersection of any family of ordered h-ideals of S is an ordered h-ideal.

Proof. (1) Suppose E, is a left ordered h-ideal of S for all n € J, as N,,E, # 0. Since E,, is a left
ordered h-ideal, we get E, is a left ordered ideal for all n € J. Then N,¢,/E, is left ordered ideal.
Consider there exist g € S and r|,r, € NyeyE,, h € N,;E, is such that g + r{ + h = r, + h. Since
NuesE, C E, for all n € J, we get, r,r,h € E,. Since E, is a left ordered h-ideal and r|,r, € E,,
g+ri+h=r,+h hekE,forall n € J, so by using definition of left ordered h-ideal, we get g € E,, for
alln € J. So g € N,esE,. Therefore, r\,r, € NyeyE,, g +1r1+h=ry+h,hen,E,. Then g € N, E,.
By definition of left ordered &-ideal, we get N,c,E, is a left ordered h-idealof S.

(2) Suppose that E,, is a right ordered h-ideal of S for alln € J, as N, E, # 0. Since E,, is right ordered
h-ideal, we get, E,, is right ordered ideal for all n € J. Then N,c;E, is right ordered ideal. Consider that
there exist g € S and |, € NyeyE,, h € NyeyE, such that g + vy + h = r, + h. Since N, E, C E, for
all n € J, we have ry,r,, h € E,. Since E, is a right ordered h-ideal and ry,r, € E,, g + ri + h =r, + h,
h € E, for all n € J. So by using the definition of right ordered h-ideal, we get g € E,, for alln € J. So
g € NyesE,. Therefore, ri,r, € NyeyE,, g+ 1r1+h=ry+h,h€n,E, Then g € N,,E,. By definition
of right ordered h-ideal, we have N,¢,E, is a right ordered h-idealof S.

(3) From (1) and (2), we get N,c,E, is a left and right ordered h-ideal of S. Therefore, N,c;E, is an
ordered h-ideal of S. Hence proved. O

Remark 1. (1) The sum of two left ordered h-ideals or right ordered h-ideals is a left ordered h-ideal
or right ordered h-ideal.

(2) The sum of two left ordered ideals or right ordered ideals is a left ordered ideal or right ordered
ideal.

(3) The sum of two left ideals or right ideals is a left ideal or right ideal.

Theorem 3. Suppose S is an ordered semiring and E +# 0, F #+ 0,E CS,F C S.

(1) Consider E, F be two left ordered h-ideals, then (E + F] is smallest left ordered h-ideal containing
EUF.

(2) Consider E,F be two right ordered h-ideals, then (E + F| is smallest right ordered h-ideal
containing EU F.

(3) Consider E, F be two ordered h-ideals, then (E + F is smallest ordered h-ideal containing E U F.

Proof. (1) Suppose E, F are two left ordered h-ideal of S. Suppose g,h e (E+ F],s € S.
By the definition of A-closure, there exist r, 7/, w,w’ € (E + F] such that

g+r+ fi<r' +fi, fie(E+F],
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and
h+w+fHh<w + 6, fhe(E+F].
Hence
gth+r+w+fi+tpp<r+w +fi+h
and

sg+ sr+ sfi < srl + sfi

As (sf;) € (E + F], so by using the definition of h-closure, we get (g + h) € (E + F] and (sg) €
(E+ F].
This implies

(E+F]C(E+ F]

Let g € (E + F], then by definition of A-closure, there exist i,v € (E + F] such that
g+i+f<v+f, fe(E+F]

Since i, v, f € (E + F], then by definition of h-closure, there exist r, 7/, w,w/,d,d’ € (E + F], such
that
i+r+fi<r' +fi, fie(E+F]

v+w+f2Sw/+f2, e (E+F]

and
f+d+fi<d + f5 fs€(E].

Now,

IA

v+f+r+wHd+fi+ o+ fi
w+ i+ frr+d+ fi + f3
frd+fs+w + fh+r+fi
d+f+w+fH+r+fi

= r+w +d + i+ i+ f

gri+f+r+w+d+ fi+ L+ fi

IA

IA

Since (r+w/+d/),(i+f+r+w+d) € E+ F and (f, + f» + f3) € E + F, then by definition of

h-closure, we getg€c E+ F C(E+ F] = (E+ F] C (E + F].
So, we get (E + F] = (E + F].
This shows that (E + F] is a left ordered h-ideal.
Suppose g€ EU F,thenge Eorge F
AsgeE theng+(g+w)=(g+g +weE+F,forallwe F. Thus g € (E + F]
AsgeF,then(r+g)+g=r+(g+g € E+F,forallre E. Thus g € (E + F]
Hence,

EUFC(E + F]

Suppose L is a left ordered h-ideal containing £ U F. B
Then E + F C L and hence (E + F] C (L] = Limplies that (E + F]C L=L
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Therefore, (E + F1] is the smallest left ordered h-ideal containing E U F.

(2) This is similar to (1).

(3) From (1) and (2), we prove that (E + F] is smallest left and right ordered Ah-ideal containing
E U F. Therefore, (E + F] is smallest ordered h-ideal containing £ U F. O

Theorem 4. Suppose S is an ordered semiring and E # 0, E C S. Then these properties hold.
(1) Consider E a left ideal, then (E] is the smallest left ordered h-ideal containing E.

(2) Consider E a right ideal, then (E] is the smallest right ordered h-ideal containing E.

(3) Consdier E an ideal, then (E] is the smallest ordered h-ideal containing E.

Proof. Suppose E is a left ideal. We know that (E] is closed with respect to the operation of addition.
Suppose g € (E], and k € E, then by using definition of & -closure, there exist r, w € (E] such that

g+r+h<w+hhe(E].

Hence
kg + kr + kh < kw + kh.

So by using definition of “( |”, we have kh € (E]. Since (kr),(kw) € (E], kg + (kr) + (kh) <
(kw) + (kh), (kh) € (E].

Then by definition of A-clousre, we get kg € @ Therefore,m is a left ordered h-ideal.

We know that (E] is a left ordered h-ideal containing E.

Suppose Q is a left ordered h-ideal containing E. So (E] € (Q] = Q. Then, (E1c 0 = 0.
Therefore, m is the smallest left ordered Ah-ideal containing E.

(2) This is similar to (1).

(3) From (1) and (2), we prove that E is the smallest left and right ordered /-ideal containing E.
Therefore, E is the smallest ordered A-ideal containing E. O

Corollary 1. Suppose S is an ordered semiring, let ) # E C S. We denote the smallest left ordered h-
ideal containing E by L;(E), the smallest right ordered h-ideal containing E by R, (E), and the smallest
ordered h-ideal of S containing E by M (E). Then, the following results follows:

(1) Lh(E) = (Zfinile E+ Zfinite SE]’

(2) Rh(E) = (Zfinite E+ Zfim'te ES],

(3) Mh(E) = (Zfinile E+ Zfinite SE+ Zfinite ES + Zfinite SES]
Proof. We want to prove 3, s E + X pinire S E 18 a left ideal.

For this,
(11) Let 61, b € Zfinite E + Zfim'te SE. Then

a+be ZE+ZSE

finite finite

(12) Leta € ZfiniteE + ZfiniteSE’r €S
-
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r[z E+ Y SE]

ra c
finite finite
= Z rk + Z rSE
finite finite
cC > E+ ) SE
finite finite
= ra € Z E + Z SE
finite finite

Therefore, 3. e E + X finice S E 18 @ left ideal. By Theorem 4, we get

Ly(E) = (Z E+ Z SE]

finite finite

We see that the proofs of (2) and (3)are similar to that of (1). O

Corollary 2. Suppose S is an ordered semiring, let r € S. Then

(1) Ly(r) = (Nr + Srl;

(2) Ry(r) = (Nr +rS1;

(3) My(r) = (Nr+Sr+rS + X finire S1S1, where N = Set of natural numbers.

4. Ordered h-regular semirings

We now give the characterization of ordered A-regular semirings by their ordered h-ideals.

Theorem 5. Consider S is an ordered semiring. Then S is an ordered h-regular iff EN F = (EF], for
all right ordered h-ideals E, left ordered h-ideals F of S .

Proof. Suppose S is an ordered h-regular semiring and E is right ordered A-ideal, F is left ordered
h-ideal of S. Then, we have EF C E and EF C F. Thus, (EF]1 C(E]=Fand (EF]C (F]=F.
Thisimpliesﬁgfz Eandﬁgf:f. Thusﬁg ENF
Let p € ENF. As S is an ordered h-regular, there exist i, k € (pS p], such that

p+h+o<k+o,0€(pSp].
Since h, k, 0 € (pS p], then by definition of “( ]”, there exist s, j, j; € S such that
h < psp, k< pjp, o < pjip.
Since E is a right ordered h-ideal, F is a left ordered h-ideal, we have psp, pjp, pjip € EF. Since
h<psp e EF, k< pjp € EF, o< pjip € EF,so by using definition of “( ], we have h,k, 0 € (EF]

sope(EF] = ENF C(EF]
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— ENF = (EF]

Conversely, Consider E N F = (EF] for all right ordered h-ideals E of S, left ordered h-ideals F of
S. Suppose d € S, then by above Corollary 2 we get

Ly(d) = (Nd + Sd] and R,(d) = (Nd + dS ].

By assumption, (R,(d) N L,(d) = (R,(d)L;(d)]). Now we show that R,(d)L,(d) € (Sd] N (dS]
Let p € R,(d) and h € L;(d).
Since p € R;(d), then by the definition of h-closure,

There existi, i’ € (Nd + dS], such that p+i+o; < i/ + 0,0, € (Nd +dS].
Since h € L,(d), then by the definition of A-closure,
There exist v,v/ € (Nd + Sd], suchthat A+ v+ 0, <V + 0,,0, € (Nd + Sd],

ph+ih+oh<i'h+oh.
Since h, k, 0 € (pS p], then by definition of “( ]”, there exist s, j, j; € S such that
i<ed+ds, i' <fd+dj o <gd+dj

It follows that

ih < edh+dsh =d(eh + sh) € dS

i'h < fdh + djh = d (fh + jh) € dS

oth<gdh+djh=d(gh+ jh)€dS.

Then by definition of “( ]”, we get ik, i’h, 0,h € (dS]. Since ih,i’h € (dS],

ph+ih+o0h <i'h+oh, oihedS].

Then by definition of h-closure, we get ph € (dS]. So,

Ry(d)Ly(d) < (dS]

Similarly, we can show that

Ry(d)Ly(d) < (Sd]

Therefore, -
R,(d)L,(d) € (Sd] N (dS].

Since (dS'] is a right ordered h-ideal, (S d] is a left ordered h-ideal and by assumption, we have,

(dSTN(Sd] < (@dSTn (Sd]].

Now we will show that (dS ](Sd] C (dS d]. For this let m € (dS] and k € (Sd], then by definition of
h-closure, there exist [,/; € (dS] and ¢, g, € (Sd], such that
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m+1l+o03 <l +03,03 €(dS]

and
k+q+o04<q)+04,04 €(Sd]

From above equations we get ,
l 1k + 03k
lq1 + loy

mk + lk + o3k

IA

Ik + 1q + lo

l]k+llq+1104 11611 +1104

IANIA A

03k + 03q + 0304 0341 + 0304.

Since S is a multiplicatively commutative ordered semiring,
mk + (lk + lq + llq) + (03k + lO4 + 1104) l]k + 03k + lq + llq + lO4 + 1104

llql + ljo4 + 03k + lq + loy

(lig1 + lg) + (03k + log + L104) .

Since 1,11, 03 € (dS1,q,q1,04 € (Sd], then by definition of “( ]”, there exist s, 55, 53,1/, 1//,I'! € §,
such that
[<dsi, Iy <ds,, o3<dsyandg <l'd, g, <l''d, o, <1''d.

Hence, we obtained,

lk+1lg+1lLqg < Lg+los+Iq +loy
< dslld+ds\"'d+ds\l"d +ds\l''d e dSd
—
lk+1lg+1l,q € (dSd]
and

03k + log + 04 03q + 0304 + log + lio4 + 03q1 + 0304

<
< ds;lld+ds;!"d +dsi " d +dsyl"d + dssld + dssl'd € dS d.
Then by definition of “( ],

03k + log + Lo, € (dSd] and l,q, + lg < ds,I"d + ds,l'd € dSd

—
lig1 + lg € (dSd].

So, mk € (dSd]. Hence (dS1(Sd] € (dSd].

Hence
dsin(Sd] c ((dS] N (Sd]] C (dSd] = (dSd].
Thus,
Ri(d) N Li(d) = Ry(@Ly(d)] < (dSTn (Sd]| € @Sd] = (@S d]
It turns out, d € m Hence, S is an ordered Ah-regular. m]
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Corollary 3. Suppose S is a commutative ordered semiring. Then S is an ordered h-regular iff for
each ordered h-ideal E of S, E = (E?].

Proof. Suppose S is an ordered h-regular. Consider E is an ordered h-ideal of S. Obviously we have
E=ENE=(E]. L

Conversely, Suppose that for each ordered h-ideal E of S, E = (E?]. Consider r € S. As S is a
commutatively multiplication ordered semiring, we get

My(r) = Ly(r) = Ru(r).
So,

M, (r) = (M (r)M)(r)]
(R (r)Ly(r)]
((Nr+rS1Nr + 571

~
m

N

(Z (Nr+ rS1(Nr + S7]

finite

(5] = Gs1.

N

Since S is commutative i.e., (rS] = (Sr], and (S ] is an ordered /h-ideal, therefore

r e (S]= (((rsf] - (GS1057]
= ((rS16S7
c [(Z rSSr]| C ((rS—r]] =(Sr].
finite
Thus, S is an ordered h-regular. O

Definition 12. Suppose S is an ordered semiring, let r € S. Suppose r € (Sr?], then r is said to be left
ordered h-regular. Suppose r € (r*S], then r is called right ordered h-regular. Suppose each element
of S is left or right ordered h-regular. Then, ordered semiring S is said to be a left or right ordered
h-regular.

Theorem 6. Suppose S is left ordered h-regular semiring. Then
(1) for each left ordered h-ideal E of S, (E*] = E;
(2) QN E = (QE], for each left ordered h-ideal E and each ordered h-ideal Q of S.

Proof. (1) Suppose E is left ordered s-ideal of S. Then, we get (E?] C (E]=E.

Suppose r € E. As S is a left ordered h-regular, so r € (S72]. L

Since (S7%] C (SE?] C (E?], = r € (E?]. Hence, E C (E?] = (E?] = E.

(2) Let E is left ordered h-ideal and Q is ordered h-ideal of S. Then, we get, (Q—E] C (_] = Qand
(QE] C (E] = E.Hence, (QE]|CONE.Letae QNE. As S is left ordered h-regular,
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a € (Sa*] C (SQE] C (QE].
= a € (QE]. Hence, QN E C (QE]. Thus,

— ONE =(QE].

Theorem 7. Suppose S is a right ordered h-regular semiring. Then
(1) for each right ordered h-ideal E of S, (E?] = E;
(2) EN Q = (EQ), for each right ordered h-ideal E and each ordered h-ideal Q of S .

Theorem 8. Suppose S is an ordered semiring,then the conditions given below are equivalent:
(1) for each left ordered h-ideal E, F of S, ENF = (EF].

(2) for each left ordered h-ideal E and each ordered h-ideal Q of S, EN Q = (EQ).

(3) S is left ordered h-regular and R,(E) C L,(E) forall ) # E C S

Proof. (1) =(2) Let E is left ordered h-ideal of S and F is ordered h-ideal of S. Then EN F = (EF],
F being left ordered h-ideal of S, we get EN F = (EF].
(2) =>@3) Let @ # E C S. By assumption, we get L,(E) = L,(E)N S = (L,(E)S]. We have

RWE) = (Z E+ZES]

finite finite
C () L(E)+ ) Ly(E)S]
finite finite
= | ), @WEST+ ) L(ESTS
finite finite
c |2, @WEST+ ), TAE)SS]
finite finite )
= | D, @WE)S]
finite
= > Ly(E)
finite
= Ly(E).

Moreover, we show that L,(E) = M,(L,(E)). Since R,(E) C L,(E), we get, L,(E) C R,(L,(E)) C
Ly(Ly(E)) = Ly(E).

Hence, L,(E) = Ry(Ly(E)). It follows that L,(E) = M;,(L,(E))

Let p € §. From assumption, we get
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p € Ly(p)NMy(p) = (Lp(p)M;(p)]

= (Lu(p)My(Ln(p))]

= (Lu(p)Li(p)]

C (Np*+ ZSp2+ ZpSp+ ZSpSp]
finite finite finite

C (NP + ). Sp*+ ) Rup)p+ ) SR(p)p]
finite finite finite

C Np2+ Yy Spr+ Y Lipp+ ». SLip)p]
finite finite finite

C NP+ D Sp+ Y Lipp+ ). Lip)p]
finite finite [finite

= (Np2+ ). Sp*+ > Lip)p]
finite finite

= (Np>+Sp*+ Lu(p)pl

= (Np*+Sp>+WNp+Splp|
- (Np2+Sp2+m]
= (Np*+5p°]

p € (Np*+Sp?]
Since p € (Np? + S p?], then by definition of h-closure, there exist v, v/ € (Np? + S p?], such that

p+v+h <v +1, where t; e(Np2+Sp2].

Since v,V/,t; € (Np? + S p?*], then by definition of “( ]”,there exist e, f,g € N and s,r,7; € S such
that
v < «ep2 + spz, v < fp2 + rpz, fH < gp2 + r1p2

In a similar way, we obtain
p* e (Np*+ S p4l.
Then by definition of h-closure, there exist u, u’ € (Np* + S p*], such that

p2+u+t2§u/+t2 ,IzE(Np4+Sp4].

Since u,u/,t, € (Np* + S p*], then by definition of “( ]”, there exist ¢/, f/,g’ € N and s/, 7/, r{ €S
such that

uﬁe/p4+s/p4, u/sf/p4+r/p4, tzﬁg/p4+r{p4.
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From p*> +u+1t, <u' +1, we get
2 /
ep- +eu+et, <eu +et.

Now we have

IA

v+ eu + ety ep® + sp* + eu + et

IA

eu' + ety + sp?

IA

ef' p* + er' p* + ety + sp?

ef' p* +er' p* + ety + sp* + fu+ ftr

ef' p* +er' p* + sp® + fle/p* + s'p*) + et, + f1r

ef'p* +er' p*+ sp* + fel p*+ fs'pt + e(gp® + rip?) + f(gp? + 1ip?)

ef! p* +er' p* + sp® + fe/p* + fs'p* + egp® + er,p* + fgp* + frip* € Sp°.

v+eu+et,+ fu+ ft,

IANIN A

IA

Then by definition of “( 17, v+ eu + et, + fu + ft, € (sz] .
Now

o +rp* + fu+ fn

fp2 + rp2 +eu + et + sp2 + fu+ ftp

fp*+rp* +e(e'pt+ s'ph) + e(g! p* + 7 p*) + sp” + f(e/p* + 5'p*)

+£(g'p* +rpY)

Vv +eu+et, + fu+ ft, fp* +rp* + e p* + es'p* + eg/ p* + er{p4 +sp” + fep* + fs'p*
2

+fg/p4+fr{p4 e Sp-.

v+ fu+ ft
Vi +eu+et, + fu+ ft
v +eu+et, + fu+ ft

IAIA

IA

['hen by definition of “( ]”,
/ 2
=V +eu+et2+fu+ft2€(Sp ]

Now,

IA

e(g'p* +rp*) + f(g'p* + rlph)
= eg/p4 + er{p4 +fg/p4 +fr{p4 € Sp2.

et + flz

Then by definition of “( ]”,
et + ft € (sz] .

Now

p+W+eu+et, + fu+ ftr) + (et + ftr) < (v/ +eu+et, + fu+ ftz) + (et, + f1p)

= p e (Sp?].

Hence, S is a left ordered A-regular.
=1
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Let E, F are left ordered h-ideals of S, then we get (E—F] - (T] = F We see that E C R,(FE) C
L,(E) = E. Hence, E is an ordered Ah-ideal. Thus (E—F£E = E&ﬁ CENF

Suppose p € E N F. By assumption, we get p € (S p?]. Since (S p?] C (SEF] C (EF], p € (EF]. It
turns out that E N F C (EF].

Therefore,

ENF = (EF]

Theorem 9. Suppose S is an ordered semiring. Then the conditions given below are equivalent:
(1) for each right ordered h-ideal E, F of S, ENF = (EF].

(2) for each right ordered h-ideal E of S, each ordered h-ideal Q of S, QN E = (QE].

(3) S is right ordered h-regular, L,(E) C R,(E) forall® # E C S.

5. Ordered h-weakly regular semirings

Definition 13. Suppose S is an ordered semiring, let r € S. Suppose r € (3 iire(S1)?], then r is said
to be a left ordered h-weakly regular. Suppose r € (3 iio(rS)?], then r is said to be a right ordered
h-weakly regular. Suppose each element in S is left or right ordered h-weakly regular, then ordered
semiring S is said to be left or right ordered h-weakly regular.

Theorem 10. Suppose S is an ordered semiring, then the conditions given below are equivalent:
(1) S is a left ordered h-weakly regular.

(2) for each left ordered h-ideal E of S, (¥ finu. E*] = E.

(3) for each left ordered h-ideal E of S and each ordered h-ideal Q of S, Q N E = (X inue OF].

Proof. (1)=(2) Suppose E is a left ordered A-ideal of S. Then, we get, (3 yinie E2] € (E] = E
Let a € E. By assumption, we have

ae (Z SaSal C (Z SESE] C (Z E2].

finite finite finite
Hence,
Ec() El
finite
Thus,
(), B1=E
[finite

(2)=(@1) Let r € §. From assumption, Lemma 3, and Corollary 2. We get,
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~N
m

Lu(r) = () L]

finite

= | > WNr+SrNr+57]

finite

N

= (Sr]

DO (Nr+ SN+ 8]

finite finite

N
iNg

g

=

Since (S r] is left ordered h-ideal, we get r € (Sr] = (Zf,-,,i,e (S_r]z]

By Lemma 2 and Theorem 4, we have

B

finite

Hence,

-

Z (Z SrSr]

finite finite

(Z SrSr]

finite

(DS,

Finite

re() (Sl

finite

Therefore, S is a left ordered h-weakly regular.

(2)= (3) Suppose E is a left ordered h-ideal of S and Q is an ordered h-ideal of S. Then,

(>.QEIC(). 01=0,

finite

and

finite

(Z QE]Q(Z E]=E.

finite

Hence, (2 finire OE1 € O N E.
Leta € Q N E. By assumption, we get,
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Ly(@) = () Li(ay]

finite

{Z My(@)Ly(a)

finite

(D] QE]

finite

Q
m

N

N

Hence,
QNEC(), QFl
finite
Thus _
QNE=() QF]
finite
(3) =(2) Suppose E is a left ordered h-ideal of S, then, we get (X finire E?|C(E]=E.
By Lemma 1, 2, Theorem 4 and Corollary 1, we get

E = My(E)NE
= (), My(E)E]
finite
= | DO E+ Y SE+ Y ES+ Y SESIE
finite finite finite finite finite
c Z (Z EE + ZSEE+ Z ESE + Z SESE]
finite finite finite finite finite
< [zoe
finite finite
= (Z EZ] :(Z EZ]
finite finite
Thus,
(Z E|=E.
finite
O
Theorem 11. Suppose S is an ordered semiring, then the conditions given below are equivalent:
(1) S is a right ordered h-weakly regular.
(2) for each right ordered h-ideal E of S, (¥, finye E*] = E.
(3) for each right ordered h-ideal E of S and each ordered h-ideal Q of S, E N Q = (X finire EQ].
Proof. Straightforward. O
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6. Conclusions

Concepts of the ordered /- ideals in semirings, alongside their essential properties, were presented.
The classes of the semirings like ordered h-regular and ordered h-weakly regular semirings were
characterized by the properties of the ordered h-ideals.

The ideas of the ordered h-ideals can be extended to the non associative structures like the ones in
( [16-18,20-22] ). Moreover, ordered h-ideals can be extended for fuzzification in semiring theory.
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