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1. Introduction

In this paper, we consider the following unconstrained finite minimax problem:

min
x∈Rn

f (x) := max
i∈I

fi(x), (1.1)

where each function fi : Rn → R is continuously differentiable, and I := {1, 2, . . . ,m}. From a theoretical
point of view, minimax optimization problems are closely related to many optimization problems,
including nonlinear programming [1], systems of nonlinear equations [2], linear complementarity
problems [3], and multiobjective optimization problems [4]. Such problems also arise in a wide range of
applications, such as structural optimization [5], data fitting [6], location problems [7–9], and resource
allocation [10].
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Existing methods for finite minimax problems can be broadly divided into two classes. The first class
consists of nonsmooth optimization methods, including subgradient methods [11] and bundle methods [12,13].
These methods usually employ negative subgradient directions as descent directions. However, directly solving
the nonsmooth problem may fail to guarantee convergence to a stationary point in practical computations. To
overcome this limitation, smoothing methods have been developed. The basic idea is to approximate f by a
family of smooth functions and thereby transform (1.1) into a sequence of smooth parameterized optimization
problems. Because the smoothed functions provide first- and second-order information, mature smooth
optimization techniques can be applied, leading to stronger convergence guarantees and faster convergence
rates than direct nonsmooth methods. In recent years, several strategies have also been investigated for
large-scale or related minimax optimization, including active-set smoothing methods [14] and smoothing
schemes combined with quasi-Newton solvers [15]. Their common idea is to avoid full-scale computations at
each iteration by selecting relevant component functions or by approximating curvature information without
forming exact Hessians, respectively.

According to the smoothing strategy, smoothing methods for finite minimax problems can be divided
into local smoothing methods and global smoothing methods. Local smoothing methods [15–18] smooth the
objective function only near kink points, namely points at which the objective function is nondifferentiable.
Nevertheless, local smoothing may generate spurious local minimizers caused by combinations of adjacent
shallow local minimizers. To avoid this drawback, global smoothing methods have received considerable
attention.

Among global smoothing methods, the exponential smoothing function has been widely studied [19–23].
Based on the maximum-entropy principle, Li [19] proposed the aggregate smoothing function

µ log

 m∑
i=1

e fi(x)/µ

 ,
where µ is the smoothing parameter. Polak et al. [20] proposed an adaptive smoothing rule for finite
minimax problems, and Polak et al. [21] incorporated an active-index strategy into the smoothing
framework. Guo and Wan [23] proposed a smoothing three-term conjugate gradient algorithm for
large-scale minimax problems. However, the exponential smoothing function may suffer from numerical
overflow, especially when the number of component functions is large. Xiao and Yu [22] proposed a
truncated aggregate smoothing Newton–Armijo method that smooths only the component functions
close to f at the current iteration, thereby reducing the computational cost. Nevertheless, this truncation
does not eliminate the overflow risk inherent in the exponential function.

Another important global smoothing tool is the hyperbolic smoothing function [24, 25]

φτ(x) =
x +
√

x2 + τ2

2
. (1.2)

It is a smooth approximation of the plus function max{0, x} = (x + |x|)/2. Bagirov et al. [24, 25]
introduced this function for minimax problems and compared the resulting method with local smoothing,
exponential smoothing, and nonlinear programming approaches. The numerical results indicate that the
hyperbolic smoothing approach is robust for nonconvex small-scale problems and is more numerically
stable than exponential smoothing. In recent years, hyperbolic smoothing techniques have also been
applied to a wider class of nonsmooth optimization models.
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Although exponential smoothing functions generally provide tighter approximations to the original
nonsmooth function, hyperbolic smoothing functions do not involve exponential terms and therefore
avoid exponential overflow in practical computations. Therefore, it is worthwhile to investigate
hyperbolic smoothing methods for finite minimax problems.

When the number of component functions is large, owing to the aggregate term in the original
hyperbolic smoothing function (3.6), the main computational burden of the original hyperbolic
smoothing methods [24, 25] for finite minimax problems arises from the repeated evaluations of the
gradients and Hessian matrices of all component functions at each iteration. Consequently, the
computational cost of the original methods increases significantly as the number of component
functions grows. A similar difficulty arises in exponential smoothing methods. To reduce this cost, a
truncation strategy was adopted in [22]. However, exponential smoothing methods require exponential
evaluations and may suffer from numerical overflow in practical computations. To overcome the
computational limitations of conventional hyperbolic smoothing methods, we incorporate the truncation
strategy proposed in [22] into the hyperbolic smoothing framework and develop a truncated hyperbolic
smoothing Newton method for finite minimax problems. Compared with the existing nontruncated
hyperbolic smoothing methods, the proposed method has three distinctive features: At the modeling
level, only the component functions which satisfy the truncation criterion are retained in the
construction of the truncated hyperbolic smoothing model; at the theoretical level, gaps between the
gradients and Hessian matrices of the original and truncated smoothing functions are established, and
these estimates yield a rule for selecting the truncation parameter; and at the algorithmic level, the
proposed method reduces the cost of component function evaluations at each iteration and is proved to
be globally convergent and to have a local quadratic convergence rate.

The main contributions of this paper are summarized as follows.

• A truncated hyperbolic smoothing Newton method is proposed for solving finite minimax problems
with a large number of component functions. Under the rule of choosing the truncation parameter,
the global convergence and the local quadratic convergence rate of the method are proved.

• Numerical experiments show that the proposed method can reduce CPU time while maintaining
comparable accuracy. By introducing a truncation strategy into the hyperbolic smoothing method,
the proposed method reduces the number of component functions, which in turn lowers the cost of
computing gradients and Hessian matrices.

The remainder of this paper is organized as follows. Section 2 introduces the notation and basic
properties of the hyperbolic smoothing function. Section 3 gives an equivalent reformulation of (1.1)
and studies the associated hyperbolic smoothing approximation. Section 4 introduces the truncated
smoothing function and presents the corresponding truncation analysis. Section 5 presents the truncated
hyperbolic smoothing Newton method and establishes convergence results. Section 6 reports numerical
experiments. Section 7 presents a sensitivity analysis of the proposed method with respect to the
truncation parameter. Section 8 concludes the paper.

2. Preliminaries

Throughout this paper, N denotes the set of non-negative integers, and Rn denotes the n-dimensional
Euclidean space. The vector 0n is the zero vector in Rn. The inner product and Euclidean norm are
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denoted by ⟨·, ·⟩ and ∥ · ∥, respectively. For x∗ ∈ Rn and ε > 0, let

Oε(x∗) = {x ∈ Rn | ∥x − x∗∥ < ε}.

For a set A ⊂ Rn, co(A) denotes its convex hull, |A| denotes its cardinality, and ∅ denotes the empty set.
For component functions fi : Rn → R, define

γ(x) := max
i∈I
∥∇ fi(x)∥, ω(x) := max

i∈I
∥∇2 fi(x)∥.

For a square matrix B, σmin(B), σmax(B), and cond(B) denote its smallest eigenvalue, largest eigenvalue,
and condition number, respectively. The active index set of (1.1) at x is

I(x) := { j ∈ I | f j(x) = f (x)}. (2.1)

For a scalar c, the lower level set of f is

L f ,c = {x ∈ Rn | f (x) ≤ c}.

Definition 1. Let f : Rn → R. The function f is said to be locally Lipschitz continuous at x∗ if there
exist constants ε > 0 and L > 0 such that

| f (x) − f (y)| ≤ L∥x − y∥, ∀x, y ∈ Oε(x∗).

If f is locally Lipschitz continuous at every point of Rn, then f is called a locally Lipschitz function.

Definition 2. Let f : Rn → R. A point x∗ ∈ Rn is called a local minimizer of f if there exists ε > 0 such
that

f (x∗) ≤ f (x), ∀x ∈ Oε(x∗).

Definition 3. Let f : Rn → R be locally Lipschitz continuous. A point x∗ ∈ Rn is called a Clarke
stationary point of f if

0n ∈ ∂ f (x∗),

where ∂ f (x∗) denotes the Clarke subdifferential. If f is differentiable at x∗, then ∂ f (x∗) = {∇ f (x∗)}.

For the plus function
θ(x) = max{0, x}, x ∈ R, (2.2)

we consider the hyperbolic smoothing function proposed in [24, 25]:

φτ(x) =
x +
√

x2 + τ2

2
, x ∈ R, (2.3)

where τ > 0.

Proposition 1 ([25]). The function φτ has the following properties:

(i) φτ is monotonically increasing, convex, and infinitely differentiable;

(ii) for any x ∈ R, θ(x) < φτ(x) ≤ θ(x) + τ/2.
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3. Hyperbolic smoothing

In this section, we present a reformulation of the minimax problem and prove, by a new approach,
several results established in [25] for the reformulated problem.

Problem (1.1) can be equivalently written as

min
(x,t)∈Rn+1

{t | fi(x) − t ≤ 0, i ∈ I}. (3.1)

Using an exact penalty formulation, (3.1) is related to

min
(x,t)∈Rn+1

Fξ(x, t) = t + ξ
∑
i∈I

max{0, fi(x) − t}. (3.2)

In what follows, it is sufficient to consider ξ = 1, namely

min
(x,t)∈Rn+1

F(x, t) := t +
∑
i∈I

max{0, fi(x) − t}. (3.3)

Proposition 2 ([25]). Let f be defined by (1.1). Then,

f (x) = min
t∈R

F(x, t).

Remark 1. Proposition 2 states that minimizing f is equivalent to minimizing F(x, t) with t = f (x).

For a given (x, t) ∈ Rn+1, decompose I as

I = I1 ∪ I2 ∪ I3,

where
I1 = {i ∈ I | fi(x) < t}, I2 = {i ∈ I | fi(x) = t}, I3 = {i ∈ I | fi(x) > t}.

Let Hi(x, t) = max{0, fi(x) − t}. Then,

∂Hi(x, t) =


{0n+1}, i ∈ I1,

co{0n+1, (∇ fi(x),−1)}, i ∈ I2,

{(∇ fi(x),−1)}, i ∈ I3.

Hence,
∂F(x, t) = {(0n, 1)} +

∑
i∈I2

co {0n+1, (∇ fi(x),−1)} +
∑
i∈I3

(∇ fi(x),−1). (3.4)

Proposition 3. The following statements hold.

(i) If x∗ ∈ Rn is a stationary point of f , then (x∗, f (x∗)) is a stationary point of F.

(ii) If (x∗, t∗) is a stationary point of F, then x∗ is a stationary point of f .
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Proof. (i) Let x∗ be a stationary point of f . Set

t∗ = f (x∗) = max
i∈I

fi(x∗).

Then, t∗ ≥ fi(x∗) for all i ∈ I, and
I∗3 = I3(x∗, t∗) = ∅.

Moreover, I∗2 = I2(x∗, t∗) , ∅ because at least one component function is active at x∗; otherwise,
fi(x∗) < t∗ for all i ∈ I, contradicting t∗ = f (x∗). Therefore, the subdifferential of F at (x∗, t∗) is

∂F(x∗, t∗) = {(0n, 1)} +
∑
i∈I∗2

co{0n+1, (∇ fi(x∗),−1)}.

For the point (x∗, t∗), we have I(x∗) = I∗2. Because x∗ is a stationary point of f , it follows that

0n ∈ co{∇ fi(x∗) | i ∈ I∗2},

which implies that there exist λi ≥ 0 (i ∈ I∗2) and i ∈ I∗2 such that∑
i∈I∗2

λi = 1,
∑
i∈I∗2

λi∇ fi(x∗) = 0n. (3.5)

It follows that
∂F(x∗, t∗) ∋ (0n, 1) +

∑
i∈I∗2

(1 − λi)0n+1 +
∑
i∈I∗2

λi(∇ fi(x∗),−1)

=

∑
i∈I∗2

λi∇ fi(x∗), 1 −
∑
i∈I∗2

λi

 = 0n+1.

Thus, (x∗, t∗) is a stationary point of F.

(ii) Let (x∗, t∗) be a stationary point of F. According to the definitions of I∗1 = I1(x∗, t∗), I∗2 = I2(x∗, t∗),
and I∗3 = I3(x∗, t∗), we consider the following three cases.

Case 1. Suppose that t∗ > f (x∗) = maxi∈I fi(x∗). Then, t∗ > fi(x∗) for all i ∈ I, so that I∗2 = I∗3 = ∅.
By (3.4),

∂F(x∗, t∗) = {(0n, 1)}.

Thus, 0n+1 < ∂F(x∗, t∗), contradicting the stationarity of (x∗, t∗).

Case 2. Suppose that t∗ = f (x∗). Then, t∗ ≥ fi(x∗) for all i ∈ I. Hence, I∗2 , ∅, and I∗3 = ∅. From
(3.4), it follows that

∂F(x∗, t∗) = {(0n, 1)} +
∑
i∈I∗2

co{0n+1, (∇ fi(x∗),−1)}.

Because 0n+1 ∈ ∂F(x∗, t∗), there exist λi ∈ [0, 1], i ∈ I∗2, such that

0n+1 = (0n, 1) +
∑
i∈I∗2

(1 − λi)0n+1 +
∑
i∈I∗2

λi(∇ fi(x∗),−1),
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which yields ∑
i∈I∗2

λi∇ fi(x∗) = 0n,
∑
i∈I∗2

λi = 1.

Therefore, 0n ∈ co{∇ fi(x∗) | i ∈ I∗2} = ∂ f (x∗), and x∗ is a stationary point of f .

Case 3. Suppose that t∗ < f (x∗). Then, I∗3 , ∅, and |I∗3 | ≥ 1. In this case, (3.4) gives

∂F(x∗, t∗) =


∑

i∈I∗3

∇ fi(x∗), 1 − |I∗3 |


 +∑

i∈I∗2

co{0n+1, (∇ fi(x∗),−1)}.

Because (x∗, t∗) is stationary for F, there exist λi ∈ [0, 1], i ∈ I∗2 such that

0n+1 =

∑
i∈I∗3

∇ fi(x∗) +
∑
i∈I∗2

λi∇ fi(x∗), 1 − |I∗3 | −
∑
i∈I∗2

λi

 .
Hence,

0 = 1 − |I∗3 | −
∑
i∈I∗2

λi ≤ 1 − |I∗3 | ≤ 0.

It follows that |I∗3 | = 1, and
∑
i∈I∗2

λi = 0. Thus, I∗3 is a singleton. Let I∗3 = { j}. Then, the first

component of the above equality gives

∇ f j(x∗) = 0n.

Because I(x∗) = I∗3 = { j} in this case, f is differentiable at x∗, and 0n ∈ ∂ f (x∗). Therefore, x∗ is a
stationary point of f .

□

Remark 2. The proof of Proposition 3 shows that if (x∗, t∗) ∈ Rn+1 is a stationary point of F, then
only the cases t∗ = f (x∗) and t∗ < f (x∗) can occur. In the second case, the set I∗3 degenerates into a
singleton, and hence, I(x∗) is also a singleton. Thus, f is differentiable at x∗. In minimax problems,
most stationary points are kink points, that is, points where f is nondifferentiable. This indicates that
for most stationary points of minimax problems, one usually has t∗ = f (x∗). Consequently, almost all
stationary points (x∗, t∗) of F can be represented as (x∗, f (x∗)).

Proposition 4 ([25]). (i) If x∗ ∈ Rn is a local minimizer of f , then (x∗, f (x∗)) is a local minimizer of
F.

(ii) If (x∗, t∗) is a local minimizer of F, then x∗ is a local minimizer of f .

Applying (2.3) to (3.3), define the hyperbolic smoothing approximation

Φτ(x, t) = t +
∑
i∈I

fi(x) − t +
√

( fi(x) − t)2 + τ2

2
, τ > 0. (3.6)

Its gradient is
∇Φτ(x, t) = (G1τ(x, t),G2τ(x, t)), (3.7)
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where
G1τ(x, t) =

1
2

∑
i∈I

(1 + βiτ(x, t))∇ fi(x), (3.8)

G2τ(x, t) = 1 −
|I|
2
−

1
2

∑
i∈I

βiτ(x, t), (3.9)

with
βiτ(x, t) =

fi(x) − t√
( fi(x) − t)2 + τ2

. (3.10)

Remark 3. Although the truncated aggregate exponential smoothing method has a certain theoretical
advantage in approximation accuracy, the hyperbolic smoothing function has a simpler computational
structure and requires no exponential evaluations. Moreover, the truncation strategy reduces the
number of component gradients and Hessian matrices evaluated at each iteration. These computational
advantages are reflected in the numerical results in Section 6: Tables 1–3 show that the truncated
hyperbolic smoothing Newton method proposed in this paper generally achieves objective values
comparable to those obtained by the truncated aggregate exponential smoothing method proposed
in [22] while requiring less CPU time, especially when the number of component functions is large.
Tables 4 and 5 further indicate that this advantage is generally maintained as the number of variables
or component functions increases.

Proposition 5 ([25]). For any x ∈ Rn and t ∈ R,

0 < Φτ(x, t) − F(x, t) ≤
|I|τ
2
=

mτ
2
.

Proposition 6 ([25]). If fi : Rn → R, i ∈ I are continuously differentiable, and ∇ fi are locally Lipschitz
continuous, then for each fixed τ > 0, ∇Φτ is locally Lipschitz continuous.

Proposition 7 ([25]). Assume that fi, i ∈ I are twice continuously differentiable, and let Q ⊂ Rn+1 be
bounded. Then, for any (x, t) ∈ Q and u = (y, s) ∈ Rn+1, there exists L < ∞ such that

⟨u,∇2Φτ(x, t)u⟩ ≤ L∥u∥2.

Proposition 8 ([25]). If v = lim
τ→0
∇Φτ(x, t) exists, then v ∈ ∂F(x, t).

Remark 4. Proposition 7 implies that Φτ is L-smooth on bounded sets. Similarly, by replacing Φτ with
Φ̄τ in Proposition 7, one can show that Φ̄τ is also L-smooth with the same Lipschitz constant L.

4. Truncated hyperbolic smoothing

For x ∈ Rn and µ > 0, define the truncated index set

Ī = {i ∈ I | f (x) − fi(x) ≤ µ}. (4.1)

Because Ī ⊂ I, the truncated hyperbolic smoothing function is

Φ̄τ(x, t) = t +
∑
i∈Ī

fi(x) − t +
√

( fi(x) − t)2 + τ2

2
. (4.2)
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Proposition 9. Let Φ̄τ and Φτ be defined in (4.2) and (3.6), respectively. Then, at (x̄, f (x̄)), the following
estimates hold:

(i) Function value gap:

0 ≤ |Φτ(x̄, f (x̄)) − Φ̄τ(x̄, f (x̄))| ≤
(m − 1)(

√
µ2 + τ2 − µ)
2

.

(ii) Gradient gap:

0 ≤ ∥∇Φτ(x̄, f (x̄)) − ∇Φ̄τ(x̄, f (x̄))∥ ≤
1
2

(m − 1)

1 − µ√
µ2 + τ2

 (γ(x̄) + 1).

(iii) Hessian gap:

0 ≤ ∥∇2Φτ(x̄, f (x̄)) − ∇2Φ̄τ(x̄, f (x̄))∥

≤
1
2

(m − 1)

1 − µ√
µ2 + τ2

ω(x̄) +
1
2

(m − 1)
τ2

(µ2 + τ2)3/2 (γ(x̄)2 + 1).

Proof. (i) Clearly, |I \ Ī| ≤ |I| − 1 = m − 1. Because t = f (x̄) and i ∈ I \ Ī imply f (x̄) − fi(x̄) > µ, we
have

|Φτ(x̄, f (x̄)) − Φ̄τ(x̄, f (x̄))|

=
∑
i∈I\Ī

fi(x̄) − f (x̄) +
√

( fi(x̄) − f (x̄))2 + τ2

2

≤ (m − 1)

√
µ2 + τ2 − µ

2
.

(ii) From (3.7)–(3.10),

∥∇Φτ(x̄, f (x̄)) − ∇Φ̄τ(x̄, f (x̄))∥

=

∥∥∥∥∥∥∥∥
1
2

∑
i∈I\Ī

(1 + βiτ(x̄, f (x̄)))∇ fi(x̄),−
1
2
|I \ Ī| −

1
2

∑
i∈I\Ī

βiτ(x̄, f (x̄))


∥∥∥∥∥∥∥∥

≤
1
2

∑
i∈I\Ī

(1 + βiτ(x̄, f (x̄)))∥(∇ fi(x̄),−1)∥

≤
1
2

(m − 1)

1 − µ√
µ2 + τ2

 (γ(x̄) + 1).

(iii) By the definition of the Hessian matrix, the difference between the full and truncated Hessians
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is contributed only by indices in I \ Ī. Hence,

∥∇2Φτ(x̄, f (x̄)) − ∇2Φ̄τ(x̄, f (x̄))∥

=

∥∥∥∥∥∥∥∥1
2

∑
i∈I\Ī

(1 + βiτ(x̄, f (x̄)))
(
∇2 fi(x̄) 0

0 0

)
+

1
2

∑
i∈I\Ī

µiτ(x̄, f (x̄))(∇ fi(x̄),−1)T (∇ fi(x̄),−1)

∥∥∥∥∥∥∥∥
≤

1
2

∑
i∈I\Ī

(1 + βiτ(x̄, f (x̄)))ω(x̄) +
1
2

∑
i∈I\Ī

µiτ(x̄, f (x̄))(γ(x̄)2 + 1)

≤
1
2

(m − 1)

1 − µ√
µ2 + τ2

ω(x̄) +
1
2

(m − 1)
τ2

(µ2 + τ2)3/2 (γ(x̄)2 + 1),

where

µiτ(x, t) =
τ2(

( fi(x) − t)2 + τ2)3/2 .

□

Motivated by the preceding propositions, we now present the following selection rule for the
truncation parameter.

Corollary 1. Suppose that γ(x) and ω(x) are bounded on Q, where Q ⊂ Rn is bounded; namely, there
exist constants γ and ω such that

γ ≥ max
x∈Q
γ(x), ω ≥ max

x∈Q
ω(x).

For any x ∈ Q, τ > 0, ε1 > 0, and ε2 > 0, if µ satisfies

µ ≥ max

τ
(
(m − 1)(γ + 1) − 2ε1

2ε1

)
,

√√
τA(m − 1)(√

2ε2 − τA(m − 1) −
√
τA(m − 1)

)2 − τ
2

 , (4.3)

where A = max{ω/2, γ2 + 1}, then

∥∇Φτ(x, f (x)) − ∇Φ̄τ(x, f (x))∥ ≤ ε1,

∥∇2Φτ(x, f (x)) − ∇2Φ̄τ(x, f (x))∥ ≤ ε2.

Proof. Because µ + τ ≥
√
µ2 + τ2, by Proposition 9, we get

∥∇Φτ(x, f (x)) − ∇Φ̄τ(x, f (x))∥

≤
(m − 1)(γ + 1)

2

1 − µ√
µ2 + τ2

 ≤ (m − 1)(γ + 1)
2

(
1 −

µ

µ + τ

)
=

(m − 1)(γ + 1)τ
2(µ + τ)

≤ ε1,

which implies that

µ ≥ τ

(
(m − 1)(γ + 1) − 2ε1

2ε1

)
.
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Similarly,
∥∇2Φτ(x, f (x)) − ∇2Φ̄τ(x, f (x))∥

≤
1
2

(m − 1)

1 − µ√
µ2 + τ2

ω + 1
2

(m − 1)
τ2

(µ2 + τ2)3/2 (γ2 + 1)

≤
1
2

(m − 1)
τω√
µ2 + τ2

+
1
2

(m − 1)
τ

µ2 + τ2 (γ2 + 1)

≤
1
2

(m − 1)τA

 2√
µ2 + τ2

+
1

µ2 + τ2

 .
Thus, it is sufficient that

2√
µ2 + τ2

+
1

µ2 + τ2 ≤
2ε2

(m − 1)τA
.

Solving this inequality yields

µ2 + τ2 ≥
τA(m − 1)(√

2ε2 − τA(m − 1) −
√
τA(m − 1)

)2 .

Because µ > 0, it follows that

µ ≥

√√
τA(m − 1)(√

2ε2 − τA(m − 1) −
√
τA(m − 1)

)2 − τ
2.

Combining the two lower bounds gives (4.3). The proof is complete. □

5. A truncated hyperbolic smoothing Newton method

From Section 3 and Proposition 5, solving (1.1) is closely related to solving the smoothed
minimization problem

min
x∈Rn
Φτ(x, f (x)), (5.1)

where

Φτ(x, f (x)) = f (x) +
∑
i∈I

fi(x) − f (x) +
√

( fi(x) − f (x))2 + τ2

2
.

Choose an initial point x0 ∈ R
n and parameters p0 > 0, p̂ ≫ 1, rk > 0, α ∈ (0, 0.5), β, κ1 ∈ (0, 1),

η ∈ (0, (1 − α)κ21), and δ > 0. Let γ ≥ maxx∈Q γ(x), and ω ≥ maxx∈Q ω(x). Let ε1(p), ε2(p), σ(p) :
(0,∞)→ (0,∞) satisfy limp→+∞ σ(p) = 0, ε1(p) = ησ(p), ε2(p) > 0, and let limk→+∞ rk = 0. Define

θ(x, t) = max{0, δ − e(x, t)},

where e(x, t) denotes the smallest eigenvalue of ∇2Φ̄τ(x, t). Set

B(x, t) = θ(x, t)I + ∇2Φ̄τ(x, t). (5.2)
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Algorithm 1 Truncated hyperbolic smoothing Newton method
1: Step 1. Set k = ℓ = 0, s = 1, xℓk = x0, and τ0 = 1/p0.
2: Step 2. Compute µ and Ī according to (4.3) and (4.1), respectively. Compute

tℓk = f (xℓk) = max
j∈I

f j(xℓk), τk =
1
pk
.

3: if ∥∇Φ̄τk (xℓk , t
ℓ
k)∥ > σ(pk) then

4: Step 3. Compute B(xℓk , t
ℓ
k) according to (5.2). Perform the Cholesky factorization

B(xℓk , t
ℓ
k) = RRT ,

and compute the reciprocal condition number κ0 of R.
5: if κ0 ≥ κ1 then
6: Go to Step 4.
7: else
8: Go to Step 5.
9: end if
10: Step 4. Compute

hℓk = −B(xℓk , t
ℓ
k)−1∇Φ̄τk (xℓk , t

ℓ
k),

and go to Step 6.
11: Step 5. Compute

hℓk = −∇Φ̄τk (xℓk , t
ℓ
k),

and go to Step 6.
12: Step 6. Use a backtracking procedure to compute the largest stepsize λℓk = β

q, q ∈ N, satisfying

Φτk
(
(xℓk , t

ℓ
k) + λℓkhℓk

)
− Φτk (xℓk , t

ℓ
k) ≤ αλℓk

〈
∇Φ̄τk (xℓk , t

ℓ
k), hℓk

〉
.

13: Step 7. Compute
(xℓ+1

k , t
ℓ+1
k ) = (xℓk , t

ℓ
k) + λℓkhℓk ,

set ℓ = ℓ + 1, and update
tℓ+1
k = f (xℓ+1

k ) = max
j∈I

f j(xℓ+1
k ).

14: if ∣∣∣Φτk (xℓ+1
k , t

ℓ+1
k ) − Φτk (xℓk , t

ℓ
k)
∣∣∣ ≤ rk

or ∥∥∥∇Φ̄τk (xℓ+1
k , t

ℓ+1
k )

∥∥∥ ≤ σ(pk),
then

15: break.
16: else
17: Go to Step 3.
18: end if
19: else
20: Go to Step 8.
21: end if
22: Step 8.
23: if s , 1 then
24: Update pk+1 = s(k + 2), set k = k + 1 and ℓ = 0, and go to Step 2.
25: else
26: Go to Step 9.
27: end if
28: Step 9.
29: if pk ≤ p̂ then
30: Update pk+1 = pk + 1000, set k = k + 1 and ℓ = 0, and go to Step 2.
31: else
32: Update

s = max
{

2,
p̂ + 1
k + 1

}
, pk+1 = max{pk + 1, s(k + 2)},

set k = k + 1 and ℓ = 0, and go to Step 2.
33: end if

Remark 5. For some problem instances, the choices of {τk} and σ(pk) are important. If τk tends to
zero too rapidly, the intrinsic ill-conditioning of the smoothed subproblem may become severe, and
more inner iterations may be required. At the same time, τk must be sufficiently small relative to σ2(pk)
to ensure the desired descent properties. This trade-off is also reflected in Lemma 1, particularly in
Assertion (iii).

Assumption 1. For any given initial point x0 ∈ R
n, the level set L f ,c is bounded, where

c = Φτ0(x0, f (x0)).
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Assumption 2. For each i ∈ I, the function fi is twice continuously differentiable.

Remark 6. Assumption 1 is mild and can be easily verified in many practical problems. In particular,
it holds whenever f is coercive. For f (x) = maxi∈I fi(x), it is sufficient that at least one component
function fi be coercive.

Lemma 1. Suppose that Assumption 1 holds. Let the sequence {(xℓk, f (xℓk))} be generated by Algorithm 1.
For any xℓk ∈ L f ,c satisfying

∥∇Φ̄τk(xℓk, f (xℓk))∥ > σ(pk),

the following assertions hold:

(i) The gradient gap satisfies

−η∥∇Φ̄τk(xℓk, f (xℓk))∥ ≤ ∥∇Φτk(xℓk, f (xℓk)) − ∇Φ̄τk(xℓk, f (xℓk))∥ ≤ η∥∇Φ̄τk(xℓk, f (xℓk))∥.

(ii) The line search terminates after finitely many reductions, and the stepsize λℓk ∈ (λ⋆β, λ⋆), where
λ⋆ = min

{
2κ2((1 − α)κ21 − η)/L, 1

}
and κ2 = min{δ, 1}.

(iii) If σ2(pk) > mτk(L + δ)/(αλ⋆β), then xℓ+1
k ∈ L f ,c.

Proof. (i) The left-hand inequality follows immediately from the non-negativity of the norm. For the
right-hand inequality, by Corollary 1 and the choice of parameters in the method, we have∥∥∥∇Φτk(xℓk, f (xℓk)

)
− ∇Φ̄τk

(
xℓk, f (xℓk)

)∥∥∥ ≤ ε1(pk) = ησ(pk).

Moreover, ∥∥∥∇Φ̄τk(xℓk, f (xℓk)
)∥∥∥ > σ(pk).

Because η > 0, it follows that∥∥∥∇Φτk(xℓk, f (xℓk)
)
− ∇Φ̄τk

(
xℓk, f (xℓk)

)∥∥∥ ≤ η ∥∥∥∇Φ̄τk(xℓk, f (xℓk)
)∥∥∥ .

Therefore, the desired inequality follows.

(ii) The proof is similar to that of Lemma 3.2 in [22], using the local Lipschitz smoothness of Φτk .
In particular, the Armijo condition is satisfied whenever the trial step size is smaller than λ⋆.
Therefore, the backtracking line search terminates after finitely many reductions, and the accepted
step size satisfies

λℓk ∈
(
λ⋆β, λ⋆

)
.

(iii) By part (ii), the accepted step size satisfies

λℓk > λ
⋆β.

Moreover, because ∥∥∥∇Φ̄τk(xℓk, f (xℓk)
)∥∥∥ > σ(pk)
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holds throughout the inner iteration, it follows that

−
〈
∇Φ̄τk

(
xℓk, f (xℓk)

)
, hℓk

〉
>

σ2(pk)
σmax

(
B(xℓk, f (xℓk))

) > σ2(pk)
L + θ(xℓk, f (xℓk)) − ε2(pk)

>
σ2(pk)

L + θ(xℓk, f (xℓk))
=

σ2(pk)
L +max{δ, e(xℓk, f (xℓk))} − e(xℓk, f (xℓk))

>
σ2(pk)

L + δ + e(xℓk, f (xℓk)) − e(xℓk, f (xℓk))
=
σ2(pk)
L + δ

.

Combining the above estimate with the Armijo line-search condition, it can be obtained that

Φτk
(
xℓk, f (xℓk)

)
− Φτk

(
xℓ+1

k , t
ℓ+1
k

)
> −αλℓk

〈
∇Φ̄τk

(
xℓk, f (xℓk)

)
, hℓk

〉
>
αλℓkσ

2(pk)
L + δ

>
αλ⋆βσ2(pk)

L + δ
.

Furthermore,

Φτk
(
xℓ+1

k , t
ℓ+1
k

)
− Φτk

(
xℓ+1

k , f (xℓ+1
k )

)
= Φτk

(
xℓ+1

k , t
ℓ+1
k

)
− F

(
xℓ+1

k , t
ℓ+1
k

)
+ F

(
xℓ+1

k , t
ℓ+1
k

)
− F

(
xℓ+1

k , f (xℓ+1
k )

)
+ F

(
xℓ+1

k , f (xℓ+1
k )

)
− Φτk

(
xℓ+1

k , f (xℓ+1
k )

)
> 0 + 0 −

mτk

2
= −

mτk

2
.

Combining the preceding inequalities, we obtain

Φτk
(
xℓk, f (xℓk)

)
− Φτk

(
xℓ+1

k , f (xℓ+1
k )

)
>
αλ⋆βσ2(pk)

L + δ
−

mτk

2
. (5.3)

Because
σ2(pk) >

mτk(L + δ)
αλ⋆β

,

we have
αλ⋆βσ2(pk)

L + δ
− mτk > 0.

Consequently,

c > f (xℓk) > Φτk
(
xℓk, f (xℓk)

)
−

mτk

2
> Φτk

(
xℓ+1

k , f (xℓ+1
k )

)
− mτk +

αλ⋆βσ2(pk)
L + δ

> f (xℓ+1
k ).

Therefore,
xℓ+1

k ∈ L f ,c.

This completes the proof.
□
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Lemma 2. Let the sequences {(xℓk, f (xℓk))} and {τk} be generated by Algorithm 1. Under Assumptions 1
and 2, if σ2(pk) > mτk(L + δ)/(αλ⋆β) for every k, then the following statements hold:

(i) for every k, the inner sequence {(xℓk, f (xℓk))} is finite;

(ii) the sequence {τk} is strictly decreasing, and limk→∞ τk = 0.

Proof. (i) By (5.3) and the condition in Lemma 1(iii), the decrease at each inner iteration satisfies

Φτk
(
xℓk, f (xℓk)

)
− Φτk

(
xℓ+1

k , f (xℓ+1
k )

)
>
αλ⋆βσ2(pk)

L + δ
−

mτk

2
>

mτk

2
.

Thus, for any positive integer ℓ, it follows that

mℓτk

2
< Φτk

(
x0

k , f (x0
k)
)
− Φτk

(
xℓk, f (xℓk)

)
.

Moreover, by Proposition 5 and the identity F(x, f (x)) = f (x), it follows that

mℓτk

2
<Φτk

(
x0

k , f (x0
k)
)
− Φτk

(
xℓk, f (xℓk)

)
=Φτk

(
x0

k , f (x0
k)
)
− F

(
x0

k , f (x0
k)
)
+ F

(
x0

k , f (x0
k)
)
− F

(
xℓk, f (xℓk)

)
+ F

(
xℓk, f (xℓk)

)
− Φτk

(
xℓk, f (xℓk)

)
<

mτk

2
+ f (x0

k) − f (xℓk).

Therefore,
m(ℓ − 1)τk

2
< f (x0

k) − f (xℓk).

Because f (x0
k) ≤ f (x0) and f (xℓk) ≥ f (x∗), one further obtains

m(ℓ − 1)τk

2
< f (x0

k) − f (xℓk) ≤ f (x0) − f (x∗).

It follows that

ℓ <
2
(
f (x0) − f (x∗)

)
mτk

+ 1.

Because f (x∗) and τk > 0 are finite for each fixed k, the number of inner iterations is finite.

(ii) The second conclusion follows from the update rule for pk, which is monotone increasing and
satisfies pk → ∞; because τk = 1/pk, we have τk → 0.

□

Theorem 1. Let {(xℓkk , f (xℓkk ))}∞k=1 be generated by Algorithm 1, where {(xℓkk , f (xℓkk ))} is finite for a fixed
k. If Assumptions 1 and 2 hold and that σ2(pk) > mτk(L + δ)/(αλ⋆β) for every k; then, there exists a
subsequence N ⊂ N such that

(xℓkk , f (xℓkk ))→ (x∗, f (x∗)) (k → ∞, k ∈ N),

and 0n ∈ ∂ f (x∗).
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Proof. By Lemmas 1 and 2, because L f ,c is bounded, and (xℓkk , f (xℓkk )) ∈ L f ,c for all k ∈ N, there exists a
subsequence N ⊂ N such that

(xℓkk , f (xℓkk ))→ (x∗, f (x∗)) (k → ∞, k ∈ N).

Let
I∗2 =

⋃
k∈N

(
I1(xℓkk , f (xℓkk )) ∩ I(x∗)

)
∪ I2(xℓkk , f (xℓkk )).

Then,

lim
k→∞
β jτk(xℓkk , f (xℓkk )) = lim

k→∞

f j(xℓkk ) − f (xℓkk )√
( f j(xℓkk ) − f (xℓkk ))2 + τ2

k

=



−1, j ∈ I1 :=
⋃
k∈N

I1(xℓkk , f (xℓkk )) \ I∗2,

−α j, α j ∈ [0, 1], j ∈ I2 :=
⋃
k∈N

I1(xℓkk , f (xℓkk )) ∩ I(x∗),

0, j ∈ I3 :=
⋃
k∈N

I2(xℓkk , f (xℓkk )).

From the definition of ∇Φτk and I = I1 ∪ I2 ∪ I3, it follows that

lim
k→∞
∇Φτk(xℓkk , f (xℓkk )) =

1
2

∑
j∈I2

(1 − α j)∇ f j(x∗) +
∑
j∈I3

∇ f j(x∗)

 , 1 −
1
2

∑
j∈I2

(1 − α j) +
∑
j∈I3

1


 . (5.4)

On the other hand, by (3.4), we obtain

∂F(x∗, t∗) = {(0n, 1)} +
∑
j∈I∗2

co{0n+1, (∇ f j(x∗),−1)} =


∑

j∈I∗2

ρ j∇ f j(x∗), 1 −
∑
j∈I∗2

ρ j

 : ρ j ∈ [0, 1]

 .
Take

ρ j =

(1 − α j)/2, j ∈ I2,

1/2, j ∈ I3

in the above equation. Then, combining this with (5.4), we get

lim
k→∞
∇Φτk(xℓkk , f (xℓkk )) ∈ ∂F(x∗, t∗).

We now consider two cases.
Case 1. If

∥∇Φ̄τk(xℓkk , f (xℓkk ))∥ ≤ σ(pk),

then
lim
k→∞
∥∇Φ̄τk(xℓkk , f (xℓkk ))∥ = 0, (5.5)

since σ(pk)→ 0 as k → ∞.
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Case 2. If
∥∇Φ̄τk(xℓkk , f (xℓkk ))∥ > σ(pk),

then by the stopping criterion based on the function value difference,

rk =
∣∣∣Φτk(xℓkk , f (xℓkk )) − Φτk(xℓk−1

k , f (xℓk−1
k ))

∣∣∣
≥ −αλℓk−1

k

〈
∇Φ̄τk(xℓk−1

k , f (xℓk−1
k )), hℓk−1

k

〉
≥ αλℓk−1

k

∥∥∥∇Φ̄τk(xℓk−1
k , f (xℓk−1

k ))
∥∥∥2

B(x
ℓk−1
k , f (x

ℓk−1
k ))
.

Following the proof of Lemma 1, one has

λ∗β ≤ λℓk−1
k ≤ λ∗, λ∗ = min

{
2κ2((1 − α)κ21 − η)

L
, 1

}
,

where κ2 = min{δ, 1}. Then, ∥∥∥∇Φ̄τk(xℓk−1
k , f (xℓk−1

k ))
∥∥∥2

B(x
ℓk−1
k , f (x

ℓk−1
k ))
≤

rk

αλ∗β
.

Because rk → 0, and B(xℓk−1
k , f (xℓk−1

k )) is positive definite, we have

lim
k→∞
∥∇Φ̄τk(xℓk−1

k , f (xℓk−1
k ))∥ = 0. (5.6)

Moreover,
∥∇Φ̄τk(xℓk−1

k , f (xℓk−1
k )) − ∇Φ̄τk(xℓkk , f (xℓkk ))∥

=

∥∥∥∥∥∥
(∫ 1

0
∇2Φ̄τk

(
(xℓk−1

k , f (xℓk−1
k )) + θλℓk−1

k hℓk−1
k

)
dθ

)
λℓk−1

k hℓk−1
k

∥∥∥∥∥∥
≤ λ∗L∥hℓk−1

k ∥ ≤ λ∗L∥B(xℓk−1
k , f (xℓk−1

k ))−1∥∥∇Φ̄τk(xℓk−1
k , f (xℓk−1

k ))∥

≤
λ∗L
κ1
∥∇Φ̄τk(xℓk−1

k , f (xℓk−1
k ))∥.

Combining this with (5.6) yields (5.5).
By Lemma 1, we derive that

∥∇Φτk(xℓkk , f (xℓkk )) − ∇Φ̄τk(xℓkk , f (xℓkk ))∥ ≤ η∥∇Φ̄τk(xℓkk , f (xℓkk ))∥.

Together with (5.5), this yields
lim
k→∞
∥∇Φτk(xℓkk , f (xℓkk ))∥ = 0.

Therefore, Proposition 8 implies that 0n+1 ∈ ∂F(x∗, t∗). It then follows from Proposition 3 that 0n ∈

∂ f (x∗). □

Theorem 2. For a fixed τ > 0, let x∗ be a local minimizer of Φτ(x, f (x)). Suppose that there exist
constants a1 > 1 and a2 < 1 such that

σmin(∇2Φ̄τ(x∗, f (x∗))) > a1δ, cond(∇2Φ̄τ(x∗, f (x∗))) <
a2

κ21
.

Assume also that f j, j ∈ I, are twice continuously differentiable and that Assumption 1 holds. For this
fixed τ, suppose that the sequence {xℓ} is generated by Algorithm 1. Then, for all ℓ > ℓ0 where ℓ0 is a
fixed positive integer, the following assertions hold:
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(i) the search direction is
hℓ = −∇2Φ̄τ(xℓ, f (xℓ))−1∇Φ̄τ(xℓ, f (xℓ)),

and λℓ = 1;

(ii)
∥xℓ+1 − x∗∥ = O(∥xℓ − x∗∥2).

Proof. From Lemma 2(i), the inner sequence {xℓ} is finite. Let its length be ℓk. Because

σmin(∇2Φ̄τ(x∗, f (x∗))) > a1δ,

there exists a fixed positive integer ℓ0 such that for all ℓ > ℓ0,

hℓ = −∇2Φ̄τ(xℓ, f (xℓ))−1∇Φ̄τ(xℓ, f (xℓ)).

Then,

Φτ((xℓ, tℓ) + hℓ) − Φτ(xℓ, tℓ) − α⟨∇Φ̄τ(xℓ, tℓ), hℓ⟩

= ⟨∇Φτ(xℓ, tℓ) − ∇Φ̄τ(xℓ, tℓ), hℓ⟩ + (1 − α)⟨∇Φ̄τ(xℓ, tℓ), hℓ⟩ +
1
2
⟨hℓ,∇2Φτ(xℓ, tℓ)hℓ⟩ + o(∥hℓ∥2)

= ⟨∇Φτ(xℓ, tℓ) − ∇Φ̄τ(xℓ, tℓ), hℓ⟩ +
1
2

〈
hℓ,

(
∇2Φτ(xℓ, tℓ) − ∇2Φ̄τ(xℓ, tℓ)

)
hℓ

〉
+

(
α −

1
2

) 〈
∇Φ̄τ(xℓ, tℓ),∇2Φ̄τ(xℓ, tℓ)−1∇Φ̄τ(xℓ, tℓ)

〉
.

Let
ε1 = min{ησ(p),O(σ2(p))}, ε2 = O(σ(p)).

Under the rule given in Corollary 1, Proposition 9 yields

∥∇Φτ(xℓ, tℓ) − ∇Φ̄τ(xℓ, tℓ)∥ ≤ ε1 ≤ O(σ2(p)),

∥∇2Φτ(xℓ, tℓ) − ∇2Φ̄τ(xℓ, tℓ)∥ ≤ ε2 = O(σ(p)).

The remaining argument is similar to that in the proof of Theorem 3.5 of [22], with Lemma 2 used to
guarantee the required finite termination of the inner loop. Therefore, the unit step size is accepted for
all sufficiently large ℓ, and the standard Newton error estimate yields

∥xℓ+1 − x∗∥ = O(∥xℓ − x∗∥2).

□

6. Numerical experiments

This section compares the following algorithms:

• THSNM: the truncated hyperbolic smoothing Newton method proposed in this paper;

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4547–4575.



4565

• HSNM: the same framework without truncation; specifically, the full gradient ∇Φτk and Hessian
∇2Φτk are used;

• TASNM: the truncated aggregate smoothing Newton method in [22].

Unless otherwise stated, the parameters used in THSNM are

γ = 3, ω = 2.5, p0 = 100 ln(m)/m, α = 0.49, β = 0.4, δ = 0.1,

p̂ = ln(m)/tol, κ1 = 10−7, ε1 = 10−2, ε2 = 10−1, rk = 10−5,

σ2(p) = min{0.1,
1000

p
}.

When τ > 10−6, we set µ = 10−2. The exceptions are Example 1, where β = 0.6; Examples 2 and 7,
where µ = 10−4; and Example 4, where δ = 1.7, and µ = 5 × 10−2. For HSNM, we set µ = +∞; that is,
no truncation is used. The parameter settings of TASNM are the same as those in [22]. The termination
criterion is

|Φτk(xℓk, f (xℓk)) − f (x̂)| ≤ tol,

where f (x̂) is the known optimal value, and tol = 10−4. All computations were performed in MATLAB
R2020b on a laptop with an AMD Ryzen 7 4800H CPU at 2.90 GHz and 16 GB RAM running a
64-bit operating system. Only the MATLAB functions chol, rcond, and eig were used to compute the
Cholesky factorization, the reciprocal condition number, and the smallest eigenvalue, respectively. The
results denoted by Fminimax were obtained by directly calling the MATLAB function fminimax.

The test problems are listed below. In each example, x0 denotes the initial point.

Example 1 (Rotated paraboloid data set, [22]). This example considers a class of data sets generated
by rotated paraboloids. The problem arises from the measurement of paraboloidal reflectors in
computational metrology [26]. The data set {(z j1, z j2, z j3)}mj=1 is generated according to the procedure in
[26].

First, points (z̃ j1, z̃ j2, z̃ j3) are sampled from an unrotated paraboloid satisfying

z̃ j3 = 5(z̃2
j1 + z̃2

j2).

Then, a noise term r ∼ N(0, 0.2) is added to the third coordinate. Finally, the noisy points are rotated
and translated to obtain the observed points (z j1, z j2, z j3):

(z j
1, z

j
2, z

j
3, 1) = (z̃ j

1, z̃
j
2, z̃

j
3, 1)C̄

(
π

25

)
B̄

(
π

20

)
Ā(2.1,−1.4, 1.3),

where

Ā(x3, x4, x5) =


1 0 0 0
0 1 0 0
0 0 1 0
x3 x4 x5 1

 , B̄(x1) =


1 0 0 0
0 cos(x1) sin(x1) 0
0 − sin(x1) cos(x1) 0
0 0 0 1

 ,

C̄(x2) =


cos(x2) 0 − sin(x2) 0

0 1 0 0
sin(x2) 0 cos(x2) 0

0 0 0 1

 .
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Thus, the objective function is defined by

F(x) = max
1≤ j≤m

∣∣∣∣z̄ j
3 − x6

(
(z̄ j

1)2 + (z̄ j
2)2

)∣∣∣∣ ,
where

(z̄ j
1, z̄

j
2, z̄

j
3, 1) = (z j

1, z
j
2, z

j
3, 1) Ā(x3, x4, x5) B̄(x1) C̄(x2).

Here, n = 6, and x0 = (0, 0,−2, 2,−2, 5).

Example 2 ([20]).

F(x) = max
1≤ j≤m

| f j(x)|, f j(x) = sin y j − (x3y2
j + x2y j + x1), y j =

j − 1
m − 1

.

Here, n = 3, and x0 = (1, 1, 1).

Example 3 ([28]).
F(x) = max

1≤ j≤m
f j(x),

where
f j(x) =

(
x1 + x2y j − ey j

)2
+

(
x3 + x4 sin y j − cos y j

)2
, y j =

4( j − 1)
m − 1

.

Here, n = 4, and x0 = (25, 5,−5, 1).

Example 4 ([22]).
F(x) = max

1≤ j≤m
| f j(x)|,

where

g j(x) =

 ∑
1≤k≤n/2

cos(2xkt j) + sin(2xk+n/2t j)


 ∑

1≤k≤n/2

xk cos(2kt j) + xk+n/2 sin(2kt j)

 ,
f j(x) = g j(x) − y j, t j =

2π( j − 1)
m

,

y j = g j(s) + σ j,

s = (0.5, 0.5, . . . , 0.5), σ ∼ N(0, 0.3).

The initial point is x0 = (0.5, 0.5, . . . , 0.5) ∈ Rn.

Example 5 ([22]).
F(x) = max

1≤ j≤m
| f j(x)|,

where
f j(x) =

x3

x2
e−t j x1 sin(t jx2) + x1e−x2t j

cos(x3t j + x4) + x5e−x6t j
− y j,

y j =
3

20
e−t j
+

1
52

e−5t j
−

1
65

e−2t j
(3 sin(2t j) + 11 cos(2t j))

+
1
2

e−t j
− e−2t j

+
1
2

e−3t j
+

3
2

e−3t j/2 sin(7t j) + e−5t j/2 sin(5t j),

t j =
10( j − 1)

m − 1
, j = 1, . . . ,m.

Here, n = 6 and x0 = (2, 2, 7, 0,−2, 1).
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Example 6 ([27]).

F(x) = max
1≤ j≤m

f j(x), f j(x) =
11∑
i=1

1
i + j − 1

exp
(
(xi + sin( j − 1 + 2(i − 1)))2

)
,

where n = 11, and x0 = (1, 1, . . . , 1).

Example 7 ([20]).

F(x) = max
1≤ j≤m

| f j(x)|, f j(x) =
√

y j −
(
x4 − (x1y2

j + x2y j + x3)2
)
,

where y j = 0.25 + 0.75( j − 1)/(m − 1). Here, n = 4, and x0 = (1, 1, 1, 1).

Example 8 ([20]).

F(x) = max
1≤ j≤m

| f j(x)|, f j(x) = (2y2
j − 1)x + y j(1 − y j)(1 − x), y j =

j − 1
m − 1

.

Here, n = 1, and x0 = 5.

The numerical results are summarized in Tables 1–9. In the tables, x∗ denotes the final local
minimizer, f ∗ = f (x∗), and the CPU time is the average over ten independent runs.

Table 1. Numerical results for Example 1.

m = 1000 m = 5000 m = 10, 000 m = 20, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 0.7406 0.548863 2.0484 0.686132 1.5219 0.718192 3.1500 0.744105
THSNM 0.0484 0.548961 0.3156 0.686228 0.2734 0.718289 0.3438 0.744205
HSNM 1.3328 0.549799 18.2906 0.686965 78.2422 0.719072 353.2609 0.745074
TASNM 0.1938 0.548959 1.0391 0.686220 1.7281 0.718288 2.6016 0.744196

Table 2. Numerical results for Example 2.

m = 500 m = 1000 m = 5000 m = 10, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 0.7312 0.004505 0.7594 0.004505 7.0234 0.004505 19.6172 0.004505
THSNM 0.0313 0.004603 0.0672 0.004599 1.0875 0.004604 2.7719 0.004604
HSNM 0.6969 0.004603 2.4344 0.004603 169.9859 0.004604 1258.6625 0.004604
TASNM 0.4813 0.004604 1.6938 0.004605 7.8219 0.004605 16.1672 0.004604
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Table 3. Numerical results for Example 3.

m = 1000 m = 5000 m = 10, 000 m = 20, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 0.5953 125.618586 3.2250 125.618592 7.6219 125.618590 21.1141 125.618592
THSNM 0.0828 125.618683 0.4656 125.618690 0.6687 125.618675 2.9000 125.618675
HSNM 2.7687 125.618683 23.1141 125.618683 107.1031 125.618683 995.1484 125.618690
TASNM 0.2797 125.618678 1.6594 125.618688 2.8844 125.618688 5.3297 125.618689

Table 4. Numerical results for Example 4 with changeable n, and m = 1000.

n = 20 n = 50 n = 70 n = 100

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 1.7281 0.828343 4.3359 0.637887 12.6891 0.616768 31.8609 0.605588
THSNM 0.2656 0.827738 3.9937 0.637986 6.5750 0.616868 12.4844 0.605686
HSNM 24.1391 0.828441 11.1391 0.638732 15.5953 0.617685 27.9672 0.606441
TASNM 1.0344 0.827734 4.4063 0.637983 8.6609 0.616867 16.9391 0.605684

Table 5. Numerical results for Example 4 with changeable m, and n = 50.

m = 2000 m = 3000 m = 4000 m = 5000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 8.0641 0.797087 2.3609 0.895293 5.7047 0.970455 5.4266 0.910089
THSNM 3.7766 0.797187 7.2219 0.895392 7.2172 0.970554 4.3594 0.910183
HSNM 27.7437 0.797960 143.8672 0.896278 70.3375 0.971404 40.9516 0.911072
TASNM 5.5469 0.797184 10.1125 0.895393 11.2656 0.970555 10.5406 0.910170

Table 6. Numerical results for Example 5.

m = 2000 m = 4000 m = 10, 000 m = 20, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 1.0250 0.163266 1.7219 0.163262 4.3703 0.163265 9.6453 0.163265
THSNM 0.1094 0.163364 1.1687 0.163362 1.6059 0.163365 2.9531 0.163364
HSNM 2.1500 0.163364 7.2750 0.163359 59.0406 0.163364 382.6422 0.163364
TASNM 0.9812 0.163359 1.1844 0.163340 1.6750 0.163353 3.8375 0.163351

Table 7. Numerical results for Example 6.

m = 1000 m = 5000 m = 10, 000 m = 20, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 1.4406 3.703483 1.7953 3.703483 2.0875 3.703483 5.4281 3.703483
THSNM 0.0437 3.703575 0.1625 3.703576 0.3859 3.703574 0.9703 3.703577
HSNM 0.9875 3.703576 7.4641 3.703576 25.8422 3.703575 114.6672 3.703575
TASNM 0.2375 3.703581 0.3484 3.703581 0.6094 3.703581 0.9266 3.703581
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Table 8. Numerical results for Example 7.

m = 1000 m = 5000 m = 10, 000 m = 20, 000

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 1.4141 0.002701 16.4469 0.002673 41.9438 0.002662 82.1453 0.002657
THSNM 0.2172 0.002798 1.5219 0.002799 3.5156 0.002799 7.1641 0.002801
HSNM 3.0922 0.002801 34.0047 0.002800 183.6016 0.002800 1157.7484 0.002801
TASNM 0.6687 0.002794 2.3453 0.002798 4.1672 0.002798 7.6547 0.002799

Table 9. Numerical results for Example 8.

m = 1500 m = 2500 m = 3500 m = 4500

Method CPU f ∗ CPU f ∗ CPU f ∗ CPU f ∗

Fminimax 0.8859 0.178395 0.6266 0.178395 1.3141 0.178395 1.4312 0.178395
THSNM 0.0609 0.178494 0.3438 0.178495 0.8234 0.178495 1.9563 0.178495
HSNM 0.8938 0.178495 3.2172 0.178494 7.9375 0.178495 16.0641 0.178493
TASNM 0.3734 0.178402 0.6422 0.178421 2.1828 0.178419 0.1031 0.178439

From the numerical results reported in Examples 1–8, it can be observed that the proposed truncated
hyperbolic smoothing Newton method (THSNM) is effective for solving finite minimax optimization
problems in most of the tested cases.

• Compared with the fminimax solver in MATLAB:
Tables 1–3 and 6–9 show that THSNM generally attains objective function values comparable to
those obtained by the MATLAB’s fminimax solver. Moreover, for problems with a large number
of component functions m, THSNM requires significantly less CPU time. Nevertheless, Table 5
indicates that the computational advantage of THSNM over fminimax is problem-dependent; in
certain instances, fminimax may be more efficient, although the objective function values remain
comparable.

• Compared with HSNM:
Tables 1–3 and 6–9 indicate that as the number of component functions m increases, the CPU time
of HSNM grows rapidly, whereas the CPU time of THSNM increases much more moderately.
These results demonstrate that the truncation strategy effectively reduces the computational burden
associated with evaluating gradients and Hessian matrices.

• Compared with TASNM proposed in [22]:
Tables 1, 3, and 6 show that THSNM generally achieves objective function values comparable to
those obtained by the truncated aggregate smoothing Newton method (TASNM) proposed in [22]
while requiring less CPU time under the same accuracy requirements. Furthermore, Tables 4 and
5 show that as the number of variables n increases, the CPU time of THSNM grows moderately
and remains overall smaller than that of TASNM. This suggests that the proposed method is less
sensitive to increases in problem dimension than the exponential smoothing approach.

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4547–4575.



4570

The numerical results demonstrate that the proposed THSNM algorithm can substantially reduce the
computational cost of solving finite minimax problems while maintaining comparable solution accuracy.
This advantage becomes more pronounced when the number of component functions is large, which
indicates the practical potential of the proposed method.

7. Sensitivity analysis with respect to the truncation parameter µ

In this section, we investigate the sensitivity of THSNM to the truncation parameter µ in terms of
attained accuracy, computational efficiency, and iteration behavior. According to (4.1), the value of µ
determines the number of component functions retained in the truncated smoothing model and therefore
affects both the per-iteration computational cost and the approximation quality of the truncated function.

Corollary 1 provides a theoretical selection rule for µ by controlling the differences between the full
and truncated gradients and Hessian matrices. To examine the practical influence of this parameter, we
test

µ ∈ {10−1, 10−2, 10−3, 10−4}.

These fixed values are used only when τk > 10−6, whereas the original implementation is retained when
τk ≤ 10−6. All other algorithmic parameters and stopping criteria remain unchanged.

In Tables 10–17, q denotes the average number of backtracking reductions per inner iteration, and ℓ
and k denote the total numbers of inner and outer iterations, respectively. The entries in the column
| f − f ∗| are reported in units of 10−5. The influence of µ is assessed through the relative objective
value error, CPU time, the average number of backtracking reductions, and the inner and outer iteration
counts.

Table 10. Numerical results for Example 1 with varying µ and m.
m = 1000 m = 5000 m = 10, 000 m = 20, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.0969 9.6732 3.8427 89 25 0.1797 9.9434 4.7436 78 23 0.2891 9.9879 5.1081 111 23 0.3766 9.8508 5.7143 91 23
10−2 0.0516 9.8282 6.1186 194 26 0.1219 9.5858 5.5575 113 23 0.2609 9.7196 5.9710 138 23 0.3219 9.9938 5.7600 100 21
10−3 0.1109 8.5169 7.8883 376 38 0.4172 9.7765 8.1161 336 27 0.4516 9.9879 7.9190 210 26 0.6953 9.9640 8.7664 197 22
10−4 0.1844 1.9305 8.7537 670 167 0.6016 7.3924 10.6995 376 89 1.7125 2.0664 7.9407 708 417 1.5984 7.7706 10.7401 377 104

Table 11. Numerical results for Example 2 with varying µ and m.
m = 500 m = 1000 m = 5000 m = 10, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.5813 9.9339 4.8710 124 82 1.7984 9.8954 6.4972 179 112 28.6453 9.9713 5.5891 275 241 161.8500 9.9992 6.0902 388 337
10−2 0.5094 9.8563 4.7239 134 82 1.4453 9.8944 5.3816 152 113 27.0594 9.9995 5.5893 280 241 161.7656 9.9646 6.4065 401 338
10−3 0.0281 9.9463 6.0672 119 81 0.3609 9.9858 6.6928 166 112 5.1375 9.9827 8.2646 291 240 20.0234 9.9769 8.6447 394 337
10−4 0.0313 9.8545 13.1339 127 81 0.0703 9.4627 14.9778 180 128 1.0188 9.9844 17.8693 283 240 2.7687 9.9983 16.5902 388 338

Table 12. Numerical results for Example 3 with varying µ and m.
m = 1000 m = 5000 m = 10, 000 m = 20, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.0891 9.6861 3.1193 176 16 0.3859 9.8491 3.0971 206 19 0.7734 8.5232 3.1163 258 65 6.3484 9.8491 5.6498 434 39
10−2 0.0750 9.6861 4.7441 211 17 0.3031 9.8491 3.3578 218 18 0.5922 8.5232 3.7733 225 34 2.5609 8.3232 5.0839 477 43
10−3 0.1047 9.6861 6.1143 280 16 0.5250 9.8491 5.2375 299 18 0.8063 9.2861 4.8373 295 28 1.9812 9.8491 5.0138 363 37
10−4 10.2922 8.1603 13.3703 15209 13859 1.5672 6.0344 7.8676 740 152 3.5547 6.2344 9.1089 845 290 7.1156 9.8491 8.4303 839 227
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Table 13. Numerical results for Example 4 with varying µ and m, where n = 50.
m = 2000 m = 3000 m = 4000 m = 5000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 4.1000 9.9572 2.9310 87 42 16.9203 9.7031 10.5714 210 111 5.9484 9.8239 6.0000 80 39 3.2172 9.3663 3.3333 51 17
10−2 4.8828 9.9572 4.1103 145 42 24.2000 9.9813 9.7295 366 155 30.6516 9.9583 3.0719 584 366 6.9672 8.9369 4.8917 120 21
10−3 10.0875 9.8139 6.0764 314 44 25.8203 9.6291 7.7893 503 127 78.8031 9.8803 13.5536 784 483 25.3984 9.9560 5.2231 399 183
10−4 39.3047 9.6278 8.9004 984 458 63.6188 9.7507 8.0851 1199 652 143.5828 9.9400 13.3072 1351 1037 386.5703 9.9808 14.1535 1577 1182

Table 14. Numerical results for Example 5 with varying µ and m.
m = 2000 m = 4000 m = 10, 000 m = 20, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.6828 9.9378 4.5882 68 36 1.4969 9.9296 5.5581 86 60 3.9594 9.9902 5.4403 134 75 12.4297 9.9470 4.6076 158 104
10−2 0.1125 9.8321 4.6092 87 36 1.1547 9.9669 4.7480 127 67 1.7797 9.9708 5.5692 130 77 3.2078 9.8770 5.1448 145 93
10−3 0.1250 9.5192 6.5111 90 35 0.2750 9.4885 6.0180 111 61 1.2578 9.8859 6.7308 182 94 5.5938 9.8993 8.0480 271 155
10−4 0.2671 9.2361 8.8354 158 77 0.4781 9.4245 9.4626 147 63 1.7172 9.9902 12.3125 176 108 5.9141 9.6579 11.7009 331 212

Table 15. Numerical results for Example 6 with varying µ and m.
m = 1000 m = 5000 m = 10, 000 m = 20, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.0922 9.1181 4.3256 43 12 0.2516 9.1657 4.4419 43 12 0.4703 9.2373 5.0909 44 12 0.9234 9.4042 5.2857 42 12
10−2 0.0437 9.2134 4.7234 47 12 0.1797 9.2611 4.5263 38 12 0.4063 9.1419 4.6667 45 12 0.9187 9.3803 4.6327 49 12
10−3 0.0859 9.2850 5.9815 54 12 0.3125 9.4280 5.8868 53 12 0.6656 9.2373 5.9333 60 12 1.0797 9.2134 5.2778 54 12
10−4 0.1109 6.9961 8.8857 70 15 0.7531 9.8572 9.5922 103 11 1.1578 7.7114 8.9080 87 14 1.9391 9.3088 8.8657 67 13

Table 16. Numerical results for Example 7 with varying µ and m.
m = 1000 m = 5000 m = 10, 000 m = 20, 000

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 2.3766 9.8950 3.8533 184 103 32.2906 9.9121 4.3981 314 209 184.7937 9.9762 5.5165 424 292 919.7406 9.9702 6.6555 566 409
10−2 2.4531 9.9871 4.2578 225 103 30.1844 9.9172 4.8266 323 212 154.3422 9.9771 5.0614 391 289 763.2437 9.9577 6.8822 501 400
10−3 0.5828 9.9090 6.1143 204 103 7.0250 9.9290 6.4771 327 212 27.0000 9.9631 7.1476 420 293 142.5687 9.9941 8.3254 547 408
10−4 0.1375 9.6927 10.1019 324 156 1.3078 9.8316 12.2123 424 284 2.9859 9.8224 13.2218 559 390 7.0391 9.9980 14.7874 696 527

Table 17. Numerical results for Example 8 with varying µ and m.
m = 1500 m = 2500 m = 3500 m = 4500

µ CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k CPU | f − f ∗| q ℓ k
10−1 0.5172 9.9126 6.4112 197 133 1.7328 9.9856 6.6117 291 212 4.2828 9.9543 8.1921 380 290 8.9812 9.7650 8.0409 514 376
10−2 0.0625 9.8634 6.6439 205 134 0.3000 9.9900 6.8472 301 211 0.7406 9.9900 7.8477 407 293 1.6641 9.9945 8.4015 523 386
10−3 0.0406 9.9304 5.9645 197 134 0.0938 9.9900 7.4983 287 213 0.4047 9.9513 8.3668 398 293 0.5125 9.8261 8.3452 478 370
10−4 0.0437 9.9692 6.5528 199 131 0.0844 9.9945 7.3860 285 212 0.3656 9.8112 8.4948 386 296 0.4906 9.8842 8.5524 487 373

From the numerical results reported in Tables 10–17, the sensitivity of THSNM to the truncation
parameter µ can be summarized from the following three aspects.

• Attained accuracy:
Overall, the errors remain relatively stable as µ varies, and most of them are close to the stopping
tolerance. When µ is reduced to 10−4, lower objective value errors can be observed in some cases,
particularly in Tables 10, 12, and 15. However, this decrease is not consistent across all the test
problems, and the errors do not exhibit a uniform monotonic dependence on µ.
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• Computational efficiency:
The CPU time exhibits different trends for different test problems. When the component functions
have favorable local smoothness properties and relatively simple forms with respect to the decision
variables, such as low-degree polynomial forms, a smaller µ generally leads to a greater reduction in
CPU time. Moreover, this reduction becomes more evident as the number of component functions
increases, as shown in Tables 11, 16, and 17.

By contrast, when the component functions have less favorable local smoothness properties, an
excessively small µ may adversely affect the computational efficiency. For example, in Examples 1,
and 4–6, the gradients and Hessian matrices of the component functions may have relatively large
local Lipschitz constants, and the component functions also exhibit a certain degree of oscillation.
In this case, when µ is small, the additional computational cost of backtracking reductions and
iterations caused by the truncation errors may exceed the saving in the per-iteration computational
cost achieved by truncation, as observed in Tables 10 and 13–15.

• Iteration behavior:
As shown in Tables 10–17, the average number of backtracking reductions q generally tends to
increase as µ decreases. A similar but problem-dependent tendency can be observed for the inner
and outer iteration counts ℓ and k. In Tables 11, 16, and 17, although the average number of
backtracking reductions q may increase as µ decreases, the inner and outer iteration counts ℓ and k
remain comparable or increase only moderately. This indicates that when the problem dimension is
relatively low, and the component functions have favorable local smoothness properties, a smaller
µ does not lead to large truncation errors in the gradients and Hessian matrices, so the truncation
strategy can still generate effective Newton directions, and the local convergence performance of
the algorithm is not significantly affected, although additional backtracking reductions may be
required.

By contrast, when the gradients or Hessian matrices of the component functions have relatively
large local Lipschitz constants, or when the component functions exhibit a certain degree of
oscillation, such as those involving exponential or trigonometric terms, a smaller µ may have a
more pronounced influence on the iteration counts. In Examples 1, 4, and 6, the smaller µ may
enlarge the errors between the truncated and full gradients and Hessian matrices, thereby leading
to a noticeable or substantial increase in the numbers of backtracking reductions and iterations,
as shown in Tables 10, 13, and 15. A similar increase in the iteration counts is also observed in
Table 12, indicating that the iteration process of this problem is likewise sensitive to the gradient
and Hessian truncation errors.

Overall, the numerical results suggest that the practical choice of µ should take the structure of the
problem into account. For problems whose component functions have less favorable local smoothness
properties, for example, when their gradients or Hessian matrices have relatively large local Lipschitz
constants or when the component functions are highly oscillatory, an excessively small µ may lead
to relatively large truncation errors in the gradients and Hessian matrices, thereby resulting in more
backtracking reductions or iterations. For such problems, relatively large values such as µ = 10−1

or µ = 10−2 are generally preferable. By contrast, for low-dimensional problems whose component
functions have more favorable local smoothness properties, smaller values such as µ = 10−3 or µ = 10−4

may be more effective. This advantage becomes more evident as the number of component functions
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increases. In practical computations, µ = 10−2 may first be used as a reasonable initial choice, and
Corollary 1 can then be used to control the subsequent truncation errors in the gradients and Hessian
matrices.

8. Conclusion

This paper proposes a truncated hyperbolic smoothing Newton method for finite minimax problems
with multiple component functions. From a theoretical perspective, gaps are established for the
differences in the function values, gradients, and Hessian matrices between the original and truncated
hyperbolic smoothing functions. Based on the gaps, this paper provides a rule for choosing the truncation
parameter. Under the rule, this paper proves the global convergence of the proposed method and its local
quadratic convergence rate. In terms of numerical performance, the proposed method demonstrates
clear advantages over both the exponential smoothing method and the untruncated smoothing method,
requiring less CPU time under the same stopping criterion. The sensitivity analysis further indicates that
the attained accuracy is relatively insensitive to the truncation parameter µ, whereas the computational
efficiency and iteration behavior exhibit problem structure-dependent sensitivity to its choice.

In future work, we plan to investigate efficient Hessian approximation techniques and develop
quasi-Newton methods for large-scale minimax optimization problems. The goal is to reduce the
computational and storage costs associated with Hessian evaluations while maintaining the favorable
convergence properties of Newton-type methods.
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