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1. Introduction

The v-weighted arithmetic mean—geometric mean inequality or v-weighted AM — GM inequality
is the following statement: If ¢, > 0 and 0 < v < 1, then

a’b™ <va+(1-vb (1.1)

holds with equality if and only if @ = b. The inequality (1.1) for v = 1/2 reduces to the arithmetic
mean-geometric mean inequality or AM — GM inequality

b
\/a_bs“; . (12)

The Heinz mean, introduced in Bhatia and Davis [2], is defined by

vbl—v l—vbv
H,(a,b) = = ;a (1.3)

forO <v <1anda,b > 0. We know that

Vab < H,(a,b) < a;b. (1.4)
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In [3], Bhatia defined the weighted mean of arithmetic mean and geometric mean as Heron means,
wrote it as

F,(a,b)=(1-a)G(a,b) + aA(a,b) = (1 —a) Vab + a#, (1.5
and got the following result about Heinz and the Heron means.
Proposition 1.1. Leta,b>0,0<v<l,anda(v)=1-4 (v - vz). Then
H,(a,b) < Fyu(a,b). (1.6)

Kittaneh, Moslehian and Sababheh come to the above conclusion from the main one
(see [4, Theorem 2.1]), which is handled skillfully and is also used by Sababheh [5] on other means.
The first objective of this paper is to sharpen the above inequality and obtain the result.

Theorem 1.1. Leta,b >0, a# b, 0<v <1, and0=1-2v. Then
H,(a,b) < Fyp(a,b) (1.7)

holds, where 6% can not be replaced by any smaller number:

We can find that (1.7) contains (1.6) and indicates that 6 is the best constant in (1.7).
In addition, recently, in [1] Shi gave a lower bound for Heinz mean.

Proposition 1.2. Leta,b>0,a+#b,0<v<1,a=1-2t 8=1-2s and B* > a*/3. Then

al—tbt _ atbl—t 1
H,(a,b) > 1.8
(a.b) 2 A ha—Inb) N3 (1.8)

holds.

We find that there are two issues in above result. First, there should be no Vab on the right hand
side of (1.8). This judgement is verified by calculation. Second, under the condition 5> > a?/3, [1]
draw the following conclusion:

Bt gyt o?x*  atxt sinh ax

hpx=1+—+—F-+--- 214+ —+—--- =
coshfx Y = 3 51 ax

In fact, the coeflicients of the same power in the left-hand side series are not greater than or equal to
the right one, for example, the relationship 8*/4! > a*/5! is not true.
The second objective of this paper is to reconstruct relevant results about (1.8) as follows.

Theorem 1.2. Leta,b>0,a# b, a=1-2t,andB =1 —2s. Then
(i) when B* > a?, we have
al—tbt _ atbl—t
(1-2t)(Ina —Inb)

< H(a,b); (1.9)
(ii) when 8> < a*/3, we have

al—tbt _ azbl—t
(1-2f)(Ina —1Inb)

> H(a,b). (1.10)
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2. Lemmas

Lemma 2.1 ( [6] ). Let a, and b, (n = 0,1,2,- - -) be real numbers, and let the power series A(x) =
Yo anx" and B(x) = Y7 by,x" be convergent for |x| < R (R < +00). If b, >0 forn=0,1,2,---, and
if ¢, = a,/b, is strictly increasing ( or decreasing ) forn = 0,1,2,- - -, then the function A(x)/B(x) is

strictly increasing ( or decreasing ) on (0, R) (R < +00).

Lemma 2.2. Let x # 0, and |0] # 1. Then
(i) when |6| < 1 the double inequality

coshéx —1
0< —— — < ¢
coshx -1
holds with the best constants 0 and 6%;
(ii) when 0| > 1 the inequality

coshfx —1 5

— >0

coshx —1

holds with the best constant 6.

2.1)

(2.2)

Proof Because the functions involved in this lemma are all even functions, we can assume that

oo
E anx2n ,

n=1

x € (0, ). Let
o 6211
A(x) = coshbx—1= 2 (2n)!x2”
_ _ C 1 2n ._ S 2n
B(x) = coshx—-1= HZ:; (2n)!x = ;bnx ,
where
92n
= anr
1
b, = 0
ol
Then u
L= — = 67
C bn

Since {c,},>; 1s decreasing for |#] < 1 and increasing for || > 1, by Lemma 2.1 we have that the
function (coshéx — 1)/ (cosh x — 1) is decreasing on (0, o) for |f] < 1 and increasing on (0, co0) for

|6] > 1. In view of

coshfx — 1 5
m-——— = ¢ =6,
x—0* coshx—1
. coshfx -1 ) .
lim————— = lim¢, = lim " =
X—00 Coshx —_ 1 n—oo n—oo

the proof of Lemma 2.2 is complete.
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Lemma 2.3. Let t # 0. Then the double inequality

1 sinh ¢
cosh —t <

3

< cosht (2.3)

holds with the best constants 1/ V3 and 1.

Proof Using the power series expansions

sl 2n+1 s an
inhkt = Y ———"! coshkr = "
s Z:; Qn+1)! €08 Z:(; 2n)!
we have
sinh ¢ = 1
hr-— = — >0,
€08 : Z:; 2n+1)!
inh ¢ 1 o 3 —(2n+ 1
S _ cosh—1t = F-Cn+ Dy, > 0.
t V3 p— 3" (2n + 1)!
For the reason
1 sinh ¢ 1 arccosh (%‘”)
cosh —1 < <coshte— — < ———= <1,
V3 ! V3 t
we complete the proof of Lemma 2.3 when proving
arccosh (%}”) 1
l.m — = T
tl)()" t \/5
arccosh ( 82t
lim # = 1.
t—00 t
In fact, since
arccoshx = In (x + Vx% - 1),
[arccos N (sinh t)]' _ tcosht—sinh?
' tsinh? f — 12
by I’Hospital’s rule we have
arccosh (b arccosh (20 '
lim (’)zhm[ ()
t—0* t t—0* t
3 1mtcosht—sinht_ 1
=0 sinn2r—2 V3
arccosh ( 2h arccosh (&zhe )]
lim—t( ) = lim[ t,( 2
>0 >0

. tcosht—sinht
= lim—— =
=% t+sinh®t — 2
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3. Proofs of main results

3.1. The proof of Theorem 1.1

Since

v 1-v 1/2 2
H,(a,b) < Fp(a,b) = l[(l—’) + (é) ) <(1- 92)(9) & (1 + é),
2\\a a a 2 a

when letting Vb/a = €' the last inequality is equivalent to

2(1 )t + 2vt 1 + 2t
—e < (1 92) e+ & ¢
(1 2v)t + e(2v 1)t et +e—t
2 2
> < (1 0 ) +0 > —
cosh(l -=2v)t < (1 92) + 6% coshr =

cosh(l1 -2v)t-1
coshr—1

0.

Letting & = 1 — 2v in Lemma 2.2 we can obtain the above inequality. This completes the proof of
Theorem 1.1.

3.2. The proof of Theorem 1.2

With transformations

a = 1-2t,=1-2s,
11 a
x = =In-,
2 b
we may come to the conclusions
1-s s
a' b’ + a*b's (%) + (%) o2x(1=3)+ 2xs e1-29x 4 p=(1-25)x
= = = (3.1)
2 Vab 2\ 2et 2
ﬁx+ —Bx
- £re cosh Bx,
2
1-t t
a~'bt — atb't 1 ~ (%) — (%) 1 ~ 2 (1-0=-2xt | 32)

(1-20In§ g ~ (1-20l§ @ (1-2)In§er
[e(l_zm - e_(l_mx] /2 [e™—¢*]/2  sinhax
(1-20)(ng) ax ax

Via (3.1) and (3.2), letting = @x in Lemma 2.3 we can complete the proof of Theorem 1.2.
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4. Corollary, comparation, and inequalities related to the Heinz operator mean

4.1. Corollary

At the beginning of this section, we want to draw some useful inferences of Theorem 1.2.
(a) Let 8 = ain (1.9), that is s = ¢ := v. Then we have

al—vbv _ avbl—v
(1 -2v)(Ina —Inb)

< H,(a,b).
(b) Let B = —ain (1.9), thatis 1 — ¢t = 5 := v. Then we obtain

al—vbv _ avbl—v B avbl—v _ al—vbv
(1-2v)(Ina—1nb) (Q2v-1)(na-Inb)

< H,(a,b).

(c) Let V38 =aor V3(1—2s)=1-2rin(1.10), and

V3-1 V3+1

5 :%1,T=%2,

that is

3-1
t= \/gs—\/_z =\/§s—%1 = \/gv—%l.
Then we obtain

a* \/§vb V3v—x, V3v—x b V3v

—a

V3(1=2v)(Ina - Inb)

> H,(a,b).

Similarly, letting V38 = —« in (1.10) gives the above inequality too.
In this way, from Theorem 1.2, we can get the following corollary.

Corollary 4.1. Leta,b>0,a# b, 0<v<1,v# 1/2, and

V3i-1 . V3+1 .
2 — A1, 2 — A2.
Then
al—vbv _ avbl—v
HV ab bl
-2 (na—Inp) - @b
and
Ho— \/gvb \E’v—%l _ ﬁv—%lbzz— ‘/§V
Hy(a,b) < 2 -
V3(1=2v)(Ina - Inb)
hold.

(4.1)

4.2)

4.3)
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4.2. Comparation

In fact, we see that (4.2) gives a lower bound for H,(a,b), while (1.6) or (1.7) and (4.3) show
different upper bounds for H,(a, b). Here, we get the following result by transforming ¢t = a/b : (1.6)
or (1.7) and (4.3) are equivalent to

F+t 1+t
<
2 2

~ 2 (1-w(1- «/2)2 = 1) (4.4)

and
tl—v +7 o V3y _ t\@v—%l
2 ° V3 (1 -2v)(In1)
respectively, where %; and %, are defined as (4.1). Since r;(v,t) = r;(1 — v,t) fori = 1,2, we want to
compare the advantages and disadvantages of these two inequalities above as long as we discuss them
in this case v € (0, 1/2). Numerical experiments show that

=rnt), 4.5)

rZ(V’ t) < rl(V, t) (46)
holds for all # > 0 and 0 < v < 1/2. So the inequality (4.6) holds for all t > 0 and 0 < v < 1. Then we

have the following note.

Remark 4.1. The inequality (4.3) is better than the one (1.6) or (1.7).

4.3. Inequalities related to the Heinz operator mean

Now that we have the fact above, we can apply our conclusions to Heinz operator mean on Hilbert
spaces.

Let 8" denotes the set of all positive invertible operators on a Hilbert space H. For A, B € 8" and
v € [0, 1], the weighted arithmetic operator mean AV, B, geometric mean Aff, B, and the Heinz operator
mean H,(A, B) are defined as

AV,B = (1-v)A+VB,
Af,B = A'2(ATV2BAT?) A,
Hv(Aa B) = (AﬁVB + Aﬁl—vB) /2

Let v € [0, 1] and define the function K, : R, — R by

v 1-v
_ Y —, x>0andx # 1
K0 { 2v—1, x=1

The function above was first introduced by Kittaneh and Krnic in [7].
Kittaneh and Krnic [7], Zhao, Wu, Cao, and Liao [8] obtained the following result.

Proposition 4.1. Let A and B be two positive and invertible operators. Then
H,(A, B) < Fa0)(A, B)
forv € [0, 1], where a(v) = 1 — 4(v —v?), and F,(A, B) is defined by

FQ(A,B) = (1 - Q)Aﬁl/zB + CL’AVUZB.
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From Theorem 1.1, we can obtain that

Theorem 4.1. Let A and B be two positive and invertible operators, and 0 = 1 — 2v. Then
H,(A,B) < Fp(A,B) 4.7)

holds, where 6* can not be replaced by any smaller number:

As for the application of Theorem 1.2 on the same topic, it is not difficult to get the following
results.

Theorem 4.2. Let A and B be two different positive and invertible operators, « = 1 -2t, and 3 = 1 —2s.
Then
(i) when B* > a?, we have

1

5 AK(AT2BAT) A < H(A. B); (4.8)
(ii) when 8> < a*/3, we have
1

zt—lA‘/th (A“/ZBA‘”Q)A‘/Z > H,(A, B). (4.9)

Remark 4.2. Let s = t. Then 8 = @, and by (4.8) we have

1
2t—_1A1/2K, (A—1/219A—1/2)Al/2 < H,(A, B), (4.10)

which is the result of Remark 2.6 in [1].

Remark 4.3. (4.9) is to correct the conclusion of Theorem 2.5 in [1]. The conclusion of Theorem 2.5
comes from (1.8) which is wrong.

Remark 4.4. For further results of Heinz operator inequalities, interested readers can refer to [9—13].
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