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Abstract: E-commerce platforms increasingly rely on multi-warehouse fulfillment networks, which
speed delivery but also expose them to systemic stockout risk, the network-wide loss of fulfillment
capability caused by persistent demand shocks. Such persistence is common in digital commerce,
where viral promotions and platform-wide campaigns produce demand surges with long memory that
Markovian models cannot capture. We embedded long-memory demand pressure, modeled by fractional
Brownian motion, in a continuous-time inventory network and obtained four results. First, we derived a
closed-form expression for the systemic stockout risk of a benchmark network, defined as the probability
that its average inventory of a critical item ends the period below its safety threshold, and identified the
exact conditions under which this risk rises with demand persistence, the time horizon, and volatility. Its
validity was proven rather than assumed; the result is exact under a common shock, asymptotically exact
under correlated shocks, and with a quantified error under independent shocks. Companion measures
capture the expected shortfall and the risk of breaching the threshold at any time, not only at the period’s
end. Second, the internal work of keeping the network balanced can be split into two quantities that
should not be confused: a pressure index measuring how unevenly stock is spread and the actual volume
of goods moved between warehouses. This distinction separates stock health from the logistics cost
of maintaining it. Third, within a class of feedback policies based on the observed inventory gap, we
obtained the optimal emergency-replenishment rule, which acts earlier and harder when demand is more
persistent and is proved optimal by an elementary argument that sidesteps the difficulties associated
with fractional noise. Fourth, when demand shocks are shared across warehouses, the network’s overall
risk does not fall to zero as it grows but settles at a strictly positive floor, so adding or diversifying
warehouses removes location-specific risk but not the risk shared across all locations. Overall, the
paper provides e-commerce platforms with a practical framework for quantifying systemic stockout risk
under long-memory demand, calibrating that memory from data, and dynamically deploying emergency
fulfillment capacity through a computable optimal feedback rule.
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1. Introduction

The rapid growth of e-commerce has reshaped consumers’ expectations of delivery speed and product
availability. Global retail e-commerce sales reached about USD 4.4 trillion in 2023, roughly 20% of total
retail, and are projected to reach USD 6.8 trillion by 2028 [1]. To honor next-day and same-day delivery
promises, platforms such as Amazon, JD.com, and Alibaba have moved from centralized warehouses
to networks of fulfillment centers positioned near customers [2,3]. Amazon alone expanded its U.S.
same-day network by over 60% in 2024, covering more than 140 metropolitan areas, with about 60%
of Prime orders in the top 60 U.S. cities delivered the same or next day [4,5]. These multi-warehouse
fulfillment networks have become the operational backbone of modern e-commerce.

The distributed architecture that speeds delivery also introduces a new and more complex
vulnerability. Stockouts are costly: they are estimated to cost global retailers nearly USD 1 trillion in
annual sales [6], and nearly one-third of consumers who encounter a stockout abandon the purchase or
switch retailers [7], so that a single stockout episode erodes long-term customer lifetime value [8].
Crucially, social-media-driven demand is not only volatile but persistent: TikTok Shop’s
viral-content-plus-instant-purchase model grew U.S. sales by roughly 120% year-over-year in
2025 [9, 10], and live-streaming commerce exhibits herd dynamics in which past demand surges predict
future ones [11, 12]. When a network-wide, persistent surge exhausts both local inventories and
transshipment capacity, the central vulnerability is no longer the isolated stockout of a single warehouse
but the joint failure of fulfillment capability across the network at once, which is called systemic
stockout risk.

The literature leaves three gaps in the analysis of this risk. First, quantitative supply chain risk
research concentrates on supply-side disruptions, such as supplier failures, port congestion, and natural
disasters, and on how they propagate [13, 14], whereas systemic risk originating from demand-side
persistence, transmitted through inventory-balancing linkages, remains unmodeled. Second, analytical
inventory theory relies predominantly on memoryless stochastic primitives such as Poisson demand,
geometric Brownian motion, and martingale or Lévy formulations [15-17], while empirical work
documents long-range dependence in demand driven by herd behavior and social diffusion [11,12,18,19]
and in retail sales series [20]; models with short memory understate both the duration and the severity of
demand episodes. Third, the workhorse control tools of operations management, dynamic programming
and Hamilton—Jacobi—Bellman equations, require the Markov property [21,22]; outside the classical
memoryless boundary, fractional Brownian motion is neither Markovian nor a semimartingale, so these
tools do not apply [23].

We address the three gaps with a single continuous-time model. Inventory at each warehouse
evolves under five separately specified forces: routine inbound replenishment, lateral transshipment
that redistributes stock toward the network mean, centralized emergency replenishment chosen by
the platform, nondecreasing baseline sales demand, and a signed persistent net-flow mismatch that
captures deviations around baseline demand pressure. All stochastic analysis is carried out under the
Wick-It6—Skorokhod integral of fractional stochastic calculus [24-26], stated explicitly as a modeling
assumption; this convention preserves zero-mean stochastic integrals, yields closed-form lognormal-type
solutions, and approaches the classical 1t6 framework at the memoryless boundary.

The paper makes four contributions. First, at the modeling level, it formulates systemic stockout
risk as a property of network-average inventory under long-memory net-flow pressure and makes the
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aggregation step explicit: transshipment cancels exactly in the network average; independent warehouse
shocks obey an inverse-square-root pooling rule; and the closed-form risk expression is stated for a mean-
field benchmark whose relation to the full finite network is established rather than assumed, holding
exactly for common shocks, asymptotically for correlated shocks, and with quantified Monte Carlo
error for independent shocks. Second, at the risk-measurement level, it complements terminal exposure
with conditional comparative statics, a closed-form expected-shortfall expression of Black—Scholes put
type, and a numerically characterized first-passage exposure that the terminal measure bounds from
below. In particular, greater persistence raises stockout exposure when the evaluation period exceeds
the model’s unit time scale and the drift-adjusted inventory buffer remains nonnegative. Third, at the
decision level, it solves the platform’s emergency replenishment problem as a fractional linear-quadratic
control problem over linear feedback policies and obtains an explicit time-varying feedback rule whose
Riccati coeflicient acts as a shadow price of inventory deviation; a second-moment reduction makes
the optimality argument exact and self-contained. Fourth, at the network-design level, a large-network
theorem for correlated shocks shows that aggregate risk converges to a strictly positive floor governed by
the common demand component, qualifying the classical risk-pooling logic of warehouse diversification:
pooling eliminates idiosyncratic demand risk but cannot remove the common component.

The remainder of the paper is organized as follows: Section 2 reviews the related literature. Section
3 presents the model, the stochastic-calculus convention, the systemic stockout exposure results, and
the transshipment-activity results. Section 4 solves the emergency replenishment problem. Section
5 develops the mixed-shock and correlated-shock extensions, including the large-network theorem.
Section 6 reports the numerical validation and calibration guidance. Section 7 concludes the work. All
proofs are collected in Appendix A.

2. Literature review

This research draws on three streams: inventory and fulfillment management in e-commerce networks,
long-memory demand modeling, and stochastic optimal control in operations management.

2.1. E-commerce inventory networks and systemic risk

E-commerce has transformed inventory operations. Boysen et al. [27] reviewed warehousing systems
for online retail and documented the shift from full-pallet restocking to frequent small-batch picking;
Risberg [28] developed a decision framework for e-commerce and omnichannel operations covering site
selection, inventory, and distribution, highlighting the trade-off between fulfillment speed and operating
cost. To expedite delivery, platforms operate many distributed fulfillment centers: Yang et al. [29] studied
network planning for quick commerce with small local fulfillment centers, and Wang and Minner [30]
optimized inventory placement and order splitting using online sales and website activity data. Research
on multi-warehouse networks focuses on positioning inventory near customers [30], balancing online
and offline channels [28,31], and lateral transshipment to mitigate local shortages [32,33]. Paterson et
al. [32] reviewed lateral transshipment models and documented their effectiveness in reducing local
stockouts and safety stock; Ekren et al. [33] embedded inventory sharing in an IoT-enabled fresh-food
e-commerce model.

As networks grow more complex, risk management becomes central. A substantial literature has
examined disruption propagation [34-36]: Li and Zobel [34] assessed supply chain resilience under
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ripple effects, Habibi et al. [36] combined network structure and operations to stress-test multi-tier
chains, Habibi et al. [37] analyzed how network structure and connection strength shape risk propagation,
and Colon and Hochrainer-Stigler [35] argued for system-level governance of supply chain risk by an
analogy with financial systems. Ma et al. [38] reviewed network-based resilience modeling and noted
the field’s focus on identifying critical nodes and testing redundancy and flexibility strategies [39]. This
body of work, however, addressed predominantly supply-side disruptions such as factory shutdowns and
port delays, together with their propagation; recent optimization-based network design work extended
the toolbox to energy-aware dual-channel agricultural networks [40], robust biodiesel supply networks
under supply and demand uncertainty [41], and circular supply chain network design [42], but the risk
primitive remains a discrete disruption rather than persistent demand pressure.

On the demand side, empirical studies show that stockouts damage customer sentiment and platform
reputation: attribution of blame shapes post-purchase behavior [43], shopping mindset and site
familiarity moderate switching [44], stockout justifications affect satisfaction and repurchase [45], and
unexpected stockouts raise consumer anxiety [46]. In platform ecosystems such as Amazon FBA,
where the platform centrally controls storage and shipping across locations [27,30], localized shortages
can therefore escalate into network-level reputational damage.

A gap remains between these two bodies of work. In finance, systemic risk denotes large system-
wide losses and is quantified by measures such as CoVaR and marginal expected shortfall [47, 48].
E-commerce inventory risk models, by contrast, concentrate on discrete supply shocks and do not
define or quantify the systemic risk that arises when persistent demand amplification propagates through
inventory-balancing linkages. This paper formalizes that risk as the probability that network-average
inventory falls below a safety threshold, characterizes how it depends on demand persistence, and
provides closed-form metrics for the internal logistics burden of network rebalancing.

2.2. Long memory in demand modeling

Stochastic inventory models depend on the demand primitive. Classical formulations assume
memoryless demand: Poisson processes and their compound variants [15, 16], geometric Brownian
motion for SKU life cycles [17,49], martingale demand [50,51], and Lévy demand [52]. In all of these,
future demand depends on the past only through the current state.

For e-commerce demand, this memoryless assumption is empirically fragile. Herd behavior in online
book purchases [18], informational cascades in review adoption [19], real-time interaction effects in
live-streaming commerce [11], and reviewer-badge dynamics [12] all generate demand whose shocks
persist: a successful campaign or viral event lifts demand for weeks [8, 18]. Econometrics measures such
persistence through the Hurst exponent: values above one half indicate long memory [53-55], and the
fractional Brownian motion is the canonical continuous-time process exhibiting long-range dependence
with persistent, positively correlated increments in that regime [56-58]. Direct evidence of long memory
in retail sales series was provided by [20], who documented seasonal long memory in G7 retail sales, and
ARFIMA-type long-memory specifications have proven useful in forecasting economic time series more
broadly [59]. On the calibration side, Yerlikaya-Ozkurt et al. [60] proposed a conic multivariate adaptive
regression splines approach to estimate the Hurst parameter of fractional-Brownian-motion-driven
stochastic differential equations; their focus was estimation, while ours is optimization and control once
persistence has been estimated. Section 6.4 reviews the standard estimation procedures [61-63] that
connect the two.

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4387-4421.



4391

Data-driven operations research has, meanwhile, improved demand modeling through machine
learning: cross-selling and substitution-aware demand estimation for category management [64], sequence
models for day-store-product sales forecasting [65], recurrent networks for material demand in
manufacturing [66], and demand estimation combined with robust optimization for product design [67].
Hybrid machine-learning-plus-metaheuristic approaches have also advanced adjacent operational
optimization problems, such as robust project scheduling in Industry 4.0 environments [68],
fairness-constrained operating-room assignment [69], and renewable energy portfolio selection [70].
These methods improve forecast accuracy and decision robustness, but they treat demand as a
short-memory or finite-horizon series and do not embed long-range dependence in an inventory control
framework [64—66].

The resulting gap is specific: empirical work documents long memory in e-commerce demand, and
mathematical finance has long used fractional Brownian motion for long-range dependent prices and
volatility [22,71,72], yet analytical inventory control retains Markovian primitives largely because
they permit dynamic programming and standard It6 calculus. Fractional Brownian motion is neither
Markovian nor a semimartingale, so importing it requires different machinery. We use Wick-Ito—
Skorokhod fractional calculus [24—-26] and linear-quadratic control theory to close this gap: fractional
Brownian motion enters a multi-warehouse inventory network as the driver of persistent net-flow
pressure, closed-form systemic risk expressions are derived and validated, and the control problem is
solved without Markovian assumptions.

2.3. Stochastic optimal control in operations management

Operations management relies on dynamic programming (DP) for discrete-time decisions and on
HIJB equations for continuous-time ones. De Souza et al. [73] reviewed 278 inventory studies built on
Bellman equations; Zhang et al. [74] applied DP to inventory relocation in disaster relief. In continuous
time, Wu and Chao [75] used HIB methods for average-cost production-inventory control, [76] for
production planning under output and price uncertainty, and [77] for high-dimensional newsvendor-type
problems; joint pricing-inventory studies used HIB equations or the maximum principle for perishable
products [78], fashion retail [79, 80], and risk-constrained settings [81]. All of these require the current
state to summarize history, which is precisely the Markov property.

Linear-quadratic control is the structured alternative: with linear dynamics and quadratic costs,
optimal policies are linear feedback rules computed from Riccati equations. Basar et al. [82] surveyed
nonstandard LQ decision problems; Taskesen et al. [83] developed distributionally robust LQ control;
Abi Jaber et al. [84] extended LQ theory to stochastic Volterra systems with memory kernels; and
Zimbidis [85] applied LQ methods with fractional noise to insurance pricing. For fBm-driven systems
specifically, Kleptsyna et al. [86] established the solvability of the LQ regulator under fractional
Brownian perturbation, and Duncan et al. [87] and Han and Sun [88] developed LQ control for fBm-
driven systems in Hilbert-space and finite-dimensional settings; Liu et al. [89] treated two-person
zero-sum LQ games with Markov switching and fBm. Related work on regime-switching stochastic
control and anticipation [90,91] similarly treated uncertainty structure as integral to the optimization
model. These advances remain concentrated in finance, insurance, and engineering.

Within operations management, memory effects have been introduced mainly through fractional
calculus in deterministic or simulation-based inventory models: Caputo-derivative inventory models with
partial backlogging [92], reliability- and memory-dependent deterioration [93], learning-and-memory
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effects under uncertainty [94], and memory-dependent inventory-pricing models [95,96]. These studies
confirm that memory matters for inventory outcomes but stop short of optimal control under long-range
dependent stochastic demand.

We connect the two literatures. Using the fractional linear-quadratic machinery of [86—88] under
the Wick—It6—Skorokhod convention, we formulate fractional-Brownian-motion-driven linear state
equations and quadratic costs for emergency replenishment in a fulfillment network, prove the existence
and uniqueness of the optimal policy within the class of linear feedback rules, and characterize the
optimal feedback coeflicient through a Riccati equation with a time-varying memory term determined
by volatility, persistence, and elapsed time. The managerial output is a computable rule that links
the observed inventory gap, the emergency logistics cost, and the persistence of demand shocks; the
optimality condition, feedback coefficient, and minimum cost are all in closed form up to a scalar
ordinary differential equation.

3. Systemic stockout risk and inter-warehouse transshipment in e-commerce platforms

3.1. Model setting

We consider an e-commerce platform operating an inventory network of N fulfillment centers,
indexed by N := {1,2,..., N}, on a complete probability space (QQ,F,F := ()0, P) carrying N
independent standard fractional Brownian motions (B);cx, with common Hurst exponent H € (1/2,1);
F is the natural filtration they generate, augmented in the usual way. Let Z,(i) > 0 denote the inventory
position of a critical SKU at warehouse i at time 7. Initial inventories Z\’ = £&? > 0 are deterministic.
The risk assessment is made at time O by a platform that observes its own warehouse levels, so all
probabilities below are conditional on the observed initial state. (If initial inventories were random and
independent of the shocks, every expression below would hold conditionally on &, and unconditional
stockout exposures would follow by averaging over the distribution of £.)

Inventory flow decomposition. Inventory changes at warehouse i arise from five separately specified
components. They comprise routine inbound replenishment Rfi), lateral transshipment within the

network, centralized emergency replenishment ugi), nondecreasing baseline sales demand Dgi), and a
signed persistent net-flow mismatch Mt(’). Their combined effect is represented by
o
azi’ = =3z -zMdt +  u’dr  + dR" - ap - am?® .30
N — —— —— —— ——
J= emergency control routine inbound baseline sales signed net-flow mismatch

lateral transshipment

Routine inbound replenishment tracks the sales velocity of the warehouse, as automatic reorder
policies do in practice, so we specify dR;i) = y,Z,(i)dt with u, > 0. Baseline cumulative sales demand is
nondecreasing, while persistent deviations from the baseline are represented separately by the following
signed net-flow mismatch.

dDV = p,z"dt,  dM? = oZPdB"™,  u;>0, 0>0. (3.2)

Writing v := u, — ug for the net baseline imbalance rate and B := —B"/ (also a standard fBm),
(3.1) becomes the state equation used throughout.
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N
dZ" = k(Z,-Z")dt + u’dt + vZPdt + ocZ"dB", 7, := % Z 79, (3.3)
i=1

The flow-balanced case v = 0, in which routine replenishment is calibrated to offset baseline demand,
serves as our benchmark regime and is the case illustrated in all figures; all formal results are stated for
general v.

We comment on each component of (3.3) in turn.

(i) Lateral transshipment. The term «(Z, — Zt(i))dt represents the platform’s routine automatic
rebalancing. Warehouses below the network average receive inventory, warehouses above it ship
inventory out, and « > 0 measures the speed of this internal redistribution. This mean-field form of the
interaction is what makes the network tractable, and its operational preconditions are discussed under
“Scope” below.

(i) Emergency replenishment control. The control uﬁi) captures extraordinary, costly interventions
such as cross-regional air freight and premium procurement, which the platform activates deliberately.
Section 4 derives the optimal policy; until then, we study the uncontrolled network, u” = 0, to isolate
its inherent risk profile.

(iii) Persistent net-flow mismatch shocks. The multiplicative noise 0-Z"dB"* embodies three
modeling choices. First, the absolute size of deviations from baseline demand pressure scales with the
inventory position, so high-velocity SKUs with large stock footprints experience proportionally larger
absolute swings while sales remain availability-constrained. Second, the driver is fBm with H > 1/2, so
net-flow mismatch increments are positively correlated over time. A viral surge or persistent forecast
error today, therefore, makes elevated demand pressure tomorrow more likely, consistent with the herd
and diffusion behavior documented empirically [11, 12, 18, 19]. Third, the multiplicative-geometric
structure keeps Zt(i) > () automatically (see Assumption 1 below), so the nonnegativity of inventory holds
by construction rather than by an added constraint.

Three boundary features of the specification deserve explicit statement. (a) Baseline cumulative
sales demand D is pathwise nondecreasing because dD\” = ,Z"dt > 0. The fractional term M® is
deliberately not interpreted as cumulative physical sales. Instead, it is a signed diffusion approximation
to deviations around baseline net inventory pressure, including forecast errors, returns and cancellations,
and demand-replenishment timing mismatches. A negative increment therefore represents an inventory-
relieving deviation from baseline, not negative customer purchases. (b) The model is a diffusion-type
approximation of order-flow pressure, appropriate at the aggregate SKU-network level rather than at
the level of individual orders; jump-type formulations (Poisson, Hawkes) are compared in Section 6.4.
(c) Replenishment lead times are compressed into the flow rates. Routine lead times are folded into g,
and emergency replenishment is modeled as a rate control, which is appropriate when expedited lead
times are short relative to the evaluation horizon 7'. Explicit stochastic lead times, lost-sales accounting
below the stockout threshold, and backlogging are outside the scope of this model and are flagged as
limitations in Section 7.

Scope and modeling philosophy. The framework is macroscopic and describes the aggregate
inventory dynamics of a fulfillment network under persistent demand pressure rather than the
microscopic mechanics of individual purchases. This is also why fBm is the appropriate driver, since it
is the canonical parsimonious model of macroscopic temporal persistence [56—58], while micro-level
purchase mechanisms (reviews, recommendations, livestream interactions) enter only through the
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persistence they induce. The mean-field transshipment term presumes (a) centralized inventory control
with network-wide visibility, (b) regionally comparable warehouses serving statistically similar demand,
and (c) rebalancing that is frequent and small relative to stock levels. These conditions are met by large
centrally coordinated platforms (e.g., platform-fulfilled networks of the FBA type [27,30]) but not
necessarily by federations of independent sellers or by sparse two-echelon networks with rare bulk
transfers. Similarly, the long-memory driver is an empirical hypothesis to be tested before deployment.
Section 6.4 describes how to estimate H from demand data and when a short-memory or jump model
should be preferred. These primitives are shaped by platform-coordinated e-commerce fulfillment. The
long-memory driver reflects the viral, social-media, and campaign-driven persistence specific to
digital-commerce demand; the mean-field transshipment term encodes the continuous cross-warehouse
rebalancing that platform-fulfilled networks perform; and the network-average state is the systemic,
fulfillment-wide stockout risk that sets a distributed e-commerce network apart from single-facility
inventory control. Equations (3.1)—(3.3) thus embody the operational features of the e-commerce
setting. At the same time, because that structure rests on mean-field balancing under persistent
aggregate shocks rather than on anything specific to retail, the same equations describe other centrally
coordinated resource networks as well, so e-commerce is the motivating application rather than the
exclusive domain of validity.

Stochastic-calculus convention. Because fBm with H # 1/2 is not a semimartingale, the stochastic
integral in (3.3) must be specified before any solution formula is meaningful.

Assumption 1 (WIS convention). Stochastic integrals with respect to B™ are Wick—It6—Skorokhod
(divergence-type) integrals in the sense of the fractional stochastic calculus of [24] and [25, 26].
Associated with H is the kernel o(t, s) := HQ2H — 1)|t — s|*'=2, for which fot o(t, s)ds = H*"='. Under
this convention, (a) WIS integrals of admissible integrands have zero expectation, and (b) the linear
equation dZ, = vZ,dt + 07, dBfI has the unique WIS solution

Z, = Zyex{vt + 0B} - 1or"), (3.4)

so that B[Z,] = Zye"”'; and (c) for H > 1/2, (3.4) coincides pathwise with the Young (pathwise)
solution of the corrected equation dZ, = (v — o*Ht*"1\Z, dt + oZ, dB!, which is the representation
used by our simulation schemes.

Three reasons motivate the WIS choice over the pathwise (Young/Stratonovich-type) alternative,
under which the solution would be Zyexp(vt + oB) without the correction term. First, the zero-
expectation property (a) is what makes probabilities and moments computable in closed form. Second,
as H — 1/2, the WIS solution (3.4) converges to the classical It6/geometric-Brownian solution, so all
results nest the standard Markovian benchmark continuously. Third, under the pathwise convention,
E[Z] = Zye" 27 ™" grows with the noise even in the flow-balanced regime, an economically spurious
“volatility creates inventory” effect. Throughout the paper, “unique solution” means unique solution in
the WIS sense of Assumption 1, and every proof states where the convention is used.

Systemic stockout exposure. Let Z,;, > 0 be the critical threshold below which the network can no
longer sustain its fulfillment promises. Individual warehouse stockouts are routine; the event of interest
is the network-level one.

Definition 1 (terminal systemic stockout exposure). The terminal systemic stockout exposure at
horizon T is SSE(T) := P{Z; < Zuin)-
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The terminal exposure is a deliberately conservative, closed-form benchmark because it registers
whether the network ends the evaluation period below the critical level, not whether it visited that level
earlier. The corresponding first-passage exposure P{ming<,<r Z, < Znin} is at least as large (Remark 1),
does not admit a comparable closed form under fBm, and is quantified numerically in Section 6.2. We
accordingly interpret SSE(7") as a lower bound on network distress over [0, 7] and avoid describing it
as a “collapse” probability.

3.2. Systemic stockout risk

The first step is exact and does not involve any approximation.
Lemma 1 (aggregation). Let (ZV),cn solve (3.3) with u'”? = 0. Then the network average satisfies,
exactly and for every k > 0,

N
dZ, = vZ,dt + 0'% > z"aB", (3.5)
i=1

because the transshipment terms cancel identically, as shown by Y\ (Z, — Zt(i)) = 0. Moreover
(i) B .= N-' YN B"" is a centered Gaussian process with Var(B") = *" N, hence equal in law to
N~'2BH for a standard fBm BY, and (ii) under Assumption 1, E[Z,] = Zye"" for every k > 0.

Lemma 1 already delivers two structural conclusions. Internal transshipment redistributes but never
creates inventory, so « is absent from the exact aggregate equation (3.5), which places the systemic
level of the network beyond the reach of rebalancing. And averaging N independent shocks compresses
volatility by exactly VN, which motivates the following explicit definition.

Definition 2 (mean-field benchmark and network-effective volatility). The network-effective
volatility is o = o/ YN. The mean-field benchmark process Z is the unique WIS solution of

dZ, =vZ,dt + onZ,dB", 7y =17, (3.6)

The benchmark replaces the exact diffusion term of (3.5) by oZ, dB¥, which is the classical mean-
field closure. The closure is not an identity. The replaced term differs from the true one by the remainder
R, :=cN7'Y, fot(Zgi) —7Z,) dB", which has zero expectation under Assumption 1 and whose magnitude
is governed by the cross-warehouse dispersion of inventories (the same dispersion index Dy(#) that
drives transshipment activity in Section 3.3). Three regimes make the closure quality precise. (a) If all
warehouses are driven by a common shock (B = B for all i, the fully systemic case of Section 5.2
with p = 1), the closure is exact for every N and every «. Appendix A.2 exhibits the explicit solution of
the coupled system, whose average is exactly geometric fBm. (b) Under partially correlated shocks,
the benchmark error vanishes as N — oo at rate N~'/? (Theorem 1 in Section 5.2). (c) Under fully
independent shocks, the benchmark is accurate when per-warehouse cumulative volatility o>T? is
moderate and initial inventories are approximately balanced, and it understates aggregate variance
otherwise; Appendix A.2 gives the exact aggregate-variance identity behind this statement, and Section
6.1 quantifies the resulting probability error by Monte Carlo against the full N-warehouse system. All
statements about the closed form below are statements about the benchmark process, with the exactness
scope just described.

Proposition 1 (terminal systemic stockout exposure). Under Assumption 1, for the mean-field
benchmark (3.6) with deterministic Zy > 0,
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. IN(Zwin/Zo) — vT + o2 T
(D[ ( / 0) 2UN )’ (37)

IP){ZT < Zmin} = ovTH
N

where @ is the standard normal distribution function. The same expression with oy replaced by o
gives the exact terminal exposure of the full coupled network, for every N and k, when all warehouses
share a common demand shock.

The proof'is given in Appendix A.2.

Analysis of Proposition 1. The closed form in Proposition 1 reduces the network’s systemic risk to
a single normal-tail probability, and the four primitives that drive expression (3.7) each carry a distinct
managerial reading. Demand memory operates when the horizon exceeds the unit time scale and the
drift-adjusted initial buffer remains nonnegative. A larger Hurst exponent then inflates the effective
standard deviation o-yT* of cumulative shocks, so persistence raises systemic stockout exposure, as
Figure 1 illustrates, and Corollary 1 states both conditions under which this monotonicity is a theorem
rather than a numerical pattern. The comparison with the Markovian benchmark is quantitative. At
H = 1/2, the variance of cumulative shocks grows linearly in 7', while at H > 1/2, it grows like T so
within that buffer regime, safety stocks calibrated under memoryless models understate tail exposure
for viral, campaign-driven categories, and the understatement worsens with the horizon. The horizon
effect makes stockout exposure accumulate with 7 under the conditions in Corollary 1(i1) (Figure 2),
which rationalizes shorter risk-review cycles for long-memory categories. The initial-buffer effect
makes stockout exposure fall with Z, (Figure 3), quantifying the protective value of pre-positioned
inventory before launch or campaign events. The net-flow-balance effect shifts the entire stockout
exposure schedule upward through the —v7T term in a demand-dominant regime (v < 0), because
persistent under-replenishment and persistent shocks compound. Relative to the disruption-propagation
literature [34,36,37], the mechanism here is not the failure of a node but the slow, correlated depletion
of the whole network. Risk is generated by the demand side and merely redistributed by transshipment,
not reduced by it (Lemma 1).
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Figure 1. Terminal systemic stockout exposure P versus Hurst exponent H (baseline model,

Proposition 1). The parameter setting uses Zyi, = 0.7, Zo = 10, T = 30, v = 0, and network-

effective volatility oy € {0.4,0.6,0.8}. Since Zy > Zyi, and T > 1, all curves are strictly

increasing in H (Corollary 1(ii1)).
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Figure 2. Terminal systemic stockout exposure P versus horizon 7 (baseline model). The
parameter setting uses Zyi, = 0.7, Zy = 10, H = 0.6, v = 0, and oy € {0.4,0.6,0.8}. Since
Zo > Zmin, stockout exposure is strictly increasing in T (Corollary 1(ii)).
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Figure 3. Terminal systemic stockout exposure P versus initial average inventory Z, (baseline
model). The parameter setting uses Z,, = 0.7, T = 30, H = 0.6, v = 0, and oy €
{0.4,0.6,0.8}. Stockout exposure is strictly decreasing in Z, (Corollary 1(i)).

The monotonicity patterns visible in Figures 1, 2, and 3 hold as theorems only under explicit parameter
conditions, which we now state exactly; numerical illustrations are not a substitute for these conditions.

Corollary 1 (exact comparative statics). Letr P denote the right-hand side of (3.7), write a :=
In(Zy/Znin) and x := oxTH, and let ¢ be the standard normal density evaluated at the argument of ® in

(3.7). The following statements hold.
oP 1)

(i) A = —% < 0 for all parameter values.
oP Ha Hx? _
(ii) ETa = f[%+%+v(H— 1)]; in particular, if Zy > Zyin (i.e., a > 0) and v < 0, then 0P/0T > 0

forall T > 0.

oP +vT 1
(iii) 3 - ¢[a zv + —]xln T; hence, whenever a+vT > 0, stockout exposure is strictly increasing

in Hif T > 1, strictly decreasing if T < 1, and locally invariant at T = 1.

oP +vT 1
(iv) = qb[a V_ o, —]T” > 0 whenever a + vT > 0.
0oy x2 2
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Analysis of Corollary 1. The derivatives in Corollary 1 state the comparative statics exactly
rather than as numerical patterns, and two of them temper any broad monotonicity claim. First, the
memory effect (iii) is not universal because it reverses for sub-unit horizons, as 727 decreases in H
when T < 1. The condition T" > 1 is stated relative to the time unit in which o is calibrated. The
managerially relevant case, in which campaign and season horizons run long relative to the daily or
weekly calibration unit, satisfies it, but the condition is substantive and belongs in the statement. Second,
condition a + vT > 0 has the transparent interpretation that the initial log buffer must cover the expected
cumulative net drain over the horizon. When the network starts below threshold or is drained fast
enough that a + vT < 0, stockout exposure is already near its ceiling and the derivative signs in (iii)—(1v)
can flip. All derivatives above are exact; Appendix A.3 contains the calculations.

The terminal exposure records the probability of ending below threshold but not the size of the deficit.
Because Z; is lognormal, the expected deficit also has a closed form of Black—Scholes put type.

Corollary 2 (expected terminal shortfall). Let v := oyT" and let d denote the argument of ® in
(3.7). Then

E[(Znin = Z1)"] = Zuin ®(d) — Zpe'T O(d - v). (3.8)

Analysis of Corollary 2. The closed form in Corollary 2 prices the severity of a systemic stockout
in inventory units, where Proposition 1 prices only its likelihood. In expression (3.8), the first term is
the threshold weighted by the stockout exposure probability, while the second subtracts the expected
inventory retained in the shortfall states. The corollary therefore equips the platform with a loss-based
risk budget rather than a pure event probability, since expected shortfall converts into expected lost
revenue through unit margins, and this addresses the standard objection that probability metrics ignore
magnitude. Stockout exposure (3.7) and shortfall (3.8) are computed from the same two sufficient
statistics (d, v), so both can be monitored in real time as H, oy, or the inventory state are re-estimated.

Remark 1 (first-passage exposure). Since (Zr < Zuin) € {ming<;<7 7, < Zumin), the terminal exposure
(3.7) 1s a lower bound for the first-passage exposure; no closed form comparable to (3.7) is available
for the latter under fBm. Section 6.2 shows numerically that the first-passage exposure preserves all
comparative statics of Corollary 1 and that the gap between the two metrics narrows as H grows, because
persistent networks that dip below threshold tend to stay there, so the terminal benchmark is tightest
precisely in the high-persistence regime this paper targets.

Remark 2 (small initial inventory). Expression (3.7) requires Z, > 0 through In Z, and is monotone.

2TSAT) > ol ™) > 1/2 when v < 0, and it tends
to one as Zy | 0. Numerical evaluations should therefore start from strictly positive initial inventories
(all figures use Z, > 1), and near-threshold networks should be treated as already-distressed cases for
which the relevant question is the control response of Section 4, not the stockout exposure estimate.

As Zy | Znin, the stockout exposure rises to O(

3.3. Inter-warehouse transshipment, balancing pressure, and physical volume

Section 3.2 established that transshipment intensity « leaves the aggregate inventory path unchanged,
and with it systemic stockout exposure. This does not make « irrelevant because it determines the
internal logistics activity the network performs to keep inventories balanced, and that activity is costly.
Care is needed, however, in defining what is being measured. Define the net balancing-flow matrix
F™ with entries
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Fé = % 2z — 7, i,jeN, (3.9)

the signed net flow rate associated with the pair (i, j), where a positive value indicates that inventory

flows from j toward i. Because entries are signed, F"Y) measures balancing pressure rather than

physical shipment volume, since a physical shipment cannot be negative. We therefore work with two

complementary metrics. The first aggregates squared entries through the expectation-Frobenius norm,

M| = (glsV @22 3.10

IFM) = (B[ZNaFY]) (3.10)

which we call the balancing-pressure index. The second counts actual directed shipments through
the instantaneous physical shipment volume

N
Vo= Y %(z,@ — 79", 3.11)
i,j=1

the total rate at which units physically move between warehouses at time #; the cumulative volume
over the horizon is fOT V., dt, and with a per-unit-shipped cost ¢, the transshipment cost is ¢ fOT V. dt.
Both metrics are driven by cross-sectional imbalance, measured in expectation by the dispersion index
Dy(t) := (Bly Y:(2Y = Z)*)"/? and pathwise by dy(f) := (% Y:(2Y - Z)H'?; we also use the Gini

mean difference Gy(1) := N2 3, ; 1z~ 7.
Proposition 2 (transshipment activity). For each t > 0, provided second moments are finite, the

following statements hold.
(i) (balancing pressure) ||FfN)|| = \/EKDN(Z‘);

N
(ii) (physical volume) V, = % Gy(1), pathwise;

(iii) (equivalence bounds) % dy(t) <V, < % dn(1), pathwise.

Analysis of Proposition 2. The identities in Proposition 2 show that the rebalancing effort a platform
expends admits two exact readings, and that the two must not be used interchangeably. Part (i) is the
dispersion identity for balancing pressure, which scales with « and with the standard-deviation-type
imbalance Dy. Part (ii) supplies the physically meaningful counterpart, in which total shipment volume
equals transshipment intensity times N/2 times the Gini mean difference of the inventory cross-section.
Because the Gini mean difference is an L! rather than an L? imbalance measure, the two parts respond
differently to outliers, and a single deeply depleted warehouse inflates Dy quadratically but G only
linearly. Part (iii) shows that the two views remain equivalent up to the network size factor. For a
fixed N, pressure and volume move together within explicit bounds, and for approximately Gaussian
cross-sections V, ~ kNdy(t)/ v/ (Appendix A.4). Four objects must therefore stay distinct, namely

signed balancing pressure (3.10), directed instantaneous volume (3.11), cumulative volume fOT V. dt, and

transshipment cost ¢ fOT V. dt; claims about “logistics volume” in what follows always refer to (3.11).
Separating these objects has a direct managerial payoff. Systemic stockout exposure and internal
logistics burden are two distinct health indicators. The former is fixed by the aggregate path (Lemma 1),
while the latter is controlled jointly by the rebalancing intensity « chosen by the platform and by the
inventory dispersion, which the platform shapes through pre-positioning, demand shaping, and regional
allocation. Two networks with identical systemic stockout exposure can therefore carry very different
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internal logistics costs, and monitoring (Dy, Gy) alongside SSE separates the “how much total stock™
question from the “how well distributed” question.

4. Optimal emergency replenishment for e-commerce platforms

4.1. Active risk management and problem formulation

Section 3 characterized the network’s stockout exposure absent intervention (1 = 0), which
corresponds to passive risk management through initial buffers and automatic rebalancing. We now let
the platform intervene through costly emergency replenishment and derive the optimal intervention rule.

Two decision levels and the role of . The control problem is meaningful at two levels, and
Lemma 1 links them exactly. At the systemic level, the platform steers the network-average inventory,
the very state variable whose threshold crossing defines systemic stockout exposure. Averaging (3.3)
over warehouses, the transshipment terms cancel identically for every x > 0, so the network-average
dynamics contain no transshipment term at all. Emergency control of the systemic state is therefore
exactly a single-state control problem, not an approximation obtained by switching transshipment
off. At the decentralized level, each warehouse manages its own deviation, and setting x = 0 isolates
the emergency-replenishment margin from the rebalancing margin studied in Section 3.3; this is the
benchmark under which per-warehouse problems decouple. Both readings lead to the same mathematical
problem below, which we state for a generic deviation state X;, standing for the network-average gap in
the systemic reading and for warehouse i’s gap in the decentralized reading.

Centered state. Let z* > 0 be the safety-stock target and define the inventory deviation X, := Z, — z*,
so X, < 0 signals shortage pressure and X, > 0 excess. The platform’s objective is to steer the deviation
toward zero at minimal emergency cost.

Assumption 2 (controlled deviation dynamics and admissible policies). (a) The deviation evolves
as

dX, = w,dt + oX,dB", Xo=x0#0, “4.1)

interpreted in the WIS sense of Assumption 1. (b) Admissible controls form the linear-feedback class

Uy = {u, = LX, : L:[0,T] — R bounded and measurable, deterministic }. 4.2)

(c) The cost coefficients h; > 0, r; > 6 for some 6 > 0, and k > 0 are bounded and measurable, with
h, r deterministic functions of time.

Part (a) is a modeling choice that deserves justification. The noise is proportional to the deviation,
which means that persistent demand-supply imbalances feed on the size of the current gap. Larger
shortfalls attract herd-driven scarcity effects, larger excesses reflect the aftermath of larger shocks,
and the specification inherits the sign-preservation property of geometric dynamics, which proves
operationally meaningful below. It is not the exact linearization of (3.3) around z*, which would carry
the affine noise o(X, + z*)dB!; the affine variant destroys the homogeneous structure that yields a scalar
Riccati equation, and we leave it as an extension (Section 7). Part (b) restricts attention to policies that
are implementable in fulfillment systems. The replenishment rate responds linearly to the observed
gap through a precomputed, deterministic time-varying gain. Optimality below is claimed within U,
and not over all adapted open-loop processes; for the wider classes, which require the machinery of
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fractional backward equations, see [86—88]. This restriction is stated explicitly, and the practical loss
is arguably small because the optimal member of U);, already achieves the canonical LQ value box(z)
characterized below.

The platform selects u € U);, to minimize the total expected cost

T
C(u) = E[ f (hX? + ral)dt + kX7|. (4.3)
0

The running penalty /,X> prices deviations from the safety target, with shortage exposure on one side
and capital occupation and handling pressure on the other; r,u? prices the use of expensive emergency
channels; the terminal penalty kX7 prevents ending the horizon in a severely unbalanced state.

The objective is a quadratic tracking approximation. We state explicitly what (4.3) is and is
not. It is not the minimization of systemic stockout exposure (3.7), of first-passage risk, or of expected
shortfall (3.8). Quadratic costs penalize shortage and excess symmetrically, and no closed-form control
minimizing a threshold-crossing probability is available under fBm, since the non-Markovian state
rules out the HIB characterization such objectives would require. The LQ problem instead provides a
tractable quadratic tracking surrogate that keeps the state near the safety target and thereby indirectly
suppresses threshold crossings. Section 6.3 closes the loop empirically, showing that the optimal LQ
policy reduces the terminal shortage probability by an order of magnitude relative to passive and naive
benchmark policies at comparable or lower cost. The asymmetric-objective problem remains open and
is flagged in Section 7.

Why classical tools fail. For H # 1/2, (4.1) is driven by a process that is neither Markovian
nor a semimartingale. The future depends on the entire shock history, so dynamic programming and
HJB equations do not apply [21, 23], and classical It6 calculus is unavailable. The WIS calculus of
Assumption 1 provides the substitute, and the linear-quadratic structure preserves explicit solvability.
Rather than manipulating fractional stochastic integrals directly, whose expectations require care to
justify, our optimality proof reduces the problem to a deterministic control problem for the second
moment of the state, for which every step is elementary.

4.2. Optimal replenishment policies
Under a linear feedback u, = L, X, € U);,, the controlled state (4.1) is the WIS solution

t
X, = xo exl:( f Lyds+oB" - %O'ZIZH), (4.4)
0

whose second moment m, := E[X?] is finite and, by the Gaussian moment formula E[¢273"] = 2"

equals xj exp(2 fot Lyds + o*t*); hence, m solves the linear ordinary differential equation

b

i, = my (2L, + 202 HAHY), my = xg. 4.5)

The memory of the demand shocks enters through the coefficient 20> Ht*~! = 202 fol o(t, s)ds,
the integrated kernel of Assumption 1; at H = 1/2, it reduces to the constant Itd correction o>. The
associated Riccati equation is

b, + 20°H*™" 'b, + b, — 170 = 0, by =k (4.6)
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Lemma 2 (Riccati solvability). Under Assumption 2(c), equation (4.6) has a unique solution on
[0, T], and it satisfies O < b, < (k + hT)e*™, where h := sup, h; and a := o> HT*"",

Proposition 3 (optimal emergency replenishment). Under Assumptions 1 and 2, with b the solution
of (4.6), the following statements hold.

(i) the policy @i, = —r; 'b,X, belongs to Uy, and is the unique optimal policy in Uy, (uniqueness up
to modification on a Lebesgue-null set of times);

(ii) for every u = LX € Uy,

T 2
C(u) = box3 + f m,r,(L,+rt_1b,) dt > byx;, 4.7
0

with equality if and only if L, = —r'b, for a.e. t; hence, the minimal cost is C(it) = box%.
The proof is given in Appendix A.6.

One remark on the proof is useful. The argument requires no expectation of a fractional stochastic
integral because Assumption 1 enters only through the explicit solution (4.4) and its second moment.
The delicate zero-expectation properties of WIS integrals, which must otherwise be verified integrand by
integrand, are therefore never invoked. The classical completing-the-square derivation via the fractional
It6 formula of [24] delivers the same Riccati equation (4.6); we present the moment route because every
step is verifiable by elementary calculus.

Analysis of Proposition 3. The optimal rule of Proposition 3, &t, = —,'b,X;, is one the platform can
actually run, and its managerial content has three layers. Interpretability follows because the platform
needs only the observed gap X, and the precomputed gain —r;'b,. No path history enters the policy
even though the environment is non-Markovian, because all memory is absorbed into the deterministic
coefficient b, through the 20> Ht*'~! term of (4.6). The Riccati coefficient b, is the shadow price of
squared deviation, meaning the current marginal cost of carrying one more unit of squared gap from ¢
to the horizon. Dividing by r, converts that value into the economically justified intervention intensity.
Higher demand persistence (larger H, at horizons beyond the unit scale) raises the memory coeflicient
and with it the shadow price early in the horizon, prescribing earlier and stronger intervention than a
memoryless calibration would, which is the control-side counterpart of Proposition 1’s warning that
Markovian models understate risk. The sign structure and nonnegativity constraint follow from the
geometric dynamics (4.4), which preserve the sign of X,. If the state starts in shortage (xy < 0), then
X, < 0 throughout, so &, = —r;'b,X, > 0 automatically. Along the entire shortage trajectory, the optimal
emergency order rate is nonnegative and the constraint u > 0 is slack, so no projection is needed exactly
where emergency replenishment is meant to operate. If the state starts in excess (xy > 0), the optimal
it; < 0 1s the cancellation, delay, or redirection of scheduled inbound supply; where such negative
actions are institutionally unavailable, the projected policy max{0, it,} degenerates to passivity, the LQ
optimality claim no longer applies to it, and the cost of that constraint is quantified in Table 2 of Section
6.3. The value of initial positioning follows because the minimal cost box(z) is quadratic in the initial gap,
so halving the launch-time deviation quarters the expected control bill. Combined with Corollary 1(i),
this gives initial inventory a dual role, buffering stockout exposure and economizing on future emergency
intervention, and makes the calibration of z* a first-order decision before campaign events.
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5. Extensions

The two extensions that follow enrich the stochastic environment while keeping the decision
architecture of Sections 3 and 4 unchanged; their purpose is to establish robustness and delimit
generality, not to replace the baseline formulation. The first allows routine short-memory fluctuations to
coexist with persistent shocks; the second drops the independence of shocks across warehouses, which
is where the sharpest new conclusion emerges, namely an irreducible systemic risk floor.

5.1. Mixed demand shocks

In the baseline model, all demand variability is long-memory. In practice, aggregate demand
mixes routine fluctuations from many quasi-independent consumers, which are well approximated by a
memoryless process, with persistent amplification from campaigns and social diffusion. We therefore
drive inventories by both a standard Brownian motion W (short memory) and an independent fBm
B (long memory) as follows.

dZ" = k(Z, — Z")dt + udt + vZPdt + 0 ZPaW? + 0,70 d B, (5.1)

with o1, 0 > 0 the short- and long-memory volatilities; Brownian integrals are It6 integrals, fBm
integrals are WIS integrals, and the two families are independent. Aggregation proceeds exactly as
in Lemma 1. Transshipment cancels, and averaging compresses each noise family by VN, yielding
network-effective volatilities oy y := 01/ VN and OoN =0/ VN for the mean-field benchmark, with
the same closure caveats as in Section 3.2.

Proposition 4 (mixed shocks). Under Assumptions 1 and 2 adapted to (5.1), let v*(T) := O'iNT +
0'5’ NT2H . The following statements hold.

(i) the terminal systemic stockout exposure of the mean-field benchmark is

; (5.2)

7)) — 1,2
P < Zoi) = (D(ln(me/Zo) vT + 3v (T))

v(T)

(ii) the transshipment identities of Proposition 2 hold verbatim, because they are pathwise algebraic
identities that do not involve the law of the noise;

(iii) the optimal emergency replenishment policy in Uy, retains the linear feedback form i, =
-r; ', X, with minimal cost boxé, where b now solves

b+ (0% +203HP Yo, + by — 17 '02 =0,  br =k (5.3)
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Analysis of Proposition 4. The two shock channels separate cleanly in Proposition 4, and expression
(5.2) shows that the routine variance channel grows linearly in 7', whereas the persistent channel grows
as T*. Long memory therefore dominates tail exposure at long horizons for any fixed (o7, o), which is
the analytical content behind Figures 4, 5, and 6. The comparative statics of Corollary 1 carry over with
x replaced by v(T'); in particular, increasing memory raises stockout exposure only when the horizon
exceeds the unit time scale and the corresponding drift-adjusted buffer condition holds (Appendix A.3).
The Riccati equation (5.3) also exposes a structural asymmetry. The Brownian channel contributes the
constant Itd correction 0'%, while the fBm channel contributes the time-growing memory coefficient
203HPH™!. The two corrections have different origins (quadratic variation versus the WIS kernel)
and are not interchangeable, which is why the proof in Appendix A.7 tracks them separately rather
than “absorbing” one into the other. Managerially, Figure 4 illustrates persistence as the dominant risk
driver across its reported routine-volatility levels; Figure 5 shows the nonlinear acceleration of risk
accumulation over the plotted persistence values; and Figure 6 quantifies how much larger the initial
buffer must be to hold a target stockout exposure as the persistent-shock intensity o, rises.

5.2. Correlated demand shocks

The baseline assumes independent shocks across warehouses, under which pooling across N locations
compresses aggregate volatility by VN (Lemma 1). During platform-wide promotions, viral episodes,
or sustained public-attention events, however, regional demands surge together. We therefore give the
N-dimensional shock the following common-factor structure.

dB" = \pdB™ + \J1—pdB"™  pelo,1], (5.4)
where B is a systemic shock common to all warehouses, and (B"%); are warehouse-specific
idiosyncratic shocks, all independent standard fBms. Each B" remains a standard fBm for every p;
p = 0 recovers the baseline, and p = 1 makes all warehouses move in lockstep.
Proposition 5 (correlated shocks). Under Assumption 1 with the factor structure (5.4), the following
statements hold.
(i) the terminal systemic stockout exposure of the Gaussian-aggregate benchmark is

) IN(Zoin/ Z0) =T 1 1—p
P{Zr < Ziin} = CD( p— + EaaggTH , Tage '= O AP+ N (5.5)

atp =0, Ouge = 0/ VN = o, consistent with Definition 2, and at p = 1, the benchmark is exact for
the full coupled network for every N and k (Appendix A.2);

(ii) the transshipment identities of Proposition 2 hold verbatim (pathwise identities);

(iii) each warehouse’s decentralized control problem is unchanged because its solution depends on
the driving noise only through the marginal law of B, which is that of a standard fBm for every p.
The Riccati equation (4.6), the feedback policy, and the minimal cost of Proposition 3 therefore apply
without modification.

Theorem 1 (large-network limit and the systemic risk floor). Let x = 0, u = 0, let initial
inventories be uniformly bounded with Z(()N) — 7o > 0, and let shocks follow (5.4) with p € [0, 1]. Then,
almost surely as N — oo,

Zr — % exdvT + o \p B - %pO'QTZH), (5.6)
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and consequently, for p > 0,

lim P{Z; < Zyin} = ©

N—ooco

(ln(zmin/ZO) T
opTH

For p = 0, the limit (5.6) is the deterministic path Zoe'", and the limiting stockout exposure is 0 or 1
according to the sign of In(Zyin/Zo) — vT. The convergence rate is O(N~''?), with the constant governed
by (e-Pr T _ 1y1/2 (Appendix A.8).

Analysis of Proposition S and Theorem 1. Together, Proposition 5 and Theorem 1 settle what
network expansion can and cannot buy, and three conclusions follow. First, the diversification logic
of network expansion has a hard boundary. Under independence, 0, = 0/ VN — 0, so enough
warehouses drive systemic stockout exposure to zero, as predicted by classical risk pooling. With any
common component p > 0, 0y | 0 +/p > 0, and Theorem 1 upgrades the finite-N intuition to an exact
limit theorem. The idiosyncratic components average out at the explicit N~'/? rate, whereas the systemic
component does not. The network’s tail risk consequently converges to a strictly positive floor (5.7) that
no expansion, reallocation, or transshipment policy can remove. The floor yields only to a reduction
in p itself, through assortment diversification across demand communities or staggered campaigns, or
to higher buffers. Second, the theorem also provides the rigorous foundation for the closed forms of
this paper. It identifies exactly when the lognormal benchmark is the truth (in the limit, and exactly at
p = 1 for any N, k) rather than an unexamined closure, answering at the level of theory what Section
6.1 verifies numerically at finite N. Third, correlation is invisible at the decentralized level. Part (iii)
shows that each warehouse’s optimal policy is unchanged because individual optimization sees only its
own marginal shock law. Systemic risk under correlation is thus an emergent network property that no
collection of individually optimal policies internalizes, the operations analogue of the finance distinction
between individually rational risk management and system-level externalities [47,48]. This is why the
platform-level stockout exposure metrics of Section 3 and the systemic-level control reading of Section
4 matter. Figures 7, 8, and 9 quantify the finite-N picture. Stockout exposure rises steeply with p at high
H (Figure 7), risk accumulates on compressed time scales under high correlation (Figure 8), and the
initial buffer required to hold a target stockout exposure grows sharply with p (Figure 9). Stocking more
helps, but against a common persistent surge, it is a costly and ultimately bounded defense.

+%o-\/ﬁTH) > 0. (5.7)
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Figure 7. Terminal systemic stockout exposure P versus H under correlated shocks
(Proposition 5). The parameter setting uses Zyi, = 0.7, Zo = 10, T = 30, v = 0, per-
warehouse volatility oo = 0.6, N = 100, and p € {0.3,0.6,0.9}.
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Figure 9. Terminal systemic stockout exposure P versus initial average inventory Z, under
correlated shocks. The parameter setting uses Zy,;, = 0.7, T =30, H = 0.6, v =0, o0 = 0.6,
N =100, and p € {0.3,0.6,0.9}.

6. Numerical validation and calibration guidance

This section provides the numerical validation and implementation layer for the preceding analysis.
It covers Monte Carlo accuracy checks of every closed form against the full N-warehouse system
(Section 6.1), the relation between terminal and first-passage exposure (Section 6.2), a benchmark
comparison for the optimal policy including the effect of the nonnegativity constraint (Section 6.3),
and statistical guidance for calibrating the long-memory input before the framework is used (Section
6.4). All experiments report complete parameter sets and use exact-in-distribution simulation of fBm
(circulant embedding with a Cholesky fallback [97]); the simulation representation of the WIS dynamics
is the pathwise corrected form of Assumption 1(c).

6.1. Accuracy of the closed-form benchmark

This subsection establishes the accuracy envelope of the closed-form benchmark, identifying by
direct comparison against exact full-system simulation the regimes in which the closed form can be
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trusted and those in which the full simulator is needed. Table 1 reports the comparison, setting the
closed-form stockout exposure (5.5), which nests (3.7) at p = 0, against the empirical stockout exposure
of the full N-warehouse system. For p < 1, the full system is simulated exactly at k = O through the
per-warehouse WIS solutions under the factor structure (5.4); for p = 1, the exact solution of the coupled
system with k > 0 (Appendix A.2) is used, so no discretization error contaminates the comparison. The
common parameter setting uses 7 = 5, H = 0.6, v = 0, Z;, = 8, and Z;, = 10. “Balanced” initial
inventories set all £ = 10, whereas “dispersed” ones spread £ uniformly on a grid from 5 to 15 with
mean 10.

Table 1. Closed-form versus full-system terminal systemic stockout exposure.

p « N o initial inventories closed-form P MC P MC s.e. abs. error
1.0 0 10 0.35 balanced 0.5859 0.5879 0.0025 0.0021
1.0 2 10 0.35 dispersed 0.5859 0.5867 0.0025 0.0009
05 0 5 035 dispersed 0.5170 0.5227 0.0029 0.0057
0.5 0 50 0.35 dispersed 0.4954 0.4953 0.0056 0.0001
0.0 0 10 0.15 balanced 0.0419 0.0482 0.0009 0.0063
0.0 0 10 0.15 dispersed 0.0419 0.0556 0.0009 0.0137
0.0 0 10 0.60 dispersed 0.4213 0.5551 0.0020 0.1338

Note: The common parameter setting uses 7 =5, H = 0.6, v = 0, Z;;, = 8, and Zo = 10, with
10,000-60,000 Monte Carlo paths per row (standard errors reported) and n = 512 time-grid points.

The pattern follows the theory of Sections 3.2 and 5.2 exactly. In the fully systemic rows (p = 1),
the discrepancy is within Monte Carlo noise for both k = 0 and « = 2, as the exactness result predicts.
In the correlated rows (o = 0.5), the benchmark error falls from 0.006 at N = 5 to below Monte Carlo
resolution at N = 50, which is the O(N~'/?) convergence of Theorem 1 at work. The independent
rows (p = 0) delimit where the benchmark holds. With moderate per-warehouse cumulative volatility
(0°T*" ~ 0.16) and balanced inventories, the error is below 0.007; initial dispersion roughly doubles
it, consistent with the exact variance identity of Appendix A.2, in which cross-sectional heterogeneity
inflates true aggregate variance by the factor 1 + sﬁ /&2; and the deliberately stressed final row (o = 0.6,
T ~ 2.5) shows the closure understating stockout exposure by 0.13. In heavy-tailed idiosyncratic
regimes, the lognormal benchmark is not a substitute for simulation. In practical terms, the closed forms
are reliable precisely in the systemic-shock regimes that motivate the paper (o substantial, or N large)
and in the moderate-volatility independent regime. The full-system simulator that produced Table 1
should be used outside that envelope.

6.2. First-passage versus terminal exposure

This subsection establishes numerically how the closed-form terminal metric relates to the
operationally richer first-passage metric, a relation anticipated in Remark 1. Figure 10 makes that
relation precise by simulating the benchmark process exactly on a fine grid and recording both the
terminal exposure and the running-minimum (first-passage) exposure. Two facts stand out. First, the
ordering P,(T) > Pim(T) holds everywhere, and both metrics share the comparative statics of
Corollary 1, rising in T and ordered in H, so managerial conclusions drawn from the closed-form
terminal metric carry over qualitatively to the operationally richer first-passage metric. Second, the gap
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between the two shrinks as H grows because persistent networks that cross the threshold rarely recover
within the horizon. The terminal measure is therefore tightest exactly in the high-persistence regime this
paper targets and most conservative-biased in near-Markovian regimes. Grid-based minima slightly
understate continuous-time first passage, so the plotted first-passage curves are themselves lower-bound
estimates; this bias is second order at the plotted grid resolution.
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Figure 10. Terminal (closed form, solid) versus first-passage (Monte Carlo running minimum,
dashed) systemic stockout exposure as functions of the horizon 7'. The parameter setting uses
Zmin = 0.7, Zy =10, v = 0, oy = 0.6, and H € {0.6,0.75,0.9}, with 20,000 exact fBm paths
on a 1,024-point grid.

6.3. Benchmark replenishment policies

This subsection quantifies the operational value of the optimal policy of Proposition 3 and prices the
nonnegativity constraint, benchmarking the policy against implementable alternatives in the two initial
regimes whose sign structure the theory distinguishes. Table 2 and Figure 11 report this evaluation. The
parameter setting uses o = 0.35, H = 0.7, T =5, h =1, r = 0.5, k = 0.6, and safety target z* = 10.
Expected costs are computed exactly through the moment ODE (4.5) (no simulation error); adverse-tail
probabilities use 30,000 exact simulated paths. In the shortage scenario, the adverse event is X; < —3
(inventory still at or below its initial deficit, i.e., Zr < 7); in the excess scenario, it is X7 > +3.

Table 2. Emergency replenishment policies under long-memory demand.

Scenario Policy Expected total % above LQ Terminal adverse-tail
cost optimum probability
A (shortage, Xy = -3) Passive (u = 0) 95.1731 1343.3851 0.2961
A (shortage, Xy = -3) Myopic gain — Vh/r 6.6029 0.1389 0.0000
A (shortage, Xy = —3) Aggressive gain —2 Vh/r 8.0642 22.3006 0.0000
A (shortage, Xy = —3) Optimal LQ 6.5937 0.0000 0.0000
A (shortage, Xy = -3) Projected LQ max{0, u} 6.5937 0.0000 0.0000
B (excess, Xy = +3) Unconstrained LQ (cancel/redirect) 6.5937 0.0000 0.0000
B (excess, Xy = +3) Projected LQ (= passive, u = 0 binds) 95.1731 1343.3851 0.2961

Note: The parameter setting uses oo = 0.35, H = 0.7, T =5, h = 1,r = 0.5, k = 0.6, and z* = 10. Costs are exact via the moment ODE,
and tail probabilities come from 30,000 exact paths on an n = 800 grid.
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Monte Carlo). Parameters as in Table 2.

Four conclusions follow. First, active control matters enormously. The passive policy costs 14 times
the optimum and leaves a 30% probability of ending at or below the initial deficit, while every feedback
policy essentially eliminates that tail. This is the quantitative link between the LQ tracking objective
and the stockout-risk objective established in Section 4.1. Second, the optimal policy is inexpensive to
approximate but easy to overdo. A well-chosen constant-gain rule (the myopic steady-state gain Vh/r)
comes within 0.2% of the optimum in this calibration, whereas doubling the gain overshoots, recovering
only slightly faster (panel (a) of Figure 11) at 22% higher cost. The value of Proposition 3 lies less in
the raw cost savings over sensible heuristics than in its guarantee, the time-varying gain’s automatic
adjustment to (h,, r, k, H), and the shadow-price interpretation of b,, which quantifies any deviation
from optimality. Equation (4.7) provides the exact price of the constant-gain and aggressive rules. Third,
the nonnegativity constraint is free exactly where it matters. In the shortage scenario, the projected
policy coincides with the unconstrained optimum path by path (sign preservation), confirming that the
LQ solution is implementable as a pure replenishment rule when the network is in deficit. Fourth, the
constraint is expensive where negative control is the whole point. In the excess scenario, forbidding
cancellation/redirection (# > 0 binding throughout) degenerates the projected policy to passivity at 14
times the unconstrained cost. Platforms whose contracts do not allow canceling or redirecting scheduled
inbound flows should therefore read Table 2, Scenario B as the price of that contractual rigidity, not as a
claim that the LQ policy remains optimal under the constraint.

6.4. Calibrating long-memory demand

This subsection is the deployment guide for the framework. It explains how a practitioner decides
whether the fractional model applies to a given demand series and how to estimate the inputs the
preceding results require. The key empirical input is the Hurst exponent, and using it responsibly
requires answering three questions before deployment.
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Table 3. Demand-shock model classes for network inventory risk.

Model Long-range Jumps / burstiness Continuous-time Closed-form network Calibration
dependence control risk
Poisson / No (memoryless) Yes (demand jumps) Yes (Markovian Partial (renewal Arrival-rate
compound Poisson DP/HIB) asymptotics) estimation
Brownian / GBM  No (independent No Yes (Ito, HIB/LQ) Yes (lognormal) Volatility estimation
increments)
Levy processes No (independent Yes (heavy tails) Yes (jump HIB) Partial (transform Levy-measure fitting
increments) methods)
ARFIMA (discrete Yes (fractional d) No No (discrete-time No d via Whittle/GPH
time) only) (simulation/forecast
based)
Hawkes processes Quasi Yes (clustered spikes) Limited No (intensity Kernel + branching
(self-excitation, (intensity-state HIB) simulation) ratio
short-to-mid
memory)
fBm, H > 1/2 Yes (Hurst exponent No (continuous Yes (fractional LQ,  Yes (Prop. 1, 4, 5) H via R/S, DFA,
(this paper) H) paths) Sec. 4) local Whittle

Note: fBm is the unique entry combining genuine long-range dependence with closed-form network risk and solvable continuous-time
control; ARFIMA is its discrete-time forecasting counterpart [59], and Hawkes/compound-Poisson classes should be preferred when the
data are dominated by discrete bursts rather than persistent diffusion.

Is long memory present? The default diagnostic battery comprises Lo’s modified rescaled-range test,
which is robust to short-range dependence [62], detrended fluctuation analysis and aggregated-variance
methods, whose comparative properties are documented in [63], and semiparametric frequency-domain
estimators, namely the log-periodogram regression of [98] and the Gaussian local Whittle estimator
of [99], the latter with well-understood asymptotics (d = H — 1/2 in the ARFIMA correspondence).
Textbook treatments are given in [61]. Because retail series carry strong seasonality and promotions
that can masquerade as spurious long memory [53,54], demand series should be deseasonalized and
campaign-dummied before estimation, and seasonal-fractional specifications of the type applied to G7
retail sales by [20] are the natural robustness check; entropy-based [55] and regression-splines [60]
estimators provide further alternatives. Agreement of two or more estimators on H > 1/2 with
confidence intervals excluding 1/2 is a reasonable evidence bar for adopting the fBm layer.

Which model class fits the phenomenon? Table 3 answers this by positioning fBm against the main
demand-process alternatives on the five dimensions that matter here. Unlike the numerical tables above,
its cells are a qualitative synthesis of the process properties reviewed in Section 2.2 and the results
established in this paper. Reading the fBm row against the others isolates why the fractional model is
adopted, since fBm is the only class that combines genuine long-range dependence with closed-form
network risk and solvable continuous-time control.

How do estimates enter the decision layer? The estimated A and volatility feed into Proposition 1
and Corollaries 1-2 for risk assessment (with the finite-N accuracy envelope of Table 1 in mind). The
correlation p, which can be estimated from the cross-sectional correlation of warehouse-level demand
innovations, feeds into Proposition 5 and the floor formula (5.7). Additionally, (H,06) parameterize the
Riccati equation (4.6), whose solution provides the deployment-ready feedback gain. When diagnostics
reject long memory (H ~ 1/2), the framework reduces gracefully to its classical It special case; when
they detect burst-dominated demand, Table 3 points to jump-based alternatives instead. This places the
model where it belongs: as an option exercised on statistical evidence, not a default.
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7. Conclusion

This paper has studied systemic stockout risk in multi-warehouse e-commerce fulfillment networks
driven by persistent demand pressure. Under an explicitly stated Wick—It6—Skorokhod convention, the
model couples a nondecreasing baseline sales process with a signed long-memory net-flow mismatch,
linking persistent inventory pressure to a network-wide risk measure and then to an explicit emergency
replenishment rule.

Main findings. The paper establishes four results. First, we obtain a formula for systemic stockout
risk that a platform can compute directly, where this risk is the chance that the network’s average
inventory of a critical item finishes the planning period below the level needed to sustain fulfillment.
The formula applies to a mean-field benchmark of the network and needs only a few estimable inputs
rather than simulation, and it comes with an exact account of how the risk moves with its drivers, rising
as demand grows more persistent, as the evaluation period lengthens, and as volatility increases, with the
condition for each effect stated precisely. It is more than an approximation, holding exactly when every
warehouse faces the same network-wide shock, becoming exact as the network grows when the shocks
are only partly shared, and carrying a simulation-measured error when the shocks are independent, so
the range in which it can be trusted is proven rather than assumed. Two further measures complete
the picture: a closed form for the expected size of a shortfall once one occurs and a stricter reading,
evaluated numerically, that asks whether inventory ever dips below the threshold during the period
rather than only at its end and that can never fall short of the end-of-period risk. Second, we show
that the internal work of keeping the network balanced splits into two quantities that should not be
confused, a pressure indicator reflecting how unevenly stock is spread across warehouses and how the
directed volume of goods is actually moved between them, tied together by an exact relationship, so
that a platform can read the network’s overall stock health separately from the internal logistics cost
of maintaining it. Third, we solve the emergency replenishment problem within the class of feedback
rules that set the order rate from the observed inventory gap, where the optimal rule follows from
a Riccati equation that carries a memory term for demand persistence. We prove that this equation
has a unique solution, a time-varying replenishment gain readable as the marginal value of closing
the gap, established through the average squared inventory deviation by elementary steps that avoid
the difficulties of handling fractional noise directly. Fourth, we prove that when demand shocks are
correlated across warehouses, the network’s overall risk does not fall to zero as the network grows
but settles at a strictly positive floor set by the shared part of demand, so that adding or diversifying
warehouses removes the risk specific to individual locations but not the risk they all share.

Managerial implications. These findings translate into concrete guidance for platforms that run
centrally coordinated fulfillment networks. A platform can track network-wide stockout risk
continuously from a small set of estimated demand inputs, rather than from full simulation, and can
read it alongside a companion measure of the expected shortfall size, so that risk is managed by its
likely magnitude and not only by the chance of an event. Because greater demand persistence raises this
risk over evaluation horizons longer than the calibration unit, the most exposed categories are those
propelled by viral promotion, social diffusion, or platform-wide campaigns. These warrant shorter
risk-review cycles and larger pre-positioned inventory ahead of launches and campaign windows, since
a larger opening buffer both lowers the risk and reduces the later cost of emergency intervention. This
continuous reading is dependable only inside the region where it has been validated, so a platform
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should fall back on full-system simulation when idiosyncratic volatility is high, when inventory is very
unevenly distributed, or when the network is small. A platform should also watch two health signals
side by side, the overall stock adequacy of the network and the internal logistics burden of keeping it
balanced, because two networks that look equally healthy overall can incur very different rebalancing
costs. For emergency replenishment, the platform can precompute a replenishment gain and apply it as
a simple rule that responds to the observed inventory gap, intervening earlier and more forcefully for
categories with stronger demand persistence than a memoryless calibration would advise. When the
network is running short, this rule is a clean replenishment policy, whereas when the network is
carrying excess, its value depends on whether scheduled inbound orders can be canceled or redirected,
so platforms whose supply contracts forbid such actions should read the excess case as the cost of that
contractual rigidity. Finally, because demand shocks shared across the network impose a floor that
adding warehouses cannot remove, a platform should treat network growth as a defense against
localized rather than system-wide surges, and should attack the residual exposure either by lowering the
correlation of demand across regions, through diversifying assortments across distinct demand
communities and staggering campaigns, or by holding larger buffers. Adopting the long-memory
framework is itself a decision to be taken on statistical evidence, applied when demand data support
persistent memory and set aside in favor of jump-based descriptions when demand is dominated by
discrete bursts.

Limitations and future research. The boundaries of the results also point to the natural next
steps. First, the closed-form risk measure describes a mean-field benchmark whose accuracy degrades
when idiosyncratic shocks are very large, when inventories are strongly dispersed, when the network
is small, or when cross-warehouse dependence is weak, so the full-system simulator should replace
the formula outside the validated region; sharpening the first-passage bounds in the high-persistence
regime remains open. Second, the control result is optimal only within the linear-feedback class under
noise proportional to the inventory deviation and targets a tracking surrogate for the stockout probability,
so extending it to additive noise, to asymmetric penalties for shortage and excess, and to a direct
treatment of the nonnegative-replenishment constraint is the clear analytical direction. Third, the large-
network floor assumes inactive transshipment and comparable warehouses, so establishing convergence
with active rebalancing and heterogeneous warehouses, as well as endogenizing cross-warehouse
dependence through assortment and campaign design, would broaden its reach. Fourth, several modeling
simplifications invite relaxation, since lead times are folded into flow rates, lost sales below the threshold
go uncounted, and a single critical item is modeled rather than a full assortment. Fifth, the study is
theoretical, so the empirical priorities are to estimate persistence, correlation, and volatility from platform
transactions across categories, to test the predicted ordering of risk for viral products, and to evaluate
the replenishment rule against incumbent policies in the field. Sixth, the wider literature on stochastic
optimal control and games points to natural enrichments of the decision environment studied here. Savku
and coauthors developed regime-switching formulations with jumps, delays, and constrained stochastic
differential games [90,91, 100], machinery that would let the replenishment problem respond to discrete
shifts in the demand regime and to strategic interactions among sellers sharing a fulfillment network. The
stochastic control treatment of portfolio problems with stochastic interest rates by Korn and Kraft [101]
and the portfolio insurance analysis for defined contribution pension plans by Temocin, Korn, and
Selcuk-Kestel [102] show how floor and guarantee constraints, close analogues of the nonnegative-
replenishment constraint noted above, are handled in continuous-time financial optimization. On the
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computational side, the Markov chain approximation of stochastic hybrid systems with jumps by
Temocin and Weber [103] and the Runge—Kutta schemes with minimal truncation error constants by Oz
Bakan, Yilmaz, and Weber [104] offer discretization tools for computing replenishment policies beyond
the linear-feedback class. From robust portfolio optimization, the parallelepiped-uncertainty framework
of Kara, Ozmen, and Weber [105], together with the robust conic regression methodology of Ozmen et
al. [106] that robustifies the spline estimator invoked for Hurst calibration in Section 6.4 [60], suggests
replenishment rules that remain dependable when persistence, correlation, and volatility are estimated
with error. The same mathematical structure may also extend to other centrally coordinated resource
networks under persistent aggregate shocks, a possibility left to future work rather than claimed here.
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