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in the main results.
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1. Introduction

There are numerous integral transforms available in the literature such as the Laplace transform,
Mellin transform, Z-transform, Fourier transform and many more [1, 2]. The integral transforms are
very useful in solving differential equations of integer as well as fractional orders arising in scientific
problems. In this sequence, recently, Srivastava et al. [3, p.1386, Eq.(1.1)] introduced the following

http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020048


718

M-Transform:

Mλ,µ[g(x)](p, q) =

∞∫
0

e−pxg(qx)
(xµ + qµ)λ

dx (1.1)

provided that (λ ∈ C; R(λ) ≥ 0; µ ∈ Z+ = {1, 2, 3, · · · })

where both p ∈ C and q ∈ R+ are the transform variables. The classical Stieltjes transform [4] is a
special case of the Srivastava-Luo-Raina transform (1.1) when p = 0.
Convergence conditions of the integral transform (1.1) is given in the theorem [3, p. 1388].

The incomplete H-functions (IHF) γm,n
p,q (w) and Γm,n

p,q (w) have introduced and investigated by
Srivastava et al. [5, Eqs.(2.1)-(2.4)] in the following manner:

γm,n
p,q (w) =γm,n

p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1, u), (e j, E j)2,p

( f j, F j)1,q


=γm,n

p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1, u), (e2, E2), · · · , (ep, Ep)

( f1, F1), · · · , ( fq, Fq)


=

1
2πi

∫
L

k(ξ, u)w−ξdξ,

(1.2)

where

k(ξ, u) =

γ(1 − e1 − E1ξ, u)
m∏

j=1
Γ( f j + F jξ)

n∏
j=2

Γ(1 − e j − E jξ)

q∏
j=m+1

Γ(1 − f j − F jξ)
p∏

j=n+1
Γ(e j + E jξ)

(1.3)

and

Γm,n
p,q (w) =Γm,n

p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1, u), (e j, E j)2,p

( f j, F j)1,q


=Γm,n

p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1, u), (e2, E2), · · · , (ep, Ep)

( f1, F1), · · · , ( fq, Fq)


=

1
2πi

∫
L

K(ξ, u)w−ξdξ,

(1.4)

where

K(ξ, u) =

γ(1 − e1 − E1ξ, u)
m∏

j=1
Γ( f j + F jξ)

n∏
j=2

Γ(1 − e j − E jξ)

q∏
j=m+1

Γ(1 − f j − F jξ)
p∏

j=n+1
Γ(e j + E jξ)

. (1.5)
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The IHF γm,n
p,q (z) and Γm,n

p,q (z) in (1.2) and (1.4) exist for all x = 0 under the same contour and the same
set of conditions as stated in [5] (see, also, for details, [6–9]). A complete description of (1.2) and (1.4)
can be found in [5].
Some interesting and important special cases of incomplete H− functions are given below (see also
[10]):

(i) The case u = 0 of (1.4) reduces to the Fox’s H-function

Γm,n
p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1, 0), (e2, E2), · · · , (ep, Ep)

( f1, F1), · · · , ( fq, Fq)

 = Hm,n
p,q

w
∣∣∣∣∣∣∣∣∣

(e1, E1), · · · , (ep, Ep)

( f1, F1), · · · , ( fq, Fq)

 . (1.6)

(ii) Letting m = 1, n = p, q being replaced by q+1 and taking suitable parameters, the functions (1.2)
and (1.4) convert, respectively, to the incomplete Fox-Wright functions(IFWF) pΨ

(γ)
q and pΨ

(Γ)
q

(see [5, Eqs. (6.3) and (6.4)]):

γ
1,p
p,q+1

−w

∣∣∣∣∣∣∣∣∣
(1 − e1, E1, u), (1 − e j, E j)2,p

(0, 1), (1 − f j, F j)1,q

 = pΨ
(γ)
q


(e1, E1, u), (e j, E j)2,p;

( f j, F j)1,q;
w

 (1.7)

and

Γ
1,p
p,q+1

−w

∣∣∣∣∣∣∣∣∣
(1 − e1, E1, u), (1 − e j, E j)2,p

(0, 1), (1 − f j, F j)1,q

 = pΨ
(Γ)
q


(e1, E1, u), (e j, E j)2,p;

( f j, F j)1,q;
w

 (1.8)

(iii) Taking x = 0, m = n = p = 1, q being replaced by m + 1 and choosing proper parameters, the
function (1.4) reduces to the generalized multi-index Mittag-Leffler function (GMIMLF) (see,
details, [11])

Γ1,1
1,m+1

−z

∣∣∣∣∣∣∣∣∣
(1 − λ, µ, 0)

(0, 1), (1 − β j, α j)1,m


=

1
Γ(λ) 1Ψm


(λ, µ);

(β j, α j)1,m;
z

 = Eλ,µ
(α j,β j)m

[z].

(1.9)

In this paper, we aim to establish the images of incomplete H-functions and then, it is reduces to the
some useful interesting special functions under this transform.

2. The Srivastava-Luo-RainaM-transform of IHF

In this section, we establish the Srivastava-Luo-Raina M-transform of the incomplete H-functions
(1.2) and (1.3).
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Theorem 1. If R(λ) ≥ 0, µ ∈ Z+, p ∈ C and q ∈ R+ and with the conditions presented along with (1.2),
the followingM-transform result exits for the IHF γM,N

P,Q [z]:

Mλ,µ

γM,N
P,Q

zx

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (a j, A j)2,p

(b j, B j)1,q


 (p, q) =

q−µλ

pµ
1

2πi

∫
L

B

(
λ −

ξ

µ
,
ξ

µ

)
(pq)ξ

γM,N+1
P+1,Q

zq
p

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (ξ, 1), (a j, A j)2,p

(b j, B j)1,q

 dξ (2.1)

In the above equation B(x, y) indicates the classical Euler-Beta function.

Proof. To prove the result (2.1), by applying the Srivastava-Luo-Raina M-transform given in (1.1)
of (1.2), then interchanging the order of integral and contour integral (which is allowable under the
conditions presented) and with the help of [3, p. 1389, Eq. (2.7)], we easily achieve the right hand side
of (2.1) after a small adjustment of terms. �

Theorem 2. If R(λ) ≥ 0, µ ∈ Z+, p ∈ C and q ∈ R+ and with the conditions presented along with (1.3),
the following Srivastava-Luo-RainaM-transform result exits for the IHF ΓM,N

P,Q [z]:

Mλ,µ

ΓM,N
P,Q

zx

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (a j, A j)2,p

(b j, B j)1,q


 (p, q) =

q−µλ

pµ
1

2πi

∫
L

B

(
λ −

ξ

µ
,
ξ

µ

)
(pq)ξ

ΓM,N+1
P+1,Q

zq
p

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (ξ, 1), (a j, A j)2,p

(b j, B j)1,q

 dξ (2.2)

In the above equation B(x, y) is the famous Euler-Beta function.

Proof. Similarly as in the proof of Theorem 1, one can easily derive the result. So, we omit the
details. �

Among many particular cases of the results in Theorems 1 and 2, we give some of them in the
subsequent corollaries.

Corollary 2.1. If R(λ) ≥ 0, µ ∈ Z+, p ∈ C and q ∈ R+, the followingM-transform of the IFWF PΨ
(γ)
Q [z]

and PΨ
(Γ)
Q [z] and MIMLF Eρ,σ

(A j,B j)M
[z] exist:

Mλ,µ

PΨ
(γ)
Q

zx

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (a j, A j)2,p

(b j, B j)1,q


 (p, q) =

q−µλ

pµ
1

2πi

∫
L

B

(
λ −

ξ

µ
,
ξ

µ

)
(pq)ξ

P+1Ψ
(γ)
Q

zq
p

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (ξ, 1), (a j, A j)2,p

(b j, B j)1,q

 dξ (2.3)
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and

Mλ,µ

PΨ
(Γ)
Q

zx

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (a j, A j)2,p

(b j, B j)1,q


 (p, q) =

q−µλ

pµ
1

2πi

∫
L

B

(
λ −

ξ

µ
,
ξ

µ

)
(pq)ξ

P+1Ψ
(Γ)
Q

zq
p

∣∣∣∣∣∣∣∣∣
(a1, A1, t), (ξ, 1), (a j, A j)2,p

(b j, B j)1,q

 dξ (2.4)

and

Mλ,µ

{
Eρ,σ

(A j,B j)M
[zx]

}
(p, q) =

q−µλ

pµΓ(λ)

H0,1:1,1;1,1
1,0:1,M+1;1,1


−

zq
p

1
pq

∣∣∣∣∣∣∣∣∣
(0; 1, 1) : (1 − ρ, σ) ; (1 − λ, 1

µ
)

− : (0, 1), (1 − B j, A j)1,M ; (0, 1
µ
)

 (2.5)

here B(x, y) is the standards Euler-Beta function and provided both sided members of above
identities exist.

Proof. Considering (1.7), (1.8) and (1.9), we can obtain the results here from those in Theorems 1 and
2. �

3. Conclusions

In this work, we have established image of incomplete H-functions in the Srivastava-Luo-Raina
M-transform and obtained the images of some useful and important cases of incomplete H-function in
it. The results presented in this article are new and and can be utilized to derivative various new and
known results having applications in science and engineering.
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