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1. Introduction

Many researchers present a large number of studies to improve and generalize classical Hermite-
Hadamard inequality. This double inequality suggests that the mean value of a continuous convex
function g : [a,b] € R — R lies between the value of g in the midpoint of the interval [a, b] and the
arithmetic mean of the values of g at the endpoints of this interval such that

b 1 b b
g(‘“zr )smfag(x)dxsw. (1.1)

In addition, each side of the mentioned inequality characterizes convexity in the sense that a
real-valued continuous function g defined on an interval I is convex if its restriction to each compact
subinterval [a,b] C [ hold both inequalities. If g is a concave function, then the inequality is
interchanged 1.2 [3, 23]. In the literature, Hermite-Hadamard inequality is frequently preferred
because of its importance in nonlinear analysis. Recently, Jain et al. [10] established some new
inequalities related to Hermite-Hadamard inequality for the functions whose absolute values of
second derivatives are log—convex. Mehrez and Agarwal [13] introduced new Hermit-Hadamard type
integral inequalities for convex functions. Mo-hammed [16] presented some new Hermite-Hadamard
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inequalities for MT —convex functions. Besides, some new integral inequalities for the logarithmically
p—preinvex functions via generalized beta function were established by Mohammed [17].

Many authors introduced a large number of studies to generalize various integral inequalities.
Cerone et al. [4] presented the generalized trapezoid inequality. Ujevi¢ [27] derived some new
perturbations of the trapezoid inequality. Drogomir et al. [6] improved quasi-trapezoid quadrature
formula by using some well-known classical inequalities. Cerone [5] obtained explicit bounds for
perturbed trapezoidal rules. Liu and Park [11] suggested some perturbed versions of generalized
trapezoid inequality. On the other hand, some integral inequalities for the convex functions have been
frequently investigated by many researchers. Sarikaya and Aktan [24] intoduced the generalization of
some integral inequalities for convex functions. Tun¢ and Sanal [26] established some perturbed
trapezoid inequalities for twice differentiable convex, s—convex and zgs—convex functions. Ardic [1]
presented some integral inequalities such as Holder, Hermite-Hadamard and Jensen integral
inequality for n times differentiable convex functions.

The studies in recent years have focused on the fractional integral inequalities for convex
functions. Agarwal et al. [2] established some fractional integral inequalities via new Polya-Szego
type integral inequalities. Fernandez and Mohammed [9] used the fractional integrals to obtain the
Hermite-Hadamard inequality and related results. Mohammed [15] introduced some new integral
inequalities by using the (k, h),(k, s) -Riemann Liouville fractional integrals. The author presented
new Hermite-Hadamard’s type inequalities for Riemann Liouville fractional integrals of convex
function [18]. Besides, Hermite-Hadamard’s type inequalities have been obtained via the fractional
integrals for different type convex functions [14-28].

The main aim of the present study is to obtain some new inequalities related to general perturbed
trapezoid inequality. The considered classes of functions consist of the functions whose n th derivatives
of absolute values are convex.

Definition 1. [/4] A function g : I C R — R is said to be convex on I if inequality

glta+(1—-1)b)<tg(a)+ (1 -1 g(b) (1.2)

holds for all a,b € I and t € [0,1]. We say that g is concave if (—g) is convex. For numerical
integration, the trapezoid inequality is introduced as

b 1 1
f g(x)dx—i(b—a)(g(aﬂg(b)) < EMz(b—a)3 (1.3)

where g : [a,b] — R is supposed to be twice differentiable on the interval (a,b), with the second
derivative bounded on (a,b) by My = sup ., |§" (x)] < +o0

([5-24D).

Theorem 1. Griiss inequality : Let g and 7 to be two functions defined and integrable on [a,b] . If
k<g(x)<landm < z(x) < nisto be Vx € [a, b] and for constants k,l,m,n € R, then

1 b 1 b 1 b
lb_af g(X)Z(X)dX—Ef g(x)dxb_af z(x)dx
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The above inequality is held where }L is the best constant [7]. For the perturbed trapezoid inequality,
the inequality obtained by the application of the Griiss inequality is given as

b 1 1
f g(x)dx - 3 (b—-a)(g(a)+g (D) + 3 (b-a) (g (b)-g (@) (1.5)

1
< —@-y)(b-a)
D 2 =y2)(b—a)
by Dragomir et al. [6] where g is supposed to be twice differentiable on the interval (a, b) with the
second derivative bounded on (a, b) by I', = SUP,cup & (x) < +ooand vy, = inf ey p) g7 (x) > —o0.

In the light of this information, we establish some inequalities for n th order differentiable convex
functions.

Lemma 1. [26] Let g: I C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
g" € Lla, b], then one obtains

b 1 5
f g(x)dx — 3 (b-a)(g(a)+g)+ 1 (b-a)(g (b)-g (a) (1.6)

3 1
= (b;a) f(l+1)2[8"(ta+(1—t)b)+g"(fb+(1_t)“)]dt'
0

Theorem 2. [12] Minkowski Inequality: Let g”, 7’ and (g + )" be integrable functions on [a, b]. If

p > 1, then
b 1 b b 7
[ f |g<x>+z<x>|ﬂdx] s[ f g (O dx f |z<x>|ﬂdx] . (1.7)

Similarly, if p > 1 and ay, by, > 0, then Minkowski sum inequality is expressed as

[ZH: lay + bil”

k=1

1
P
+

1 1
n

2 |bk|f’] . (18)

k=1

P

n

V4
>l

k=1

< +

If the sequences ay,a, ... and by,b,, ... are proportional, the inequality is provided. We will use
the following notations and conventions throughout this article. Let us consider as I = [0,00) C R =
(=00, +o0) and a,b € I with0 < a < b and g™ € L|a, b] and

+b 2ab
Aab) = =2 G(a.b) = Vab, H(a,b) = ——,
2 a+b
b—a
L(a,h) = — b, L b
(a’ ) lnb—lna’ a# ’ p(a7 ),
{ a , a=2>b
Lp = Lp (aa b) = 1 _ g+l 1 a, b Z 0
[(l;mxb—a)]p , a#b

are the arithmetic mean, geometric mean, harmonic mean, logarithmic mean, generalized
p-logarithmic mean for a,b > 0, respectively [8].

In this study, we introduce some results related to the perturbed trapezoid inequality and prove some
applications for special means of real numbers.
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2. Main results

Lemma 2. Let g : I° C R — R be n times differentiable mapping on I°, a,b € I° with a < b where n
is even number. If g™ € Lla, b), then the following equality is obtained:

E%;v[g@ﬁm_gaa;gw)+“_ .
b

L b-a)ytnn-1)n=-2).a,+ - +432.a4]
2.n'.a,
x (8" (a) + 8" (b))
+(b —a) P n.n—-1D.a,+ - +43.as+32.a5 + 4.a5]
2.nl.a,
x| (b) - 8" (@)]
_(b —a)" ?[na, + -+ 2.ar] o

8" (@) + g"2 )]

2.nl.a,
(b—a)"'a, + - +a; +2ap] - -
A s st 30 e - g o)
b -a
~ 2nla,

1
Xf(ant” +otart+ag) [¢7 (ta+ (1= 0b) + g™ (tb+ (1 - D a)|dt
0

Proof. If the right-hand side of the equality is considered and the integration by parts is applied, then
one obtains

1

L = f(ant"+---+a1t+a0)g(”)(ta+(1—t)b)dt
0

"V (ta+ (1 - b)|'

= (a, "+ -+ ait+ap)
a—>b

0

1
(a—-b)

1
f(n.ant”_l +o 4 2t + ay) gV (ta + (1 - D) b dt
0

(ap+---+ay+ap) (_ a n_
- gD (@) - ——g" D (b)
a->b a->b
1
1
- b)f(n.ant”_l+---+2a2t+a1)g("_1)(ta+(1—t)b)a’t
a_
0

(apy+---+ar+ay) (- a o
L0600 (a) — —2— gD ()
a—>b a—>b
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n.a, + -+ 2a +a; gD a _y
" (@) + "2 (p)
@by

(a—b)
1
1
+ X nn=1.a,">+ - +32.a3t +2.a5) X "2 (ta + (1 — 1) b) dt
(a_b)2f(( ) 1+ 2.0) x g (ta+ (1 = ) b)
s Lt At ) e ) - B gnn )
a—b a-b
n.a, +---+2a,+a ( 2) a; (n-2)
- @)+ ———=8"7(b)
(a - by (a - by
+n.(n—1).an +43a4+32a3+2a2 (n3)() 2.a 2 (n3)()
(a— b) (a-b)’
_n.(n—l).(n—Z).an --+32.1.a5 (n Y0+ 3.2.a3 ("_4)(b)
(a - b)* (a - b)*
nla,+m—-1la, (n—-Dla,,
e = 2l b
+ R s )
1
nla,

P fg(ta+(1 —1)b)dt
0

1
L = f(ant”+~--+a1t+a0)g(”)(tb+(1—t)a)dt
0

gV (th + (1 -a)
b—-a

= (a,f" +---+at+ap)

0
o B fl (napt™™ + -+ 2art + ) "V (tb + (1 = 1) a) dt
_ (an +a1 + ap) gV (b — b‘ﬁ) 2D (q)
o a)f nan"‘ -+2a2t+a1)g("_l)(tb+(1—t)a)dt
_ (e + bja1+ao) =) () b‘i) 2" (a)
_n.ay +(b _+Cja2 + a; 2" () + T fl )zg(n 2 (a)
+(b a)2f n.(n—1)a," 2+ +32.ast + 2.a5| x g"? (th + (1 - 1) a) dt
_ (a, + b;l—al + agp) gD (b — bcﬁ) 2D (q)
_Mﬁ(b - ?aﬁal MO L ot @
+n. n-1).a,+ (b+ 4;’)614 +3.2.a3 +2.a, (n 9 (b) (b2;a2)3g(n 9 (@)
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_n. mn-1.n-2).a,+---+32.a;3 (n-4) (p 3.2.a3 (n—d)
T B =g @
nla,+mn-1la, (n—-1Dla,_
T b—ay g(b)+Wg(a)
1
+(b”i“;)n fo g(th+ (1 — 1) a)dr

Summing /; and /,, then one obtains

1
L+ = f(a,,t”+---+a1t+a0)[g(")(ta+(1—t)b)+g(")(tb+(1—t)a)]a’t
0

(@ +---+a+ap)p — ag o n_
= ¢ O " @]+ = [ ) - 87 ()

(na,+---+2a+ay) - -
) s g2 )+
+(n. n-1).a,+---+43.a4 +3.2a3 +2.a))

(b-a)’
2.
_(n. mn-1.n-2)a,+---+3.2a3)
b-at
+(2%—'Zi4 8" @+ " B)| +---

_n!.an +(m-1Dla,_,
(b-a)

ai

Sl o)

8" (0) - £" ¥ (0)]

+

8" (@) + 8" ()]

(n—1Dla,_;

(b_a)n [g(a) +g(b)]

(g (@) +g(B)] +

_ At .].;:c;l + 2a [g(”‘” (b) — g (a)]
_n.an(z _ a; 2a, [g(n_g) (@) + g(n—2) (b)]
R n-1)a, +- .;;_45)'3614 +3.2.a3 + 4a, [g("‘3) (b) — g (a)]
n(-1).(n —(2)_,61;): o +432.a, [g("_4) @ + g (b)]
P (;ii:)" [g(@) +g(b)] + (bzf;;iil f bg(x) dx

)
A [ 2010
it G a)"* [n.(n— 1)2.(;1!; nz) Ay + o+ 4.3.2.a4] [g(”_4) (@) + g" (b)]
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+(b —a) P mn=1D.a,+- - +43.a4 +3.2.05 + 4.a5]

82 b) - 8" (a)]

2.nl.a,

(b—a)"*[na,+ - +2.al -

B 2 n‘ a : [g( Y (Cl) + g( Y (b)]
b-a)"[a,+ - +a, +2a] e e

i a8 0= @)

b-a" (' (n) (n)

= o (@nt" + -+ +at +ag) x [¢" (ta+ (1= ) b) + g™ (th + (1 - D a)| dt
ni.a, Jo
Thus, the proof is completed. O

Remark 1. Using the change of the variable x = ta+ (1 —t) b where t € [0, 1], Eq.(2.1) can be written
as

b
L[ e 20180

—b-a)[n.(n—1)(n—2).a, +-+43.2.a] - -
n — = x g (@) + " @)
.nl.a,
b—a)[n.(n—1).a,+ - +43.a, +3.2.a; + 4a _ —
2.nl.a,
(b-a)?[na,+ - +2.a)] . e
3 - 24§n@+§m®]
.nla,
b-—a)'a,+ - +a +2a N e
( YL 1 0l v [g(n D (p) — g (a)]
2.nl.a,

_ -1 1 _ h\" _
T R 1 R
0 _

2.n'.a,

Theorem 3. Let g : I C R — R be n times differentiable mapping on I°, a,b € I° with a < b where n

is even number. If |g™| is convex on [a, b, then the inequality in the following holds:
1 (@) +g(b)
mfg(x)dx—%+--- (2.2)
P Gl o) n.(n=1)(n—-2).a,+ - +43.2.a4]
2.nl.a,

x [ (@) + g ()]
+(b —a) P nn—=1D.a, +--+43.a4 +3.2.05 + 2.a5]
2.nl.a,

x[g" () - " (a)]

b-a)?[na,+ - +2.a)] - -
S R R [ @+ 4 )

+(b —a)" a, + -+ +ay + 2.a0) o
2.n'l.a,

8"V b) - gV (a)]
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(b-a) oyl ) )
n n b
2l la LO | @+l o
Proof. From Lemma 2, it is concluded that
1 b
—b-a)yn.(n—1)(n—2).a,+ - +43.2.a] - -
+ P £ x [ (@) + 8" ()]
.nla,
b-a)3mm-=1.a,+ - +43.as+32.a; + 2.a5] o e
+ - e x g ) - 8 (@)
.nl.a,
(b-a)?[na, + - +2.a)] . .
- . Z x [ (@) + "2 ()]
.nla,
b-a)"[a, + ... + a; + 2a0] - e
+ = X [ (b) - "V (@)
2.nl.a,
b— n 1
= ‘( LN {f (ant" + -+ + art + ag) g™ (ta+ (1 = 1) b) + g (th + (1 - t)a)]dt}
2.nl.a, 0
b _ n 1
< LAl f lant" + -+ + art + ao| |8 (ta + (1 = 1) b)| + g (1 + (1 - ) @) | dt
2.l a, ~ o
< (b-a)
2.n!.|a,l
1
x {f jant" + -+ + art + ao| [t |87 (@)] + (1 = D) |g” B)] + g™ B)] + (1 = 1) |g (a)| dt}
0
(b - a)n n n ! n
s-———MWﬂ+§%M{[WM+WHWHMMt
2.n!.|a,l 0
(b—a) - la| ) )
< MR n n(p
= 2allal Lk x[le” @] +[¢" @]
The theorem is proved. O

Theorem 4. Let g : I C R — R be n times differentiable mapping on I°, a,b € I° with a < b, and

p > 1 with1/p+1/q =1 where n is even number. If the mapping |g™ " is convex on [a, b), then we
obtain:
1 +g(b
b—a ], 2
P Gl " n.(n-1)(n-2).a,++432.a4
2.nl.a,

x| (@) + 8" ()]
+(b —a) P nn—=1D.a, +--+43.a4 +3.2.05 + 2.a5]
2.nl.a,

x[¢" ®) - 8" ()]
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_(b _ a)n—2 [n_an + -+ 2_612] % [g(n—Z) (Cl) + g(n—Z) (b)]

2.n'l.a,
+(b —a)"! [a;—;!-‘;l;f a; + 2.ap] 9 [g(n—l) (b) — g(n—l) (a)]
w—afx[il laxd IX[gw“mq+§”w$rm
nlla, |4 (kp+ D'P 2

Proof. Using Lemma 2, Holder’s integral inequality and Minkowsky’s integral inequality, we establish

b
ﬁfg(x)dx_%zg(b)+... 2.4)
L b-a)"*nm-Dn=-2)a,+ - +4.32.a4
2.nl.a,

x [ (@) + g (b))
+(b —a) P n.(n—1).a,+ - +43.as +32.a5 + 2.a]
2.nl.a,
x[s" (0) - 8" @
(=) [nay + -+ 2.05] y

8" (@) + "2 ()]

2.nl.a,
b-a)" a, + - +a; +2a] . o
+ ——= x[¢" " B) - gV (@)]
2.nl.a,
_ |-ay
| 2.nla,
1
x{f (ant”+-~-+a1t+a0)[g(”)(ta+(1—t)b)+g(”)(tb+(1—t)a)]dt}
0
< (b-a)
2.n!. |a,l
[ lant™ + -+ ayt + aol [¢ (ta + (1 = 1) b)| di
+ [0 lant" + - + art + agl |§ (tb + (1 = D) a)| dt
< (b-a)
2.n!.|a,l

1

1 » 1
(f |ant"+---+a1t+ao|pdt) x(f
0 0

1 » 1
+(f |a,,t”+--~+a1t+ao|”dt) x(f
0 0

(b-ay Z al |, g™ @) + g™ )|
n!.la,| (kp + )7 2

k=0

X g" (ta+ (1 -1 b)|’ dt)

g" (th+(1-1) a)|th)q
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such that 1 + 1 = 1. Considering the convexity of [¢"|*, then we find
P q
1
f g" (ta+ (1 -1)b)|" ar (2.5)
0
1 ™ (g) 14 o (b) 9
< f [1]e® @[ + (1 =) |g® )] dr = £ [+1s" @)
0 2
1
f g" (tb+(1-pa)| ar
0
1 ™ (g) T4 o (b) 9
< f [t]e® @) + (1 = ]¢” @] dr = & [+ g™ ®)
0 2
Using the Theorem 2, we have
I 5
(f la, " + - +at+apl’ dt) (2.6)
0
. 1 . 1 : 1
< [f (a,/Hf dt| +---+ [f (a )P de| + f (ap)? dt]
0 0 0
B la| a1l |a
- 1/ 1/ e —1/ + |a0|
(mp+ 1" |n—=1Dp+11"° (p+1)7""
_ i |a]
“ (kp+ D'/
By using (2.5) and (2.6), the inequality (2.3) is obtained. O

Theorem S. Let g : I C R — R be n times differentiable mapping on I°, a,b € I° with a < b, and
p > lsuch that 1/p + 1/q = 1 where n is even number. If the mapping |g" " is convex on [a, b), then
the inequality in the following holds:

b
e [ 898D a7
W b-a)"*nm-1Dn=2)a,+ - +432.a4
2.nl.a,

x [ (a) + " ()]
+(b —a)" P m(n-1D.a, + - +43.a4 +3.2.05 + 4.a5]
2.nl.a,

x 8" (b) - 8" (@)]

b-a)?[na,+-+2.a)] - -
S [ @ g )

_|_(b—a)"_1 [a, + -+ a; + 2ap] o
2.n'.a,

8"V () - g ()]
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wwrr WY*

2.n!. |a,l e k+1

4[ mw
[ il
+
[» dk+2
Proof. Using Lemma 2 and power mean integral inequality, one obtains

b

L b-a)y*nm-1Dn-2).a,+---+432.a4]
2.nl.a,
x| (@) + g" ()]
+(b —a) P n.(n=1).a,+ - +43.a, +32.a5 + 4.a]
2.nl.a,
x 8" (b) - g" (@]
_(b —a)" 2 [na, + -+ 2.a]

(n) (b)|17)h

|

) P la]
(”[Zm MkD]

Z |a|
k+1D)k+2)

g” @) +

x [8"7 (@) + 8" (b)]

2.nl.a,
b-a)""[a, + - +a +2a0] - -
= x [g" P ) - 7V (@)
2.nl.a,
_|(-a)
~ | 2.nla,
1
x{f (" + -+ art + ag) g™ (ta+ (1 = 1) b) + g (th + (1 —t)a)]dt}
0
< (b-a)
2.n!. |ay,|
fo lant" + -+ + art + aol |g™ (ta + (1 — 1) b)| dt
+f0 lant” + -+ + art + agl |g™ (tb + (1 = 1) a)| dt
E
< (b )’ f la,t" + -+ aqt + ap| dt
2.0l la,|

« f0|a,,t”+---+a1t+a0| ’
(s @|" + A =g @) at

N f Ianz;’: +at + ag !
()™ @]+ (1 = n)lg" @) dt
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1-1
P

(b - a)" [ layd

2l lan | &k + 1

Z |¢jr1\| (n)( )p %
{( [[ el ai | fi)|<b>|”]

+| Zk-0 (k+ 1)(k+2)

Zn Iéjrkl (n)(b)p %
(o))

Zk 0 (k+1)(k+2)

The proof is completed.

3. Applications to special means

In this section, we consider the results of Section 2 to verify the new proposed inequalities.

Proposition 1. Leta,b e R, 0 <a < b, n > 2 where n is even number. Then, the inequality in the

following holds:
L' (a,b) — A", b") +--- (3.1)
—h-ay*nn—1).(n—2).a, + - +4.3.2.a4] (a4 + b4)
" 24la,
(b—a)[n.(n=1).a, + +3.2.a3 + d.a,] (b3 - a3)
* 2314,
b-a)%[na,+-+2.a)] (a2 + bz)
B 22\a,
+(b —a)" a, + - +2.a0] (b-a)
2.a,
(b-a) <
la,| L+ 1
O

Proof. The proof is clearly obtained from Theorem 3 for g(x) = x", x € R.

Proposition 2. Leta,b e R, 0 <a < b, n>2 where nis even number. For all p > 1, one obtains

L (a,b)—A@",b")+--- (3.2)

—b-a)" I (n=1).(n=2).a, + - +43.2.a,] (a4 + b4)

" 241q,
(b—ayn.(n=1).a,+ - +32.a + 4] (b* - &)
" 234,
b-a)%[na,+-+2.a)] (a2 + b3)
2.2'.a,
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+(b —a)" a, + - +2.a0] (b-a)

2.a,
b—a) a
( ) y Z la] -
la| ~(kp+1)
Proof. The proof is completed from Theorem 4 applied for g(x) = x", x € R. O
Proposition 3. Let a,b € R, 0 <a < b, n> 2 where nis even number. Then, we obtain for all
p>1,
L (a,b)— A", b")+--- (3.3)
—(b-a) " n.(n=1).(n=2).a,+ - +432.a)] (a* + b*)
" 241,
(b—ay>n.(n-1).a,+- - ++32.03 + 4] (b* - @°)
" 2314,
(b—a)? [na, +--- +2.a)] (a* + b*)
- 2.2\,
L )" [a, + ... + 2.a0] (b - a)
2.a,
n 1- 1
(b-a) « |a] la] la] !
|a,| ik +1 4k + 2 —(k+ 1) (k+2)
Proof. The proof is obtained from Theorem 5 such that g(x) = x", x € [a, b]. O
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