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Abstract: Determining the capacity level is a long-term strategic decision that closely interacts
with multi-period lot-sizing choices. We consider a single-echelon lot-sizing problem with capacity
acquisition (CALS), where the capacity level, along with production and inventory plans, needs to be
determined optimally. In this study, CALS is formulated as a mixed-integer programming problem and
we conduct a polyhedral study. We propose two exponential families of valid inequalities, which are
shown to be polynomially separable, and we then study the facet conditions for these valid inequalities.
Computational studies demonstrate that the proposed valid inequalities significantly strengthen the
formulation and improve branch-and-cut performance, outperforming default CPLEX cuts in most test
instances through tighter relaxations, reduced runtimes, and improved solution quality.
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1. Introduction

Capacity is a long-term strategic decision. It determines an enterprise’s production or service ability
to meet customer demands over a certain period. The determination of an optimal capacity level
is a fundamental but critical decision that is often made early in the planning process. Insufficient
capacity will lead to demand loss and frequent setups, especially when outsourcing and backlogging
are not allowed. Excessive capacity will bring costly idle time and investment waste. Our study
considers a single-echelon lot-sizing problem with capacity acquisition (CALS). A firm must determine its
production capacity, as well as the production plan, to meet a series of known but dynamic demands on a
finite planning horizon. Decades of research have been conducted about the capacitated lot-sizing problem
with many variants. For example, Florian and Klein [1] consider the single-echelon lot-sizing problem with
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constant capacity and propose an O(n*) dynamic-programming-based solution method, which is improved
by van Hoesel and Wagelmans [2] to O(n?). Then, Pochet and Wolsey [3] develop the so-called (k, 1, S, I)
inequalities, which are generalized for the two-echelon case by Zhao and Zhang [4]. Florian et al. [5]
and Bitran and Yanasse [6] show that the lot-sizing problem with varying capacity is NP-hard, for which
van Hoesel and Wagelmans [7] and Chubanov et al. [8] propose polynomial approximation schemes and
Pochet [9], Loparic et al. [10], and Atamtiirk and Muiioz [11] develop various valid inequalities. Recent
studies have also considered richer capacitated lot-sizing environments with complex operational features.
For example, Deeratanasrikul and Mizuno [12] study a multi-stage capacitated lot-sizing and scheduling
problem with sequence-dependent setups and propose mixed-integer programming formulations and solution
approaches. Tang et al. [13] study a dynamic lot-sizing problem with production-or-outsourcing decisions
under minimum production quantity constraints, and develop a dynamic programming approach based on
structural properties of the optimal solution. Gao et al. [14] study the capacitated multi-item lot-sizing problem
and develop a Lagrangian relaxation approach that decomposes it into single-item subproblems solved via
dynamic programming, achieving high-quality solutions and improved computational efficiency. However,
in these classic capacitated lot-sizing problems, the capacity level is given as opposed to being a conscious
decision, as in our study. Considering capacity level as part of the decision, Bradley and Artzen [15] build a
mixed-integer programming model to make simultaneous decisions about capacity and inventory, which is
shown to be financially beneficial. Pochet and Wolsey [3] also consider a lot-sizing problem with constant
batches, where the capacity level is an integer multiple of the basic batch size. Determining the number of
batches in each period is similar to determining the capacity level to acquire, except that the capacity level in
their problem is discrete.

Modern manufacturing systems are increasingly characterized by flexible and reconfigurable capacity,
such as the use of overtime, outsourcing, and modular production technologies. In these environments,
capacity is no longer a fixed parameter but can be adjusted in response to demand variability and
operational conditions. Relevant research in this area includes, among others, Rao [16], Chand et
al. [17], Rajagopalan and Swaminathan [18], Hsu [19], Tas et al. [20], and Tang et al. [13]. The
prevalence of multi-product, high-mix production, and the adoption of data-driven manufacturing
systems further increase the complexity of production planning, such as in Darendeliler et al. [21]. From
a managerial perspective, these features highlight the importance of optimization models that explicitly
capture capacity decisions. The ability to make informed capacity decisions can significantly improve
the trade-off between production efficiency and adaptability to demand variability. Our proposed
formulation and solution approach enable decision makers to better evaluate capacity investment and
utilization strategies, while the computational improvements make it practical to solve large-scale
planning problems encountered in real-world settings.

Although our study focuses on the deterministic CALS model to derive polyhedral strengthening
results, uncertainty frequently arises in practical capacity-related decisions. The capacity level is
typically chosen before demand and cost information is fully revealed, while production and inventory
decisions are adjusted over time. This has motivated several uncertainty-aware modeling approaches
in the related literature. Scenario-based stochastic programming is a widely used approach when
probabilistic information is available. For example, Ahmed et al. [22] propose the first multi-stage
stochastic integer programming formulation and develop a branch-and-bound algorithm as well as
a modified heuristic strategy. Similarly, Ahmed and Garcia [23] develop a decomposition-based
branch-and-bound strategy to solve a dynamic capacity acquisition and assignment problem. Liu and
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Kiigiikyavuz [24] study the polyhedral structure of the static probabilistic lot-sizing problem with chance
constraints and propose strong valid inequalities that integrate the chance constraint with the lot-sizing
structure, leading to tighter formulations and improved computational performance.

When distributional information is limited, robust optimization provides an alternative by protecting
against adverse realizations within prescribed uncertainty sets. For example, Agra [25] proposes a
robust model for a lot-sizing problem with uncertain demands where the adversary follows a simple
policy. Attila et al. [26] study a lot-sizing problem with remanufacturing under uncertain demand
and returns, and develop a min—-max decomposition approach along with extended reformulations that
significantly improve computational performance. Schlenkrich and Parragh [27] study capacitated multi-
item multi-echelon lot-sizing under demand uncertainty using both stochastic and robust optimization
approaches, highlighting the impact of modeling choices on solution performance. In fact, robust
optimization frameworks and uncertainty-set based modeling have been widely studied in optimization
theory (e.g., Ozmen et al. [28]). More generally, optimization models that explicitly incorporate
uncertainty through stochastic control or regime-switching dynamics have also been investigated in
the literature [29, 30], and broader discussions of optimization, dynamics, and uncertainty in complex
systems can be found in Weber et al. [31]. A further modeling approach represents uncertainty through
fuzzy or possibilistic constructs, such as in Kropat et al. [32]. From an algorithmic perspective, many of
these frameworks ultimately involve iteratively solving deterministic subproblems, for example, across
scenario realizations in stochastic programming, worst-case realizations in robust optimization, and
a-cut reformulations in fuzzy models. Consequently, tightening the deterministic formulation, such as
using the valid inequalities and separation routines developed in this paper, can serve as building blocks
for uncertainty-aware extensions of CALS.

To the best of our knowledge, not much polyhedral study has been done on CALS problem with a
few notable exceptions. In Atamtiirk and Hochbaum [33], for example, the authors study a lot-sizing
problem with capacity acquisition and subcontracting under a variety of practical cost structures. They
show that the number of possible distinct capacity levels in the extreme solutions is bounded from
above by O(n?), based on which they solve a sequence of constant capacitated lot-sizing problems to
determine the optimal capacity level and production plan. Li and Meissner [34] formulate the CALS
problem as a nonlinear programming model and consider a smooth and convex capacity acquisition
cost function. They propose a heuristic algorithm to solve the problem in polynomial time. In this
paper, we formulate CALS as a mixed-integer programming problem and study the structure of its
feasible region from a polyhedral perspective. In particular, we propose two exponential families of
valid inequalities to strengthen the formulation and develop polynomial-time separation algorithms
for both families, running in O(n?) and O(n?) time, respectively. We further identify explicit sufficient
conditions under which the proposed valid inequalities are facet-defining. Finally, we integrate the
separation procedures into a branch-and-cut framework and demonstrate computational improvements
over default MIP cutting planes on test instances.

The remainder of this paper is organized as follows. In Section 2, we introduce the formulation of
CALS. In Section 3, we propose two groups of valid inequalities with polynomial-time separation
algorithms, and then we study the strength of the valid inequalities. In Section 4, we conduct
computational experiments to study the effectiveness of the proposed valid inequalities. In Section 5,
we discuss how the polyhedral results and the proposed branch-and-cut algorithm developed in this
paper can be adapted to CALS problems under uncertainty. We conclude the paper in Section 6 with
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future research directions.

2. Problem description and mathematical model

At the beginning of a finite planning horizon with n periods, we acquire a capacity C € IR, with a
given capacity acquisition cost a € R, . For notational convenience, we let [i, j] represent the interval
of periods {i,i + 1,..., j} fori < jand [i, j]] = @ fori > j, and we let N = [1, n]. Over these n periods,
the period-wise production capacity C is assumed to remain constant. Subject to the limited capacity
C and given a series of dynamic demand d; > O for t € N, we make decisions on production quantity
x, € R, and inventory quantity s, € R,. We denote the unit production cost as p; € IR, and the holding
cost as i, € R, for t € N. Throughout this paper, we define d;; := Zﬁ:k d,withk <landdy =0ifk > L.
If we have a positive production quantity in a period ¢ € N, a fixed setup cost f; € IR, is incurred, and
we denote the setup variable as y; € {0, 1}, 1.e., y, = 1 if x; > 0. To satisfy the demand on time in each
period over the planning horizon with minimum cost, we formulate the CALS problem as

min )" (aC + plx, + fiyi + hisy) 2.1)
t=1

st. S +x=d;+ s, teN 2.2)
X < dyyi teN (2.3)
0<x<C teN 2.4)

Y €10, 1) teN (2.5)
so=5,=0 (2.6)

s e R, teN Q.7)
CeR.. (2.8)

Objective function (2.1) is to minimize total cost, including capacity acquisition cost, unit production
cost, setup cost, and holding cost. Constraints (2.2) represent flow conservation in period z. Constraints
(2.3) and (2.5) restrict y, to be 1 if x, > 0. Constraints (2.4) ensure that the amount produced in period ¢
is nonnegative and within the production capacity C, which is also a decision variable in this model.
Constraint (2.6) assumes that there is no initial or ending inventory. Because s, can be projected out as
s; = Xty x; — dy, for t € N, the CALS problem can be reformulated without inventory variables as

min Z(aC + piX; + fiyr) 2.9)
=1
t

s.t. Zx,- > d,, re[ln—1] (2.10)

i=1
n

in = d,, 2.11)

i=1

(2.3),(2.4),(2.5),(2.8),
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where p, = p/ + >, h; for t € N and a constant value, — )/, h,d),, is omitted from objective function
(2.9). We denote

XA = ((C,x,y) € R, x R? x {0, 1}" | (C, x,y) satisfying (2.3), (2.4), (2.5), (2.8), (2.10), (2.11)}

as the set of feasible solutions to CALS.
3. Valid inequalities for CALS

In this section, we propose two exponential classes of valid inequalities, and develop polynomial
separation algorithms as well as the facet conditions.

Theorem 1. Let a period € € [2,n] and a set L = [2,{]; sets A, B, and S be three subsets of L that
partition L; and dy; > d—;" if |S| = 2. Then, the first-group (¢, S, A, B) inequality

C+Zx,+2d,gy,+d152yt2d1g+2x, 3.1

teA teB teS teS
is valid for CALS.

Before proving the validity of the first-group (¢, S, A, B) inequality, we provide its operational
interpretation. For a given period ¢, define the set L = [2,{]. The first-group (¢, S, A, B) inequality
can be viewed as a demand-satisfying construction over this interval. The sets A, B, and S represent
three different mechanisms for satisfying cumulative demand. Periods in set A contribute through
realized production quantities x,, periods in set B contribute through setup-based covering terms d,;y;,
and periods in set S are shifted to the right-hand side and compensated by the cumulative-demand
term d,,y,. Thus, the inequality ensures that the acquired capacity C, together with these three types of
contributions, is sufficient to satisfy the cumulative demand d,,.

The condition di; > d5,/2 is only required when |S| > 2. When multiple periods in set S are
simultaneously active, the inequality must account for the worst-case total production that can be
distributed over those periods. Accordingly, this condition should be viewed as a sufficient condition for
this particular cut construction and proof technique, rather than as a structural assumption of the CALS
problem itself. Below, we present the detailed proof.

Proof. We prove the validity of the first-group (¢, S, A, B) inequality (3.1) in the following three cases.

1. Suppose that y, = 0 for all # € S, then inequality (3.1) reduces to

C+ Zx, + Zd,gy, > diy.

teA teB

Because C > xy, we have C+ ) ,cp Xi + D ep Aoy = X1+ Dyen Xo+ 2rep diey: fl{i € B i y; = 1} # 0,
welet#* = minf{i € B : y; = 1}. Then, 3} ,ciyua X+ 2iep dieYr 2 Dieyoa X +dpe 2 dye—1y+dpe 2 dyg.
Ifi{ie B:y =1} =0, Xicyon X + Ziendueyr = 2iepyua X = die. Therefore, inequality (3.1) is
valid in this case.

2. Suppose that [{r € § : y, = 1}| = 1 and we denote {t'} = {r € S : y, = 1}, that is y» = 1. Then,

C+ Dea Xt + D2uyepdiey: + dipys = C +dyp > xp + dyp. Thus, inequality (3.1) is valid in this case.
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3. Suppose that |{r € § : y, = 1}| = p > 2, which implies |S| > 2. Thus, we have d;;, > d%. From
constraints (2.10) and (2.11), we have )¢ x; < dp, because 1 ¢ §. Let t* = arg max,cs{x,}. Then,
Dues\i) Xr < ”ledz,r Thus, > cs X/ < X0 + ijldzn. Consequently, C + > ;cq X, + 2epdiy: > C >

Xy + (ijl - p%l)dzn > Yues Xt — (p = Ddie = dig + Yyes X — pdie = dig + Yies X — dig Diges V-
Therefore, inequality (3.1) is also valid in this case. O

Remark When set S = 0, the first-group (£, S, A, B) inequality (3.1) reduces to C+ Y’ ,cp X;+ X iep dieys =
dy¢, which is a relaxation of the well-known (¢, §) [35] inequality for the uncapacitated single-echelon
lot-sizing problem because C > x;. In fact, the entire class of the (£, S) inequalities is valid for
conv(XALS).

Example We illustrate Theorem 1 using a five-period instance with demand vectord = (11,7, 20, 5, 3).
Let{ =4, sothat L = [2,4] ={2,3,4}. Choose S = {2},A = {3}, and B = {4}.

Since |S| = 1, no additional demand condition is required. Moreover, di; = dj4 = 11+7+20+5 =43,
and dy4, = dyy = 5. Substituting these values into inequality (3.1), we obtain

C+X3+5y4+43y2243+)€2.

This example illustrates the roles of the three sets. Period 3 € A contributes through realized
production x3, period 4 € B contributes through the setup-based covering term ds4y4 = 5y4, and period
2 € § is shifted to the right-hand side and compensated by the cumulative-demand term d,4y, = 43y,.
Thus, the inequality ensures that the acquired capacity, together with these contributions, is sufficient to
satisfy the cumulative demand over periods 1 to 4.

Proposition 2. Given a fractional solution (C,%,¥) € R, the most violated first-group (€, S, A, B)
inequality (3.1) can be found within O(n*) computational time, if any.

Proof. For each t € [2, (] with a given € € [2,n], if X, < d,/y, and X, < dy/y, — X;, let t be in set A. If
diy; < X, and dyy, < dy/y; — X, let t be in set B. If dy/y, — X, < d,;y, and d,,y, — X, < X;, lett be in set §.
With the resulting sets A, Band S, if C + Y,ca X + Yy dieVs + die Dies Vi < dig + Y cs X;, then sets A, B
and S provide the most violated inequality (3.1) for a given period €. Because € € [2,n] and t € [2,{], a
straightforward implementation of this separation algorithm takes O(n*) computational time. O

From here, we proceed with the facet-defining proof. First, we establish that
dim(conv(X“*)) = 2n - 1.

We then exhibit 2n — 1 affinely independent feasible points lying on the face induced by inequality (3.1).
Because the geometry of this face differs depending on whether S is empty, we consider the cases S = 0
and S # 0 separately. In both cases, the point constructions are chosen so that feasibility is maintained
while the coefficients of the variables in the inequality can be identified independently, which proves
that the inequality is facet-defining.

Proposition 3. The first-group (€, S, A, B) inequality (3.1) is facet-defining for conv(X“AL5)
o ifS=0,B=0and =n; or
° lfS #0, dl(i—l) < dinfori es, (] - f)dlg > d(g+1)jf0rj e[+ 1,n], and
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o { <n—1,dj-1)>djand (k — C)dj-1y = dsiy for j € Band k € [€ + 1,n] in the case of
B # 0.

Proof. First, we define e; as the n-dimensional unit vector where the i-th component is 1 and all other
components are 0, and we denote 17 = ;. e; for a set 7. Let € be a very small positive scalar.

Because there are 2n + 1 variables and two linearly independent equalities (2.11) and y; = 1, the
dimension of conv(X“A%5) is at most 2n — 1. Then, we consider 2n points in conv(X“A55): (C?,x°,y%) =
(din, diner,e1), (C°,x°,y°) + (—€, —€e, + €e;, €;) fori € [2,n], (C°,x°,y°) + (0,0,¢;) for i € [2,n],
and (C% x%y%) + (€, 0,0), where 0 is an n-dimensional vector of 0s. It can be verified that these
2n points are affinely independent, so the dimension of conv(X“ALS) is at least 2n — 1. Therefore,
dim(conv(X4L5)) = 2n — 1. We now exhibit 2n — 1 affinely independent points on the face defined by
inequality (3.1) for cases of S = @ and S # 0, respectively.

1. If § =0, B=0and ¢ = n, then inequality (3.1) reduces to C + 3 ,cp.,; X = dy,. We consider the
following 2n — 1 points:

o (C',x",y") = (di, — (n— De, (dy — (n = De)e; + elyyy, 1y).
b (CZ,XZ,YZ) =(din—(n-2)e,(di, — (n—2)e)e; + 61N\{1,j}, 1y | j€[2,n].
o (C°,x%,yY) = (di, — (n—2)e, (d1, — (n— 2)e)e; + €l Ivyijy | J € [2,n)).

It is straightforward to show that these 2n — 1 points are all feasible and satisfy inequality (3.1) as
an equality. To prove affine independence, we subtract point (C!,x!,y') from points (C?, x?,y?)
and (C3,x%,y?) to obtain the following 2n — 2 points in the format of a matrix

C xi {xifiepm Y1 itien
el €l —el 0 0
el €l —€l 0 -1 ’

where I represents an appropriately sized identity matrix and 0 and 1 represent appropriately sized
matrices of Os and 1s. From the structure of the matrix, these points are linearly independent,
which implies affine independence of points (C!,x!,y!), (C?,x%,y?), and (C?,x%, y*). Therefore,
inequality (3.1) is facet-defining in this case.

2. If § # 0, we denote set S = {p1, p2,...,ps)} wWith2 < p; < pr < ... < pjs; < €. Additionally, for
a period m € N, we define a series of functions g;,,(C;) = min(d;,, — X111 &m(Cr), C;) with the
given capacity C; € R, fori € [1,m] and let g,,,(C,,) = min(d,,, C,,). We consider the following
2n — 1 points:

o (C',x',y) = (dpn, dip-1)€1 + dpn€p, L1 p)))-

o (C2,X%,¥) = (dpn> diipy-1y€1 + dpnp,s L1 pyjy | J € [€+ 1,n]).

o (C°,x%,¥Y) = (dy,n — €, dypy-1y€1 + (dpy — €)€p, + €€, 111, 5y | jE[€+1,n]).

o (CHxYy") = (dpn—(n—C+ 1€, (dip-1y+€)€1 +(dpn— (M= C+1)E)e,, + €t s Lt py e+ 107)-

e (C5,x%,y°) = (dpn> dip-1y€1 + dpueps Liapy | J € [2,IS]D.

hd (C6’ X69 y6) = (dpjn — €, (dl(pj—l) + E)el + (dp/-n - E)epj’ 1{l,pj} | J € [27 |S|])

(] (C7,X7, y7) = (dlg, dl,gel + ZZ:€+1 gkn(Ck)ek, 1{1,[[+1,n]}), where Ck = dlg fork € [[ + 1, I’l]

o (C¥x%,y%) = (dir, dice1+ X511 8n(Cr)ers L1 jes1.) | j € A), where Cy = dy fork € [€+1,n).

o (C°.X°,¥’) = (di—€, (di—€)er +€e;+ X1 &n(Cider, Lt 1y | j € A), where Cp = dyr—€
fork e [€+ 1,n].
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o (C',x'°,y'%) = (dyjor), dij-ner + djeej + Zi_rs1 8u(Cew L1 ey | J € B), where C; =
dl(j—l) fork € [f + l,l’l]
o (C'x"y") = (dij-1) dij-ne1 +(dje+ €)€;+ (dpr1 — €)€ps1 + Xieepir in(Ci)ers Lyt jiesian | j €
B), where C = dy(j-1) fork € [ +2,n].
Because dj_1) < d;, forany i € S, points {(C’, X/, y/)} je1.6) are feasible. Because (j—€)di, > dirs1y;
for any j € [€ + 1,n], points {(C/,x/, y/)} je[70) are feasible. Because £ < n — 1, dy(;_1) > dj; and
(k — O)dy(j-1) = dis1y forany j € B # 0 and k € [€ + 1,n], points (C'°,x'%,y'%) and (C'!, x', y'!)
are feasible. In addition, it is straightforward to verify that all the points listed above are on the
face defined by inequality (3.1).
To prove affine independence, we subtract point (C!,x!, y!) from all other points to obtain 2n — 2
points, which are arranged in the following matrix after conducting necessary elementary row

operations.

C xi {xi}icaun Xp, {Xi}ies\(pi) (XiYicter 1,0 Y1 (Viticaun Yp, idies\ip1) Witieres1n
00 0 0 0 0 0 0 0 0 |

% 0 0 * 0 | 0 0 0 0 0

| 0 * 0 0 0 0 0 0 0

x () 0 * 0 0 0 0 0 I 0

x 0 0 * I 0 0 0 0 0 0 ’
% () 0 * 0 0 0 0 -1 0 0

% () 0 * 0 0 0 I 0 0 0

% 0 I * 0 0 0 0 0 0 0

where I represents an appropriately sized identity matrix, 0 represents an appropriately sized matrix
of Os, and * represents an appropriately sized unspecified matrix. From the structure of the matrix,
these points are linearly independent, which implies affine independence of the 2n — 1 points listed
above. Therefore, inequality (3.1) is also facet-defining in this case.

O

Example We illustrate Proposition 3 using the same five-period CALS instance withd = (11,7, 20, 5, 3).

First, the inequality introduced after Theorem 1 with £ = 4,5 = {2},A = {3}, and B = {4} is
C + x3 + 5y, + 43y, > 43 + x,, which is facet-defining according to Proposition 3. Indeed, for the
only periodi =2 € S, dy;-1y = di1 = 11 < d», = 35. Also, for the only period j = 5 € [{ + 1,n],
(j—Odie = (5 —4)d14 = 43 > dss = 3. Finally, since B = {4}, we check dy(j_1y = di3 = 38 > dys = 5,
and (k — O)d,(j-1y = (5 —4)di3 = 38 > ds5 = 3. Hence, all conditions of Proposition 3 are satisfied.

Second, consider the choice £ = 5,5 =0,A ={2,3,4,5}, and B = (. Then, inequality 3.1 reduces to
C + x; + x3 + x4 + x5 > 46. This inequality is facet-defining by the first case of Proposition 3, since
S=0,B=0,and ¢ = n.

We next present a stronger aggregated class of demand-satisfying inequalities. Compared with the
first-group (¢, S, A, B) inequalities, this class replaces multiple production terms with repeated use of
the capacity variable C, while only a small number of periods are treated individually. More precisely,
the sets A and B identify the exceptional periods handled separately, whereas the remaining periods are
aggregated through the capacity term. The resulting inequality therefore captures the idea that aggregate
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capacity coverage, together with a few explicitly modeled periods, must still be sufficient to satisfy the
cumulative demand over [1, £].

Theorem 4. Let a period € € [2,n] and a set L = [2,(]; sets S, A, and B be three pairwise disjoint
subsets of set L; and |A U B| < 2. The second-group (£, S, A, B) inequality

ISIALI =AU BDC + > x,+ > duy, = ISkdie —die ) v+ (LI=JAUB) Y %,  (3.2)

teA teB teS tes
is valid for CALS.

The restriction |A U B| < 2 should be interpreted as defining a tractable subclass rather than as a
business rule. Once more than two periods are treated as exceptional, the validity argument becomes
substantially more complicated and the resulting separation structure is less manageable. Thus, this
restriction reflects a deliberate trade-off between strength and tractability in the cut construction.

Remark Because inequality (3.2) is trivial when S = 0, we assume S # 0 for the second-group
(¢, S, A, B) inequalities in the rest of this paper.

Proof. For any given feasible solution (C, x,y) € X455 we denote S™ :={t € S : y, = 0}.

1. If |S=°| = 0, then inequality (3.2) reduces to |S|(|L| — |A U B)C + X ,cs X + Yyep diey: > (IL| — |A U
B|) 3,5 X;,» which is valid because C > x, forallt € S.

2. If |S=°| = 1, then inequality (3.2) reduces to |S|(|L| = [AUB|)C+ 3 ,ca X;+ e dieyy = dyo+(|L|—|AU
BI) ye55-0 %i- Let #* = minfi € B : y; = 1}. Then (LI~ [AUB)C + Yyes % + Syep dieyi = C + (Ll -

JAUBUS “NC+ Y e Xi+ e dieye = X1+ Leryjavsus=0) X+ Lea X+ Diep dieye > die—1y+dpe > dig.
In addition, because (|S| — 1)(IL| = |A U B|)C > (IL]| = |A U B|) }.c5\s-0 X;, inequality (3.2) is valid.
3. If IS0 > 2, then inequality (3.2) reduces to

ISIILI =AU BNC + Y x+ > diyi 2 1SV + (LI JAUB) Y x.  (33)

teA teB €S\ =0

Because |A U B| < 2, then we have (JL| - JAUB|+ 1DC > (L| -2+ 1)C > (L] - S| + 1)C >
2urell.ens=0 X = dy¢, which gives

(IS="] = (LI = JA U Bl + 1)C > (S| - D)dy,. 3.4)

Also, because (1 7\aupus=0) X + 2irea Xt + 2ep dieyr = die and C > x; for any 7 € [1, n], we have

(L= AU Bl =IS™+ 1)C+ > x + Y dyyi = dir. (3.5)

teA teB

Additionally, because C > x, for any ¢ € [1, n], we have

IS\ S=(ILI — 1A U B)C > (IL| - |A U Bl) Z Xr. (3.6)

teS\§=0

Summing inequalities (3.4)—(3.6), the resulting inequality is (3.3). Therefore, inequality (3.2) is
valid in this case as well, and this completes the proof. O
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Example We next illustrate Theorem 4 using the same demand vectord = (11,7, 20,5, 3). Let £ = 4,
sothat L = [2,4] ={2,3,4}, and choose S ={2,3}, A =1{4}, B=0.

Here, |S| =2, |L| = 3,|A U B] = 1 < 2, so the construction satisfies the requirement of Theorem 4.
Also, dy; =di4 =11 +7 +20+ 5 = 43. Substituting these values into inequality (3.2), we obtain

ISIULI = 1A U B)C + x4 2 |S|d14 = di4(y2 +y3) + (IL] = |A U B))(x2 + x3),

which is,
4C + x4 =2 86 —43(y2 + y3) + 2(x3 + x3).

This example shows the aggregated nature of the second group. Periods 2 and 3 are treated
symmetrically through the set S, so their production terms are shifted to the right-hand side and
balanced by cumulative-demand coefficients. Period 4 € A is kept explicitly through x4, while the
remaining demand cover is represented by repeated use of the capacity variable C. Hence, the
inequality captures an aggregated demand-satisfying requirement over periods 1 to 4.

Proposition 5. Given a fractional solution (C,X,¥) € IR%”“, the most violated second-group (€, S, A, B)
inequality (3.2) can be found within O(n®) computational time, if any.

Proof. For a given ¢ € [2,n], we first consider the case of |[S| = 1. Foreacht € Landi € L)\ {#}, let
6y = min(0, —C + %; + X, —C + dy¢y; + %) and ¢, = |LIC — dy¢ + di¢V, — |LIX; + Yicpyqn Ou- If there exists a
period ¢ € L such that ¢, < 0, then let t* = argmin{¢,, t € L}. For the given £ € L, in the case of |[S| =1,
we have found the most violated second-group (¢, S, A, B) inequality, where S = {t'}, A ={ie L\ {¢'} :
—C + % + xp <min(0, —=C + diy; + %)}, and B = {i € L\ {t'} : =C + d;/y; + X < min(0, —=C + X; + X))}
Because t € Land i € L\ {t}, the complexity for the case of |S| = 1 is O(n?).

Then, suppose |S| > 2. For each t € L, we define 3, = min{X,, d,;3;} and y, = min(0, (|/L| — |A U B))C —
die+diy, — (IL| —|A U B|)X,). Then, we consider three cases of |[A U B| € {0, 1,2}. When |AU B| =0, we
let wg = X ier vi- When |A U Bl = 1, we define ¢ = argmin{B; — y;,¢ € L} and let w; = X1\ Vi + Br-
When |A U B| = 2, we define t' = argmin{8, — y,,¢t € L} and ¢’ = argmin{B, — y,,t € L\ {¢'}}. Then,
we let wy = X epvpm Ye + Pr + B If wy < min(wy, w,) and wy < 0, then the most violated second-
group (¢, S, A, B) inequality is with S = {tre L: vy, <0}and A = B = 0. If w; < min(wy, w,) and
w; < 0, then the most violated second-group (£, S, A, B) inequality is with S = {re L\ {¢'} : v, < 0},
A ={t'}and B = 0 if X, < d,/y,; otherwise, A = @ and B = {¢'}. If w, < min(wy,w;) and w, < 0,
then the most violated second-group (£, S, A, B) inequality is with S = {r € L\ {f,t"} : y, < O},
A={telt,t"}: X, <dyy},and B = {t',t”} \ A. The complexity for the case of |S| > 2 with a given
¢ € [2,n] is also O(n?).

The inequality with a stronger violation between those obtained in the cases of |S| =1 and |S| > 2
for all £ € [2, n] is the most violated second-group (¢, S, A, B) inequality. The overall complexity of the
separation algorithm for the second-group (¢, S, A, B) inequality is O(n?). O

The proof again uses a facet-verification argument. Since Proposition 3 already establishes that
dim(conv(X®ALS)) = 2n—1, it remains to construct 2n— 1 affinely independent feasible points on the face
defined by inequality (3.2). We do this separately for the cases |[A U B| = 0 and |A U B| € {1, 2}, because
the structure of the inequality and the corresponding point constructions are substantially different in
these two settings. The goal in each case is to generate points that remain feasible, satisfy the inequality
at equality, and isolate the relevant coefficients so as to prove that the inequality is facet-defining.
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Proposition 6. The second-group (€, S, A, B) inequality (3.2) is facet-defining for conv(X“45) if the
following conditions are satisfied:

o I[f[AUB| =0, then S is a singleton denoted as S = {p,}, ;'f >dy fortell,p —1], =Dy l)d” >dy;
fort € [p, 0], 2 > dyyy, for t = [€+ 1,n), dpy, > dy and (t — 1)d,,, > dy, fort € [2, p1 ~11.
e [flAUB|:=r¢€ {1 2}, we denote AU B = {q1,q,} withq, = q, ifr =1 and q, < q, if r = 2, and
S = {p,}'f'1 with2 < py < -+ < pis| < £. We define 0, = min{q1, g, p1}, 02 = min{{g1, ¢ p1}\{o1}),

=1{q1,9, p1} \ {01,02} if {q1, g\, p1} \ {01,02} # 0, and o3 = € + 1 otherwise. Then,

. idy g .
|§l| >d |(p[+1—1)f0rl € [1,|S1], where Disi+1 =n+ 1;
. (t=D)dy,, ~2)dy . “3)dy
( I;IPI > dy, fort € [2,0; — 1], ¢ I;IH > dy, fort € [0y, min(py,0,) — 1], and ¢ I;IH > d,

for t € [min(p, 0,), min(p;, 03) — 1];
am s gy, for t € [1,00 = 11, TRACD 5 gy for 1 € [01,05 — 1], 2900 5 g, for

1.

IL\(AUB)| -3 IL\(AUB)| ) IL\(AUB)|
— - t -
t€loy,03—1], WSB‘)TD > d,, for t € [03, ), and lL\(A'L(fB')’T” > dies1y fort € [€+ 1,n];
. lfB 0, thent <n-1 B={{—|B|+1,¢}, and |L\l((zL|JB[|;)| > d(g_|B|+1)g.

Proof. We have shown dim(conv(X“AL5)) = 2n — 1 in the proof of Proposition 3. We now exhibit 2n — 1
affinely independent points on the face defined by inequality (3.2) for the cases of |A U B| = 0 and
|A U B| € {1, 2}, respectively.

1. If [AU B| = 0, then § = {p;} and the second-group (¢, S, A, B) inequality reduces to
ILIC > dy (1 = yp,,) + |L|x,,. 3.7

We consider the following 2n — 1 points:

® (Cl ],yl) ;1”1, 7 11[1 5]\{[)1} + Zk 41 gkn(Ck)ek, 1[1 n]\{Pl}) where Ck = ”i for k € [f + 1,]’1]

L4 (C2 X yz) - ( pins Zk 1 gk(pl—l)(ck)ek + p]nep]7 1[1,p|]u{] | .] € [Pl,n]), Where Ck = dpln fOI'
kell,py—1].

1 (C3a X3, y3) = (dpln» Zgi;l gk(pl—l)(ck)ek + dplnepl’ 1[l,pl]\{j} | .] € [2» P1 — 1])’ where Ck = dpln
fork € [1,p; — 1]\ {j}and C; = 0.

L4 (C4’ X4’ y4) = (dpma Z}I:izl gk(m—l)(ck)ek + dpmepp 1[1,p|] | .] € [2’ D1 — 1])5 where Ck = dpln for
ke[l pl—l]\{'}andC = 0.

L4 (CS ’y ) - (dpln €, dlel+zk 2 gk(pl l)(Ck)ek+(dp1n E)epl +Ee],1[1 P11V | .] € [Pl"‘] }’l])
where Cy = d,, —efork € [2,p; — 1].

o (C°x%,y°%) = (dy,—¢, (d1+€)31+2551 gip-n(Coex+(dpn—€)e,, 111 1), where Cy = d ,—€
fork e [2,p; — 1].

Because ‘4t > a’lt fort € [1, p—1], =Ddy ])d” > dy, fort € [py, (], and % > dysry fort = [€+1,n],

1=
point (C!,x!,y!) is a feasible solution and satisfies inequality (3.7) as an equality. Because d,,,, > d,;
and (r — 1)d,,, > dy, for t € [2, p; — 1], points {(C', X', y)}ie2.6) are feasible solutions and satisfy

pin
inequality (3.7) as an equality. To prove affine independence, we subtract point (C!, x!, y') from

all other points to obtain 2n — 2 points, which are arranged in the format of the following matrix
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after conducting necessary elementary row operations.

C xi Axiliezpi-11 Xp,  Xidiegpre1m Y1 Wikiezp-11 Wilietpia

% % 0 0 0 0 0 I
% % -I 0 0 0 0 0
% % 0 0 0 0 | 0 ,
% % 0 0 I 0 0 0
% % 0 1 0 0 0 0

where I represents an appropriately sized identity matrix, 0 represents an appropriately sized matrix
of 0s, and * represents an appropriately sized unspecified matrix. Because these points are linearly
independent, the 2n — 1 points listed above are affinely independent. Therefore, inequality (3.7) is
facet-defining.

2. If |A U B| € {1, 2}, we consider the following 2n — 1 points:

o (Clx',y" = (fglr P lgk(pl nH(Crer + |S| s s, L1 p—1us)\aum), where C; = IS\ " for k €
[1,p — 1]\(AUB)ande—0f0rk€ [1 p1— 11N (AU B).

o (C2,x%yH) = ,,],1 Zplllgk(pl 1)(Ck)ek+ s Lss Lqip-nusnaupuyy | J € AU(pr+1,n]\ (S U
AU B))), where Ck i for k € [1, py - 1] \(AUB)and C; =0fork € [1,p; — 11N (AU B).

N
1)1 —€

° (C% ’y ) = ( p|S| P Zpl 1gk(pl 1)(Ck)ek + |S| 15 + €e, 1([1[,1 11US U{jH\(AUB) | ] € [pl +1, I’l]\

(SUAUB)), where C;, = ”l‘S"l “fork € [1, p1—1]\(AUB) and C; = O fork € [1, p;—1]N(AUB).

n - dyn .
o (CHx*yh =( |p1 ha 11 8ip1-n(Coee + 757 Ls, Lq1,p-nusnavsuyn | J € [2, p1 — 11\ (AU B)),

where C = |pS‘|" fork € [1, pl—l]\(AUBU{'})ande:Oforke[1 p1—11N(AUBU{j}).

o (C°,x°y°) = ( |p1n Zplll &k(p-»(Crex + 4 5 Lss L pi-nusnaup | J € [2,p1 — 11\ (AU B)),

where C; = d|”SI|" fork € [1, pl—l]\(AUBU{ HandCy =0fork e [1,p; —1IN(AUBU{j}).

6 <6 6y — (_du—e _di u
* (C°x"¥") = (miamn maom Lavausuip) + €8+ X 8n(Coee Lianausuipui

| j € A), where C; = 7=ss for k € [£+ 1,n].

7 <7 w7y — (_4G-D dij-1
e (C".x"Y") = (Zaos mlu enauBuip ) + djcej + it 8n(Coer 1 @usuip ol

| j € B), where Cy = |L[\IEXU%)| fork € [€+ 1,n].

o (C%,x%,y%) = (|L[\léxull)3)| %1[1 anausup) T (dje + €)€; + (devt — €)€i1 + Xi_rio 8in(Cr)es,
L anausuipoin | J € B), where Cy = 740 for k € [£+2,n].

o (C°,x ,y9) = (|L\(i'63)| ml[l nauBuL) T Dik=er1 &n(Cek Lianausuyy | J € ), where
Cy = |L\(AUB)| fork e[+ 1,n].

o (C°,x",y') = (A0 TG0 lnnausoin +elat+ St gn(Coew Limmoyy | J € S\{pi)
if A # 0, where C; = A0k fork € [€+ 1,n],

b (C“,Xll = (f?{(ﬁﬁ; ri]\f(AZLIfENIU nausuip ) +2€la+ 2041 8in(Cier L mnaugpy) if A # 0.

o (C2,x"2y"?) = (ILL\I&U;?)I mlnf inausugy + deee + X1 8n(Cek, L ausui
|]€S\{p1})1fA (Z)whereCk e fork€[€+1n]

IL\AUB)
o (CB,x"1 ,y‘3)=( p]|§| = 20 Gk (Coer + p‘" 15 + 2€e,. L1,y 1yusum) if A = 0, where
Ci = pllgl “forke[l,p —1].
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Because of conditions i and ii, points {(C’, X', y)}ic1.5) and (C'3,x'3,y!?) are feasible. Because
of conditions iii and iv, points {(C', X', ¥')}icj6.12) are feasible. Also, all of the points listed above
satisfy inequality (3.2) as an equality. To prove affine independence of the points listed above, we
subtract point (C!,x', y!) from all other points and conduct necessary elementary row operations
to obtain 2n — 2 points, which are arranged in the format of the following matrix:

C xy {xi}{x} {xi} {xi} {x:} ! i {vi} it yi}
icA icB ie[2.p1~11\(AUB) i€S i€[pi+1.n\(SUAUB)  icAU([p1+1,n]\(SUAUB)) ic[2.p1~11\(AUB) icB ieS
=% 0 0 0 0 0 0 | 0 0 o
=% 0 0 0 0 | 0 0 0 0 0
=% 0 0 -1 0 0 0 0 0 0 0
*= % 0 0 0 0 0 0 0 -1 0 o
=« I 0 0 0 0 0 0 0 0 0 )
=% 0 0 0 0 0 0 0 0 I 0
*x 0 1 0 0 0 0 0 0 0 0
=% 0 0 0 0 0 0 0 0 0 I
=% 0 0 0 | 0 0 0 0 0 0

where each row represents a (group of) point(s) and the last row represents points (C'?, x'%, y!?)
and (C'',x'',y'") when A # 0 or points (C'?,x'2,y'?) and (C'3,x'3,y'?) when A = 0. Also, I
represents an appropriately sized identity matrix, 0 represents an appropriately sized matrix of Os,
and * represents an appropriately sized unspecified matrix. Based on the structure of the matrix,
the 2n — 1 points listed above are affinely independent. Therefore, inequality (3.2) is facet-defining.

O

Example To illustrate Proposition 6, we revisit the five-period CALS instance with d = (11,7, 20, 5, 3).
First, for £ =4, S ={2,3}, A = {4}, and B = 0, inequality (3.2) reduces to

4C + X4 2 86 — 43(y2 + y3) + 2()C2 + X3).

This inequality is facet-defining according to Proposition 6. In particular, with
p1=2,p2=3,q1 =4,0, =2, 0, =3, and 03 = 4, the following key conditions hold:

dy, 35 27>
%<:?>dn:1 ; =35> dy; = 27,
and 3 5-4)dy 43
éizaowm:l& diy =43 > dj3 = 38, —jri¥r5>dﬁ=3

Hence, Proposition 6 verifies that the inequality is facet-defining.
Second, for £ =4, S = {2}, A = 0, and B = {4}, inequality 3.2 reduces to

2C + 5y4 >43 — 43y2 + 2x,.

This inequality is also facet-defining by Proposition 6. The key additional condition for the case B # ()
is satisfied because
dic-1y  dis
=—=19>dy =5.
IL\B 2 “

Therefore, both inequalities are facet-defining examples of the second group.

{=4<n-1, B = {¢},
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While the previous examples illustrate the construction and facet-defining nature of the proposed
inequalities, the next example shows numerically how they strengthen the LP relaxation by excluding
fractional feasible points.

Example (Numerical illustration of cut strength) Consider again the five-period instance with d
(11,7,20,5, 3) and the fractional point

18 2
C,x,y) =120, (20,18,8,0,0), (1,—, =,0,0]],
9= (5500, 12 20,0)
which satisfies the LP relaxation of CALS.
For the first-group inequality with £ = 4, § = {2}, A = {3}, B = {4}, we obtain C + x3 + Sy, + 43y,
43 + x,, and substitution yields

\%

18 1754
20+8+43 X — = < 61.
TOTRXEE T 55
Hence, this inequality cuts off the fractional point.
For the second-group inequality with £ = 4, § = {2,3}, A = {4}, B = 0, we obtain 4C + x4 >
86 —43(y, + y3) + 2(x, + x3), and substitution gives

18 2 518
80 < 86 — 43 (= + =) + 2026
< (35 7) (26)=

Thus, the second-group inequality also cuts off the same LP-relaxation point. This example numerically
illustrates the strengthening effect of the proposed facet-defining inequalities.

4. Computational study

This section reports two complementary computational evaluations of the proposed valid inequalities.
The first evaluation uses a C++/Concert branch-and-cut implementation with IBM ILOG CPLEX 12.6.0.
The second evaluation uses a rebuilt Python implementation with IBM ILOG CPLEX Optimization
Studio 22.1.2 and a pooled adaptive root-loop cut-management strategy. The purpose of reporting both
evaluations is to assess the behavior of the proposed inequalities under different solver environments
and cut-adding mechanisms. Because the two evaluations differ in solver version, modeling API,
cut-management strategy, and time limit, CPU times should be interpreted within each evaluation rather
than as direct cross-environment comparisons.

4.1. Branch-and-cut evaluation with CPLEX 12.6.0

Following the approach of Li and Meissner [34], we assume a planning horizon of 54 periods
with varying demand patterns. The demand is defined as: d, = S, x d, where 3, represents the
seasonality factor and d = 50 is the mean demand. We consider five distinct demand patterns based
on varying S, for t = 1,...,54: (I) Time-invariant: 3, = 1; (II) Linear growth: 5, = 0.25 + 15(’ l),
(IIT) Linear decline: 3, = 1.75 L 5(’ L. 1v) Holiday season at the beginning of the planning horlzon

B, = 114+54(’ Dfort=1,..,6, - 54(5’7 7 fort=17,..,12, and 2% for ¢ = 13, .., 54; (V) Holiday season
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at the end of the planning horizon: 3, = % fort=1,...,42, % + 54(;;43) fort = 43, ...,48, and % —

HED) for t = 49, ..., 54.
The fixed setup cost f; is determined based on the time between orders (TBO), calculated as the

EOQ-cycle time \/2:2 . Assuming a holding cost i, = 5, the setup costs are set at f; = 1200 for low
TBO, f; = 3100 for medium TBO, and f; = 8000 for high TBO. Using the combination of the five
demand patterns and three TBO levels, we generate 15 test cases. For each test case, we evaluate four
methods: the default CPLEX MIP solver, CPLEX MIP solver with first-group (¢, S, A, B) cuts, CPLEX
MIP solver with second-group (£, S, A, B) cuts, and CPLEX MIP solver with both cuts. We assess these
methods based on the CPU time required to find the optimal solution. Given the extensive computation
time for most problems, a time limit of 3600 seconds is imposed. For cases where the optimal solution
is not found within the time limit, we report the duality gap for the final incumbent solution. The results
are summarized in Table 1.

Table 1. Comparison of CPLEX default cuts and user added cuts.

Demand CPLEX Cuts First-Group Cuts Second-Group Cuts Both Cuts

TBO Pattern  Gap Time Gap Time Gap Time Gap Time
DP1 0.00% 929.044 0.00% 380.164 0.00% 1895.39 0.00% 446.522
DP2 0.00% 713.565 0.00% 1455.15 0.00% 446.651 0.00% 1746.74

Low DP3 0.00% 7.8 0.00% 6.608 0.00% 4.894 0.00% 11.92

DP4 0.00% 95.858 0.00% 55.454 0.00% 86.714 0.00% 11.541
DP5 0.00% 1015.69 0.00% 219.228 0.00% 88.592 0.00% 257.269

DP1 245% 3600 1.98% 3600 2.62% 3600 1.88% 3600
DP2 1.17% 3600 1.46% 3600 1.48% 3600 1.60% 3600
Medium DP3 0.00% 580.964 0.00% 278.574 0.00% 921.317 0.00% 456.295
DP4 0.00% 2812.63 0.52% 3600 0.22% 3600 0.30% 3600
DP5 1.74% 3600 0.83% 3600 1.34% 3600 1.12% 3600
DP1 3.27% 3600 3.03% 3600 3.78% 3600 3.74% 3600
DP2 1.77% 3600 2.80% 3600 1.75% 3600 1.96% 3600
High DP3 0.00% 457.935 0.00% 444.374 0.00% 234.434 0.00% 411.469
DP4 1.33% 3600 0.18% 3600 0.76% 3600 1.03% 3600
DP5 3.33% 3600 2.12% 3600 3.55% 3600 2.12% 3600

In Table 1, we observed that our added cuts outperformed the default CPLEX cuts in 13 out of 15
test cases, demonstrating their effectiveness in solving CALS problems. Adding only the first group
of cuts led to either shorter computational time or better solution quality within the time limit for 11
out of 15 test cases, while adding only the second group led to improvements in 8 out of 15 cases, and
adding both groups led to improvements in 9 cases. The first group of (£, S, A, B) cuts proved to be
more effective and efficient than the second group, presumably due to the high separation complexity of
the second group of (¢, S, A, B) cuts.

In cases where problems could not be solved to optimality within the time limit, the CPLEX solver
achieved a better duality gap after incorporating our proposed cuts. For example, in the test cases with
a medium TBO and demand pattern 1, after one hour of solving time, the CPLEX cuts resulted in a
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2.45% duality gap, whereas our cuts reduced the gap to 1.88%. Although this improvement might seem
modest, Figure 1 illustrates that our cuts enabled the solver to achieve better solution quality in less than
100 seconds, compared to 1000 seconds when using only CPLEX cuts.

550000

*
)
I
1
I
0

540000

530000

Objective Value

520000

............... Pomr
510000 ’ s = Sy

500000

PURPRNIPSPP S Sy S SEY S BRY B S )

P,

490000
0 100 200 300 400 500 600 700 800 900 1000
CPUTime

—@— BothCuts_BI --- @+ BothCuts_BB = @ =CPLEXCuts_BI —@— CPLEXCuts_BB

Figure 1. Solution process for TBO2D1.

In Table 2, we present the time required for our proposed cuts to achieve the same solution quality
as the final solution obtained using only CPLEX cuts for the six test cases that could not be solved
to optimality within 3600 seconds. In three out of the six test cases, our proposed cuts enabled the
solver to reach the same solution in less than a quarter of the time limit. This result further confirms the
effectiveness of our proposed cuts in solving CALS problems.

Table 2. Time used to reach the same solution for using user cuts.

Demand No Cuts First-Group Cuts Second-Group Cuts Both Cuts
TBO Pattern  Gap Time Time Time Time
DP1 245% 3600 748.72 666.84
Medium DP2 1.17% 3600
DP5 1.74% 3600 705.48 839.55
DP1 327% 3600 2269.75
High DP2 1.77% 3600 3437
DP5 3.33% 3600 584.7 663.27

4.2. Root-loop evaluation with CPLEX 22.1.2

We next report an additional evaluation using IBM ILOG CPLEX Optimization Studio 22.1.2. The
same 15 core instances are used in order to preserve the structured benchmark design described above.
In this evaluation, cuts are generated through a pooled adaptive root-loop procedure. At each root-
loop round, the LP relaxation is solved with the accumulated cuts. The separator then generates pools
of violated first-group and/or second-group cuts, ranks them by violation, and adds a limited number of
sufficiently strong cuts from each selected group. The root loop terminates when no new violated cuts
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are found, when candidate violations are too weak, when the root bound stalls, or when the maximum
number of root-loop rounds is reached. The final formulation is then solved with the accumulated
root-loop cuts.

In addition to CPU time and final optimality status, we report the root gap before and after adding
user cuts, the root-gap reduction, branch-and-bound nodes, and the number of user cuts added. The root
gap is computed as

Zinc _ Zroot
max{|zi"|, 10-°}°

where 7™ is the incumbent objective function value and z"° is the root LP bound.

Root gap = 100 x

Table 3. Root-loop evaluation with CPLEX 22.1.2 on the 15 core instances.

Method Solved  Time limit  Median time  Median nodes

Baseline 9 6 77.89 237,365

First 9 6 174.49 305,271

Second 9 6 53.63 142,490

Both 9 6 95.56 243,199
Method Root gap before (%)  Root gap after (%)  Root-gap red. (%)  Mean cuts
Baseline 14.54 14.54 0.00 0.0
First 14.51 13.69 5.65 9.0
Second 14.53 11.27 22.43 37.6
Both 14.53 10.66 26.67 79.2

Table 3 shows that the proposed inequalities continue to strengthen the root relaxation in the CPLEX
22.1.2 evaluation. The second-group cuts reduce the average root gap from 14.53% to 11.27%, while
using both cut families further reduces it to 10.66%. The second-group cuts also provide the best
computational trade-off in this experiment: the median node count decreases from 237,365 to 142,490,
and the median runtime decreases from 77.89 seconds to 53.63 seconds. The combined method gives
the tightest root relaxation, but it adds substantially more cuts and does not dominate the second-group
method in runtime.

The number of solved instances remains 9 out of 15 for all four methods. This indicates that the
proposed cuts improve formulation strength and can reduce search effort, but they do not uniformly
solve the hardest instances within the time limit. The difficult cases are concentrated in the medium-
and high-setup-cost instances with time-invariant, linear-growth, and linear-decline demand patterns,
while the holiday-pattern instances are comparatively easier.

These results also help explain the mixed computational performance observed across the two
evaluations. A tighter root relaxation does not necessarily imply faster end-to-end MIP solution time.
Adding user cuts requires separation time, increases the size of the LP relaxations, and can change the
branch-and-cut trajectory of the solver. Therefore, the computational value of a cut group depends on
the balance between bound improvement and cut-management overhead. In the CPLEX 22.1.2 root-loop
implementation, the second-group cuts provide the most favorable balance, whereas the combined
method produces the strongest root bound but requires many more cuts.

To further examine the role of cut-management choices, Appendix A.1 reports an implementation-
sensitivity analysis comparing three root-loop cut-delivery strategies: a fixed single-cut root loop, an
adaptive single-cut root loop, and the pooled adaptive root loop used in this section. Appendix A.2
reports a supplementary perturbed-demand robustness check. These additional results show that the
proposed cuts consistently strengthen the root relaxation, although the resulting improvements in final
MIP solution time are instance-dependent.
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The computational results also provide several managerial insights for capacity planning in modern
manufacturing systems. In particular, the improved solution quality and reduced computational time
enabled by the proposed valid inequalities allow decision makers to evaluate capacity decisions more
effectively, especially in environments with flexible or reconfigurable capacity. For example, faster
convergence and tighter bounds make it possible to assess alternative capacity investment or utilization
strategies within practical time limits. This is particularly important in large-scale planning problems
with high product variety and demand uncertainty, where traditional solution approaches may struggle
to provide timely and reliable decisions.

5. Extensions to stochastic and robust optimization

Although the CALS model studied in Section 2 is deterministic, it provides the foundational
mathematical structure required to solve large-scale CALS problems under uncertainty, where demand
uncertainty is incorporated through forecast updates, sampled demand scenarios, or explicitly defined
uncertainty sets, and the resulting deterministic problem is repeatedly solved. Below, we discuss how
the proposed branch-and-cut algorithm with the proposed valid inequalities can be extended to two-stage
stochastic programming and robust optimization for stochastic CALS models.

5.1. Two-stage stochastic programming

To explicitly account for demand uncertainty, the CALS model can be extended to a two-stage
stochastic program. Let € denote a finite set of scenarios, where each scenario w € Q specifies a
demand vector d” = (d{,dy, . ..,d)) and a cost vector (p“,£°) = ((p{, f11), (5, 15)» - - - (D3} 1)) over
the planning horizon, with associated probability . In this setting, the capacity decision C is made in
the first stage, prior to the realization of demand, reflecting its long-term and strategic nature. After the
demand realization is observed, second-stage decisions are made for each scenario w € €2, including
production quantities x{” and setup decisions y;’ for all periods t € N = [1, n].

The resulting deterministic equivalent formulation is as follows:

min ) aC+ > m,( (px + [ (5.1)
t=1 weQ =1
t
sty x> dy tell,n—1weQ (5.2)
i=1
> =dp, weQ (5.3)
i=1
x; <dgy? treN,weQ (5.4)
0<x’<C teN,weQ (5.5
¥ € (0,1 reN,weQ (5.6)
CeR,. (5.7)

Model (5.1)—(5.7) consists of |[Q2| scenario-specific copies of the original CALS model, in which the
original constraints (2.3), (2.4), (2.5), (2.8), (2.10), and (2.11) are replicated for each scenario w € Q,
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while the capacity variable C is shared across all scenarios. The objective function (5.1) minimizes the
expected total cost over all scenarios.

The branch-and-cut framework developed in Section 4 can therefore be naturally extended to this
stochastic setting by separating violated (£, S, A, B) cuts within each scenario. Specifically, the valid
inequalities are generated by incorporating the capacity variable C and scenario-dependent counterparts
of the original production variables (x;, y;). With the same assumptions on ¢, S, A, and B as in Theorems
1 and 4, the first- and second-group (¢, S, A, B) inequalities (3.1) and (3.2) are adapted as

C+Zx;“+2df;y;”+d‘f’52y§”2d‘f’€+2x;"

teA teB teS teS

and
ISIGLI =AU BNC + Y x + > dayt’ > ISIdy, —diy > 3¢ + (LI =AU Bl) ) x¢
teA teB tes tes
for each scenario w € Q for the stochastic CALS model. Given that scenario-based formulations can
become significantly larger and more computationally challenging, strengthening the linear
programming relaxation through such inequalities is especially critical for improving computational
efficiency.

The formulation presented above captures a baseline stochastic model. More general extensions may
incorporate additional constraints and modeling features, such as chance constraints and service-level
requirements. Importantly, the valid inequalities developed in this paper are based on the underlying
polyhedral structure of the deterministic CALS model and do not depend on specific assumptions
about the objective or uncertainty representation. As a result, they remain valid for these extended
formulations and can be directly leveraged to strengthen their linear relaxations.

5.2. Robust optimization

Demand uncertainty can also be modeled within a robust optimization framework by assuming that
the demand vector d = (d}, d>, . .., d,) belongs to a prescribed uncertainty set U, and that cost vector
.5 = (p1, f1), (P2, /), - .., (Pn» f,)) belongs to a prescribed uncertainty set 47", In this setting,
the capacity decision C and the associated production and setup decisions must remain feasible for
all realizations d € U“. The robust counterpart of the model is therefore obtained by requiring that
constraints depending on demand be reformulated by replacing the corresponding demand-dependent
expressions with their worst-case values over U“.

n

min (p’f)rr?u%p.f) ;(aC + piX + five) (5.8)
t
Sit. ;xi > maxdy rel,n—1] (5.9)
Z x; = maxd,, (5.10)
= deud
X; £ maxd,y, teN (5.11)
deud

(2.4),(2.5),(2.8).
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Similar to Section 5.1, the first- and second-group (¢, S, A, B) inequalities (3.1) and (3.2) can be
adapted as follows by replacing demand with its worst-case value over the uncertainty set ¢, under the
same assumptions on ¢, S, A and B as in Theorems 3 and 4.

C+ Z X+ Z max d, v, + maxd,, Zy, > maxd; + Z Xz,
deld deld prs deld

teA teB teS

and

ISIILI =AU BDC + >+ ) maxdyy, = |S|maxdy, — maxdye 3y + (LI =AU B) ) x.

teA teB teS teS

In this basic robust formulation, uncertainty is incorporated in a simple manner by replacing demand
parameters with their worst-case realizations over the uncertainty set. This leads to a tractable counterpart
in which the original lot-sizing constraints are preserved, with only the demand terms adjusted to ensure
feasibility over the uncertainty set ¢¢. More generally, richer uncertainty representations may be
considered by introducing additional modeling features, such as budgeted uncertainty sets, temporal
correlation across periods, lead-time effects, service-level requirements, and capacity adjustment
restrictions. These extensions may result in more complex expressions for worst-case demand and
additional constraints in the formulation. However, the underlying structural relationships between
capacity and production decisions remain unchanged. Since the valid inequalities developed in this
paper are derived from these fundamental structural properties, rather than from specific assumptions
on demand realizations, they remain valid for such extended robust formulations. In particular, the
valid inequalities can be incorporated by evaluating the worst-case values of the demand-dependent
expressions over the corresponding uncertainty set, thereby preserving their strengthening effect on the
model.

6. Concluding remarks

In this paper, we proposed two classes of valid inequalities for the single-echelon lot-sizing problem
with capacity acquisition, studied their strengths, developed polynomial separation algorithms, and
presented computational results demonstrating the effectiveness of the proposed inequalities. Several
directions for future research remain. For example, the complete linear description of conv(X45) is
still unknown. Other model variants may also be explored, including extensions with multiple echelons,
varying capacity acquisition costs, and adjustable capacity levels.

The computational results show that the proposed inequalities materially strengthen the root
relaxation and can reduce branch-and-cut effort. The effect on total solution time, however, is not
uniform across cut families, instances, and cut-management strategies. Adding cuts requires separation
time, increases LP size, and can alter the branch-and-cut trajectory of a modern MIP solver. Thus, the
proposed inequalities should be viewed as formulation-strengthening devices whose practical
performance depends on the implementation strategy. Designing more adaptive cut-selection and
coordination strategies for the two cut families remains an important direction for future research.

Another important direction is to further investigate uncertainty-aware variants of CALS. Examples
include multi-stage stochastic formulations, budgeted or correlated uncertainty sets, and models with
service-level or chance constraints. Such extensions often lead to large-scale mixed-integer programs
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or decomposition-based solution approaches. It would therefore be valuable to investigate how the
polyhedral structure identified in this paper can be exploited in these more general settings, including
through strengthened formulations, decomposition-enhanced cutting-plane methods, and separation
procedures tailored to uncertainty-aware CALS models.
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