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1. Introduction

Let A denotes the class of all function f(z) which are analytic in the open unit disk £ = {z € C :
|z| < 1} and normalized by f(0) = 0 and £(0) = 1, so each f € A has the Maclaurin’s series expansion
of the form:

fR=2+) a7 (1.1)
n=2

A function f : E — C is called univalent on E if f(z;) = f(z;) forall z; = 25,71, € E.Let SC A
be the class of all functions which are univalent in E (see [3]). Recall D c C is said to be a starlike
with respect to the point dy € D if and only if the line segment joining d, to every other pointd € D
lies entirely in D, while the set D is said to be convex if and only if it is starlike with respect to each of
its points. By §* and K we means the subclasses of § composed of starlike and convex functions. A
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function f € A is said to be starlike of order @, 0 < a < 1, if
R (Zf (2)

f@

A function f € A is said to be convex of order @, 0 < @ < 1, if

® [(Zf' @)

@

)>a/,zeE.

’

]>a,zeE.

In 1991, Goodman [4] introduced the class YCV of uniformly convex functions which was extensively
studied by Ronning and independently by Ma and Minda [1, 2]. A more convenient characterization
of class UCV was given by Ma and Minda as:

, z€UFL.

f(z)ewcw=f(z)eﬂand%{1+zf (Z)}> i @

@ @

In 1999, Kanas and Wisniowska [5, 6] introduced the class k—uniformly convex functions, k > 0,
denoted by kK — UCV and a related class k — ST as:

z2f (@)
@

fek—‘LIC(V:mf'ek—Sfi'(:)feAand%{(Zf(Z))}> , z€ E.

@

The class k — UCYV was discussed earlier in [7], see also [8] with same extra restriction and without
geometrical interpretation by Bharati et.al [8]. In 1985, Nasr et al., studied a natural extension of
classical starlikness in order terminology. We say that a function f(z) € A is in the class S*,y, k>0,

v € C\{0}, if and only if
1(zf (2) 1(zf (2)
R4— -1 k|- -1}, E.
{y( @ )} g 'y( @ )l ¢

Several author investigated the properties of the class, S,’;y and their generalizations in several direc-
tions for detail study see [4, 6, 9, 10, 11, 12, 13]. The convolution or Hadamard product of two function
f and g is denoted by f * g is defined as

[Se]

(f *)2) = ) anb,2",
n=0
where f(z) is given by (1.1) and g(z) = X,;2, 7",  (z € E).
If f(z) and g(z) are analytic in E, we say that f(z) is subordinate to g(z), written as f(z) < g(2),
if there exists a Schwarz function w(z), which is analytic in E with w(0) = 0 and [w(z)| < 1 such
that f(z) = g(w(z)). Furthermore, if the function g(z) is univalent in E, then we have the following
equivalence, see [3, 14].

f(2) < g(2) = f(0) =g(0) and f(E) C g(E). z€E.
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Note that the g-difference operator plays an important role in the theory of hypergeometric series and
quantum theory, number theory, statistical mechanics, etc. At the beginning of the last century studies
on g-difference equations appeared in intensive works especially by Jackson [33], Carmichael [32],
Mason [34], Adams [31] and Trjitzinsky [35]. Research work in connection with function theory and
g-theory together was first introduced by Ismail et al. [36]. Till now only non-significant interest in
this area was shown although it deserves more attention.

Many differential and integral operators can be written in term of convolution, for details we refer [21].
It is worth mentioning that the technique of convolution helps researchers in further investigation of
geometric properties of analytic functions.

For any non-negative integer n, the g-integer number n denoted by [n],, is defined by

[n]q: 1-6]’ [O]q:()

For non-negative integer n the g-number shift factorial is defined by

[n]g! = [114121,3],--[n]g.  ([0],! = 1).

We note that when ¢ — 1, [n]! reduces to classical definition of factorial. In general, for a non-integer
number ¢, [t], is defined by [7], = 11—qu’, [0], = 0. Throughout in this paper, we will assume ¢ to be a
fixed number between 0 and 1

The g-difference operator related to the g-calculus was introduced by Andrews et al. (see in [30] CH
10). For f € A, the g-derivative operator or g-difference operator is defined as.

Wg-1) 7

It can easily be seen that forn e N ={1,2,3,...}andz € E.

8,7" = [n, 27", 9, {Z anz"} = Z[n]qanz”_l.

n=1 n=1

0,f(2) = z€E,z#,q# 1.

Recently, Govindaraj and Sivasubramanian defined Salagean g-differential operator [28] as:
Let f € A, let Salagean g-differential operator

SOF@) = f@). Sef@ =20,f().  SIf@) =20,(SI7f2).

A simple calculation implies

§4 (@) = f(@) * Gym(2) (1.2)
Gyn(@) =2+ ) [l 2", (1.3)
n=2

Making use of (1.2) and (1.3), the power series of S f(z) for f of the form (1.1) is given by

(o)

S7f() =z+Z[n]Zlanz” (1.4)
n=2
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Note that

(o)

Limg1Gyn(2) = 2+ ) "2
n=2

[ee)
Limg ST f@) =2+ ) n"a,7"
n=2

which is the familiar Salagean derivative [29].
Taking motivation from the work shahid et.al [23], we introduce new subclass k — US(q, vy, m), of
analytic functions with the theory of g-calculus by using Salagean g-differential operator.

Definition 1.1. Let f(z) € A. Then f(z) is in the class k — US(q, y,m), vy € C\{0}, if it satisfies the

condition 5 gm 5 gm
9%{1 + 1(—Z R EAS) - 1)} > k‘l(—Z 0/ @ - 1)' z€E.
y\ S7f() Y\ §7/@)

By taking specific values of parameters, we obtain many important subclasses studied by various au-
thors in earlier papers. Here we inlist some of them.

(1) Form=0,g — 1l,andy = %ﬁ,ﬁ € C\{1}, the class k — US(q,y, m) reduce into the class SD(k, B)
studied by Shams et.al [24].

2)Form=0,g — 1,andy = ﬁ,ﬁ e C\{1}, the class k—US(q,y, m) reduces into the class KD(k, S3),
studied by Owa et.al [26].

(B3)Fork=1,m=0,qg - 1l,andy = #, B € C\{1}, the class k — US(q, y, m) reduce into the class
S,(B) studied by Ali et.al [27].

4 Fork=1,m=0,g > l,andy = ﬁ,ﬁ € C\{1}, the class k — US(q,y, m) reduces into the class
K, (B), studied by Ali et.al [27].

(5) Form = 0, g — 1, the class k — US(q,y, m) reduce into the class K — ST , introduced by Kanas
and Wisniowska [5].

(6) Fork=0,m=0,qg — 1,andy = ﬁg, B € C\{1}, the class k — US(q, y, m) reduce into the class
S*(B) , well-known class of starlike of order respectively.
Geometric Interpretation

A function f(z) € A is in the class k — US(q,y, m) if and only if
conic domain €, = py,(E), such that

2048 Z’f(z)

- takes all the values in the
$qf@

Qy =y + (1 - a),

Qk:{u+iv:u>k\/(u—1)2+v2}.

Since py,(z) is convex univalent, so above definition can be written as

where

20,57 f(2)

Spf P -

AIMS Mathematics Volume 2, Issue 4, 622-634



626

where
%?’ for k =0,
: 2
1+i—Z(log tﬁ) , fork =1,
Pry(2) =9 1+ =X; sinh? {(% arc?s k) arctan \/E}, forO <k <1, (1.6)
. pis 7} 1
1+1€2L_]Sln(mj(‘) 1—)52— mdx +#, fork > 1.

The boundary 0€) ,, of the above set becomes the imaginary axis when k = 0, while a hyperbola when
0 <k < 1. For k = 1 the boundary 0€ , becomes a parabola and it is an ellipse when k > 1 and in this
case where

— t
==V ek,
1 - iz

and ¢ € (0, 1) is chosen such that k = cosh (7K’(¢)/(4K(¢))). Here K(#) is Legender’s complete elliptic
integral of first kind and K'(t) = K( V1 — #2) and K’ (¢) is the complementary integral of K (¢) for details
see [5, 6, 14, 17]. Moreover, p;,(E) is convex univalent in E, see [5, 6]. All of these curves have the

. k+y
vertex at the point —.

2. Set of Lemmas

Each of the following lemmas will be needed in our present investigation.

Lemma 2.1. [18]. Let p(z) = X0 puZ" < F(2) = X0, du2" in E. If F(2) is convex univalent in E then
lpal < ldil, n>1. (2.1)

Lemma 2.2. [19]. Let k € [0, o) be fixed and let py,, be defined (1.6). If

Pry@) =1+ 012+ O’ + ... (2.2)
ol 0<k<l
0={ % k=1, (2.3)
2y
4(1+0) ViK2 (D (k>-1)° k>1,
A23+2 04, 0<k<l1
0,=1 301, k=1, (2.4)

4K2()(2+61+1)-n2

24K2()(1+1) Vi O, k>1,

where A = 2C0Ts_lk,cmd t € (0,1) is chosen such that k = cosh (ﬂllgt()t)) , K(¢t) is the Legendre’s complete

elliptic integral of the first kind.

Lemma 2.3. [20]. Let p(z) = 1 + Y,", c,2" € P, let p(z) be analytic in E and satisfy Re{p(z)} > 0 for z
in E, then the following sharp estimate holds

|e2 — pef| < 2max {1, 2u - 1}, YueC. (2.5)
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3. Main Results

In this section, we will prove our main results.

Theorem 3.1. Let f(z) € k — US(q,y,m). Then

< w -1
S f(z) < zexpf PoWEN =1, (3.1)
0 4
where w(z) is analytic in E with w(0) = 0 and |w(z)| < 1. Moreover, for |z| = p, we have
! -p)—1 S"f(2) ! -1
0 P 0 P

where py,(2) is defined by (1.6).

Proof. If f(z) € k — US(q,y, m) then using the identity (1.5), we obtain

20,84 @ 1 pry(w(@) - 1

Snf(z) z z (3-3)

For some function w(z) is analytic in E with w(0) = 0 and |w(z)| < 1. Integrating (3.3) and after some

simplification we have

S7f(z) < zexp f Z %dg. (3.4)
0

This proves (3.1). Noting that the univalent function py,(z) maps the disk |z] < p (0 < p < 1) onto a
region which is convex and symmetric with respect to the real axis, we see

Pir(=p 1) < R{pe,(w(p)} < prypld) O <p<1, z€E). (3.5)

Using (3.4) and (3.5) gives

1 _ -1 1 -1 1 -1
f Pry(=p 2z dp <R f Proy(w (0 (2) dp < f PryP2) dp.
0 P 0 P 0 P

for z € E. Consequently, subordination (3.4) leads us to

1 - -1 S"f(z
f Pry(—p 2]) dp < log 7S (@)
0

1
-1
< f Piy(p 2] dp
1Y 0

ol

Piy(=P) < Py (=p12), Pry(pl2]) < pry(p)

1 _ _ 1 1 _ 1
exp f Piy(7F) dp < <exp f p—k,y(p) dp.
0 P 0 P

this completes the proof. O

implies that

S7f@)
4
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Theorem 3.2. If f(z) € k — US(q,y, m). Then

lay| £ ————, (3.6)
(21 {121, - 1}
and
n-2
n = 3,4, 37
la|<[n]’” (i1, ,:1( [J+1]q—1) orn 7
where 6 = |Q| with Q, is given by (2.3).
Proof. Let
20,57 f(2)
— = . 3.8
ST p() (3.8)

where p(z) is analytic in E and p(0) = 1.Let p(z) = 1 + X7, ¢,2" and S 7 f(z) 1s given by (1.4). Then
(3.8) becomes

2+ ) [nlp*a, " = (Z cnz”] (z + Z[n]?anz”] :
n=2 n=0 n=2
Now comparing the coefficients of 7", we obtain

n—1
1 .
[n]y" an = [n]}a, + Z[J];"a,-cn_,--
j=1

which implies

n—1

a, = (l n—
[n]m B 1 J Jt

Fl

Using the results that |c,| < |Q;| given in ([17]), we have

ja,| < ————— me .

[n]’” [ ]q =
Let us take 6 = |Q;|. Then we have

L1 Jay]. (3.9)

For n = 2in (3.9), we have

S (3.10)
217 {121, - 1}

which shows that (3.7) holds for n = 2. To prove (3.7) we use principle of mathematical induction, for

this, consider the case n = 3

las| < {1+ 2] lazl}.

(317 {131, - 1]
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Using (3.10), we have
0

o
—{1 B —
BB, -1} 21
which shows that (3.7) holds for n = 3. Let us assume that (3.7) is true for n < t, that is,

(1 + L), forn=3,4,....
[j+1],-1

laz| <

).

[\

1—

5
ey {11, — 1}

la;| <

I
—_

consider
5 m m m m
|%ns[ ”{[lllﬂumhmumbmummm+wmmq
t+ 14+ 1], —
q q
) [ )
5 1+ 3,1 + 31,1 (1 + [z]q—1) + ...
<

t+ 117+ 1], -1 5 -2 s
L+ 113 {[ by } +a7o [ (1 + [j+1]q—1)

5 t—1
_[r+1]g{[r+1]q—1};[( J+1 1)

which proves the assertion of theorem n = ¢t + 1. Hence (3.7) holds for all n, n > 3.
This completes the proof.

O

Theorem 3.3. Let 0 < k < oo be fixed and let f(z) € k — US(q,y, m) with the form (1.1) then for a
complex number u

|as — pad| < a max [1,2v - 1], (3.11)
21317 {131, - 1}
where
31" {[3], - 1
1 1—@—dl[ ! —u[]q{[]q }} (3.12)
"2 di {21, -1} “2n210 {121, - 1

Q1 and Q, are given by (2.3) and (2.4).

Proof. Let f(z) € k—US(q,y, m), then there exists Schwarz function w(z), with w(0) = 0 and |w(z)| < 1

such that
20,57 f(2)

Snf(2)
Let p(z) € P be a function defined as

= pry(W(z)) z€E. (3.13)

1 +w(2)

—w(2)

=1+ciz+07 +..

p(z) =

This gives
2

_a Lo Gy
W(Z)—2Z+2(C2 2)1 + ...
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and 0 1 )
0 c c
PryW(@) = L+ =2+ { e 51>Q1}z2 o
20,57 f(2) N § 2
Sqm—;i(z) = 1+ 217 {121, - farz + {[3]q {31, - 1}as = (1217 {121, - 1}a§}z2
Using (3.14) in (3.13) and coparing with (3.15), we obtain
_ Oicy
a) = .
20217 {121, - 1
and

_ 1 010 C_% _ Q%
as = [3]21 {[3]q - 1} { 2 + 4 [Qz O+ —{[Z]q - 1}]}

For any complex number  and after some calculation we have

O
20317 {131, - 1

v:ll_%_g[ I _ﬂ[:s];"{[a]q—l}J
21 o -1 Teerfe, -1

Using a lemm(2.5) on (3.16) we have the required results.

2 _

} {cz - vc%},

where

Theorem 3.4. If a function f(z) € A has the form (1.1) satisfies the condition

S {tndy = 1) e+ D + ) |in? aal <

n=2

then f(z) € k — US(q,y, m).

Proof. Let we note that

20,80 f(2) =S f(@)] | Znmalnly {[n]q - 1} a,7"

20,8412 1'
Srf()

Srf(2)

s |ty {inly = 1) al
1= 302, |l lanl

2+ Ylnlyan

From (3.17) it follows that

(o)

1= |in12]la,l > 0.

n=2

AIMS Mathematics Volume 2, Issue 4,
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To show that f(z) € k — US(q,y, m) it is suffies that

(S L)
Y ’”f(Z) ’"f(z)

k (20,57 f(2) 20,57 f(2)
-1]|-R -1

e -2 G e )
k |20, f(2) 1‘+ 1 20,57 f(2) 1|

Y ’"f(z) Iyl mf(z)

(k+1) 20,54/ @) 1' 20,85 () = S f(2)
| Srf) - Smf(z)

&+ 1) o [l {1l = 1)l
1= |l lal

From (3.18), we have

IA
—_

Because from (3.8).
O

Wheng —» 1,m =0,y =1 —a, with 0 < @ < 1, then we have the following known result, proved
by Shams et-al. in [24].

Corollary 3.1. A function f € A and of the form (1.1) is in the class k — US (1 — 2a), if it satisfies the
condition

Z{n(k+ D=(k+a)la,l<1-a
n=2

where 0 < a < 1 and k > 0.
Wheng — 1,m=0,y=1-a,with0 < a < 1 and k = 0, then we have the following known result,
proved by Selverman in [25]

Corollary 3.2. A function f € A and of the form (1.1) is in the class 0 — US (1 — «,), if it satisfies the
condition

Zn alla,| £ 1 -« O0<a<l.

n=2
Theorem 3.5. Let f(z) € k — US(q,y,m). Then f(E) contains an open disk of radius

21" {121, - 1}
2210 {[21, - 1} + 6

where Q, is given by (2.3)
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Proof. Let wy # 0 be a complex number such that f(z) # wy for z € E. Then
wof(z 1
f@) = /@ :z+(a2+—)z2+...
wo — f(2) Wo
since fi(z) is univalent, so

<2

a + —
Wo

know using (3.6), we have

‘L < 21217 {121, - 1} +6
wol = p21 {12, - 1]
hence we have.
(217 {121, - 1]
lwo| =

21217 {[21, - 1} + 6
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