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1. Introduction

For a positive integer g and an arbitrary integer A, the Dedekind sum S (4, ¢) is defined by

s 5 (EN)

where

x—[x] - %, if x not be an integer;

() = { 0, if x be an integer.
It plays an important role in the transformation theory of the Dedekind 7 function. The various

properties of S (A, g) were investigated by many authors, related works can be founded in [2—4] and
[9,10]. Berndt [1] studied the following Hardy sums:

Hih ) = g(_l)ﬂw[’;’], si(h, q) = Z( Dl j]((q))
- S - Seoi)
i) = S0/ sthap = 317 2)

J=1 J=1
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In [6], R. Sitaramachandra Rao expressed Hardy sums in terms of Dedekind sum S (4, q) as
following:

H(h,q) = -85(h +q,2q) +4S (h, q), if h+q is odd;
si(h,q) =2S(h,q) — 4S (h,2q), if /i is even;
s2(h,q) = =S (h,q) + 25 (2h, q), if g is even;
s3(h,q) = 28 (h,q) — 45 (2h, q), if ¢ is odd;

s4(h,q) = —4S (h,q) + 8S (h,2q), if i is odd;
ss(h,q) = —10S (h, q) + 45 (2h, q) + 4S (h, 2q), if h+q is even.

Each one of H(h, q) (h+ g even), s1(h, q) (h odd), s2(h, g) (g 0dd), s3(h, q) (g even), s4(h, q) (h even),
ss(h,q) (h + g odd) is zero. Z. Xu and W. Zhang [8] proved that if p is a prime and b denotes the
multiplicative inverse of b modp, then

- 3
> ) HQab,p) = el 0.

P pel
a<y b<y

W. Liu [5] proved that if p > 5 is a prime and b denotes the multiplicative inverse of » modp, then

> HQab, p) = % P+ 0(p'*),

P pP
a<3 b<3

T _ 27 2 1+e
2, D H(ab.p) = =5p” + O(p'™).

14 V4
a<z b<g

Let 1 < N < p, is there a mean value distribution formula of the Hardy sum in the short interval
[1,N]? In fact, it is very difficult to get a asymptotic formula for the mean value in the case of one

variable as
Z H(a, p).

In this paper, we use the mean value of L-functions and estimate of character sums to study the

mean value
Z Z d'b*H(2ab, p),

as<N b<N

where 1, k be two non-negative integers and b denote the multiplicative inverse of » modulo p, and
obtain the following main conclusion:

Theorem. Let p > 2 be a prime and N a positive integer with 1 < N < p, | and k be two non-negative
integers. Then we have

Z Z d'D*H(2ab, p)

a<N b<N
C(l’ k) I+k+1
_ N
7-27203) [+ k+ )P

AIMS Mathematics Volume 5, Issue 6, 5551-5563.



5553

PN log® N + N'2po) il = k= 0;1=0,k> lorl> 1,k=0;
pN**log N + N’”‘*Zpo(”) , ifl>1,k>1.

{0
+
0)

C(lk) = _7§—(3)_ Z Z pl+2 - Z Z b1+2 2! Z Z ak+?

a=1 b=a+1 b=1 a=b+1
(a,2)=1,(b,2)=1 (a,2)=1,(b,2)=1 ) (

here

is a constant depending on | and k.

It is clear that the asymptotic formulas in the Theorem are non-trivial in the range p¢ < N < p'~¢

From the theorem we may immediately deduce the following corollaries:
Corollary 1. Let p > 2 be a prime and N an integer with 1 < N < p. Then we have

1,0
Z ZaH(Zab p) = cd, )pN2 + O(pN log® N + N°p°D),
Py 7€3)

where

SRS Iv N N
C(1,0) = _5(3)___Zz(a+2b)3_EZZ(a+2b)2b 2;;(a+4b)25

a=1 b=1 a=1 b=1

is a constant.
Corollary 2. Let p > 2 be a prime and N an integer with 1 < N < p. Then we have

_ 20(1, 1
Z Z abH(2ab, p) = (4.1 pN® + O(pN?log N + N*p°™),
e 21£03)

where
2

C(l, 1)—"———((3)—1022(a+2b)g +8ZZ(C,+4@3

a=1 b=1 a=1 b=1
Is a constant.

2. Some Lemmas

To complete the proof of the theorem, we need several lemmas.
Lemma 1. Let g > 3 and h be two integers with (h, q) = 1. Then we have

S(h,q) = Z s@ 2 ABILAOP,

x mod d
x(=D=-1
where ¢(d) is the Euler function.
Proof. See Lemma 1 of reference [9].
Lemma 2. Let g > 1 be an odd integer and h an integer with (h,q) = 1. Then we have

oy S WILADP 21k

H(h’ Q) = e X/E rI11())——1

0, 21 h.
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where )((2) be a principal Dirichlet character modulo 2.
Proof. From [1], we have

H(h,q) =—-8S(h+gq, 2q) +4S (h, q)
4 42
= D X+ @I P + Z DT XL

2
q d|2q ¢( ) x mod d dlq ¢( ) x mod d
x(=D=-1 x(=D=-1

Note that ¢ be an odd integer, we can get

D fd =) [+ ) fed)

dl2q dlq dlg
Hence we can write
d
Hih,q) = Z S e ot + Y EL S g,
dlq ¢( ) x mod d dlq ¢( ))(mod 2d
x(=1)=-1 x(—DH=-1
4 d?
= DT XL .
¢( ) x mod d
x(=1)=-1
16 d?
=—— Do xh+ xS+ IL(L )P
¢( ) x mod d
x(=1)=-1
‘16Z¢(d> ) )((h)IL(l,)()(z)l2 2|k
_ x mod
- x(= 1)——1
0, 21 h.

This proves Lemma 2.
Lemma 3. Let p > 2 be a prime, a be a positive integer with (a, p) = 1. Then we have the asymptotic

Sformula
2
0 2
. - XX5(1) lo
DL xQaB)L(L AP = ). xQab)| Y | + 0( =7 )
u Vp
x mod p x mod p 1<u<p?
x(=D=-1 x(=D=-1
Proof. For convenience, we let
AQy)= ) x.

pr<u<y

Then applying Abel’s identity we have

0 00 0
Xx; () A(xx5,¥)
L= Y, P20 [ 2,
)4

u
1<u<p? Y
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Hence

> xQabIL(1 )P

x mod p
x(=1)=-1
2
_ 0 u 0 A 0’
_ Z (b Z Xxa( )+f (XX; y)dy
x mod p l<usp? p? y
x(=D=-1
2 _
0 0 0 0
- XX, (W) . XX, (1) A(xx;Y)
= 3 x@ap)| Y PEDN N yab)| Y T f A 4
¥ mod p 1 , U d , U p? y
mo <u<p X mod p I<usp
x(=D=-1 x(=1)=-1
_ _O u o A 0’ _ o A 0’ 2
+ ), xQab)| ) el f A i)+ > x(2ab) f A 1
u 2 y2 2 y2
x mod p 1<u<p? p x mod p P

x(=D=-1

x(=D=-1

Using the Cauchy inequality and the estimate | }.,<,<y X(n)| < +/plog p, we have the estimates

Z x(2ab) [

x mod p
Y (—-1)=-1

3 Xxguo)[ f‘” A()Ezg,w dy)
u P2 y

1<u<p?

1

2 2 - 2
0 00 0
XX Alx3¥)
< Z Z u Z fz y2 dy
xmod p |1<usp? xmod p VP
Ly(-D=-1 x(=D=-1
1
< 2EP ,
Yz
_ _0 u 00 A O’ 1
Y, wab)| 3 PO [TENED,) « 8L
x mod p 1<u<p? u P’ Y \/ﬁ
y(~1)=—1
and
| A0Sy [ log?
Z x(2ab) f Mdyl < ngp.
x mod p p’ y p
y(~D=-1
So we may immediately get the asymptotic formula
o[ 2
_ _ XX, W) log” p
D xQabIL(Ly )P = ). xQab)| > =2 +0( = )
x mod p x mod p 1<u<p? \/ﬁ
x(=D=-1 x(=D=-1
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This proves Lemma 3.
Lemma 4. Let p > 2 be a prime and N an integer with 1 < N < p. Then

2
SIS v2ab)| Xxi(”) = o(N2p).

a<N b<N y mod p 1<u<p?

Proof. From the orthogonality relation for character sums modulo p we have

2
- XX 5(1)
IIDIR DI

a<N b<N y mod p 1<ugp?
0 0
- XX5(1) XxX>(v)
D IIPIF DD Wl Fe
u v
a<N b<N y mod p 1<u<p? 1<v<p?

DI

a<N b<N l<u<p? 1<v<p?
—2au=bv( mod p),(u,2p)=1,(v,2p)=1

Let J = [2log p]. By using the similar method used in [7] we can write

oYY S S

as<N bsN l<u<p? 1<v<p?
—2au=bv( mod p),(u,2p)=1,(v,2p)=1

J 1 1 N
<oy, D - > - >
i,j=0 el <u<e'*! u el <y<elt! v a,b=1
—2au=bv( mod p)
1 1 =
<2(p) > > = >, = > 1
0<i<j<J ei<y<eit! u e/<v<elt! v a,b=1

—2au=bv( mod p)

N
SYRIIESEID VD VD W

OSiS.[-SJ gi§u<ei+l ef§v<gj+1 a,b=1
—2au=bv( mod p)

Thus,

2
PP Y- TP WP

a<N b<N y mod p 1<ugp? O<i<j<J

where K; ; is the number of solutions (a, b, u, v) to the congruence —2au = bv(modp) with 1 < a,b <

N,él <u<eandel <v<eltl,
For a solution (a, b, u, v), write bv = |k|p — 2au. We have

p < lklp < max{2au + bv} < NQ2e™' + ¢/*1) < 3¢/IN.
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So the product bv can take at most

3e/tIN
P

-€i+1 .

4

3 ei+ j+2 N2

values. It is clear that if a, u, k are fixed, then b and v can take at most p°" possible values. Hence,

3ei+j+2N2

Ki,j < po(l).
4
Noting that
> e =0().
0<i<j<J
So we have
55 5 wead| 3 29 opep)
a<N b<N y mod p 1<u<p? “
This proves Lemma 4.
3. Proof of Theorem
In this section we complete the proof of the Theorem.
From Lemma 2 and Lemma 3 we have
Z Z d'D*H(2ab, p)
as<N b<N
_ 16p 11k T NE
~ 280 Z]V %a B> xQab)|L(l,xx3)|
as<N b< x mod p
x(-D=-1
N 2
16p i . XX, (1) log” p
= ab x2ab) —1| +0
n2¢<p>§b§ 2y x| ), = v
y(=D=-1
NE
I3k - XX Z(M)
ab (1 = x(=)(2ab)
2
Nl+k+2 lo 2
N 0( \/13 g p]
¢(p)
0 2 I+k+2 2
_ u N lo
. Zzabk Z V(2ab) Z XX, () 0( \p gp)
n ¢(p) as<N b<N x mod p 1<ugp? u ¢(p)
2
0
1ok — XX,5(W)
b x(—2ab)
o o L x| ¥
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Nl+k+2 D 10g2 p
VP ) (1)

I:M1+M2+0( ¢(p)

From the orthogonality relations for characters modulo p, we have

M,

2
2(w)
M@§§w§pumz”y

x mod p 1<u<p?

I

a<N b<N ]<1,4<p2 ]<v<p
2au=bv( mod p),(u,2)=1,(v,2)=1

R IDND I WD WD W

a<N b<N 1<1,{<p2 l<v<p a<N b<N 1<1,¢<p2 1<v<p
2au=bv,(u,2)=1,v,2)=1 2au=bv,2au#bv,(u,2)=1,(v,2)=1
= M“ + M12

’
here Z denotes the summation over u from 1 to p* with (u, p) = 1.
1<u<p?
Now, we calculate M. First, we write

R I

as<N b<N l<u<p? 1<v<p?
2au=bv,(u,2)=1,(v,2)=1

p Z Z dl+kalflbk71
d<N g <N V2
asyg b—zd 1<v<m1n{p— %}

(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

Mll

2k+3

2k+3 dl+k l—lbk—l

=pZZ§] 2, T

a<N b<N d<m1n } 1<v<m1n{p pT}
D

(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

IDIDIPHE

1<a<N a<bs<N g< N

2k+3 2k+3 dl+k -1 bk—l

Z Z Z Z/ -
T2
1%
2% 1<u<!’ l<b<N 2b<a<N d<ﬁ 1<v<"

(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1 (a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

dl+k - 1bk 1 2k+3 , dl+k
D NDIDIDN = 2

]<b<N b<a<2b d< d<N l<v<p
,2)=1

2k+3

2b l<v<p
(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

Note that
’ 7'[2
§ vi="—+0(p)

8
I<v<p?
(v,2)=1
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and [/ + k > 0, we can get

2k+3p , dl+k _le+k+1

+ O(pN™h.

Z;lz = wigrkan TOPNT)
<v<p
w.2)=1

So, we can write
Nl+k+1
P + O(pN'™). 2)

M, =A+B+C- 2~
H 2 ([ + k + 1)

We shall calculate the first three terms in the expression (2). First we calculate A. Write

2k+3 dl+k - lbk 1
- NDIDISN

1<a<N a<b<N d<7 1<v<pb

(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

I+k+1
__—PN =17 —1-2 Ik -1 7~1-1
_21+1(l+k+1) Z Z ab +0pN Z Za b
1<a<N a<b<N 1<a<N a<b<N
(@b)=1,a2)=1,(b2)=1

note that
Z Z d-p 2 = Z Z a-1p2 Z 1u(d)
1<a<N a<b<N 1<a<N a<b<N d\(a,b)
(a,h)=1,(a2)=1,(b,2)=1 (a,2)=1,(b,2)=1
_ I-17.-1-2 u(d)
= a b 5
1<a<N a<b<N dg%
(@2)=1,(b2)=1 (d2)=1
we have
__ PN a2 Y HD s i
Y 3 3
2 (l +k+ 1) 1<a<N a<b<N d=1 d d>% d
(a,2)=1,(b,2)=1 (d,2)=1 (d2)=1
+ O|pN'"™* Z Z al‘lb"’l)'
1<a<N a<b<N
By using the identity
Z ,U(d) 2°
- 1{(s)
(d 2) 1
we have

—pN bkl I-17.-1-2 [ I+k I-17.-1-1

— E E a b~ "+ O|pN E E a b

7-2220@) U+ k+ 1) 1<a<N a<b<N 1<a<N a<b<N
(@,2)=1,(b,2)=1

3)

Volume 5, Issue 6, 5551-5563.
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For the case [ = 0, we have

_—4pNe Z Z @+0(p1\’k Z Z a_lb]

7{(3)0{ + 1) 1<a<N a<b<N 1<a<N a<bs<N

(@.2)=1,(b,2)=1
_4ka+1 e .
— +0 N¥log®> N
TGk + 1) Z Z ab2 ;% ab? Z;MZ 7 |+ OpNtlog )
(a, 2) l(b 2) 1 (@2)=1,(b,2)=1 (@2)=1,(b,2)=1
-4 Nk+l b
S Z Z — +0(kalog N). 4)

TG+ ) L L
(a2) 1,(b,2)=1

For the case [ > 1, we have
_ Nl+k+1
14 Z Z dp 2 . 0(le+k Z Z dpitl

T7 22
7-2 4(3)(1 +k+ 1) I<a<N a<bs<N 1<a<N a<b<N
(a,2)=1,(b,2)=1

| B2 N e N

B
7-2720@B) (I +k+1) =~ == i
(a2) 1,(b,2)=1 (@,2)=1,(b,2)=1 (a.2)=1,(b,2)=1

+0 le+k Z Z al—lb—l—lJ

1<a<N a<b<N

_le+k+1 ek

- 4 O(pN" log ). 5)

7 22(3)I+k+ 1) Z‘bza:ﬂ prez T HPA 08
(a,2)=1,(b,2)=1

By using the same method, we can calculate B:

2k+3 dl+k - lbkl
D NI ID Y

l<b<N 2b<a<N d<ﬂ l<v<‘

(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

2k+3 Nl+k+1 ‘o
_ - bkl Nl+k —k—lbk—l .
ok 2 2 O|pN™ D, D) a

<b< N 2b<a<N 15b<¥ 2b<a<N
(a 2)= 1 (b,2)=1

For the case k = 0, we can also get

_DIpNEL &
— + O(pN'log> N 6
= 0T ;E; j;; (pN'log? N). ©6)
a +1
(a,2)=1,(b,2)=1
For the case k > 1, we can also get
o k-1

_2k+3le+k+l b
_ E + O(pN"**1log N). (7
R +k+1) & L4 a2 -
(a,2)=1,(b,2)=1
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By using the same method, we can also calculate C:

2k3 , dl+k11bk1
DN YDID N

1<b<N b<a<2b d<

2b 1<v<"
(a,b)=1,(a,2)=1,(v,2)=1,(b,2)=1

—pN"kel I+k a”!

— E E +0 PN E E
92 1+2 s
722G +k+ 1) NW%W ey v B

(a2) 1(b2) 1

For the case [ = 0, we can also get

(o8]

_4ka+1
T @)k + 1) Z Z +0(pN" log® N).

=b+1
(a, 2) 1(h2) 1
For the case [ > 1, we can also get
_ _le+k+1 e -1 Ik
€S TGk D Z pz * 0PN log ).
a=b+1

(a2) 1(b2) 1

Then from (2)—(9), we can get

My, = )
7-2724@)I+k+1) | O(pN"*logN), ifl>1k>1.
here
cp=-TE Ay I 3 Z .
’ bl+2 bl+2 k+2
a=1 b=a+l b=1 a=b+1 =1 a=2
(a.2)=1,(b,2)=1 (a.2)=1,(b,2)=1 (@,2)=1,(b, )
is a constant related to /, k.
Now, we calculate M,. Similarly to the proof of Lemma 4 we have
l bk
Me=-2 353N
a<N b<N l<u<p2 ]<v<p
2au=bv,2au#bv,(u,2)=1,(v,2)=1
N
“r)) P ED I Y
l] 0e’<u<e”’1 e/<y<e/+| a,b=1
2au=bv( mod p)
2au+bv
N
<pN'R DL D ),
p e 1
0<i<j<J ei<u<eit! ei<y<eit! a,b=1
2au=bv( mod p)
2au#bv

C(l, k)pN'+1 +{ O(pN"*1og?N), ifI=k=0;1=0k>1orl> 1,k=0;

®)

€))

(10)
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< N2 o) (11)

In addition, from Lemma 4 we have

2

8p 17k b XX(Q)(M)
M, = ——— ab x(—2ab)
m2¢(p) ;\, ;\; sz()dp ISMZSpZ "
NE

— u

< NmZZ Z (=2ab) Z XX (1)

a<N b<N y mod p I<usp? !
< Nl+k+2po(1). (12)

Then combining (1) and (10)—(12), we obtain the asymptotic formula

Z Z ab*H (2a5, P)

as<N b<N

— C(l’ k) p I+k+1
7-2203)1 + k+ 1)
O (pN"*log® N + N2 po0) - if [ =k =0;1=0,k> lorl> 1,k =0;
O(pN"*log N + Nt&2pe) - if 1> 1,k > 1.

This completes the proof of the theorem.
Taking / = 1,k = 0 and / = k = 1 in the Theorem, we may immediately get the corollaries.
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