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Abstract: In this paper, we deal with a class of fractional Hénon equation and by using the Lyapunov-
Schmidt reduction method, under some suitable assumptions, we derive the existence of infinitely many
solutions, whose energy can be made arbitrarily large. Compared to the previous works, we encounter
some new challenges because of the nonlocal property for fractional Laplacian. But by doing some
delicate estimates for the nonlocal term we overcome the difficulty and find infinitely many nonradial
solutions.
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1. Introduction

In this paper, we consider the following nonlocal Hénon equation

u=0, on dB;(0) (.1

{ Au = |x|*u’, u>0 x¢€ Bi(0),
with critical growth, where @ > 0 is a positive constant, p = %%i, n>2+2s, % < 5 < 1, B1(0) is the unit
ball in R" and Aj stands for the fractional Laplacian operator in B;(0) with zero Dirichlet boundary
values on 0B;(0).

Here, to define the fractional Laplacian operator A, in B1(0), let {4, ¢} be the eigenvalues and
corresponding eigenfunctions of the Laplacian operator —A in B;(0) with zero Dirichlet boundary
values on dB;(0), namely, {1, ¢} satisfies

—Apr = Akpr, 1n B1(0),
o =0, on dB,(0)
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with |loillz2s,0) = 1. Then we can define the fractional Laplacian operator A,: Hj(B(0)) —
Hy*(By(0)) as

Agu = i ALCrr,

k=1
where the fractional Sobolev space Hj(B1(0))(0 < s < 1) is given by

Hy(By(0)) = {u = i e € LA(By(0)) : i A} < oo
k=1 k=1

and equipped with the following inner product

< Z CkPr» Z dk90k>H5(Bl(O)) = kZ:; Acrdy.

(o)
k=1 k=1

Form the above definitions, it immediately follows that for any u,v € Hj(B;(0)),

1 1
U, V) 0y = AZuAzY = A - v.
B (0) B1(0)

It is well known that the nonlinear fractional equations appear in diverse areas including physics,
biological modeling and mathematical finances and have attracted the considerable attention in the
recent period. Also in recent years, there have been many investigations for the related fractional
problem Au = f(u), where f : R" — R is a certain function. But a complete review of the available
results in this context goes beyond the aim of this paper. Here we just mention some very recent papers
which study fractional equations involving the critical sobolev exponent (cf. [3, 7, 19, 20, 21]).

On the other hand, our main interest in the present paper is motivated by some works that have
appeared in recent years related to the classical local Hénon equation of this kind,

{ —Au = |x|u?, u>0 xe B;(0), (1.2)

u=>0, on 0B;(0).
Among pioneer works we mention Ni [13], where the author established a compactness result of

Hé,m /(B1(0)) — LP*'(B(0)) and thus got the existence of one positive radial solution for (1.2) if
pe, ’”%22"). Later, in [18], Smets, Su and Willem established some symmetry breaking phenomenon

and obtained the non-radial property of the ground state solution of (1.2)if 1 < p < % and « is large
enough. Whenn > 3 and p = Z%g — o0, Cao and Peng [1] verified that the ground state solutions of

(1.2) are non-radial and blow up as 0 — 0. Meanwhile, when p = %, Serra [17] showed that (1.2)
has a non-radial solution if n > 4 and « is large enough. More recently, Wei and Yan [23] proved the
existence of infinitely many non-radial solutions for (1.2) for any a > 0. For other results related to the
Hénon problem (1.2), one can refer to [2, 11, 14, 15] and the references therein.

Up to our knowledge, not much is obtained for the existence of multiple solutions of equation (1.2)
with fractional operator. Motivated by [23] and [12], we want to exploit the finite dimensional reduction
method to investigate the existence of infinitely many non-radial solutions for (1.1). To achieve our
aim, we will study the following more general problem

{ A= O(xu?, u>0 x€ B (0),

(1.3)
u=20, on 0B1(0),
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where @(r) is a bounded function defined in [0, 1]. It is easy to check that a necessary condition for the
existence of a solution of (1.3) is that ®(r) is positive somewhere from Pohozaev identity (see[16]). At
this point we call attention to the recent work of [12], where we studied (1.3) in R” and proved that if
n>2+2s50<s<1and ®(|x]) satisfies

1
L 4 0(—) as re(ro—6,r0+0) (1.4)
1 rm

7

D(r) = Dy -

(=25

with max{2,n — 2s — 2 . }<m<n—-2s,® > 0,rg > 0,0 >0, 6 >0, then (1.3) has infinitely
many non-radial solutions. It is worth mentioning that from assumption (1.4), ry is a local maximum
point of d(r) and then a critical point of ®(r). Also the function r* achieves its maximum on [0, 1] at
ro = 1 but ry = 1 is not a critical point of r*. However we will verify that if ®(r) is increasing near
ro = 1, through ry = 1 is not a critical point of ®(r), the zero Dirichlet boundary condition makes it
possible to construct infinitely many solutions of (1.3). Now we state our main result as follows:

Theorem 1.1. Suppose thatn > 2 +2s, 1 < s < 1. If ®(1) > 0 and ®'(1) > 0, then problem (1.3)
has infinitely many non-radial solutions. Particularly, the Hénon equation (1.1) has infinitely many
non-radial solutions.

In the end of this part, let us outline the main idea in the proof of Theorem 1.1.
Given any £ > 0 and y° € R”, let

Ug,yo(x) = U(m)

n-2s n+2s ﬂ:%E .
for x € R" and 07, = 27 (1 22) * . In 1983, Lieb [10] (also see [6, 7, 8, 9]) proved that U, (x)

)
solves the following critical fractional equation

Au=u’, lim u(x)=0, u>0 in R" (1.5)

[x]— 00

Also, very recently, J. DAvila, M. del Pino and Y. Sire [5] obtained the non-degeneracy of U, ().
More precisely, if we define the corresponding functional of (1.5) as

1 1 1
Io(w) = Ef Iﬂéulz——f |ul”,
R P Jrn

then /, possesses a finite-dimensional manifold Z of least energy critical points, given by
Z={Ugp >0, y'€R"}
and

Wop ey Uy
N T T de

kerl{(u) = spanR{ }, V Ugp €Z

Now let us fix a positive integer k > ko, where ky is large, which is to be determined later and set

n=2s+1

vy = kj n=2s s
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to be the scaling parameter. Using the transformation u(x) — v‘%hu(f), (1.3) becomes

Au=dEwr, u>0 xeB\0), (1.6)
u= 0’ on an(O)
Since U, is not zero on 0B, (0), we define PU, o as the solution of the following problem
ALPU, 0 = AU, 0 in B,(0), PU.y =0ondB,(0), (1.7)

and we will use the solution PU, o to build up the approximate solutions for (1.6).
For x = (¥, x”) € R? x R"2, we define

Hy = {u : u € Hy(B,(0)),uisevenin x;, j=2,--- ,n,
2i 2
u(rcosd,rsinf, x”) = u(rcos(d + %), rsin(6 + %), o
Also, we denote

k
Us,r(x) = Z PUs,xi(-x)a
i=1

where
x' = (rcos 2i-br rsin 2i-br
k7 k
with 0 is the zero vector in R""2. And throughout this paper, we always assume that r € [v(1 — 2, v(1 -
%)], &y < € < g for some constants r; > ry > 0and g, > g > 0.
To prove Theorem 1.1, it suffices to verify the following result:

,O), l:1,,k

Theorem 1.2. Under the assumption of Theorem 1.1 , there is an integer ky > 0, such that for any
integer k > ko, (1.6) has a solution uy of the form

Up = Us,rk (X) + Wi

where wy € Hy, and as k — 400, ||will=s,0) = 0, 7 € [v(l - %),v(l - % ], g<e<eg.

We want to point out that compared with [23], due to the fact that the fractional Laplacian operator
is nonlocal and very few things on this topic are known about the fractional Laplacian, we have to face
much difficulties in the reduction process and need some more delicate estimates in the proof of our
results.

The rest of the paper is organized as follows. In Section 2, we will carry out a reduction procedure
and we prove our main result in Section 3. Finally, in Appendix, some basic estimates and an energy
expansion for the functional corresponding to problem (1.6) will be established.

2. Finite-dimension reduction

In this section, we perform a finite-dimensional reduction. Let

k

lul. = sup () L ) ol @1

w80 (1 + x — 2]y T4
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and
n 1 _1
[lf1l<« = sup — |f (O,
xeBV(O)(; (A + |x - xi)*" +T)
where T = nf;fjl . For this choice of 7, we find that
k k
1 Ck* 1
— < C
i _ 1|7 T T
— [xf — x| % ; i
Let
, OPU, OPU,,
i1 — ar > 1,2 (98
Now we consider
2 k
Aspi = p(YUL o = g+ D i ) U1 Zy,  in BO),
=1 =1
wx € Hy,
<ng'Z’["’0k> 0 I = 1,...,k,l: 1,2

for some numbers ¢;, where (u, v) = fB 0 1V Then we have
v

(2.2)

(2.3)

Lemma 2.1. Suppose that ¢y solves (2.3) for g = gi. If ||gkll« goes to zero as k goes to infinity, so does

Proof. We will argue by an indirect method Suppose by contradiction that there exist k — +o0,g =
8k €k € €0, €1], 1% € [v(l -2),v(l -2 ] and ¢y solving (2.3) for g = gy, &€ = &, r = r;, with ||ggll.. = O

and ||¢gll« = ¢ > 0. We may assume that lekll« = 1. Also for simplicity, we drop the subscript k.

Note that we can rewrite (2.3) as

1
p() = p f —_Q(lzl)U" 'y)p()dy

B, [y — x["72s

2 k
f oly— x|” Iy — x| g(y) * ZC’Z Up l(y)Zzz(y)
B, (0)

=1 i=1
Now we estimate each terms in (2.4). Analogous to Lemma A.3, we have

1

B, |y — xI"™2s

o(2)ur- ey
\4

n—. .S

1
< Clgll. f 1)
4 8,0 [y — X|"_25 Y Z

<
Cligll. Z T xan

I+ Iy X))

(2.4)

(2.5)
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Meanwhile, by Lemma A.2, we get

1 k
B,0) X =y B,0) X — )’|" 28 ; A+y- x‘l) i
. (2.6)
1
< ClIgll« —
; (I+]x—x Eals
and
UP  (9)Zia(y)dy
B,(0) |x yln 2? Z &,X l
1 k
<c f — LS
B,(0) |X _ y|n—25 121 &,x
2.7)

scf
B,©) X — )’|" 28 Z (I+ Iy xi )"J'28
<CZ

Next, we estimate ¢;,/ = 1,2. Multiplying (2.3) by Z,,(t = 1,2) and integrating, we see that ¢;
satisfies

(1+]x=x

2 k
b
Doa > (Ul Ziu21s) = (A - pO(S)UL 6. 21) = (8. 210 (2.8)

=1 i=1
First, it follows from Lemma A.1 that

k

1 1
|<g5Z1, >| S C”g”**f n+s
’ Lo (1+ 1y —xtpe 2Slz;(lﬂy xil)%

< Cllgllss-

On the other hand,

(A — po(tHU ', Z,,)
= (AZ1, - po(YUP'Zy,, )

3N
=(pU’ Z1, - pO(= > )U”,ﬁZl,n y
k
[yl 1 p-1 1
sCIIsoll*f o(2y -1 .
B,(0) ‘ ( 14 ) ‘(; (1 +1ly- X’l)"_zs) (1 + [y = xt)yr=2

k
Z = J().

P (1+|y xi

(2.9)

Define
Q = {x—(x X"y € B,(0) : {

X (' Ty,
Yy>cos—,i=1,2,---,k.
X7 1ty k}
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Observe that for y € Q,, |y — x| > [y — x'| and then

k 1 k
L < © =)

(I+ly- XI) P (1+|y x|

n— 2r

1
- xnnbfzhﬂ—xw

kyt 1
< Q==

which implies

= 1
(; (1+1y- xil)”‘zs) =¢ (1 + [y — x! |5

and
d 1 1
Z . n72s+T S C n— 23 *
o (L+ly—x A +ly-xP=
As a result, from (2.9), we have
Iyl 1
Jo < Ckligll, '(I)(—) - 1| . (2.10)

B,(0) (1+y—x!)F+in

Using the same argument used for proving (A.7), it follows from (2.9) and (2.10) that

(Asp —p<D(|lV|) ULl e, Zy,y = o(llgll,). (2.11)

Finally, we have

M~

(U2, 71,)

&,xi

k ! , |
d
Zf(()) (1 + |x = x|~ Zs) (1 + |x — x1[)n=2s X

1

1

ﬁ a

<

Hence using (2.8), we get
cr = o(llell) + Odligll)- (2.12)

So, combining (2.4)-(2.7) and (2.12), one has
k

)

lell. < (llglh + -

S 11te

(Lely—i) "7

i=1
p (2.13)
2

i=1 (+y—x!
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Being [|¢||. = 1, we obtain from (2.13) that there is R > 0 such that
1O o () = @ > O (2.14)

for some i. But, by using (2.3), $(x) = ¢(x — x) converges, uniformly in any compact set, to a solution
¢ of the following equation
Asp — pU?, '$=0, in R"

for some & € [g),&]. Due to the non-degeneracy of U.y, we can infer that ¢ = 0, which yields a
contradiction with (2.14) and then this proof has been proved. m|

From Lemma 2.1, arguing as proving Proposition 4.1 in [6] or Proposition 2.2 in [12], we can show
the following result.

Proposition 2.2. There exists kg > 0 and a constant C > 0, independent of k, such that for all k > k,
and g € L (R"), problem (2.3) has a unique solution ¢ = L;(g). Also

1Lk (@l < Cligll.c.

and
lcil < Cliglls.

To prove our results, we consider

2 k
AUer +9) = O(E)Us, + @ + D 1 ) U\ Zyy,  in BO),

e = (2.15)
ks

<Uf,;lZi,z,<,0> =0, i=1,..kl=12.

In order to use the contraction mapping theorem to prove that (2.15) is uniquely solvable in the set
that ||¢||. is small, we rewrite (2.15) as

2 k
Asp — P‘D(lxl)Up ‘o= N(p) + I + Z c Z Zi;, in B,(0),
=1 i=1
2.16
¢ € Hy, (2.16)
<U£x’1 ’1’¢> O i = 1""’k’l = 1, 2,

where
Ng) = o2 )((us, +¢)" = UL, - pUL'p)

and
k

I = (D('x') N

gxt’
i=1

Lemma 2.3. There holds
IN@)Il. < Cligl™™tP2.
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Proof. Firstly, we deal with the case p < 2. By Holder inequality, we find

k
p
IN(@I < Cllgll?
Z:(l+|x xi )
k
1 1 =
< Cllgll? — )
? ;(1+|x xi)"T 4 (1 +]x — x’l)f)
k
< amw}]

(1 +|y X!

=

Using the same argument as above, if p > 2, we also have

X k

p 2 2
N < C
| (So)l = “()D“ ; (1 + |x xll)n 23 JZ (1 + |x _x/l) 2 +T)

M»

p
+||<,0||”
S A+]|x-x )
4 1 p
< C(lell? + llgll2) T
(Z (1+|x—x)7 )
k
< Cllel?
IZ (1+|x—x)"7
which completes our proof. O
Lemma 2.4. Assume that r € [v(l — ) v(l -3 ] Then there is a small € > 0, such that

| B
el < C(=)2".
v

Proof. Recall that

. CGy
0= fr= () € B G ) 2 s )
and
k
ko= oL, - Y (PULY)
L £ " e (o
w(XZ@%M—ZW’ = UL () -1)
i=1 i=1 i=1

= Ji+Hh+ s
By symmetry, we can suppose that x € (; and for any x € Q,
Ix — x| > |x — x!.
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Thus

1
Jil<C .
/1] (1+|x- x1|)482(] +|X xl [y 2s Z(]+|x xl)n 2s>

By Lemma A.1, taking any 1 < 6 < “£2_ we obtain that for any x € Q;,

1

k
n+2? : |

pcy (1+|x X))z

n+2v

1
(1+1]x— xll)‘“z(lﬂx xiy 2“(1+|x X))z

19)

i=2

1 1
A+ x—x |)n+2s i (+|x— xi')n+23—€] Ixi — x|

1
C .
- (1 + |x_ xll)n+2s—6 ; |xl _ xll@

C k\o
= (1+|x— xil)n+2s—9(;) ’

n— 2s+1

Choosing 6 > withn +2s5s -6 > %2‘ + 7, we have

| | C 1 3+e
e Z . ) S n+2s *
(Tl =xID¥ S A+ =2 (1 4 [x = x5 v

On the other hand, for x € Q,, by Lemma A.1 again, we get

1
(1 +|x_xi|)n—2s
1 1
(1 e = xS (1 + = xi)*
C 1 1
+ )
I — X"+ = XD TET (14 |x — x|
< C 1
T = xSRI 4 x = XIS

So

nZA 4 n=2s ’

(1 —+ |X _xll) toavasT

‘ 1 <C key "5
; (1 + |X— xi|)n—2s - ()_/)

which gives

: 1 p k281 1
(;(1+|x—xi|)n-2s) SC(;) 2 R

Combining (2.17)-(2.19), we have

il < ¢(2)"

(2.17)

(2.18)

(2.19)
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Now, we estimate J,. Let H(x,y) be the regular part of the Green function for A; in B;(0) with the
Dirichlet boundary condition (see the definition in Appendix) and let % be the reflection point of ¥’
with respect to 9B (0), where ¥ = £. Then

H(x,x) C C
T (1 + |x = xi[)n2sT

Vn—2s V”_2S|J_C _ )—Ciln—Zs

Take k = 1 — 6 with 6 > 0 small. By (A.1), we have
k - _F
C H(x, 1)
b < .
| 2| = lzzl (1 + |x_xz|)4s Yn=2s
Zk: c (H(x, %) )K
L (1 4 o — xilytsre20 8 yn=2s

1 k(n=2s) £ 1
C(— E .
(Vf) £ (1 + |x _ x1|)4s+/<(n—2s)
1, < 1
C(-)? E :
(V) L (1 + |x _ xz|)4s+/<(n—25)

k

1.1 1
("(_)24—E n+2s ’
D L T

i=1

IA

IA

IA

IA

since 0222 > L forn > 2 + 2s.
n—-2s+1 2

Finally, we estimate J5. For any x € Q, andi = 2,--- ,k, applying Lemma A.1, we get

) 1 1
U l(x) S C n+2: n+2A
o A+ lx=xD7T A +|x-xi|)~=
1 1 1
S ( n+ s + n+2s ) n+23
A+x=xP=27 A+|x—=x|=2 7 |x—x!| 2
< 1 1

n+2s n+2s _ ’

A+ ]x =Xt |x = X1

which gives that

‘ k
|x]
-1 UP
= ( ( ) ) Sx’ (]+|X x’D 2 S 7 lZ |_xl —x |n+2v
k n+2y -7
<€ (2.20)
(1 + |x X |)n+2§+T v
S C(_)2+E n+ s 4
(1+ - 2!

On the other hand, if x € Q, and ||x| — v| > v, where 6 > 0 is a fixed constant, then
1 1 1
[l =[x 11 = |lx] = v = [lx"] = v = Edv
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and thus c |
‘(@(m) N . 2.21)
E,X n+2s n+2s
v : vz T(l+x=-xD2

If x € Qq and ||x] — v| < v, we find

C
ot - 1| <8 1] < == 1D + (¥ - )
v
C
< =(xl-x'h+ = (2.22)
y k
< —(Ixl = Ix') + —
v yate
and ||x| — |x!|| < |lx| = v| + |v = |x!]| < 26v. Thus,
x| — |x'] 1 C = Ix'e

y (1 + |)C _ xl|)n+2s V%+E (1 + |X _ xll)n+25

1
n+2s ’

I+ |x=xp=z+

< C(E)F
v
which, together with (2.20)-(2.22), yields that

| B
I3l < C(=)2™.
4

This finished this proof.
m]

Proposition 2.5. There is an integer ky > 0, such that for each k > ky, €9 < €< g, r € [v(l - %0), v(l—

%)], (2.16) has a unique solution ¢ = @(r, €) satisfying

1 1ie 1 lie
lell, < C(=)2", el < C(=)7",
v 4

where € > 0 is a small constant.
Proof. Recall that v = k"5 and set
C _
N = {w w e C*™B,(0) N H,|w|l. < _l’f U’ I.IZI-,,W = O},
vz Jpo
where 0 < ap < sandi = 1,2,...,k,l = 1,2. From Proposition 2.2, solving (2.16) is equivalent to
solving

¢ = B(p) := L(N(@)) + L(l),
where L is defined in Proposition 2.2.
Firstly, we find

min 1 lie
1B < CIN@)lle + Clllills < Cllgll™™P + C(;)“
< C(l)%(min{pl}) + C(l)%+6
%4 4

2

< C(l)%“ <
4

S- QO
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which tells that 8 maps N to N.
On the other hand, since .
IN'()| < Cle™™P=1,

we get
|Lk(N(¢1)) — Le(N(2))]
C(|gpy ™ MP= 11 gy mintP= L1 ) —

k

in{p-1,1 in{p-1,1
Clllpall?™ 1 + ol ™= Dllgpy = ol )
— (1 +|x—x)7 T

IA

)min{p,Z} '

IA

Taking into account that

k
Z (I+x—x

i=1

k

mm {p,2} Z
n— 25 (1 + |x xll)n+2s

we have

1B(e1) — B(@)ll« < ClIN(@1) — N(@2)|l.x
C(llgy[M™P=11 4 gy |21 o) — ],

1
§||<P1 — 2|

IA

IA

Thus B is a contraction map.
Therefore, Applying the contraction mapping theorem, we can find a unique ¢ = ¢(r, &) € N such
that

¢ = B(p)
and {
lgll. < C(=)>".
4

Moreover, we get the estimate of ¢; from (2.12).

3. Proof of Theorem 1.2
Let F(€,&) = I(U,, +¢), where r = |x'[,£ = 1 - £, @ is the function obtained in Proposition 2.5, and

1 1 1 | x| :
IW):—jﬁ mﬁmﬁ-———Jq O(=)|ul*!.
2 J0 p+1Jpo v

Proposition 3.1. We have

F{t, &)

1U,,) + 0( lk)

AH(x!, x') 5 AG(x, x)
= k(A o 2svn 2s A @ (1)5 Z o 2svn 2s 0(V1+6))

where A, A, A, are some positive constants, € > 0 is a small constant.
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Proof. Since
T'(Ugr+¢),0) =0, Yo e N,

there is # € (0, 1) such that
F(f’ 8) = I(Ua,r + QD)
1
= I(U,,) - DZI(Ugr + 10) (¢, )

= I(Ug,) - = (|ﬂ§go|2 - pd)(il)(U&, +10y'6?)
2 B,(0) v

1
= I(U&,)—E O(N(cp)+lk)<,0
( )

P
L oW, + iyt - vz
B, (0)
= I(U.)+O( f (Iel”" + IN@)llgpl + L) ).
B, (0)
Firstly,
(Nl + lLellgl)
B,(0)
k k
< CUIN@Iee + NEellolleell- T
v«»; (1+x - xt|) 2 ,Zl (1+x— xf|> 2
From Z Ix' P < C and Lemma A.1, we obtain
k k
; (1 + |x xll)n+2s ;
k k 1
= +
ZJ (I+]x- xll)"*zf ,Z‘,Z‘ (1+|x— xt)”22‘+f(1 +|x = X)) T
k k 1 1
< +C . .
; (1 + |X xtl)n+2‘r ; (1 + |X _ xll)n+‘r ]Z:; |.X] — xll‘r
<

Z (1+ |x X[yt

Therefore, we see

k

A

1
(Nl + lligl) < CUN@)x + [l el —
B,(0) B0 4 (I +[x = X))

1
CKUN@I. + Wl lgll. < Ch(—).

IA
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On the other hand, by Holder inequality, we have

k
p+1
el < CllgllP*! f
fo«J) B,(0) ;(lﬂx x! )
k
1 p
< CllgliP*! f
B,(0) ; (1 +|x X[y Z(l +x - X’DT)
1
< CllgliP*! f .
B0 4= (1 +|x = x)mr
< cHigle™ < (1)

Combining the estimates above and applying Proposition A.5, we have proved

k l
F(.e) = k(A + AHGLT) |y arye - ZAG(X %) O(v1+f))'

eh- T n—2syn-2s yn= 2s ~ eh- ZYVn 2s
i=

Proposition 3.2. We have

0F (L, e)

HE, ¥ & G xh 1
Oe :k(l’l - 2S)A1( - 8n+l ZSVn 2s T Z 8n+1—25Vn—25 0(V1+6))’
=2
and
OH(x! x1) kK 0G(E .z

OF (L, ) 50 o 1
=k(A : +AD'(1)-A —— + 0(—)),
ot ( lsn—stn—Zs 2 ( ) 1; Sn—stn—Zs (VE ))

where Ay, A, are the same constants as in Proposition 3.1, and € > 0 is a small constant.

Proof. Note that

oF({, e)
o

= <II(Us,r +¢), 6;]; + a—>
= <1'

oI(U.,, U,
= ( : ) — f (D(%)[( s,r + ‘10)17 - Ugr] 8’

&, r

Considering ',
- 0 (pr zl)
(U2 2 = (a0 ),
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and from Proposition 2.5, we can get

1 1
< Clelllell =T
B,(0) 4 (1+|x X)) Z(1+|x xi|yn2s

<

V1+e
On the other hand, being ¢ € N, we have

aUar
f ( )[(Ugr+90)” ]—8 .
B,(0) €

LV(O) CD( )Up 1 o 0( fv(o) |90|2)

k

(lxl)( sr Zng!ast’

| x| 1(9U f 2
(D P—
+pzf Eh -1z Gt ol [ 1ef)

B,(0)

Il
o] p)
=
S
e

k

f (D(lxl)(Up 1 sr Z st[ast'
|X| laUax 2
[ pfoh- )U;’xl merol [ )

k

|f®(lxl)(U,,1 e ZU”I(?U“: ‘

IA

C

Vl+5

|x| oU, x!
[ (ot - 1o Syl
B,(0) \4 68

< ‘f +f » 10U, 0
V| |z
C

I :
y(cb(%) - U=
V1+e'

and

—1 p—1
cle (U2 (U = PU )+ U Z Uy + Z 0 )il
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Thus, using the estimates above,

OF (L, &) é’I(U,s r)

+ 0
Oe de (v“f)
from which and Proposition A. 6 the conclusion follows.
Finally, noting that —v— and arguing as before, we can get the estimate oF (f 2 O
To prove Theorem 1.2, now we estimate H(x', ') and G(¥, x'),i > 2. Let X! = (le_ll’ 0,---,0) be
the reflection of X' with respect to the unit sphere. Then
C C
1=l _ _
H(X ) |)_C] _ xi'n—Zs - 2n—2s€n—25
for some constant C > 0.
On the other hand,
¥ — x| = VIx - TP+ 402 - 4% - )_cl|c0s9i,
where 6; is the angle between & — %' and (1,0, - - - ,0) and then 6; = £ + =12 1)” . Thus
C C
G =i =1 — : _ :
( ) |)_Cl _ )—Cl|n—2s |)_Cl _ )—C}F|n—2s
C 1 n=2s
- |xi — )‘cl|n—2s(1 B 452+4€|fcl‘—xl|sinw) K
1 + |xi_x~l|2 L
As G- 1)
x = x| = 2|x1|sin%, i=2,---,k,
tk — ¢ > 0 and .
sin—(l_kl)” ;L k
O<C<(l._—l)ﬂ_SC, i=2,--- ,[E],
3
we find
¢, AP +44% —x |szn(’ Dt
i2 |3_C _ x1|2 l'2
for some constants ¢, > ¢; > 0.
So, there exists a constant A; > 0 such that
£ 1
=i —1
= +O(——M—
Z ( Z |Xl _ xlln 2s ((1 + i%)n—Zs))
= Z |Xl _ —lln 23<C+ 0( ))
= A K"+ 0(%).
Therefore, it follows from Propositions 3.1 and 3.2 that there are constants By, B, B; such that
B Bsk"%s 1
F(f, 8) = k(A + 8n—2svn—2s€n—2s T Bzf - 8n—2svn—2s (V1+e )) (31)
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oF (¢, e) Bi(n—2s) Bs(n — 25)k"™2 1
oe :k( - 8n+1—2syn—2s[n—2s 8n+1—2svn—2s + 0( V1+e )) (32)
and
OF (¢, ¢) Bi(n—2s) 1
ot :k( - gh—2syn—2s pn+1-2s + B2 + O(;)) (33)

Proof of Theorem 1.2. Recallthat{ =1-2andv = k"= . Denote L = tk. Then from (3.2) and (3.3),

LD = 0 and 252 = 0 are equivalent to
—Bi(n—2s) Bs(n—2s) 1
R oy ey e 0(;) =0 (3.4)
and
—Bi(n—2s) 1
eh=2s [ n+1-2s + Bz + 0(;) =0 (35)
respectively.
Denote
_ =Bi(n—2s) Bs3(n-2s)
hl (L’ 8) - 8n+1—25Ln—25 8n+1—2s
and
_ —Bi(n-12y)
(L, 8) = — o s + B2

Thus #; = 0 and h, = 0 have a unique solution

Bl(l’l - 2S)
Bng+l—25

V= =
)n72s’ 80 — ( )n72x.

Moreover, it is easy to verify that

L L
Ohi(Lo, &0) =0, Ohy(Lo, &0) >0
oe oL
and
Oh(Lo, &0) _ 0ha(Ly, &)
= >0,
oL oe
which means that #; = 0 and h, = 0 at (L, &) is invertible. So, (3.4) and (3.5) have a solution near
(Lo, &0)-
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A. Energy expansion

In this section, we will give some basic estimates and the energy expansion for the approximate
solutions. First, recall that

. 20— 1 20— 1
'xl = (rcos¥9r8in%r$0), l: 1"" ,k’
where 0 € R"2, 7 € [v(1 - %), (1 - %)|. and
1 Lo | iy
I(u) = —f \AZ ul* - D(=)lul”.
2 0 p+1Jpo v

Now, we introduce the following two lemmas which are important in this sequel and have been
proved in [22] and [12] respectively.

Lemma A.1. For any constant 0 < o < min{a, B}, there exists a constant C > 0, such that
1 1 C 1 1
: — < —( : + : )-
(U ly =2 (T ly = 0P~ = 0l \(L+ [y = ) (1 [y = oo

Lemma A.2. For any constant 0 < k < n — 2s, there is a constant C > 0 such that

1 1
dy < .
~£@WW“U+M—wm*y (1 + J)*
Note that )
Ua,r(x) = Z PUs,xi(x)
i=1

and

n=2s

E 2

Ua,xi(x) = Cn s m n=2s
S(1 + &2x — xiP2)"

for some suitable C,, ;. We have
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Lemma A.3. There is a small € > 0 and some constant C > 0 such that

k

fB(O) lx =y~ Y (y)Z 1+y- x’l)" . Z

= (1+x- X%

Proof. We can find this proof in [12]. Here we just need to use

k
1
Usr S C / *
() ;:1 TR

O

Let G(x,y) be the Green function of A, in B;(0) with the Dirichlet boundary condition (see [4]),
namely, G(x,y) solves

AG(,y) =6y in Bi(0), G(,y) =0 on By(0),

and the regular part of G is given by

H(x,y) = —2— _ G(x,y),
lx =y
1 zlfzsr(nfTZS)
ISm1 T(5HIr(s) -

Let ¥ = x; Then

where @, ; =

Proposition A.4. We have

1
Uei(®) = PUg (%) = —7——H + O(—————
> (‘x) 5 (x) 8 =2 V (x 'x) (( f)n+2_2s

), (A.1)

where £ =1—|%|=1-"L,

Proof. First, letting ¢,i, = U, — PU,,:, from the equations satisfied by U, and PU, i, we can get
that

(A.2)

ﬂsgoxi,g = O n BV(O),
@rie = Cus 8(n72s)/2|i€_xi|n72s + 0(€n+2725|xl_xi|n+272s) on 0B,(0).

Denote by G(x, y) the Green function of A, in B,(0) with the Dirichlet boundary condition and by
H(x,y) the regular part of G(x,y). So we can find

H(x,x') = == on dB,(0),

| x—x! |n 2s

{ AH(x,x') =0 in B,(0),

which, together with (A.2), yields that

A s — o H(x, X)) = 0 in B,(0),
e =~ mrmm H(x, X) = O(Gerggers) - on 9B,(0).
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As a result,

C C
H(X X )”Lm - n+2—25d(xi, 8BV(0))n+2—2s = 8n+2—2slv _ |xi||n+2—25 (AS)

||‘10xf,s - £n-25)/2

for some constant C > 0.
Using (A.3), we have proved
Ua,xi(x) - PUs,xi(x) =

H(x, %) + O( ).

g"%hyn—% ’ (vg)n+2—2s
O
Proposition A.5. There holds
AH(E, 7 , Y AGE, 7Y 1
I(Us’r) :k(A + gn—ZSVn—Zs + AZ(D (1)5 - Z 8n—2svn—2s + O(V1+E ))
i=2
where A, Ay, A, are some positive constants, and € is a small constant.
Proof. Note that
I(U ):lf M%U |2—L (lxl)lU [P+!
E,r 2 BV(O) A E,r p + 1 BV(O) V E,r
Using the symmetry and (A.1), we have
ko k
W
j;v(m ; ; B Y
k
_ ka U” PU, .
' JB,0)
(A4)
- k(f v —f U (Upr = PUg ) + Zf U’ PU“,
B,(0) B,(0) o B, (0) ot
BoH(x', x") ByG(X', x") k o
_ p+1 0 0 n+2-2s
- k( jl;n Ulyo gh—2syn=2s + Z gh—2syn=2s + 0(1_,) )’
i=2
where By = f Up
Recalling that
O ={x= ") € B,(0) : (- (xi)/)>cosz} i=1,2,- k
14 2 4 |x/|9 |(xl),| _— k b b b b b
we can obtain that
k
I oGz =k [ edhevyt i [ S evreU.
B, (0) Q Py
(A.5)

k
+ kO( f |(D(|x|)—1|ZU” Usi + fg UPRY U) "),
1 i=2
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Next, we estimate each terms in (A.5). For x € Q,, |x—x/| > |x—x!|, we obtain for any k € (1,n—25),

k
1
<C : ,
; lxl — X< (1 + |x — xt|)r—2s—«

M~
=

i=2

which implies that if k close to n — 2,

k
k . 1
Ut § U, = 0(=)"5 = 0 :
fﬂ] o i=2 ’ ) (V) (V1+6)

On the other hand, from (A.1) again, we have

f Z(PUS 2 PUey

Q=
k n=2s
Cust 2 p 1 . {
B n-zs n=2s G(x9 -xl) + 0 _—
L] ; (1 —+ 82|x xl|2) 2 ) (8 22. vn—2s ((vf)’”'Z—ZS))
p 1 y o )

B ) \ e G(= + x, %) + O(—————))e"d

2 2 |y|2> =) (=06 o)l

k - -
G(x, ¥) 1
IOZ e ZSVn 2s + O(Vl+e)’

i=2

I
S p)
<
c
Q
<

where Q, =2 +x' Q).
Now we estimate f |CD(|xl) 1|Up i 2 U,,i. For x € Q; and [|x| — v| > 6v, where 6 > 0 1s a fixed
constant, we have

1
1 1
[l = 1x* [ > lx| = v =[x | = v| > Eév

B :
(=) - 1|U* U, .
fQ| =) Z; ,
k
1 1
C :
= fg Z; (1 + x = [y (1 + [ — xily2

. C(l)mz"] 1 f 1
= v £ |xi — xl|p=1-2s Q, (1 + |x — x![yn+s

S C(l)1+6.
4

and from Lemma A.1,

(A.6)

If x € Q; and ||x| — v| < 6v, we have

o) -] < B 1] < S0t D+ 1 - )
4
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C C
< =(x - X'+ =,
% k

and ||x| — |x!]| < |lx| = v| + [v — |x!|| < 26v. Choosing « € (1,n — 2s), we obtain that
B C
oy _1lvr M u,.
J = 1fez o
1 1\ 1 1
<C — — ! + —
B fgl (V(|x| b k) ; (1 + |x = 22 (1 + |x — xtn=2s
k
C 1 1
< _f Z — l[yrt2s-1 _ ln-2s
v Qli=2(1+|x x1)) (1 +]x—x')

N C 1 f 1
kl_ lxi — xt < Jq, (1 + |x — x![)>n=*

This, together with (A.6), tells us that

k
1
f ‘(D(m) - I‘U” , Z U, <C(=)"™ (A7)
o Y B v
Finally,
f (D(m)(Pstl )p+1
Q v
H(x, x'
e oot [ ol o, 22
& & v ’ Q 14 ? 4
(p+ DBoH(, &) f | | 1
= UP+1_ + (D——lUp+ +0 '
LV(O) 1,0 811—25vn—2s o ( ( y ) ) el (V1+5)
But

[RCE
Q ’

f @) - DU + f (o2 - agzp)ur!
Q ’ Q v |

_ 1
(@) = DUZ +0()
1

1
’ 1
_@(l)ff Ury +0(v1+6).
B, (0)

Thus, from the estimates above, we have proved

f (D(M)Upﬂ — k(f Pt (D/(l)ff U (p+ 1)BOH()_CI,)_CI)
soy v B o gn-2syn=2s
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ByG(x', &) 1
+p+1) Z gy rall O(V1+e))’
which, together with (A.4), implies that our desired result holds.

Similar to Proposition A.5, we also have

Proposition A.6.
dI(U,,) HE,¥) & G, ) 1
5 K- 25)A,( - gy D e O(VHE))
i=2
and
(’)H(xl i) k aG(x i)
ol(U,,) — 1
or :k( 8" 2svn 2s _AZCD (1)_ _Al Z e ZSVn 2s T O(vl+s))’

=2

where Ay, A, are the same constants as in Proposition A.5.
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