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Abstract: This paper develops a continuous-time model for expiration-sensitive products to jointly
determine optimal dynamic pricing, advertising investment, and inventory decisions under trade-credit
financing. Demand depends on both selling price and advertising-generated goodwill, with goodwill
following Nerlove—Arrow dynamics, whereas inventory availability is subject to sales depletion and
age-dependent deterioration over time. The trade-credit mechanism introduces regime-switching
dynamics based on the relationship between the credit period and the replenishment cycle, leading to
a hybrid optimal control problem analyzed using Pontryagin’s Maximum Principle. A post-solution
approximation of the goodwill trajectory is proposed that preserves the structure of the original
optimality conditions while providing semi-closed-form expressions for the optimal policies.
Numerical experiments demonstrate that the approximation closely reproduces the exact optimal
trajectories and objective values. The results further show that trade credit enhances retailer
profitability by relaxing liquidity constraints, thereby enabling lower inventory levels, stronger
advertising investment, smoother pricing policies, and higher goodwill, particularly for products with
longer expiration periods. The proposed framework provides a decision-support tool for jointly
coordinating operational, marketing, and financial decisions in expiration-sensitive supply chains.
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1. Introduction

The management of deteriorating products remains a significant challenge in modern supply
chains due to the combined effects of limited shelf life, inventory losses, and uncertain market demand.
Products such as packaged food, pharmaceutical products, cosmetics, and seasonal goods experience
a finite selling horizon, requiring retailers to coordinate operational and marketing decisions before
products lose their commercial value. Inefficient management of these products may result in
substantial economic losses caused by product deterioration, disposal costs, and inappropriate pricing
decisions. Therefore, developing effective decision-making frameworks for deteriorating products is
essential for improving profitability and reducing waste.

Deteriorating products require decisions that evolve dynamically over time because inventory
availability changes as products age. In many practical environments, products that fail to meet quality
standards are removed from available inventory before reaching customers. Therefore, deterioration
does not necessarily imply that consumers continuously observe a decline in product quality; rather, it
represents a reduction in the quantity of saleable inventory. This characteristic is particularly relevant
for expiration-sensitive products managed through quality inspection and shelf-life control procedures.
Retailers increasingly rely on advertising activities to influence consumer demand. Advertising not
only generates immediate sales but also contributes to the accumulation of goodwill, which represents
consumer awareness, brand recognition, and market reputation. Since goodwill evolves over time,
pricing and advertising decisions should be coordinated dynamically with inventory decisions.
Moreover, trade credit has become an important financial mechanism in retailer—supplier relationships
by allowing delayed payments and improving liquidity. However, credit conditions may significantly
influence operational decisions, including pricing, advertising, and inventory management.

Research on inventory control for deteriorating products has progressively expanded to
incorporate additional decision dimensions, such as dynamic pricing, advertising decisions, and trade-
credit policies. Studies on dynamic pricing and inventory decisions have extensively investigated how
retailers coordinate pricing and replenishment decisions for deteriorating products with limited
lifetimes. Various deterioration patterns, including constant, non-instantaneous, and time-dependent
deterioration, have been incorporated into these models to capture the operational challenges
associated with product deterioration. These studies provide important insights into how retailers adapt
their decisions in response to product deterioration.

Advertising decisions and goodwill accumulation have been incorporated into deteriorating-
product models to capture the interaction between marketing and operational decisions. Existing
studies recognize that advertising affects demand through goodwill formation and provide important
foundations for integrating marketing efforts with inventory and pricing decisions. Nevertheless, most
advertising-based models assume that deterioration influences consumer purchasing behavior through
freshness or quality perceptions. Less attention has been given to products in which deteriorated units
are removed before reaching customers and deterioration primarily affects inventory availability rather
than consumer valuation.

Trade-credit mechanisms have been widely studied in deteriorating inventory systems to
investigate the role of financial flexibility in operational decisions. Although existing research has
examined payment policies, financing conditions, and inventory decisions, most models do not
incorporate the simultaneous effects of dynamic advertising decisions and goodwill evolution.
Consequently, the simultaneous integration of dynamic pricing, advertising-generated goodwill, age-
dependent deterioration, and trade-credit financing remains a research direction, leading to the
following research questions:
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1. How do trade-credit conditions affect the joint coordination of dynamic pricing, advertising,
and replenishment decisions when demand evolves through price and accumulated goodwill?

2. How does an age-dependent deterioration process influence inventory decisions when
deteriorated products are removed before reaching customers?

In this framework, this paper develops a continuous-time optimal control framework for a retailer
managing deteriorating products under a trade-credit payment scheme. The retailer jointly determines
dynamic pricing, advertising effort, and replenishment cycle decisions. Demand is assumed to depend
on price and advertising-generated goodwill, where advertising creates a dynamic market asset
representing consumer awareness and brand recognition. The deterioration process is modeled through
an age-dependent mechanism representing the increasing likelihood that products become unsuitable
for sale as they approach their maximum allowable shelf life. Unlike freshness-dependent demand
models, the proposed framework assumes that deteriorated units are removed before reaching
consumers; therefore, deterioration affects the quantity of available inventory rather than directly
reducing customer willingness to purchase. The proposed model considers trade-credit regimes
according to the relationship between the credit period and the replenishment cycle, together with a
benchmark case without trade credit. By adopting a continuous-time optimal control approach, the
model captures the dynamic interactions among pricing decisions, advertising investment, goodwill
evolution, inventory deterioration, and financial conditions. Pontryagin’s Maximum Principle is
employed to characterize the optimal policies and derive structural properties of the solution. From a
methodological perspective, this paper also develops a computationally efficient approximation of the
goodwill dynamics that closely reproduces the exact optimal-control solution and leads to semi-closed-
form solutions.

The remainder of this paper is organized as follows. Section 2 reviews the literature on
deteriorating-product models based on dynamic pricing, advertising and goodwill, and trade-credit
decisions. Section 3 presents the notation and assumptions. Section 4 formulates the optimization
problem and develops analytical results. Section 5 provides numerical analysis and managerial insights.
Section 6 concludes the paper.

2. Literature review

The literature on deteriorating inventory systems has evolved significantly over the past decades,
expanding from basic deterministic models to more complex frameworks incorporating pricing,
financial policies, and investment decisions. Comprehensive surveys, such as Janssen et al. [1] and
Asghari [2], highlight that recent research increasingly focuses on multi-dimensional decision-making
environments involving interactions between operational, marketing, and financial factors. This study
relates to three primary streams of literature on deteriorating products: (i) joint dynamic pricing and
inventory control, (ii) dynamic advertising and goodwill accumulation, (iii) inventory models under
trade credit. While each stream has developed substantial insights independently, their integration
remains limited, particularly in a continuous-time optimal control framework.

Numerous studies have examined joint pricing and inventory decisions for deteriorating goods.
Early studies on dynamic pricing of perishable products mainly focused on coordinating price
decisions with inventory evolution. Feng et al. [3] developed a continuous-time optimal control model
in which pricing and inventory decisions were jointly optimized using Pontryagin’s Maximum
Principle. Wang et al. [4] considered non-instantaneously deteriorating products under an optimal
control framework, assuming an initial non-deterioration period followed by a deterioration phase and
incorporating inventory-dependent demand. Zhang et al. [5] and Tashakkor et al. [6] incorporated more
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realistic deterioration patterns by considering non-instantaneous and time-dependent deterioration,
respectively, while jointly optimizing pricing and replenishment decisions. Herbon and Khmelnitsky [7]
further investigated dynamic pricing policies by considering alternative demand specifications in
which product age influences market demand.

Later studies extended this framework by incorporating additional operational factors, such as
production decisions [8], age- and price-dependent demand [9], replenishment decisions under
behavioral assumptions [ 10], multi-channel and multi-store environments [11], production and pricing
policies under inventory-level-dependent demand [12], pricing and freshness-keeping effort under
price-dependent demand [13], and freshness, stock preservation investment, and greening decisions [14].

Another stream of literature integrates advertising and goodwill dynamics into pricing and
inventory decisions. Motivated by the seminal work of Nerlove and Arrow [15] who modeled goodwill
as a dynamic stock variable, subsequent studies extend this framework by incorporating features, such
as negative goodwill and no smooth dynamics [16], cooperative advertising in supply chains [17] and
reference price effects [18]. Feng et al. [3] studied a joint dynamic pricing and advertising problem in
which demand decreases with price and increases with goodwill. They developed a dynamic
optimization model to maximize total profit under advertising capacity constraints. Subsequent studies
extended this framework by incorporating inventory-dependent demand [19] and multi-period
formulations that account for perishability effects [20]. More recent works also considered supply
chain interactions and strategic behavior, such as two-echelon systems [21], distributor entry timing [22]
and integrated pricing—advertising—inventory decisions under regulatory constraints [23].

Trade credit has been widely studied as a mechanism for coordinating supply chain financing and
operational decisions. The foundational model of Goyal [24] extended in numerous directions,
including time-dependent demand [25], deteriorating items [26], partial payment schemes [27], order-
linked trade credit [28], two-level trade credit and preservation decisions [29]. Other studies examine
joint pricing and replenishment decisions under financing mode selection [30], various payment
structures, including hybrid and buy-now-pay-later schemes [31,32], multi-item two-echelon
inventory model [33], preservation technology and inflation effects [34].

Table 1 reports a comparison of the most closely related studies, selected according to their
relevance to the main features of the present model, namely dynamic pricing, marketing-related
decisions, deterioration effects, demand formulation and optimal control methodology. The table
highlights the similarities and differences between these studies, and the proposed model.

Table 1. Comparison of studies integrating dynamic pricing with advertising, goodwill or
related demand-enhancing decisions.

Deterioration rate

Study  Decision variables Sta?e / product life- Demand Adve1rt1smg / goodwill Trad.e
variables . structure / quality effect credit
cycle assumption
Perishable . Price, and Adpvertising directly
Feng L products with .. .
Dynamic price, . advertising- increases demand; no
et al. . Inventory  deterioration .
advertising effort . . dependent separate goodwill state
[3] during the selling .
. demand variable
horizon
Dynamic price, Phy31'cal . Price, and Quallty investment
o Inventory  deterioration . improves product
Feng  quality investment, . . . quality- »
. quality combined with condition and affects No
[35] replenishment . dependent .
.. state quality demand; no advertising
decisions oo demand )
deterioration goodwill

Continued on next page
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Deterioration rate

Study  Decision variables StaFe / product life- Demand Advel.’tlslng / goodwill Trad.e
variables . structure / quality effect credit
cycle assumption
L Freshness Price, goodwill,  Advertising
Dynamic price, Inventory S . .
.. . deterioration; inventory, and accumulates goodwill,
Dye advertising effort,  goodwill, ; .
. product quality freshness- while freshness No
[20] replenishment freshness .
.. decreases over dependent directly affects
decisions level .
time demand customer demand

Liu et Dynan.n'c price, Inventory . Prlce., goodwill, Advertising generates

advertising effort, Perishable and time- .
al. . and . goodwill that affects No

replenishment . inventory dependent
[23] .. goodwill future demand

decisions demand

Advertising evolves

Dynamic price, Price- and through goodwill
This advertising, effort, Inventory Age-dependent goodwill- dynamics, deterioration Yes
study  replenishment goodwill deterioration dependent affects inventory

decisions demand availability rather than

customer valuation

As shown in Table 1, previous studies have investigated either the impact of advertising and
goodwill on demand or the impact of deterioration and product quality on inventory decisions.
However, existing advertising-based models generally assume that deterioration influences customers
through freshness or quality perception. The present study considers expiration-sensitive products in
which deteriorated units are removed before reaching customers; therefore, deterioration affects the
quantity of saleable inventory rather than demand perception. Furthermore, unlike previous studies,
the proposed model integrates advertising-generated goodwill, age-dependent deterioration, and trade-
credit financing within a continuous-time optimal control framework.

3. Notation and assumptions

In this section the notation and assumptions are introduced.

3.1. Notation

é Goodwill decay rate.

M Credit period offered by the supplier.

Bo Potential market demand.

By Price sensitivity coefficient.

B, Coefficient representing demand sensitivity to product goodwill.
c Unit procurement cost.

m Product’s expiration date.

K Ordering cost per order.

a Advertising cost coefficient.

h Holding cost (excluding interest paid) per unit per unit time.
M Interest charged per unit per unit time.

M, Interest earned per unit per unit time.

@ Approximation parameter in goodwill effect, 0 < ¢ < 1.

Journal of Industrial and Management Optimization

Continued on next page

Volume 22, Issue 9, 4231-4257.



4236

é Goodwill decay rate.
D(t) The demand rate at time ¢t.
I;(t) Inventory level at time t under scenario i € {cd, nd}, where

i = cd: supplier offers trade credit
i = nd: no trade credit.
1;(0) Replenishment quantity, i € {cd, nd}

Ji Total profit per unit time of retailer under scenario i € {cd,nd}.

Decision variables

T The replenishment cycle time.
u(t) Advertising investment at time ¢t.
p(t) Selling price charged per unit product at time t, p(t) > c.

Superscripts k € {1,2} represent different scenarios under trade credit, where k = 1: M > T, k = 2:
M<T.

3.2. Assumptions

(1) Demand is assumed to depend on selling price and advertising-generated goodwill and is
expressed as:
D(p(t),G(t)) = Bo — Pip(t) + BG(1),0 <t <T
where 5 represents the basic market potential, §; is the price sensitivity coefficient, and 8, measures
the impact of goodwill on demand. This formulation reflects the conventional economic relationships
that demand decreases with price and increases with accumulated goodwill generated by advertising

investment. The admissible price range p(t) € (O,%) ensures non-negative demand. Similar
1

linear demand specifications combining price and advertising effects have been widely adopted in
dynamic pricing and advertising models [23,35].

(2) The product is assumed to be subject to continuous deterioration during storage. The
deterioration rate is age-dependent and defined as:

t
t)=—,0<t<T<
o =— m

where m represents the maximum allowable shelf-life of the product [36-38]. This formulation
captures the increasing likelihood that products become unsuitable for sale as storage time increases.
In particular, deterioration is interpreted as a loss of saleable inventory, rather than a direct reduction
in consumers’ willingness to purchase. This assumption is appropriate for expiration-sensitive products
subject to quality inspection and withdrawal procedures, such as food and other regulated products
with shelf-life limits. Accordingly, products that fail to satisfy the required quality standards are removed
from inventory before reaching customers. Therefore, demand depends on price and goodwill rather than
freshness, while deterioration affects inventory availability through the inventory balance equation.
(3) Advertising expenditure is assumed to be a convex quadratic function of advertising effort:

CQu(t)) = %uz(t),a > 0.

This assumption reflects increasing marginal costs associated with higher advertising intensity and
ensures convexity of the control cost. Quadratic advertising costs are widely used in optimal control
models involving dynamic goodwill accumulation [3,17,23].

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4231-4257.



4237

(4) The supplier provides a fixed credit period M. The financial structure depends on the
relationship between the credit period and the replenishment cycle T':

e IfT = M, the retailer pays the supplier at time Mand incurs interest charges on the remaining
inventory investment during the period (M, T] at rate 1.

e IfT < M, the retailer does not make payment during the selling cycle and earns interest on sales
revenue accumulated during [0, T] at rate 7.

This trade-credit structure represents common supplier—retailer financing arrangements in inventory

systems and follows the classical trade-credit framework [25].

(5) Shortages are not permitted and replenishment is assumed to be instantaneous with zero lead
time. The inventory cycle ends when all saleable inventory has either been sold or removed due to
deterioration so I(T) = 0. This assumption is appropriate for expiration-sensitive products with a
finite selling horizon, where inventory cannot be carried beyond the maximum allowable shelf-life. It
allows the model to focus on the interaction among pricing, advertising, deterioration and financial
decisions without additional complexity arising from shortages or delayed replenishment.

4. Model formulation and optimization

In this section, we develop optimal control models to characterize the retailer’s joint dynamic
pricing, advertising investment, and inventory decisions for perishable products. The objective is to
maximize the retailer’s total profit per unit time over a replenishment cycle. The model incorporates
two key state variables: inventory level and goodwill. Inventory evolves according to demand and
product deterioration, while goodwill captures the cumulative effect of advertising and influences
market demand. The goodwill dynamics follow the classical Nerlove—Arrow framework and its
subsequent applications, including those proposed by Feng et al. [3], Dye [20], and Liu et al. [23]. To
evaluate the effect of trade-credit financing on the retailer’s optimal decisions, we formulate two
scenarios: one with a credit payment scheme and one without trade credit. Under the credit-payment
scenario, the relative length of the credit period and the replenishment cycle determines the applicable
financing regime. Therefore, two cases are considered depending on whether the credit period exceeds
the replenishment cycle.

4.1. Dynamic system

Over the interval [0, T], the inventory level, I(t), decreases due to both market demand and
product deterioration. The inventory dynamics are governed by:

dI(t) (1)
—~ = ~F(OI®) = Dp(®), 6(D), 1(T) = 0.
The goodwill dynamics follow the Nerlove—Arrow [15], model:
daG(t)
dt

=u(t) —6G(t),G(0) = G,.
The exact solution is:

t ()
G(t) = e %t (GO + f e%* u(x) dx),
0

which shows that goodwill depends on the entire past history of advertising effort.
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4.2. Dynamic decision-making under trade credit

We now consider the retailer’s dynamic decision-making problem under a supplier-provided trade
credit arrangement. Under this payment scheme, the retailer is allowed to delay payment for a fixed
credit period M. During the credit period, sales revenue may generate interest income, whereas
inventory remaining after the expiration of the credit period incurs financing costs. The retailer’s
optimal pricing, advertising, and replenishment decisions therefore depend critically on the
relationship between the credit period M and the replenishment cycle T. Accordingly, we distinguish
between the following two cases:

e Case 1: M > T, where the replenishment cycle is shorter than the credit period;
e Case2: M < T, where the replenishment cycle extends beyond the credit period.

42.1.Case 1I: M >T

When the credit period exceeds the replenishment cycle, all inventory is depleted before payment
becomes due. Consequently, the retailer incurs no financing costs and earns interest income on
accumulated sales revenue during the credit period. At the beginning of the cycle, the retailer
replenishes inventory to the level I.4(0). Over the interval [0, T], inventory decreases due to market
demand and product deterioration according to the dynamic system introduced in Section 5.1. The
retailer’s profit over a replenishment cycle consists of:

Sales revenue:

T
[ pOPe®, 60 de
0
Advertising cost:
J 2 t) dt
R0
Inventory holding cost:

T
J hly(t) dt
0

Interest income:

T
m f M - ©) p(OD (D), G(0)) dt
0
Fixed costs:

cleq(0)+ K
The total profit per unit time is therefore:

Jea(p(®), u(®), T) 3)

1( (7 .
= 7{10 [p(t)D(p(t), G +n2(M —t)) —5u(t) — hlcd(t)] dt—clcd(O)—K}

The retailer seeks to solve the following problem (P1):

1
Slnax Jea(@®), u(t), T)
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subject to:
d;(tt) = —FOlea(t) ~ D), 6(1)), Lea(T) =
di ) () — 5G(1),6(0) = Gy,
D (t) € (o»%j“t)),u(u >00<T<M.

For a given replenishment cycle T, we denote the objective function as J2;(T). The optimal
dynamic pricing and advertising policies are then obtained by applying Pontryagin’s Maximum
Principle. By introducing adjoint variables ALL (t)and A%} (t) associated with the state equations, the
Hamiltonian function is formulated as follows:

2 4
cd(p:u ch: G T /1ch cht) p(t)(.BO ﬁlp(t) + BZG(t))[l + 772(M - t)] - %(t) ( )

—hlea(®) + A (O)[—f ©Oea(®) = (Bo — B1p(t) + B2G(8))] + 2ea (D) [u(t) — G(¢)]

The optimal dynamic decisions for the case M > T, given T, are provided in the following
proposition.

Proposition 1.

For a fixed replenishment cycle Tsatisfying T < M, the optimal dynamic pricing, advertising, and
goodwill policies are characterized by

ot BO4() | 250
Pea(® =3 [0 eI

Gl*
uls(t) = max{ (t)}

GL(0) = e7%[Gy + gt e%tul, ()]
The adjoint variables are given by

ML) = (c+h j —xE/@m) gy et?/2m)

and
T

A @) = e [ e B0 () — [+ mM = ki),
t
Proof. See Appendix A.

When T < M, the replenishment cycle ends before the payment due date. Therefore, the retailer
can completely deplete inventory before settling the payment with the supplier and consequently
avoids financing costs. At the same time, sales revenue accumulated during the permissible delay
period generates interest income, thereby increasing the effective profitability of demand. This
financial flexibility allows the retailer to adopt more flexible pricing and advertising strategies.

The optimal pricing policy depends on both goodwill and the marginal value of inventory. A
higher goodwill level increases demand potential and allows the retailer to maintain a higher selling
price. In addition, the inventory adjoint variable, ALY* (¢), captures the marginal value of inventory over
time. Since financing costs are absent in this case, inventory-related pressure remains relatively
moderate, allowing the retailer to manage inventory more smoothly throughout the replenishment cycle.
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The optimal advertising policy is determined by the goodwill adjoint variable, A¢3*(t), which
measures the future marginal benefit of goodwill accumulation. Advertising investment becomes
profitable when the effective revenue generated by demand exceeds the marginal value of inventory,
namely when (1 +71,(M — x))pi(x) > A5¢*(x). Under this condition, additional goodwill
accumulation increases future sales profitability more than the associated inventory burden.
Consequently, the retailer is encouraged to invest in advertising, which strengthens goodwill and
indirectly supports higher selling prices through increased demand.

Therefore, advertising and pricing decisions are jointly connected through the goodwill
accumulation mechanism:A53*(t) T= uli(t) T= GLi(t) 1= pli(t) 1. Conversely, when the marginal
value of inventory becomes sufficiently large relative to the effective demand benefit, the future value
of goodwill accumulation declines. In this situation, advertising investment becomes less attractive,
and the retailer prioritizes inventory reduction rather than further demand expansion.

Overall, Proposition 1 shows that when the credit period exceeds the replenishment cycle, trade
credit supports goodwill-building and demand-expansion strategies without exposing the retailer to
financing pressure. As a result, the retailer can simultaneously maintain relatively stable pricing,
stronger advertising investment, and smoother inventory management. The result also highlights the
importance of optimizing the replenishment cycle T. Although Proposition 1 characterizes the optimal
pricing and advertising policies for a fixed T < M, the length of the cycle determines how long the
retailer can exploit goodwill-induced demand before the terminal condition is reached. A longer cycle
provides more time to benefit from advertising and goodwill accumulation, but it also increases
exposure to holding costs and product deterioration. Therefore, even in the absence of financing costs,
the replenishment cycle must be optimized to balance demand expansion, inventory deterioration, and
ordering costs.

Having characterized the optimal pricing and advertising policies, we next determine the
corresponding inventory trajectory, which is necessary for evaluating the optimal replenishment cycle
and the retailer’s profit per unit time. Since the optimal replenishment cycle depends on the inventory
evolution, we first characterize the inventory dynamics. The inventory level evolves over time due to
both product deterioration and market demand and satisfies the terminal condition I(T) =0.
Accordingly, the inventory trajectory for T < M is governed by:

&)
alc(;it(t) = _%ch(t) - (30 — B1pea() + .BZGcld(t))' 0<t<T, I(T) =0

Solving the differential equation (5) yields the inventory level of the perishable product retailer
at time ¢ for Case 1 (M > T).

T (6)

lea(t) = e~t/Cm f e**/@m) (By — Biply (x) + BrGla(x)) dx
t

Further, the initial inventory level can be determined as follows:

T (7
X
Ig4(0) = 1.4(0) = j ez2m (30 — B1pea(x) + ﬂzGcld(x))dX
0
Substituting the optimal dynamic selling price, advertising investment, and goodwill (see

Proposition 1) and inventory level (Egs. (6) and (7)) into Eq. (3), yields:
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1 1 r 1x* 1% 1% a(ug(’;(t))z 1 1
Jaa(m = 24| (PR@D(p2a(0), GL© )1 +my(M = )] = == = kil (6) | dt = cI4(0)
0
— K}
So, the optimal replenishment cycle time is then determined by solving

1
Jmax Jea(T).

Due to the complexity of the function J1;(T) and the difficulty of obtaining an analytical solution for
T, we use a discrete search procedure over the interval [0, M]. The procedure involves evaluating the
objective function J},(T) at discrete points T}, with a fixed step size AT and selecting the value of T
that maximizes J2, (T).

422.Case2: M <T

When M < T, the retailer earns interest income on sales revenue during [0, M ], but pays interest
on the unsold balance during [M, T]. In this case, using a similar reasoning as in the previous case, the
retailer’s total profit per unit time is

]gd (p(t), U,(t), T)
au?(t)

1 ' T
o j <p(t>D(p<t),G(t>)— . —hI(t)) e —mic | 1ea 0 d
0

1z fo (M = OpODP®), 6(6)) dt — clog(0) — K |,

or equivalently,

Jea@(®), u®), T) ®)

1 " au?(t)
=7 [(1 +12(M = )p(O)D(p(8), G(1)) — >
0

— hl(t) @

T
at +fM [p(t)D ®(®),6(0) = — (h + n10)I(t) dt—clcd(O)—K}.

The retailer seeks to solve the following problem (P2):

2
o 0K Jéa(p (@), u(t), T)

subject to:
dlcd(t)
=—fOI@) = D(p(1),G(t)),1ca(T) = 0,
dG(t)
—r = () = 8G(6),G(0) = Gy,
p(t) € (0,%26;@),11(0 >0,M<T<m.

Pontryagin’s Maximum Principle is applied to solve the optimal control problem (P2). By
introducing adjoint variables /% (t) and A%%(t) associated with the state equations, the Hamiltonian
function is formulated as follows:
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(P»u ch'G T Acd' Cd’t) te [0 M]
, U, I ,G T /1 ) )
Cd(p cd cd Cd ) { Cd (p, u, ch,G, T,Aé%iz; 552’ ) [Mr T]
where

HZ (o, Ieq, G, T, A%, 252, 0)=[1 + n,(M — ©)Ip(®)D (p (1), G(¢)) —
A Ou®) = 66()] + 25O [—f ®)I.a(t) — D(p(t), G(D))],

2ot 1oq, 6, T, 2%, A%, )=p(OD (2 (6), 6(©)) — 222 — (h + my0)lea(6) + AZ (O [u(t) -
6G<t)] A2(6) [~ (©)q(t) — D(P(L), GE))],

For a given replenishment cycle T, the retailer solves the optimal control problem (P2). The
resulting optimal dynamic decisions for M < T are characterized in Proposition 2.

au (t)

—hl 4(t) +

Proposition 2.

For given T, with M < T < m, the optimal advertising investment, goodwill, and selling price
for the perishable product retailer are given by

2621+
( 21’ () = max {0 a(t)} 0<t<M,

uza () = 2622+ (1)
22*(t)—max{O - }, M<t<T,
G2 (t) = G2 (t) = e7%[Gy + pte®? Ui (t)], 0<t<M,
cd 22*(t) —5t[GO + (pte&pt 22*(t)] M<t<T,
and
215 Bo + ﬁzG“*(t) Acg (8)
2: 1) pea () =7 [ +1+nz(M—t)’ O=t=MW
calt) = + GZZ* £) + LA (t
1
The inventory adjoint variable is
t ¢2
(c+h f e X* /@M dyx)eam, 0<t<M,
0

A2 (6) =

cd ( ) t

e(E*=M%/@m) (py 4 Tl1c)f e~ (P-MD/@m) gy, M <t<T.
M

The goodwill adjoint variables are characterized by

25 (1) = G“*(t) 0<t<M,
where

M

2831 (8) = 8D f 0= B [212: (x) — (1 + 1, (M — x))p2} ()] dx + e5M-D2522* (M),

and

Agﬁz*(t) — eS(t—T)f —-6(x— T)ﬁ [AIZ*(X) pZZ*(x)]dx

t
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Proof. See Appendix B.

In this case, the retailer faces a change in financial conditions at time ¢ = M. Before the expiration
of the credit period, the retailer benefits from interest income generated during the permissible delay
period, which increases the effective marginal value of demand and supports relatively expansionary
pricing and advertising strategies. During this phase, the retailer is encouraged to stimulate demand
and accumulate goodwill, since both inventory and goodwill possess relatively high marginal value.

It is worth noting that the optimal policies over the interval [0, M] coincide structurally with those
obtained in Proposition 1. During this phase, the retailer operates entirely under the trade-credit benefit
regime and earns interest income from delayed payment. Consequently, the pricing, advertising,
goodwill, and adjoint structures before t = M are analogous to the case T < M. The key structural
difference arises after the expiration of the credit period, when financing costs become active and
modify the optimal inventory and pricing dynamics.

The optimal pricing policy is influenced by both goodwill and the marginal value of inventory. A
higher goodwill level increases demand potential and allows the retailer to sustain a higher selling
price. Hence, advertising affects pricing indirectly through goodwill accumulation. In addition, the
inventory adjoint variable A/%"(t)captures the marginal value of inventory. Before t = M, its effect on
price is moderated by the trade-credit term 1 + 1, (M — t), reflecting the financial benefit generated
by interest earnings during the permissible delay period. Consequently, the retailer is willing to maintain
relatively higher prices while simultaneously stimulating demand through advertising investment.

The optimal advertising policy is directly related to the goodwill adjoint variables A1¢31*(t)and

AG22%(t), which measure the future marginal value of goodwill accumulation. A higher value of these
adjoint variables leads to stronger advertising investment, thereby increasing goodwill and supporting
future demand. Therefore, advertising and pricing decisions are jointly connected through the goodwill
accumulation process.

After t = M, however, unsold inventory incurs financing costs, increasing the effective holding
cost and consequently the marginal value of inventory represented by A%*(t). This creates stronger
incentives for inventory liquidation and modifies the retailer’s pricing behavior. As financing pressure
increases, the retailer becomes more concerned with reducing inventory levels and accelerating sales.
At the same time, the remaining planning horizon becomes shorter, reducing the future benefit
generated by goodwill accumulation. Consequently, the goodwill adjoint variable declines, leading to
lower advertising intensity during the later stage of the cycle.

In the post-credit regime, the goodwill adjoint variable A532*(t) remains nonnegative when

I2(x) — p22*(x) > 0, which indicates that the marginal value of inventory dominates the marginal
revenue effect generated by demand expansion. In this situation, additional goodwill accumulation still
contributes positively to inventory reduction and sales acceleration. Before t = M, the stronger
condition 412" (x) — (1 + 1n,(M — x))p2}*(x) > 0 is sufficient, though not necessary, for A821*(6) to
remain nonnegative. This condition naturally holds in the case T < M, where the retailer operates
entirely under the trade-credit benefit regime. Therefore, the optimal pricing and advertising policies
exhibit a clear piecewise structure driven by the transition from interest earnings before t = M to
financing costs after the expiration of the trade credit period.

Based on Proposition 2, the inventory dynamics are also piecewise:

ea() [~ 1ea(®) = (Bo = BirZh () + G (©), € [0,M),

M = Lea®) = (o~ BipBE®) + BGZ ), € [MT]

From Eq. (9), the expression for the inventory level is obtained as:

with I4(T) = 0. (9)
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(;_rtr? 22 % " % _ 21 21
e 15 (M)e2m + e (:80 ﬁlpcd(t)'*‘ﬁzch(t))dx ,t €[0,M],

ICd(t) = —t2 T x2
emf e2m (Bo — Prpeq (t) + B2GZ7 (1) dx, t € [M, m]
t

Substituting the optimal controls into J2;(p(t), u(t), T), the profit function becomes

(uea ()?
2

M
1
GRS f [(1+nz<M—t>>p§;<t>D<p§5<t>, 62H() — = —hl?é(t)] dt
0

' (W)’
a(ugzg(t
+ j [pa%(t)u(pzé(t), GE (D) - =T~ (h+mo)I% (t)] de — cIZ{(0) — K (-
M
So, the optimal replenishment cycle time is then determined by solving

max_ JZ,(T).

M<T<m
Due to the complexity of the function J2,(T)and the difficulty of obtaining an analytical solution for

T, we follow the same discrete search procedure over the interval [M, m] and select the value of T,
TZ,, that maximizes J2%;(T).

The overall optimum under trade credit scenario is
JeaWea®), uza(®), Tow) = max{fig(pea(©), uea (), Teq), Jaa (02a(®), uza (O, T2}
4.3. Benchmark model without trade credit

In the absence of trade credit, the retailer neither earns interest on sales revenue nor incurs interest
charges on inventory. The demand function and goodwill dynamics remain the same as previously
defined. The retailer seeks to determine the optimal dynamic pricing p(t), advertising investment u(t),
and replenishment cycle time T that maximize total profit per unit time:

T
1
Ina@©, 0O = 73 [ GOPE®.6() - Fu®? = M) de) = clpa(0) - K
0

The resulting problem, (P3), can then be formulated as follows:
max  Jnqa(p(t), u(t),T)

p(t), u(t), T
subject to:
dl,
a® _ _ f©)Iha(t) — D(P(L), G(t)), Ina(T) = 0,
dG(t)
— o = u(®) = §6(t), G(0) = G,
Mwe(@&i£¥E§JK@2QOSTSM.

Applying Pontryagin’s Maximum Principle to solve the optimal control problem (P3), the
Hamiltonian function is formulated as follows:

Journal of Industrial and Management Optimization Volume 22, Issue 9, 4231-4257.



4245

au?(t)
2

Hna (0, Ina, G, T) A, A t) = p(OD (p(1), G(1)) — — hlna () + A5 (O [u() — 66 ()]

+ 404 (O f O lna(t) = D(p(D), G ()]

The optimal dynamic decisions for given T are presented in the next proposition.
Proposition 3.

For benchmark model, the retailer’s optimal dynamic advertising investment, goodwill and selling
price are given respectively by:

ey - e
Una (1) = =

Gra(t) = 7% [Go + e’ ung ()]

Bo + B2Gra(t) + BrAny(t)
2B,

Pna(t) =
where

t t2
A @) =(c+ hj e **/@m) gx)eam,
0

T
25u(0) = % | €7 B8 00 — pra(Oldx.
t
Proof. See Appendix C.

In the benchmark model without trade credit, the retailer’s decisions are driven solely by
operational factors such as inventory deterioration, holding costs, pricing, and goodwill accumulation.
Since no permissible delay in payment is provided, the retailer neither benefits from interest earnings
nor incurs financing costs associated with delayed settlement. Consequently, the system evolves under
a single operational regime throughout the planning horizon. The optimal pricing policy depends on
both goodwill and the marginal value of inventory. A higher goodwill level increases demand potential
and allows the retailer to sustain a higher selling price. At the same time, the inventory adjoint variable
Al¥, (t)captures the marginal value of inventory over time. As inventory-related pressure increases, the
retailer adjusts pricing decisions to balance profitability and inventory depletion.

The optimal advertising policy is determined by the goodwill adjoint variable, A% (t), which
measures the future marginal value of goodwill accumulation. Higher values of 1% (t) lead to stronger
advertising investment, thereby increasing goodwill and stimulating future demand. Consequently,
advertising and pricing decisions remain interconnected through the goodwill accumulation process.
In particular, the goodwill adjoint variable remains nonnegative when A, (x) — p;,(x) > 0,
indicating that the marginal value of inventory exceeds the unit revenue obtained from current sales.
Under this condition, goodwill accumulation still contributes positively to inventory reduction and
demand stimulation, supporting continued advertising investment.

The marginal value of goodwill gradually decreases as the planning horizon approaches its
terminal point. This follows directly from the integral representation of the goodwill adjoint variable,
together with the transversality condition A%},(T) = 0. As t approaches T, the remaining integration
horizon becomes shorter, reducing the future benefit generated by goodwill accumulation.
Consequently, the optimal advertising effort declines over time. Simultaneously, inventory-related
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considerations become relatively more important, encouraging the retailer to focus increasingly on
inventory depletion during the later stages of the cycle. Overall, Proposition 3 characterizes the
benchmark operational behavior of the retailer in the absence of trade credit. Unlike the trade-credit
cases, the retailer’s decisions are determined exclusively by operational trade-offs rather than financial
incentives, thereby isolating the effects of goodwill accumulation, deterioration, and inventory
management on the optimal pricing and advertising policies.

Turning now to replenishment time, the differential equation governing the inventory level over
time in the scenario without credit payment scheme is given by:

ol . . . (10)
a_dt(t) = _i na(t) — (ﬁo - ﬁlpnd(t) + BZGnd(t))' 0<t<Twith[,4,(T)=0
Consequently, the inventory level is given by:
oo (11)
Ina(©) = €727 [ €37 (B = Bupia) + G
t

Furthermore, substituting the optimal dynamic strategies in Proposition 3 into J,,4 (p(t), u(t), T) yields:

10T, . . ) O (12)
Jna(T) = 2y @ra(OD Pra(t), Gra(6) — 242 — b1 (1)) dt — clyg (0) — K}
So, the optimal replenishment cycle time is then determined by solving

T).
%1<372(<M Jna(T)

Due to the complexity of the function J,4(T) and the difficulty of obtaining an analytical solution for
T, we follow the same discrete search procedure over the interval [0, m] and select the value of T, T4,
that maximizes J,,4(T).

In the next section, we provide several numerical examples to illustrate the above results, explore
the impact of perishable product’s expiration date on the optimal inventory level, dynamic selling price,
advertising investment and goodwill.

5. Numerical analysis

To illustrate the theoretical results and evaluate the effectiveness of the proposed solution
approach, this section presents a series of numerical experiments based on a retailer managing
expiration-sensitive products. The experiments examine the effects of product lifetime, trade-credit
financing, and key model parameters on the retailer’s optimal pricing, advertising, inventory, and
replenishment decisions. Particular emphasis is placed on assessing the accuracy of the proposed
approximation by comparing it with the exact solution of the original optimal control problem.

Consider a medium-sized supermarket selling premium apples. Inventory is measured in
kilograms, time in weeks, and monetary values in euros. At the beginning of each replenishment cycle,
the retailer receives a heterogeneous shipment of apples. Although all products arrive simultaneously,
individual items differ in maturity, handling conditions, and remaining shelf life. Products that no
longer satisfy the retailer’s quality standards are removed before reaching consumers. Consequently,
the inventory state represents the quantity of saleable products, which decreases because of both
customer demand and product expiration. Since expired products are withdrawn before sale, customer
demand depends on the selling price and the retailer’s accumulated goodwill rather than on product
freshness. The supplier offers a fixed trade-credit period during which payment for the replenishment
order may be postponed. The retailer therefore jointly determines the selling price, advertising
investment, replenishment quantity, and replenishment cycle to maximize the average profit per unit
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time. Unless otherwise stated, the parameters are set as follows (consistent with Feng [35]; Chang et
al. [38]); baseline potential demand: §, = 80kg/week, demand reduction per €1/kg increase in price:
B1 = 5kg/week, demand increase per goodwill unit: S, = 1 kg/week, goodwill decay rate: § = 0.25,
h = 0.1 €/kg/week, advertising-cost coefficient: a = 10, initial goodwill index: G, = 5, nominal
shelf-life horizon: m = 2.5 weeks, ¢ = 3 €/kg, inventory financing rate after M: n; = 0.1, interest-
earning rate before payment: n, = 0.05, supplier’s trade-credit period: M = 2 weeks, K = 45 €/order,
midpoint approximation parameter: ¢ = 0.5. For clarity, superscripts e and * denote the exact and
approximate solutions, respectively. The exact solution is obtained by numerically solving the
complete Pontryagin Maximum Principle system, whereas the approximate solution is computed using
the proposed approximation of the goodwill dynamics (see Appendices). The comparison between
these two solutions serves to evaluate the accuracy and computational efficiency of the proposed
approximation.

5.1. Dynamic decision-making under trade credit

This subsection investigates the retailer’s optimal policies under the trade-credit financing scheme.
The numerical results first validate the proposed approximation by comparing the exact and
approximate objective functions. Subsequently, the dynamic effects of the expiration date on inventory,
pricing, advertising, and goodwill are examined through the corresponding optimal trajectories.

Figure 1 compares the exact objective function, J;(T), with its approximate counterpart, /-, (T),
under the trade-credit policy. Both objective functions exhibit the same unimodal behaviour, indicating
that the proposed approximation preserves the overall structure of the optimization problem. The exact
solution attains its maximum at Tg; = 1.18, yielding a profit of Ji; = 214.99, whereas the
approximate solution reaches its maximum at T,;; = 1.16 with J;; = 213.57. Thus, the approximation
produces only a slight underestimation of both the optimal replenishment cycle and the corresponding
profit.

| 5= 118, 5= 214 99
60 1 T T3=116,5=213.57
P m=2

05 10 15 2.0 25
Replenishment cycle T

Figure 1. J.4(T) with respectto T.

More importantly, the two objective functions remain nearly indistinguishable throughout the
entire range of replenishment cycles. This close agreement indicates that the proposed approximation
accurately reproduces the economic behavior of the original optimal control problem while
substantially reducing the computational effort required to determine the optimal replenishment policy.
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Figure 2. Optimal trajectories of the inventory level, I.4(t), selling price, p.4(t),
advertising investment, u.4(t), and goodwill level, G.4(t) under the trade-credit policy
for different expiration dates (m = 1, 2.5, 4).

To investigate the influence of product lifetime on the retailer’s dynamic decisions, Figure 2
compares the exact and approximate trajectories of the inventory level, I.4(t), selling price, p.4(t),
advertising investment, u.q(t), and goodwill level, G.4(t), under the trade-credit policy for different
expiration dates. The figure demonstrates not only how the expiration date affects the retailer’s optimal
operational and marketing decisions but also how accurately the proposed approximation reproduces
the exact optimal trajectories.

The inventory level decreases monotonically throughout the replenishment cycle as inventory is
depleted by customer demand and product expiration. Products with longer expiration dates experience
lower deterioration rates and therefore remain saleable for a longer period. Consequently, inventory is
depleted more gradually, allowing the retailer to maintain larger inventory levels and adopt longer
replenishment cycles. Economically, the slower inventory depletion reflects a more gradual evolution
of the inventory shadow value, which reduces the urgency of inventory liquidation. Across all
expiration dates, the approximate inventory trajectories are almost indistinguishable from the exact
solutions, demonstrating that the proposed approximation accurately captures the inventory dynamics.

The optimal selling price increases continuously over the replenishment cycle. Since deteriorated
products are removed before reaching customers, this increase is not associated with declining product
quality but rather with the increasing scarcity of saleable inventory. At the beginning of the cycle,
inventory availability is high, encouraging relatively low prices that stimulate demand while the
retailer benefits from delayed payment under the trade-credit arrangement. As inventory becomes
progressively scarcer, the marginal value of the remaining inventory increases, leading to higher prices.
Products with shorter expiration dates become scarce more rapidly, producing steeper price increases,
whereas longer product lifetimes allow smoother pricing adjustments. The approximate pricing
trajectories closely coincide with the exact solutions, indicating that the approximation accurately
preserves the retailer’s optimal pricing policy.

Advertising investment is highest at the beginning of the replenishment cycle and gradually
decreases over time. Early advertising is particularly valuable because the resulting goodwill
influences demand over a longer remaining selling period. The availability of trade credit further
enhances this effect by postponing payment obligations and improving the retailer’s financial
flexibility, thereby supporting stronger investment in demand-generation activities. As the
replenishment cycle progresses, the remaining period over which advertising can generate future sales
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becomes shorter, reducing its marginal benefit and leading to lower advertising expenditures. Longer
expiration dates further increase the return on advertising by extending the period during which
accumulated goodwill can stimulate demand. Consequently, higher values of m lead to greater
advertising investment throughout the replenishment cycle. Once again, the approximate trajectories
remain extremely close to the exact solutions, confirming the ability of the proposed approximation to
reproduce the optimal advertising policy.

Goodwill evolves as a dynamic state variable determined jointly by advertising investment and
natural depreciation. As shown in Figure 2, goodwill gradually decreases throughout the replenishment
cycle because the depreciation effect dominates the positive contribution of advertising. Although
advertising effort is relatively high at the beginning of the cycle, it is insufficient to completely offset
goodwill decay. Products with longer expiration dates maintain higher goodwill levels because the
extended selling horizon increases the economic return on advertising investment and encourages
stronger marketing efforts. In contrast, shorter product lifetimes reduce the effectiveness of advertising,
leading to lower advertising expenditure and a faster decline in goodwill. The approximate goodwill
trajectories remain nearly indistinguishable from the exact solutions for all expiration dates,
confirming that the proposed approximation accurately reproduces the evolution of goodwill despite
replacing the original state equation with a simplified analytical representation.

Overall, Figure 2 demonstrates that extending the expiration date improves the retailer’s
operational and marketing decisions under the trade-credit policy. Longer product lifetimes support
larger inventory levels, smoother pricing adjustments, stronger advertising investment, and better
preservation of goodwill, all of which contribute to higher profitability. Equally important, the
agreement between the exact and approximate trajectories confirms that the proposed approximation
preserves both the qualitative behavior and the quantitative characteristics of the optimal policies.

5.2. Benchmark model without credit payment

To isolate the effect of supplier financing on the retailer’s decisions, this subsection considers the
benchmark model without trade credit. As in the previous subsection, the proposed approximation is
first validated through the objective function and is then evaluated by comparing the exact and
approximate trajectories of the state and control variables under different expiration dates.

Figure 3 compares the exact objective function, J;;(T), with the corresponding approximate
objective function, J,,;(T), for the benchmark model without trade credit. Similar to the trade-credit
case, both objective functions exhibit a unimodal shape, indicating that the proposed approximation
preserves the fundamental structure of the underlying optimization problem. The exact solution
achieves its maximum at Ty; = 1.32, yielding an optimal profit of J;; = 191.30, whereas the
approximate solution attains its maximum at T,; = 1.30with J,; = 189.85. The approximation
therefore produces only a slight underestimation of both the optimal replenishment cycle and the
corresponding profit.

A comparison with Figure 1 highlights the economic value of trade credit. In the absence of
supplier financing, the retailer adopts a longer replenishment cycle while achieving a lower profit.
Without delayed payment, inventory investment must be financed entirely at the beginning of the cycle,
reducing financial flexibility and limiting the retailer’s ability to simultaneously invest in inventory
and demand-generation activities. Nevertheless, the close agreement between the exact and
approximate objective functions demonstrates that the proposed approximation remains highly
accurate even when financing incentives are absent.
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Figure 3. J,,;(T) with respect to T.

To further examine the impact of product lifetime in the absence of supplier financing, Figure 4
compares the exact and approximate trajectories of the inventory level, I,4(t), selling price, p,q(t),
advertising investment, u,;(t), and goodwill level, G,,(t), for different expiration dates. Besides
illustrating the influence of the expiration date on the retailer’s optimal decisions, the figure provides
an additional validation of the proposed approximation under the benchmark financing environment.

The inventory level decreases monotonically throughout the replenishment cycle because of
customer demand and product expiration. As the expiration date increases, deterioration occurs more
slowly, allowing products to remain saleable for a longer period and enabling the retailer to maintain
higher inventory levels. However, compared with the trade-credit model, the expansion of inventory
is noticeably more limited. Since inventory purchases must be fully financed at the beginning of the
cycle, tighter liquidity constraints reduce the retailer’s willingness to carry large inventories despite
the operational advantages associated with longer product lifetimes. The approximate inventory
trajectories closely coincide with the exact solutions for all expiration dates, confirming that the
proposed approximation accurately reproduces the inventory dynamics.

Inventory: l(t) and ,{t) Price: piy(t) and pyq(t)

Time ¢ Time t

Advertising: uS,(t) and u},it) Goodwill: G7,(t) and Gry(t)

Figure 4. Optimal trajectories of the inventory level, I,,(t), selling price, p,q(t),
advertising investment, u,4(t), and goodwill level, G.4(t), under the trade-credit policy
for different expiration dates (m = 1, 2.5, 4).
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The optimal selling price increases steadily throughout the replenishment cycle as the availability
of saleable inventory gradually declines. Unlike the trade-credit model, however, the retailer cannot
benefit from delayed payment and therefore faces greater pressure to recover inventory-related costs
through product sales. Consequently, products with shorter expiration dates exhibit steeper price
increases because inventory becomes scarce more rapidly. Longer expiration dates postpone inventory
scarcity and allow smoother pricing adjustments, although the retailer still adopts more conservative
pricing policies than under trade credit. The approximate pricing trajectories remain almost
indistinguishable from the exact solutions, demonstrating that the approximation accurately preserves
the optimal pricing behavior.

Advertising investment again declines over the replenishment cycle because the remaining period
during which advertising-generated goodwill can influence demand becomes progressively shorter.
Although longer expiration dates increase the return on advertising by extending the selling horizon,
advertising investment remains consistently lower than under trade credit. Without supplier financing,
the retailer must allocate limited financial resources between inventory acquisition and marketing
activities, reducing the incentive to invest aggressively in advertising. The approximate advertising
trajectories reproduce the exact policies with excellent accuracy, confirming that the approximation
effectively captures the retailer’s optimal marketing decisions.

Goodwill gradually decreases throughout the replenishment cycle because its natural depreciation
exceeds the positive contribution generated by advertising investment. Products with longer expiration
dates maintain higher goodwill levels because the longer selling horizon increases the economic value
of advertising, encouraging greater investment and slowing the decline of goodwill. Nevertheless,
goodwill remains lower than in the trade-credit model, reflecting the retailer’s more conservative
advertising strategy under tighter liquidity constraints. The approximate goodwill trajectories remain
nearly identical to the exact solutions across all expiration dates, further demonstrating the robustness
of the proposed approximation.

Overall, the comparison between Figures 2 and 4 clearly illustrates the strategic role of trade
credit in dynamic inventory management. Although extending the expiration date improves operational
performance under both financing policies by reducing deterioration losses and increasing inventory
availability, the presence of trade credit substantially amplifies these benefits. By relaxing liquidity
constraints, trade credit enables the retailer to maintain larger inventories, implement smoother pricing
policies, invest more heavily in advertising, and preserve higher goodwill throughout the
replenishment cycle. Furthermore, the close agreement between the exact and approximate trajectories
under both financing environments confirms that the proposed approximation provides a
computationally efficient and highly accurate alternative to solving the original optimal control problem.

5.3. Approximation accuracy and sensitivity analysis

This subsection evaluates the accuracy and robustness of the proposed approximation through the
numerical results reported in Table 2. The table presents the optimal replenishment cycle and the
corresponding objective value obtained under both the trade-credit and no-trade-credit policies for
different values of the ordering cost (K), the price sensitivity coefficient (f;), and the goodwill
effectiveness coefficient (f,). For each parameter setting, the approximate solution (*) is compared
with the exact solution (e) obtained by numerically solving the original optimal control problem.

Table 2 shows that the proposed approximation closely reproduces the exact optimal solutions
across all parameter settings. Although slight differences are observed in the optimal replenishment
cycle, the corresponding objective values remain remarkably close under both financing policies.
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These minor discrepancies are expected because the objective function is relatively flat in the
neighborhood of its optimum, implying that small changes in the replenishment cycle have only a
negligible effect on profitability. Consequently, the proposed approximation preserves the essential
economic characteristics of the original optimal control model while substantially reducing the
computational effort required to obtain the optimal solution. This makes the approximation particularly
suitable for repeated optimization, sensitivity analysis, and managerial decision-support applications.

Table 2. Impact of key parameters on the optimal replenishment cycle and profit.

Tea Jea Tha Jna Tea Jéa Tra Jna

25 0.92 232.65 1.06 206.75 0.94 233.64 1.08 207.80
K 45 1.16 213.57 1.30 189.85 1.18 214.99 1.32 191.30

65 1.34 197.57 1.46 175.39 1.36 199.32 1.50 177.12

3 1.02 462.09 1.20 419.82 1.08 466.08 1.28 424.35
B 5 1.16 213.57 1.30 189.85 1.18 214.99 1.32 191.30

7 1.26 110.62 1.38 94.84 1.28 111.28 1.38 95.47

0.5 1.20 198.23 1.34 176.13 1.22 198.58 1.36 176.48
B2 1 1.16 213.57 1.30 189.85 1.16 213.57 1.18 214.99

1.5 1.12 229.31 1.24 203.89 1.12 229.31 1.18 232.58

Table 2 further illustrates the influence of the principal model parameters on the retailer’s optimal
decisions. Increasing the ordering cost K leads to longer replenishment cycles and lower profitability
under both financing policies. As replenishment becomes more expensive, the retailer orders less
frequently to distribute the fixed ordering cost over larger inventory quantities. Nevertheless, the trade-
credit policy consistently yields higher profits than the benchmark model because delayed payment
alleviates liquidity constraints and reduces the financial burden associated with inventory acquisition.

The price sensitivity coefficient §; has a pronounced impact on profitability. As S increases,
customers become more responsive to price changes, limiting the retailer’s ability to charge higher
prices without reducing demand. Consequently, the optimal profit decreases substantially under both
financing policies. Despite this reduction, the retailer operating under trade credit continues to
outperform the benchmark case, indicating that additional financial flexibility partially offsets the
adverse effects of highly price-sensitive markets.

The goodwill effectiveness coefficient 8, has the opposite effect. Higher values of 5, increase
the contribution of advertising-generated goodwill to customer demand, thereby improving the return
on advertising investment and increasing the retailer’s profitability. The improvement is more
pronounced under the trade-credit policy because the retailer can invest more aggressively in
advertising while simultaneously maintaining adequate inventory levels. These results highlight the
complementary relationship between financial flexibility and demand-enhancing marketing strategies.

Overall, the results reported in Table 2 demonstrate that the proposed approximation remains
highly accurate over a broad range of operational and market conditions. At the same time, the
sensitivity analysis confirms that lower ordering costs, lower price sensitivity, and stronger goodwill
effects improve system performance, while trade credit consistently enhances profitability by
increasing the retailer’s financial flexibility. These findings further support the proposed
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approximation as an efficient and reliable tool for analyzing dynamic pricing, advertising, and
inventory decisions for expiration-sensitive products.

5.4. Managerial insights

The numerical analysis provides several managerial insights for retailers and suppliers managing
expiration-sensitive products, such as food and fresh agricultural products, in environments
characterized by dynamic pricing, advertising, and trade-credit financing. The results demonstrate that
trade credit should be viewed as a strategic coordination mechanism rather than merely a financing
arrangement. By postponing payment obligations, trade credit relaxes the retailer’s liquidity constraints,
allowing greater investment in inventory replenishment and advertising while maintaining more flexible
pricing policies. Consequently, suppliers can improve the performance of downstream retailers by
offering appropriate trade-credit terms, particularly for products with relatively long selling horizons.

The expiration date plays a fundamental role in determining the retailer’s optimal operating
strategy. Products with longer shelf lives experience slower inventory deterioration, enabling retailers
to maintain larger inventories, implement smoother pricing adjustments, and invest more in advertising.
These findings suggest that investments in preservation technologies, improved packaging, or cold-
chain logistics can generate benefits beyond reducing deterioration losses by increasing the
effectiveness of both inventory and marketing decisions. In addition, the results highlight the
importance of jointly determining pricing and advertising policies.

Advertising investment enhances goodwill, which stimulates future demand, whereas pricing
regulates the rate of inventory depletion and revenue generation. Optimizing these decisions
simultaneously enables retailers to balance short-term profitability with long-term market development.
This coordination becomes increasingly valuable as product lifetime increases because advertising has
a longer period over which it can influence customer demand.

The sensitivity analysis indicates that optimal decisions need to be adapted to market
characteristics. When customers become more price-sensitive, retailers may adopt more conservative
pricing strategies while maintaining sufficient inventory availability to preserve demand. Conversely,
when goodwill has a stronger influence on purchasing behavior, increasing advertising investment
becomes more profitable because its contribution to future demand outweighs its additional cost. These
results highlight the importance of continuously adjusting operational and marketing policies in
response to changing market conditions.

Finally, the proposed approximation offers important practical advantages for managerial
decision-making. The numerical results demonstrate that the approximate solution closely reproduces
the exact optimal policies and objective values across a wide range of parameter settings while
substantially reducing computational effort. As a result, managers can efficiently evaluate alternative
replenishment, pricing, advertising, and financing strategies through near closed-form expressions,
avoiding the need to repeatedly solve the complete optimal control problem.

Overall, the findings indicate that superior performance in expiration-sensitive supply chains
depends on the coordinated management of financing, inventory, pricing, and advertising decisions.
Integrating these decisions within a unified dynamic optimization framework enables retailers to improve
profitability while responding effectively to product deterioration and evolving market conditions.

6. Conclusion

This paper developed a continuous-time optimal control framework for managing expiration-
sensitive products under dynamic pricing, advertising, and trade-credit financing. The model jointly
Journal of Industrial and Management Optimization Volume 22, Issue 9, 4231-4257.
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determines the retailer’s optimal replenishment cycle, inventory level, selling price, advertising
investment, and goodwill while explicitly accounting for product expiration, goodwill dynamics, and
supplier financing. The resulting optimization problem was formulated as a free-terminal-time optimal
control problem and solved using Pontryagin’s Maximum Principle. An approximation of the goodwill
dynamics is proposed that provides semi-closed-form solutions while preserving the essential structure
of the problem. Numerical comparisons demonstrate that the approximate solution closely reproduces
the exact objective values, optimal replenishment cycles, and dynamic trajectories of the inventory
level, selling price, advertising investment, and goodwill across a broad range of parameter settings.

The numerical experiments further demonstrate the significant role of trade-credit financing. By
postponing payment obligations, trade credit relaxes liquidity constraints, enabling retailers to
maintain higher inventory levels, increase advertising investment, preserve higher goodwill levels, and
implement more flexible pricing strategies. In addition, products with longer expiration dates allow
slower inventory depletion and increase the effectiveness of advertising, leading to improved
profitability under both financing policies. The sensitivity analysis further shows that lower ordering
costs, lower price sensitivity, and stronger goodwill effects contribute to better system performance,
while the trade-credit policy consistently enhances profitability by increasing financial flexibility.

From a managerial perspective, the results highlight the importance of jointly coordinating
operational, marketing, and financial decisions. Rather than treating inventory management, pricing,
advertising, and financing decisions independently, retailers can integrate these decisions within a
unified dynamic optimization framework to effectively address product deterioration and changing
market conditions. The proposed approximation also provides a practical decision-support tool for
efficiently evaluating alternative replenishment, pricing, advertising, and financing strategies without
repeatedly solving the complete optimal control problem.

There are several directions for future research. Sustainability considerations may be incorporated
by jointly optimizing profitability and waste reduction objectives. Since product deterioration directly
contributes to food waste and environmental impact, extending the current framework toward bi-
objective optimization could provide valuable insights into the interaction between operational
efficiency and sustainability goals under trade credit financing arrangements. Related developments in
perishable inventory management and waste reduction further motivate such extensions [39].
Extending the framework to multi-product or multi-echelon supply chain environments may provide
deeper insights into coordination, competition, and inventory-sharing effects across different retail
channels. Alternative goodwill and marketing dynamics, including digital advertising, data-driven
demand estimation, and consumer learning behavior, may further enrich the analysis. Finally, future
studies may investigate stochastic demand environments, behavioral customer responses, and large-
scale computational approaches such as reinforcement learning methods to address more complex and
realistic retail systems.
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  T


  M ≤ T


  T


  M ≤ T ≤ m


    u  c d  2 ∗ ( t ) =  {      u  c d  21 ∗ ( t ) = m a x  { 0 ,       𝜆  c d  G 21 ∗ ( t )  a } ,  0 ≤ t ≤ M ,     u  c d  22 ∗ ( t ) = m a x  { 0 ,       𝜆  c d  G 22 ∗ ( t )  a } ,  M ≤ t ≤ T ,


    p  c d  2 ∗ ( t ) =  {      p  c d  21 ∗ ( t ) =  1 2  [      𝛽 0 +   𝛽 2   G  c d  21 ∗ ( t )    𝛽 1 +      𝜆  c d  I 2 ∗ ( t )  1 +   𝜂 2 ( M − t ) ] ,  0 ≤ t ≤ M ,     p  c d  22 ∗ ( t ) =     𝛽 0 +   𝛽 2   G  c d  22 ∗ ( t ) +   𝛽 1   𝜆  c d  I 2 ∗ ( t )  2   𝛽 1 ,  M ≤ t ≤ T .


    𝜆  c d  I 2 ∗ ( t ) =  {    ( c + h     ∫ 0  t    e  −   x 2 / ( 2 m )   d x )   e      t 2  2 m ,  0 ≤ t ≤ M ,     e  (   t 2 −   M 2 ) / ( 2 m ) ( h +   𝜂 1 c )   ∫  M  t    e  − (   x 2 −   M 2 ) / ( 2 m )   d x ,  M ≤ t ≤ T .


    𝜆  c d  G 2 ∗ ( t ) =  {      𝜆  c d  G 21 ∗ ( t ) ,  0 ≤ t ≤ M ,     𝜆  c d  G 22 ∗ ( t ) ,  M ≤ t ≤ T ,


    𝜆  c d  G 21 ∗ ( t ) =   e  𝛿 ( M − t )   ∫  t  M    e  − 𝛿 ( M − x )   𝛽 2  [   𝜆  c d  I 2 ∗ ( x ) − ( 1 +   𝜂 2 ( M − x ) )   p  c d  21 ∗ ( x ) ] d x +   e  𝛿 ( M − t )   𝜆  c d  G 22 ∗ ( M ) ,


    𝜆  c d  G 22 ∗  ( t ) =   e  𝛿  ( t − T )   ∫  t  T    e  − 𝛿  ( x − T )   𝛽 2  [   𝜆  c d  I 2 ∗  ( x ) −   p  c d  22 ∗  ( x ) ] d x .


  t = M


   [ 0 , M ]


  t = M


  T < M


    𝜆  c d  I 2 ∗ ( t )


  t = M


  1 +   𝜂 2 ( M − t )


    𝜆  c d  G 21 ∗ ( t )


    𝜆  c d  G 22 ∗ ( t )


  t = M


    𝜆  c d  I 2 ∗ ( t )


    𝜆  c d  G 22 ∗ ( t )


    𝜆  c d  I 2 ∗ ( x ) −   p  c d  22 ∗ ( x ) > 0 ,


  t = M


    𝜆  c d  I 2 ∗ ( x ) − ( 1 +   𝜂 2 ( M − x ) )   p  c d  21 ∗ ( x ) > 0


    𝜆  c d  G 21 ∗ ( t )


  T < M


  t = M


        ∂   I  c d ( t )  ∂ t =  {    −   t  m   I  c d ( t ) − (   𝛽 0 −   𝛽 1   p  c d 21 ( t ) +   𝛽 2   G  c d 21 ( t ) ) ,  t ∈ [ 0 , M ] ,   −   t  m   I  c d ( t ) − (   𝛽 0 −   𝛽 1   p  c d 22 ( t ) +   𝛽 2   G  c d 22 ( t ) ) ,  t ∈ [ M , T ] ,   with     I  c d ( T ) = 0 .   (9)


    I  c d  ( t ) =  {      e    −   t 2  2 m  {   I  c d 22  ( M )   e      M 2  2 m +   ∫  t  M    e      x 2  2 m  (   𝛽 0 −   𝛽 1   p  c d 21  ( t ) +   𝛽 2   G  c d 21  ( t ) ) d x } , t ∈ [ 0 , M ] ,       e    −   t 2  2 m   ∫  t  T    e      x 2  2 m (   𝛽 0 −   𝛽 1   p  c d 22 ( t ) +   𝛽 2   G  c d 22 ( t ) ) d x ,                                                                 t ∈ [ M , m ]


    J  c d 2  ( p  ( t ) ,   u  ( t ) ,   T )


    J  c d 2 ( T ) =  1  T  {   ∫ 0  M   [ ( 1 +   𝜂 2 ( M − t ) )   p  c d 21 ( t ) D (   p  c d 21 ( t ) ,   G  c d 21 ( t ) ) −   a (   u  c d 21 ( t )  ) 2 2 − h   I  c d 21 ( t ) ] d t


   +   ∫  M  T   [   p  c d 22  ( t ) D  (   p  c d 22  ( t ) ,   G  c d 22  ( t ) ) −   a (   u  c d 22 ( t )  ) 2 2 −  ( h +   𝜂 1 c )   I  c d 22  ( t ) ] d t − c   I  c d 22 ( 0 ) − K } .


     max ⁡   M < T < m   J  c d 2  ( T ) .


    J  c d 2  ( T )


  T


   [ M , m ]


  T


    T  c d 2


    J  c d  2 ∗ ( T )


    J  c d ∗  (   p  c d ∗  ( t ) ,     u  c d ∗  ( t ) ,     T  c d ∗ ) = m a x ⁡  {   J  c d  1 ∗  (   p  c d  1 ∗  ( t ) ,     u  c d  1 ∗  ( t ) ,     T  c d  1 ∗ ) ,     J  c d  2 ∗  (   p  c d  2 ∗  ( t ) ,     u  c d  2 ∗  ( t ) ,     T  c d  2 ∗ ) }


  p ( t ) ,


  u ( t )


  T


    J  n d  ( p  ( t ) , u  ( t ) ,   T ) =    1  T    {   ∫ 0  T    ( p ( t ) D ( p ( t ) ,   G ( t ) −     a 2 u ( t ) ²   −   h   I  n d ( t )   )   d t   )     −   c   I  n d ( 0 )   −   K }    


    m a x ⁡  p ( t ) ,   u ( t ) ,   T     J  n d  ( p  ( t ) , u  ( t ) ,   T )


    d   I  n d ( t )  d t = − f  ( t )   I  n d ( t ) − D ( p ( t ) , G ( t ) ) ,   I  n d ( T ) = 0 ,


    H  n d ( p , u ,     I  n d , G , T ,   𝜆  n d  I ,   𝜆  n d  G , t ) = p  ( t ) D  ( p  ( t ) , G  ( t ) ) −   a   u 2  ( t ) 2 − h   I  n d  ( t ) +   𝜆  n d  G  ( t )  [ u  ( t ) − 𝛿 G  ( t ) ]


                                                              +   𝜆  n d  I ( t ) [ − f  ( t )   I  n d ( t ) − D ( p ( t ) , G ( t ) ) ]


  T


    u  n d ∗ ( t ) =     𝜆  n d  G ∗ ( t )  a


    G  n d ∗ ( t ) =   e  − 𝛿 t [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  n d ( t ) ]


    G  n d ∗ ( t ) =   e  − 𝛿 t [   G 0 + 𝜑 t   e  𝛿 𝜑 t   u  n d ( t ) ]


    p  n d ∗ ( t ) =     𝛽 0 +   𝛽 2   G  n d ∗ ( t ) +   𝛽 1   𝜆  n d  I ∗ ( t )  2   𝛽 1


    p  n d ∗ ( t ) =     𝛽 0 +   𝛽 2   G  n d ∗ ( t ) +   𝛽 1   𝜆  n d  I ∗ ( t )  2   𝛽 1


    𝜆  n d  I ∗  ( t ) = ( c + h   ∫ 0  t    e  −   x 2 / ( 2 m )   d x )   e      t 2  2 m .


    𝜆  n d  G ∗ ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   𝜆  n d  I ∗ ( x ) −   p  n d ∗ ( x ) ] d x .


    𝜆  n d  G ∗ ( t ) =   e  𝛿 t   ∫  t  T    e  − 𝛿 x   𝛽 2  [   𝜆  n d  I ∗ ( x ) −   p  n d ∗ ( x ) ] d x .


    𝜆  n d  I ∗ ( t )


    𝜆  n d  G ∗ ( t )


    𝜆  n d  G ∗ ( t )


    𝜆  n d  I ∗ ( x ) −   p  n d ∗ ( x ) > 0 ,


    𝜆  n d  G ∗ ( T ) = 0 .


  t


  T


    𝜕   I  n d ( t )  𝜕 t = −   t  m   I  n d  ( t ) −  (   𝛽 0 −   𝛽 1   p  n d ∗  ( t ) +   𝛽 2   G  n d ∗  ( t ) ) , 0 ≤ t ≤ T


    I  n d ( T ) = 0


    I  n d  ( t ) =   e  −     t 2  2 m   ∫  t  T    e      x 2  2 m (   𝛽 0 −   𝛽 1   p  n d ∗ ( x ) +   𝛽 2   G  n d ∗ ( x ) ) d x


    J  n d  ( p  ( t ) , u  ( t ) ,   T )


    J  n d ( T ) =  1  T {   ∫ 0  T  (   p  n d ∗ ( t ) D (   p  n d ∗ ( t ) ,   G  n d ∗ ( t ) ) −   a (   u  n d ∗ ( t )  ) 2 2 − h   I  n d ∗ ( t ) ) d t − c   I  n d ( 0 ) − K }


     max ⁡   0 < T < M   J  n d  ( T ) .


    J  n d  ( T )  


  T


   [ 0 , m ]


  T


    T  n d


    J  n d  ( T ) .


    𝛽 0 = 80


    𝛽 1 = 5


    𝛽 2 = 1


  𝛿 = 0 . 25


  h = 0 . 1


  a = 10 ,


    G 0 = 5 ,


  m = 2 . 5


  c = 3


  M


    𝜂 1 = 0 . 1


    𝜂 2 = 0 . 05 ,


  M = 2


  K = 45


  𝜑 = 0 . 5 .


  e


  ∗


    J  c d  e  ( T )


    J  c d ∗  ( T )


    T  c d  e = 1 . 18


    J  c d  e = 214 . 99


    T  c d ∗ = 1 . 16


    J  c d ∗ = 213 . 57


    J  c d ( T )


  T


    I  c d  ( t )


    p  c d  ( t )


    u  c d  ( t )


    G  c d  ( t )


  m = 1 ,    2 . 5 ,    4


    I  c d  ( t )


    p  c d  ( t )


    u  c d  ( t )


    G  c d  ( t ) ,


  m


    J  n d  e  ( T )


    J  n d ∗  ( T )


    T  n d  e = 1 . 32


    J  n d  e = 191 . 30


    T  n d ∗ = 1 . 30


    J  n d ∗ = 189 . 85


    J  n d ( T )


    I  n d  ( t )


    p  n d  ( t )


    u  n d  ( t )


    G  n d  ( t )


    I  n d  ( t )


    p  n d  ( t )


    u  n d  ( t )


    G  c d  ( t )


  m = 1 ,    2 . 5 ,    4


  K


    𝛽 1


    𝛽 2


  ∗


  e


    T  c d ∗


    J  c d ∗


    T  n d ∗


    J  n d ∗


    T  c d  e


    J  c d  e


    T  n d  e


    J  n d  e


    𝛽 1


    𝛽 2


  K


    𝛽 1  


    𝛽 1


    𝛽 2


    𝛽 2

