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Abstract: This paper investigates the optimal dividend and capital injection problem under a two-sided
jump-diffusion model, incorporating the flexibility of liquidation when the surplus becomes negative.
Unlike prior studies, we relax the constraint on capital injection, allowing decision-makers to choose
between rescuing the firm via capital injection or liquidating it upon financial distress. We derive the
dynamic programming principle and the Hamilton–Jacobi–Bellman (HJB) equation for this control
problem. To overcome the analytical challenges posed by two-sided jumps, we use the Markov chain
approximation (MCA) method, constructing a discrete-time controlled Markov chain that approximates
the original jump-diffusion process. We show the convergence of the value function under MCA to
the original value function through the weak convergence theory. We then solve the approximated
problem numerically based on a value iteration algorithm. Extensive numerical examples illustrate
the optimal strategies, showcasing the interplay among dividend payments, capital injections, and
liquidation decisions.
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1. Introduction

The problem of optimal dividend policy was first introduced by [1] in the literature, which established
that the optimal dividend strategy should maximize the expected discounted dividends paid until the
surplus drops below zero (that is, until ruin occurs). Under a simple discrete risk model, De Finetti
demonstrated that the optimal strategy should follow a barrier dividend strategy: A non-negative
constant barrier such that the excess amount of the surplus above the barrier should be paid out as
dividends to the shareholders. Subsequent research has shown that, in many cases, a barrier-type

https://www.aimspress.com/journal/jimo
https://dx.doi.org/10.3934/jimo.2026125


3420

dividend strategy remains optimal for maximizing the expected discounted dividend payments until
ruin, while a threshold-type strategy becomes optimal when dividends are paid continuously with a
bounded dividend density; see, for example, [2–10], and the references therein.

However, a key criticism of De Finetti’s framework is its exclusive focus on shareholder returns
(via dividend maximization) without accounting for solvency risks. This omission implies that under a
barrier strategy, ruin occurs with probability one. To address this, subsequent work incorporated risk
management constraints, such as capital injections, into the dividend problem. Dickson and Waters [11]
pioneered this extension under the Cramér–Lundberg model, proposing that shareholders should inject
capital to prevent ruin, thereby optimizing the difference between the expected net present values (NPVs)
of dividends and injected capital (see also [12]). Studies under the Cramér–Lundberg model were
extended to have proportional administration costs associated with each capital injection by [13] and
to have fixed transaction costs by [14]. The optimal dividend and capital injection problems under a
Brownian motion model were studied by [15]; and a similar dividend and capital injection problem with
reinsurance is investigated by [16] as well, where diffusion approximation was applied to the underlying
Cramér–Lundberg risk model. For more research on optimal dividend and capital injection problems
under spectrally negative Lévy processes can refer to [17,18], and the references therein. Similar studies
also apply to the dual risk models in the literature; some related works include, among others, [19–22].

An alternative modification introduces a penalty payment at ruin, penalizing aggressive dividend
strategies that trigger early ruin, where the optimal strategy maximizes the expected NPV of dividends
while accounting for penalty payments upon ruin. This framework can allow liquidation (bankruptcy)
as an admissible strategy, which can be optimal in certain scenarios. This concept aligns with the
liquidation policies studied by [23], who discussed the set of sufficient conditions when a simple form
of band strategies for dividends, reinvestment, and liquidation are optimal. Other related works in the
literature include [24–29]. Recent works by [30] (restricted dividend density) and [31] (unrestricted
dividend payments), studied affine penalty functions under the Cramér–Lundberg model, where ruin
is forced when the surplus jumps below zero, but capital injections remain viable for positive but low
surplus levels. In addition, Zhang and Xiong [32] studied the optimal dividend and capital injection for
a perturbed classical risk model, where liquidation occurs with zero payoff when the surplus falls below
a critical level; Han et al. [33], on the other hand, considered the finite-horizon optimal dividend and
capital injection problem under a jump-diffusion model, where the bailout time-dependent dividend
barrier was identified as the optimal strategy.

Meanwhile, the optimal dividend problem for processes with two-sided jumps (reflecting both
gains and losses) has received increasing attention in the literature. Such models capture random
investment returns or insurance claims more realistically. Prior studies on two-sided jump models
without capital injection include [34–37]. More recently, Noba [38] incorporated capital injection,
proving the optimality of double-barrier strategies for certain (two-sided jump) Lévy processes.

Despite the extensive literature on optimal dividend and capital injection problems, several important
gaps remain unaddressed. First, while existing studies have examined dividend optimization under
various risk models, the interplay between capital injection decisions and liquidation options in the
presence of two-sided jump-diffusion processes remains largely unexplored. Moreover, previous
frameworks often impose restrictive assumptions, such as mandating capital injection to avoid ruin or
forcing liquidation upon a negative surplus, without allowing decision-makers the flexibility to choose
between these alternatives. Hence, this paper investigates an optimal dividend and capital injection
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control problem under a two-sided jump-diffusion model that incorporates the strategic flexibility of
liquidation.

The contributions of this paper are summarized as the following two aspects.
(i) We extend the literature by studying the optimal dividend and capital injection control under a two-

sided jump-diffusion model, with the feature of allowing liquidation when the surplus becomes negative.
That is, the decision-maker can choose between capital injection and stopping by liquidation when the
surplus process hits the range (−∞, 0] by downward jumps or diffusion. Unlike [31] (liquidation is
mandatory for negative surplus) and [38] (capital injections are forced at ruin under a two-sided Lévy
process), our model allows the decision-maker to choose between capital injection and liquidation. This
flexibility better reflects real-world trade-offs between rescuing a firm and cutting losses with liquidation.
On the other hand, our work extends the study in [32] by introducing a two-sided jump-diffusion
model and a flexible liquidation payoff function, allowing decision-makers to weigh the costs of capital
injection against the benefits of liquidation. In addition, we introduce a type of affine liquidation payoff
function that is designed to have an economic connection to the classical optimal dividend and capital
injection problem without liquidation (see Remark 2.2). This design of liquidation payoff generates
interesting trade-offs between optimal dividend policy and capital retention (see the Discussion of
Example 6.3).

(ii) Analytical challenges arise because the presence of two-sided jumps precludes the use of the
powerful analytical tool of scale functions for the class of Lévy processes. Consequently, it becomes
necessary to resort to numerical methods. We adopt the Markov chain approximation (MCA) method
(see [39]), which constructs a discrete-time Markov chain to approximate the original jump-diffusion
process. Our convergence analysis, grounded in weak convergence theory, rigorously guarantees the
validity of this approximation. The approximated problem, driven by a locally consistent controlled
Markov chain, is then solved numerically using the value iteration method. The flexibility of this
numerical approach allows us to investigate optimal strategies across various scenarios and systematically
examine how liquidation thresholds, model parameters, and claim distributions shape these strategies.
Moreover, the MCA framework—combined with diverse value and policy iteration algorithms—can be
seamlessly extended to address more complex models, such as jump-diffusion processes incorporating
regime-switching.

The rest of the paper is organized as follows: In Section 2, we introduce the model and the formulation
of the optimal dividend and capital injection control problem with liquidation, and also present some
properties of the optimal value function. Section 3 is devoted to deriving the Hamilton–Jacobi–Bellman
(HJB) equation associated with the control problem and establishing the verification theorem for
the optimality of a certain double-barrier strategy. Section 4 describes the numerical procedures for
implementing the MCA method. In Section 5, we provide a formal analysis of the convergence of the
proposed MCA method. Various numerical examples are presented in Section 6 to illustrate the results
of the optimal dividend, capital injection, and liquidation strategies. The paper is concluded in Section
7.

2. The model and problem formulation

Let us consider a complete filtered probability space (Ω,F ,F,P), where F = (Ft)t≥0 is the
corresponding filtration that satisfies the usual conditions. Let the surplus without control evolve as a
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jump-diffusion process,

Xt = x + ct + σBt +

Nt∑
i=1

Yi, (2.1)

where x ≥ 0 is the firm’s initial surplus at time zero, c > 0 can be interpreted as the fixed income rate
(e.g., the premium for an insurance company). Here, B = (Bt)t≥0 is a Ft standard Brownian motion,
which describes the “small” changes as diffusion of the surplus process, σ > 0 is the corresponding
volatility, N = (Nt)t≥0 is a homogeneous Poisson process with intensity λ > 0, {Yi}i≥1 represents
independent and identically distributed R\{0}-valued random variables with cumulative distribution
function F. We further assume that F admits a density function f which has the following form:

f (x) = p f+(x)1{x>0} + (1 − p) f−(−x)1{x<0}, p ∈ [0, 1], (2.2)

where f+ and f− are two proper density functions of some positive random variables with a finite mean,
and 1{·} is the indicator function. Hence, the surplus process given in (2.1) is a jump-diffusion process
with two-sided jumps.

We further introduce two control processes associated with dividend payments and capital injections.
Let L = (Lt)t≥0 and R = (Rt)t≥0 denote the cumulative dividend and capital injection processes. Hence,
the controlled surplus process is now expressed as

Ut := Xt − Lt + Rt, t ≥ 0. (2.3)

Meanwhile, we assume that transaction costs are involved with both dividend and capital injection
payments. In particular, whenever the company pays a unit of dividend, the shareholders can only
receive ϕ1 units (0 < ϕ1 ≤ 1 and 1 − ϕ1 can be interpreted as the tax rate or proportional transaction
costs associated with dividend payments). On the other hand, when the shareholders want to inject
one unit of capital into the surplus, they are required to pay ϕ2 − 1 units as transaction costs for some
ϕ2 > 1. Note that ϕ2 may also be interpreted as the cost per unit of capital injection (see e.g. [13]) for
the scenario of penalized capital injection, or ϕ2 − 1 can be interpreted as proportional transaction costs.

A dividend and capital injection strategy π = ((Lt)t≥0, (Rt)t≥0) is said to be admissible if both (Lt)t≥0

and (Rt)t≥0 are non-decreasing, F-adapted càdlàg process with L0− = 0, R0− = 0, Lt − Lt− ≤ Ut− , and
Ut ≥ 0 for all t ≥ 0, and the expected NPVs of dividend payments and capital injections are finite. We
let Π denote the set of such admissible strategies.

The performance function under an arbitrary dividend and capital injection strategy π = ((Lt)t≥0,

(Rt)t≥0) ∈ Π now can be expressed as

J(x; π) = Ex

[ ∫
[0,∞)

e−rt
(
ϕ1dLt − ϕ2dRt

)]
, (2.4)

where r > 0 is the discount rate and Ex is the conditional expectation given that U0− = x. Then, the
corresponding value function can be defined as

V(x) := sup
π∈Π

J(x; π), x ∈ R. (2.5)

Remark 2.1. The two-sided jump-diffusion process given in (2.1), where with the jump density follows
(2.2), satisfies Assumption 2.1 in [38]. Hence, a candidate optimal dividend and capital injection strategy
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for Problem (2.5) is, in general, a double-barrier strategy. In addition, since we require X to have no
monotone path, we assume p < 1 when σ = 0; we will not directly study this degenerate case in this
paper, but our model can approximate the bounded variation case by letting σ sufficiently small when
implementing the numerical algorithm.

As discussed in [32], shareholders exhibit rational behavior by refraining from capital injection
when the deficit becomes sufficiently severe. Building upon this framework, we extend the dividend
and capital injection problem (2.5) by incorporating liquidation options. Specifically, when the surplus
process enters the negative domain (−∞, 0] (either through downward diffusion or negative jumps), we
introduce two alternative corporate actions: (i) Capital injection to maintain solvency above a certain
optimal threshold; (ii) immediate liquidation with receipt of a terminal payoff. We model this liquidation
payoff as an increasing, measurable function P : (−∞, 0]→ R.

We consider two distinct forms of liquidation payoff functions.

(1) Affine liquidation payoff: P(x) = K + φx, where φ > 0 and K ∈ R, with x ≤ 0 representing the
deficit position at liquidation. This formulation admits several economic interpretations: When
K ≤ 0, the function operates as a pure penalty mechanism (see e.g., [25, 30]). For φ ∈ (0, 1],
shareholders bear partial responsibility for the deficit coverage; when φ > 1, the penalty includes
an additional surcharge proportional to the deficit.

(2) Exponential liquidation payoff: P(x) = −Ae−ax(A, a > 0) (see e.g., [29]), which inherently
represents a penalty structure.

Remark 2.2. The relationship between V(0) (the value function at zero surplus without liquidation
as defined in (2.5)) and P(0) (equal to K or −A) merits careful consideration. Our model assumes
V(0) ≥ P(0), ensuring that immediate liquidation at zero surplus cannot dominate continued operation
with capital injections. This reflects the economic intuition that the salvage value P(0) when there
is no surplus should not exceed the value of continuing operations V(0). To this end, we define the
relationship as P(0) = αV(0), where α ≥ 0 is a constant. A value α ≤ 1 is natural when V(0) ≥ 0, while
a value α > 1 is considered if V(0) < 0, representing a scenario where liquidation adds a cost over a
negative continuing operation value.

Following a similar analytical approach to [32], we derive bounds for the optimal liquidation
threshold, denoted −x. The derivation rests on the economic rationale that for any deficit −x ≤ x < 0,
the value of an immediate capital injection (bringing surplus to zero) given by V(0) + ϕ2x should no less
than the immediate liquidation value P(x).

Proposition 2.1.

(i) For P(x) = K + φx with φ < ϕ2, we have an upper bound associated with x,

x ≤
1
Φ(r) −

ψ′(0+)
r − K

ϕ2 − φ
. (2.6)

where
ψ(s) =

1
2
σ2s2 − cs + λp(E[e−sY+] − 1), Φ(r) = sup{s ≥ 0 : ψ(s) = r},

and Y+ is a positive random variable with density f+(·) given in (2.2).
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(ii) For P(x) = K + φx with φ ≥ ϕ2, we have x = ∞ and hence no liquidation.

(iii) For P(x) = −Ae−ax(A, a > 0) with Aa ≥ ϕ2, we have x = ∞ and hence no liquidation.

Proof. (i). Obviously, it is worth injecting capital when the surplus drops to −x if V(0) − ϕ2x ≥ P(−x).
Hence, for an affine liquidation function, we have

x ≤
V(0) − K
ϕ2 − φ

. (2.7)

Let the initial surplus level x = 0, and consider any dividend and capital injection strategy π ∈ Π, we
have Lt − Rt ≤ X

+

t , where

X
+

t = sup
s≤t

(
ct + σWt +

N+t∑
i=1

Y+i
)
,

N+t is a Poisson process with intensity λp, {Y+i }i≥1 are independently and identically distributed (i.i.d.)
positive random variables with a density f+(·). Therefore,

V(0) =E
[ ∫

[0,∞)
e−rt

(
ϕ1dLt − ϕ2dRt

)]
≤ rE

[ ∫ ∞

0
e−rt(Lt − Rt)dt

]
≤ rE

[ ∫ ∞

0
e−rtX

+

t dt
]

= E[X
+

er
] = −

ψ′(0+)
r
+

1
Φ(r)

,

where er is an independent exponential random variable with rate r. If we combine this with (2.7), we
arrive at (2.6) in (i). The result in (ii) is obvious, since when φ ≥ ϕ2, V(0) + ϕ2x will dominate P(x) for
all x < 0; hence x = ∞. For (iii), under the assumption that V(0) ≥ P(0) for the exponential liquidation
function in the form −Ae−ax with Aa ≥ ϕ2, one immediately has V(0) + ϕ2x ≥ −Ae−ax for all x < 0;
hence, there is no liquidation. □

We note that if Aa < ϕ2 for the exponential liquidation function, the inequality V(0) + ϕ2x < −Ae−ax

may hold for deficits x near zero. However, this would imply a preference for liquidation even for minor
deficits, which is inconsistent with the fundamental motivation of our model (i.e., shareholders choose
liquidation rather than capital injection when the deficit becomes sufficiently severe). A comprehensive
investigation of this scenario is reserved for future research.

Remark 2.3. Note that a typical example of (2.2) is the so-called double exponential distribution (see
e.g., [40, 41]), that is

f (x) = pa+e−a+x1{x>0} + (1 − p)a−ea−x1{x<0}, (2.8)

for some a+, a− > 0, p ∈ (0, 1). In the later numerical studies, we will focus on the examples with
double exponential distribution. But we also illustrate the case when the downward jump follows a
Pareto distribution with a finite mean in (2.8), which may contribute to the scenario when the downward
jumps are heavy-tailed compared with upward jumps. Note that, under (2.8), one can obtain a more
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explicit bound in (2.6). To be specific −ψ′(0+) = c + λp/a+, and Φ(r) is the unique positive solution of
the equation (1

2
σ2s2 − cs − r

)
(a+ + s) − λps = 0.

We now define the liquidation time for a modified problem of (2.5). For any π ∈ Π, let

τπ := inf{t ≥ 0 : Ut < −x}. (2.9)

We then modify the value function as

V(x) = sup
π∈Π

Ex

[ ∫
[0,τπ)

e−rt(ϕ1dLt − ϕ2dRt
)
+ e−rτπP(Uτπ)

]
, x ∈ R. (2.10)

Moreover, the existing literature (e.g., [16]) has established that when the marginal cost of capital
injection exceeds unity (i.e., ϕ2 > 1) and the discount rate remains positive (r > 0), injecting capital
prior to insolvency is suboptimal. Consequently, in our framework, optimal capital injection only occurs
once the surplus the process enters negative domain. Hence, we have

V(x) = V(0) + ϕ2x, x ∈ [−x, 0), and V(x) = P(x), x ∈ (−∞,−x). (2.11)

To proceed, we introduce the following condition satisfied by the liquidation function such that
the value function in (2.10) is well-defined. For all x ∈ R, the admissible control strategy π =

((Lt)t≥0, (Rt)t≥0), and the F-stopping time τ, we have

Ex

[
e−rτ|P(Uτ)|

]
< ∞. (2.12)

Note that for an affine liquidation function, the condition in (2.12) is satisfied obviously (see e.g., [42]).
For an exponential liquidation, one may consider extreme control with no dividends and maximum
capital injection such that all negative jumps are compensated and the controlled process is reflected at
zero. With the help of the optional sampling theorem and the Laplace exponent of such a controlled
process, one can arrive at an upper bound for the value function which is finite if the parameter a in
the exponential function is less than a positive constant that depends on the model parameters and the
discount rate r. For more detailed derivations, one can refer to [29].

Proposition 2.2. The value function given in (2.10) is increasing. Moreover, (i) ϕ1(x−y) ≤ V(x)−V(y) ≤
ϕ2(x − y) for any 0 ≤ y ≤ x; (ii) a constant C > 0 exits such that V(x) ≤ x +C; (iii) V(x) ≥ P(0) for all
x ≥ 0, and V(x) ≥ P(x) for all x < 0.

Proof. The proof of (i) follows the standard arguments of constructing an admissible strategy with an
immediate dividend or capital injection, followed by an (ϵ)-optimal strategy (see e.g., [31]). Then the
increasing property is direct result of (i). The linear upper bound in (ii) follows from the the upper
bound for V(0) in the proof of Proposition 2.1(i) and Proposition 2.2(i). Finally, (iii) holds obviously by
the definition of the value function. □

To end this section, we show that a class of double-barrier strategies is admissible (i.e., (2.10) is
finite). Consider a class of double-barrier strategies π(−x,w) for some −x ≤ 0,w > 0 defined as follows:
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We pay dividends whenever the surplus exceeds the barrier w, and when the surplus hits zero by
diffusion, we reflect the process with capital injection; however, when the surplus jumps below zero
with a deficit less than x, we inject capital and bring the surplus back to Level 0; otherwise, if the deficit
exceeds x, we stop by applying liquidation. We then have the following lemma, which shows that such
double-barrier strategies are admissible.

Lemma 2.1. For any −x ≤ 0,w > 0 and x ∈ R, we have,

J(x; π(−x,w)) = Ex

[ ∫
[0,τπ(−x,w) )

e−rt(ϕ1dLt − ϕ2dRt) + e−rτπ
(−x,w)

P(U
τπ

(−x,w) )
]
< ∞.

Proof. The liquidation term is obviously finite by the condition (2.12). Let us define two auxiliary
performance functions associated with dividends and capital injection, respectively.

J1(x) :=
∫

[0,τπ(−x,w) )
e−rtdLt, J2(x) :=

∫
[0,τπ(−x,w) )

e−rtdRt.

We just need to prove that for J2(x) < ∞, the result for J1 is similar. By noting that the capital injection
process R = (Rt)t≥0 under the strategy π(−x,w) is bounded above by the capital injection process; say,
R = (Rt)t≥0, under the double barrier strategy π(0,w) (i.e., with reflection below at level zero). Therefore,
we have

J2(x) ≤ Ex

[ ∫
[0,∞)

e−rtdRt

]
< ∞, (2.13)

where the proof of the second inequality in (2.13) refers to [38, Lemma 3.2]. □

3. The Hamilton–Jacobi–Bellman equation and the verification theorem

We first give the dynamic programming principle of our control problem (2.10). If we let T be any
F-stopping time, then

V(x) = sup
π∈Π

Ex

[ ∫
[0,T∧τπ)

e−rt
(
ϕ1dLt − ϕ2dRt

)
+ e−rT V(UT )1{T<τπ} + e−rτπP(Uτπ)1{T≥τπ}

]
. (3.1)

Throughout this paper, a function φ : R→ R is said to be sufficiently smooth if φ is twice continuously
differentiable (continuously differentiable if σ = 0 in (2.1)). Then, for any function φ that is sufficiently
smooth, we define an operator L by

Lφ(x) :=
σ2

2
φ′′(x) + cφ′(x) − (λ + r)φ(x) + λ

∫
R\{0}

φ(x + y)dF(y). (3.2)

Then the Hamilton–Jacobi–Bellman (HJB) equation associated with the problem in (2.10) is given,
at least heuristically, asmax

{
LV(x), ϕ1 − V ′(x),V ′(x) − ϕ2

}
= 0, x ∈ (0,∞),

V ′(0) = ϕ2,
(3.3)
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with the boundary condition in (2.11) for x < 0.
The proof follows the standard derivations in the control theory; here, we provide a heuristic argument

for (3.3). We assume that the value function given in (2.10) is sufficiently smooth and satisfies (3.3),
which can be rewritten as variational inequalities

LV(x) ≤ 0, ϕ1 − V ′(x) ≤ 0, V ′(x) − ϕ2 ≤ 0,
and LV(x)(ϕ1 − V ′(x))(V ′(x) − ϕ2) = 0, for x ∈ (0,∞).

Starting from a surplus level x > 0, if it is optimal to choose not to intervene in the process (i.e., no
control action), then we have LV(x) = 0, which is a direct result of applying Itô’s formula. If the
optimal control is to pay dividends immediately (for example, with the amount dx), then, according to
the dynamic programming principle, we have V(x) = V(x − dx) + ϕ1dx; hence, we have V ′(x) = ϕ1;
otherwise, V(x) > V(x − dx) + ϕ1dx, i.e., V ′(x) > ϕ1, given that the value function is differentiable at x.
Similarly, if the optimal control is to inject capital immediately (say, with the amount of dx), we have
V(x) = V(x + dx) − ϕ2dx; hence, we have V ′(x) = ϕ2; otherwise, V(x) > V(x + dx) − ϕ2dx, and then we
have V ′(x) < ϕ2.

In the following analysis, we assume that the value function is sufficiently smooth and concave on
(0,∞), according to Proposition 2.2, one notes that ϕ1 ≤ V ′(x) ≤ ϕ2. Let

z := sup{x : V ′(x) = ϕ2} and b := inf{x : V ′(x) = ϕ1}. (3.4)

Hence, b is the dividend barrier such that for all x ≥ b, we have V ′(x) = ϕ1 and V(x) = V(b) + ϕ1(x − b).
In addition, z is the post-capital injection level, such that for any x ∈ [−x, z], V ′(x) = ϕ2, and V(x) =
V(z) − ϕ2(z − x). However, we shall prove in Proposition 3.1 below that z = 0, which is consistent with
the conventional result without liquidation in the literature. Note that we just need to discuss the case in
Proposition 2.1(i); otherwise, we have no liquidation.

According to the boundary conditions (2.11), one must have

P(−x) = V(z) − ϕ2(z + x).

In particular, for the case with affine liquidation discussed in Proposition 2.1(i), one can derive an
explicit expression for x

x =
V(z) − ϕ2z − K

ϕ2 − φ
.

Note that according to the Proposition 2.2(i) and Remark 2.2, we have x ≥ 0 for any z ≥ 0.

Proposition 3.1. If V , as a solution of the HJB equation (3.3), is sufficiently smooth and concave, then,
the post capital injection level z given by (3.4) equals zero.

Proof. We prove this by contradiction. Let z > 0. By noting that LV(0) ≤ 0, limx↓zLV(x) = 0, and
V ′(0) = V ′(z) = ϕ2, one can obtain the following (in)equalities:

cϕ2 − (λ + r)V(0) + λp
∫ ∞

0
V(y) f+(y)dy + λ(1 − p)

∫ x

0
V(−y) f−(y)dy

+ λ(1 − p)
∫ ∞

x
P(−y) f−(y)dy ≤ 0, (3.5)
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and

cϕ2 − (λ + r)V(z) + λp
∫ ∞

0
V(z + y) f+(y)dy + λ(1 − p)

∫ x+z

0
V(z − y) f−(y)dy

+ λ(1 − p)
∫ ∞

x+z
P(z − y) f−(y)dy = 0, (3.6)

where x = (V(z) − ϕ2z − K)/(ϕ2 − φ). Since V(0) = V(z) − ϕ2z, by (3.5) and (3.6), we have

0 ≥ cϕ2 − (λ + r)(V(z) − ϕ2z) + λp
∫ ∞

0
V(y) f+(y)dy

+ λ(1 − p)
∫ x

0
V(−y) f−(y)dy + λ(1 − p)

∫ ∞

x
P(−y) f−(y)dy

= (λ + r)ϕ2z + λp
∫ ∞

0
(V(y) − V(z + y)) f+(y)dy + λ(1 − p)

∫ x

0
(V(z) − ϕ2(y + z))) f−(y)dy

− λ(1 − p)
∫ x+z

0
(V(z) − ϕ2y) f−(y)dy

+ λ(1 − p)
∫ ∞

x
(K − φy)) f−(y)dy − λ(1 − p)

∫ ∞

x+z
(K − φ(y − z)) f−(y)dy

≥ (λ + r)ϕ2z − λpϕ2z + λ(1 − p)
∫ x

0
(V(0) − ϕ2y)) f−(y)dy − λ(1 − p)

∫ x+z

0
(V(0) − ϕ2y + ϕ2z) f−(y)dy

+ λ(1 − p)
∫ x+z

x
(K − φz) f−(y)dy − λ(1 − p)φz(1 − F−(x + z))

= rϕ2z + λ(1 − p)(ϕ2 − φ)z(1 − F−(x + z)) − λ(1 − p)
∫ x+z

x

(
V(0) − K − (ϕ2 − φ)y

)
f−(y)dy

≥ rϕ2z > 0,

which is a contradiction. Hence, we must have z = 0. Note that in the second-last inequality above, we
have applied the fact that V(0) − K − (ϕ2 − φ)y ≤ 0 for all y ≥ x. □

To proceed with the numerical solution, we first provide a verification theorem for the optimality of
a class of double-barrier strategies when we have a classical solution to the HJB equation (3.3), and we
further characterize the value function as the smallest solution.

Proposition 3.2. Let v be a solution of the HJB equation (3.3) with the boundary condition (2.11),
which is increasing, concave, linearly bounded, and ϕ1 ≤ v′ ≤ ϕ2. Define

b := inf{x ≥ 0 : v′(x) = ϕ1}.

We consider the strategy π∗ = ((L∗t ))t≥0, (R∗t )t≥0) ∈ Π that pays a dividend for any surplus exceeding
the level b and injects capital if the surplus is between [−x, 0); otherwise, if x < −x, we liquidate
immediately. We then have

V(x) = J(x, π∗) = v(x).

Proof. Note that we only need to show the result for x ∈ [0, b]; otherwise, it holds obviously.
We first prove that v(x) = J(x, π∗) ≤ V(x). Let U∗ be the controlled surplus process under the strategy

π∗. Define ΛL∗
t = {s ≤ t : L∗s− , L∗s} as the set of all jumps in the cumulative dividend process L∗ up to

time t, and let L̂∗t =
∑

s∈ΛL∗
t

(L∗s − L∗s−) be the discontinuous part of L∗t and L̃∗t = L∗t − L̂∗t be the continuous
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part of L∗t . Similarly, ΛR∗
t = {s ≤ t : R∗s− , R∗s} denotes the set of jump time points of the cumulative

capital injection process R up to time t, and R̃∗t is the corresponding continuous part of R∗t . Then, by
Itô’s formula, we have

e−r(t∧τπ
∗
)v(U∗t∧τπ∗ ) =v(x) +

∫ t∧τπ
∗

0
e−rs

(1
2
σ2v′′(U∗s−) + cv′(U∗s−) − rv(U∗s−)

)
ds

+

∫ t∧τπ
∗

0
e−rsσv′(U∗s−)dBs −

∫ t∧τπ
∗

0
e−rsv′(U∗s−)

(
dL̃∗s − dR̃∗s

)
+

∑
s∈ΛL∗

t∧τπ∗
∪ΛR∗

t∧τπ∗

e−rs
(
v(U∗s ) − v(U∗s−)

)
+

∑
0≤Ti≤t∧τπ

e−rTi
(
v(U∗T−i + Yi) − v(U∗T−i )

)
, (3.7)

where {Ti}i≥1 represents the sequence of the arrival time of the jumps, and {Yi}i≥1 represents the
corresponding jump sizes. Note that we assume that the dividend and the capital injection are
implemented after the jumps of the surplus. For the time s when dividends are paid, we have
v′(U∗s ) = ϕ1, and for the time s when capital is injected, we have v′(U∗s ) = ϕ2, and then we obtain

v(U∗s ) − v(U∗s−) = −ϕ1∆L∗s, for ∀s ∈ ΛL∗

t∧τπ∗ ,

v(U∗s ) − v(U∗s−) = ϕ2∆R∗s, for ∀s ∈ ΛR∗

t∧τπ∗ ,

where ∆L∗ and ∆R∗ denote the jump of the dividend and capital injection process.
Hence, by taking expectation on both sides of (3.7), and with the help of the compensate Poisson

random measure, and the martingale property of Itô’s integral, we have

Ex

[
e−r(t∧τπ

∗
)v(U∗t∧τπ∗ )

]
=v(x) + Ex

[ ∫ t∧τπ
∗

0
e−rs

(1
2
σ2v′′(U∗s−) + cv′(U∗s−) − rv(U∗s−)

)
ds

]
+

∫ t∧τπ
∗

0

∫
R\{0}

λe−rs
(
v(U∗s− + y) − v(U∗s−)

)
f (y)dyds

− Ex

[ ∫ t∧τπ
∗

0
e−rs(ϕ1dL∗s − ϕ2dR∗s

)]
.

With the fact that Lv(x) = 0 for any x ∈ [0, b], we arrive at

v(x) = Ex

[ ∫ t∧τπ
∗

0
e−rs(ϕ1dL∗s − ϕ2dR∗s

)
+ e−r(t∧τπ

∗
)v(U∗t∧τπ∗ )

]
.

By letting t → ∞ with the help of dominated and monotone convergence theorems, we arrive at

v(x) = lim
t→∞
Ex

[ ∫ t∧τπ
∗

0
e−rs(ϕ1dL∗s − ϕ2dR∗s

)
+ e−r(t∧τπ

∗
)v(U∗t∧τπ∗ )

]
= Ex

[ ∫ τπ
∗

0
e−rs(ϕ1dL∗s − ϕ2dR∗s

)
+ e−rτπ

∗

v(U∗
τπ
∗ )
]
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= Ex

[ ∫ τπ
∗

0
e−rs(ϕ1dL∗s − ϕ2dR∗s

)
+ e−rτπ

∗

P(U∗
τπ
∗ )
]
= J(x, π∗) ≤ V(x).

For the other direction of the inequality, we consider any admissible strategy π = ((Lt)t≥0, (Rt)t≥0) ∈ Π,
and the associated controlled surplus process U. With a similar analysis as above, one can obtain

Ex

[
e−r(t∧τπ)v(Ut∧τπ)

]
=v(x) + Ex

[ ∫ t∧τπ

0
e−rsLv(Us−)ds

]
− Ex

[ ∫ t∧τπ

0
e−rsv′(Us−)

(
dL̃s − dR̃s

)]
− Ex

[ ∑
s∈ΛL

t∧τπ

e−rs
∫ ∆Ls

0
v′(Us− − u)du −

∑
s∈ΛR

t∧τπ

e−rs
∫ ∆Rs

0
v′(Us− + w)dw

]
.

With some simple algebra, one obtains

Ex

[ ∫ t∧τπ

0
e−rs(ϕ1dLs − ϕ2dRs

)
+ e−r(t∧τπ)P(Ut∧τπ)

]
= v(x) + Ex

[ ∫ t∧τπ

0
e−rsLv(Us−)ds

]
+ Ex

[ ∫ t∧τπ

0
e−rs(ϕ1 − v′(Us−)dL̃s

]
+ Ex

[ ∫ t∧τπ

0
e−rs(v′(Us−) − ϕ2)dR̃s

]
+ Ex

[ ∑
s∈ΛL

t∧τπ

e−rs
∫ ∆Ls

0
(ϕ1 − v′(Us− − u))du +

∑
s∈ΛR

t∧τπ

e−rs
∫ ∆Rs

0
(v′(Us− + w) − ϕ2)dw

]

+ Ex

[
e−r(t∧τπ)(P(Ut∧τπ) − v(Ut∧τπ))

]
.

Since v satisfies the HJB equation (3.3), along with the prescribed boundary conditions (2.11), all
expectation terms on the right-hand side of the equation must be non-positive. This property directly
implies

J(x, π) = Ex

[ ∫ t∧τπ

0
e−rs(ϕ1dLs − ϕ2dRs

)
+ e−r(t∧τπ)P(Ut∧τπ)

]
≤ v(x), (3.8)

and by the arbitrariness of the strategy π, we have V(x) ≤ v(x). □

The preceding analysis in (3.8) yields the following characterization of the value function.

Proposition 3.3. The value function V given in (2.10) is the smallest solution of the HJB equation (3.3)
with the boundary conditions (2.11).

In subsequent sections, we numerically solve the HJB equation (3.3) subject to the boundary condition
in (2.11), where the liquidation threshold (if this exists) is defined as

x =
V(0) − K
ϕ2 − φ

. (3.9)
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According to Proposition 3.2, we implement an upper boundary condition V ′(B) = ϕ1 at a sufficiently
large threshold B. This formulation leads to the following system of equations for the numerical solution:max

{
LV(x), ϕ1 − V ′(x),V ′(x) − ϕ2

}
= 0 x ∈ (0, B),

V ′(0) = ϕ2, V ′(B) = ϕ1.
(3.10)

with the boundary conditions (2.11); that is, V(x) = V(0) − ϕ2x for x ∈ [−x, 0), and V(x) = P(x) for
x < −x, where x is given by (3.9). The robustness of the choices of B will be examined numerically in
Section 6 (see Example 6.4).

4. Numerical algorithm

In this section, we solve the control problem (2.10) and the associated HJB equation (3.10)
numerically using the MCA method (see, e.g., [43]). The MCA methods with value/policy iteration
algorithm have been widely applied to various stochastic control problems, including optimal dividend
problems. For instance, Jin et al. [44] used this approach to study optimal reinsurance and dividend
payout strategies under regime-switching diffusion models. Their work involved constructing a locally
consistent discrete-time controlled Markov chain to approximate the underlying risk process. By
discretizing the associated HJB equation via finite differences and applying the dynamic programming
principle, they developed a value iteration algorithm to compute the value function and optimal strategy.
Similar applications can be found in [45] and [46] for problems involving capital injection and
investment strategies; see also [47] for an application in the portfolio selection problem, and [48] for an
application in the mean-field game in the queueing problem. Some more recent extensions and
applications include, among others, [49](consumption and investment), [50](optimal insurance),
and [51](optimal control in economics).

Given the well-established theoretical foundations of the MCA method, including its proven
convergence properties (see Section 5), we adapt this framework to solve our optimal dividend and
capital injection problem with liquidation. Specifically, our numerical approach involves three key
steps.

1. Surplus dynamics approximation

We approximate the controlled continuous time (two-sided) jump-diffusion model with a discrete-
time controlled Markov chain, ensuring local consistency with the original dynamics (Eq (4.6) and
Definition 4.1). This involves the following

◦ Discretizing the state space with a step size h;

◦ Deriving the transition probabilities and interpolation intervals that match the drift and
diffusion terms (Eqs (4.17)–(4.20));

◦ Incorporating two-sided Poisson jumps via properties of the Poisson process (Definition 4.1).

2. Dynamic programming equation

Using finite differences, we derive the discretized dynamic programming equation (Eq (4.12)) for
the approximate value function (Eq (4.11)).
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3. Numerical solution via value iteration

For a given step size h, we iteratively compute the value function Vh
n until convergence using the

value iteration method.

The MCA method guarantees convergence of the discrete-time controlled Markov chain to the
original jump-diffusion process by using locally consistent transition probabilities, as in (4.17)–(4.20).
This convergence is theoretically validated through weak convergence theory (Propositions 5.1–5.3),
where the interpolated process (5.12) replicates the dynamics of the original surplus model (2.3).
Leveraging the Skorohod representation theorem, we further establish the convergence of the value
function (Propositions 5.4-5.5). Finally, numerical experiments (Figure 1(b)) confirm the convergence
of the value iteration algorithm used to compute the approximate value function under the MCA
framework.

To formally construct the numerical approximation, we first revisit the surplus process given by (2.1)
in the form of jump arrival times and jump sizes. Let ν0 = 0 and let {νn, n ≥ 1} be the sequence of the
arrival time of the jumps, and {Yn, n ≥ 1} is the corresponding sequence of jump sizes. Let ωn = νn−νn−1

for n ≥ 1 be the waiting time of the nth jump, and {ωn, n ≥ 1} is a sequence of mutually independent
random variables following a common exponential distribution with mean a 1/λ, and is independent of
{Yn, n ≥ 1}. Meanwhile, we assume that {ωk,Yk, k ≥ n} is independent of Xs for all s < νn, ωk, and Yk,
for all k < n. Then the aggregate jump amounts denoted as S t can be written as

S t =
∑
νn≤t

Yn.

We focus on the local nature of jumps for the surplus process (2.1). Since the waiting times {ωk}k≥1 are
exponentially distributed, we see that

P
(
jump happens on [t, t + ∆t) | Xs,Ns, s ≤ t

)
= λ∆t + o(∆t). (4.1)

Therefore, according to the definition and independence of Yn, for any y ∈ R\{0}, we have

P
(
Xt ∈ (x + y, x + y + dy) | t = νn for some n; Xs,Ns, s < t; Xt− = x

)
=

(
p f+(y)1{y>0} + (1 − p) f−(−y)1{y<0}

)
dy. (4.2)

In the following, we first consider the local behavior of the controlled surplus process (2.3) between
two consecutive jumps, which is essentially a controlled diffusion process given as

dUt = cdt + σdBt − dLt + dRt, νn−1 ≤ t < νn, n = 1, 2, . . . . (4.3)

We then construct a discrete-time controlled Markov chain that is locally consistent (we define local
consistency later in this section) with (4.3). Let h > 0 be a discretization parameter representing one
step-size of the surplus. Define Ph = {x : x = kh, k = 0,±1,±2, · · · } ∩G, where G = (−∞, B]. Without
loss of generality, we assume that B is divisible by h. We define {ξh

n, n < ∞} as a controlled discrete-time
Markov chain on Ph and denote its transition probability from a state x to another state y under the
control πh by ph

D(x, y|πh), where we introduce πh later. Our objective is to identify suitable values for
ph

D(x, y|πh) so that the constructed discrete-time Markov chain can approximate the local nature of the
controlled diffusion process (4.3) arbitrarily closely when h→ 0. Since, at any discrete time n, we can
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either pay dividends, inject capital, or continue with no action when ξh
n ∈ (0, B), and inject capital or

stop with liquidation when ξh
n ≤ 0. We then denote the one-step increment of the discrete-time Markov

chain ξh
n as ∆ξh

n = ξ
h
n+1 − ξ

h
n, with

∆ξh
n =∆ξ

h
n1{pay dividends at n} + ∆ξ

h
n1{inject capital at n}

+ ∆ξh
n1{continue at n}, for ξh

n ∈ (0, B), (4.4)

and
∆ξh

n = ∆ξh
n1{inject capital at n} + ∆ξ

h
n1{stop at n}, for ξh

n ∈ (−∞, 0]. (4.5)

Note that the Markov chain and the control will be determined to ensure that the sum of the indicator
functions above equals one both in (4.4) and (4.5); i.e., there is one and only one nonzero term in (4.4)
and (4.5), respectively. Denote {πh

n : n = 0, 1, · · · } as a sequence of control actions, where πh
n = 0

represents the case of continuation at time n (during the period from time n to n + 1), πh
n = 1 means that

we inject capital at time n, πh
n = 2 is the case that we pay out dividends at time n, and πh

n = 3 represents
the scenario of stopping by liquidation at time n.

For the case when πh
n = 1, let ∆gh

n denote the corresponding capital amount injected at time n; that is
∆ξh

n = ∆gh
n. On the other hand, when πh

n = 2, or ξh
n = B, a certain amount of dividend is paid out, such

that the surplus level is decreased by one step compared with the level before the dividend payment; in
particular, when ξh

n = B, we require an immediate dividend payment with an amount h such that the
Markov chain is reflected at Level B. Let us denote ∆lh

n as the amount of dividend paid out at time n
when πh

n = 2, and then ∆ξh
n = −∆lh

n. In addition, when ξh
n ≤ 0 and πh

n = 3, we stop immediately, and
hence the surplus will stay at the same value of ξh

n. Finally, if πh
n = 0 when ξh

n > 0, then we continue with
no action. Let ∆̃th(·) > 0 be the interpolation interval on Ph such that infx ∆̃th(x) > 0 for each h > 0 and
all x ∈ Ph, and limh→0 supx∈Ph

∆̃th(x)→ 0.
Furthermore, let Eh,0

x,n and Varh,0
x,n denote the conditional expectation and conditional variance given

{ξh
k , k ≤ n; πh

k , k ≤ n − 1}, ξh
n = x, and πh

n = 0, respectively. Then, the sequence {ξh
n, n ≥ 0} is said to be

locally consistent with respect to (4.3) if it satisfies

Eh,0
x,n

(
∆ξh

n

)
= c∆̃th(x) + o

(
∆̃th(x)

)
,

Varh,0
x,n

(
∆ξh

n

)
= σ2∆̃th(x) + o

(
∆̃th(x)

)
,

sup
n,ω∈Ω

∣∣∣∆ξh
n(ω)

∣∣∣→ 0 as h→ 0.
(4.6)

Note that, due to the nature of singular control, the capital injection and dividend payout can be treated
as “instantaneous”. Hence, we can extend the interpolation interval above to the space with all control
actions when x > 0, which becomes

∆th(x, i) = ∆̃th(x)1{i=0}, for any (x, i) ∈ Ph ∩ (0, B) × {0, 1, 2}. (4.7)

For x ≤ 0, all control actions are “instantaneous”, and we do not need to define any interpolation
interval there. Let πh := {πh

n; n ≥ 0} be a sequence of control strategies that belong to Πh, which is a set
of piecewise constant admissible controls. The sequence πh is regarded as admissible control under the
discretization step h if πh

n is σ{ξh
0, · · · , ξ

h
n, π

h
0, · · · , π

h
n−1}-adapted for all n, where

σ{ξh
0, · · · , ξ

h
n, π

h
0, · · · , π

h
n−1} is the σ-algebra generated by the sequence of random variables {ξh

i , i ≤ n}

Journal of Industrial and Management Optimization Volume 22, Issue 7, 3419–3455.



3434

and {πh
i , i ≤ n − 1}. We then introduce the transition probability associated with the controlled Markov

chain {ξh
n, n ≥ 0}, namely that for any E ∈ B(Ph) (Borel set of Ph), we have

P
(
ξh

n+1 ∈ E | σ
{
ξn

0, · · · , ξ
h
n, π

h
0, · · · , π

h
n

})
= ph

D(ξh
n, E | π

h
n).

At the upper boundary, we have a reflection, that is

P
(
ξh

n+1 = B − h | ξh
n = B, σ

{
ξh

0, · · · , ξ
h
n, π

h
0, · · · , π

h
n

})
= ph

D(B, B − h | πh
n) = 1.

Put

th
0 := 0, th

n :=
n−1∑
k=0

∆th
(
ξh

k , π
h
k

)
, nh(t) := max

{
n : th

n ≤ t
}
.

Then the piecewise constant interpolations of the controlled Markov chain and the two control processes,
denoted, respectively, by ξh

· , gh
· , and lh

· , which are naturally defined as follows for any t ∈
[
th
n, t

h
n+1

)
:

ξh
t = ξ

h
n, gh

t =
∑

k≤nh(t)

∆gh
k1{πh

k=1}, lh
t =

∑
k≤nh(t)

∆lh
k1{πh

k=2}. (4.8)

Next, we extend the controlled Markov Chain to be one that is locally consistent with the controlled
jump-diffusion model given in (2.3). That is, the value of the Markov chain ξh in time th

n+1 can be
expressed according to the following two scenarios.

(i) No jumps during the time interval [th
n, t

h
n+1) with the probability (1 − λ∆th(x, 0) + o(∆th(x, 0))); one

can determine ξh
n+1 by the transition probability ph

D of the controlled diffusion case given above.

(ii) There is one jump during the time interval [th
n, t

h
n+1) with the probability λ∆th(x, 0) + o(∆th(x, 0));

one can determine ξh
n+1 by ξh

n+1 = ξ
h
n + yh , where yh ∈ Ph is the nearest value of the jump size y

such that ξh
n+1 ∈ Ph, where y has a density function f (y). It is obvious that | yh − y |→ 0 as h→ 0

uniformly in x.

Let Hh
n denotes the event that there is no Poisson jump in the period [th

n, t
h
n+1) so that ξh

n+1 is determined
by Scenario (i) above. Kh

n denotes the event of the second case (ii), where there is one jump occurring in
the period. We then have 1Hh

k
+ 1Kh

k
= 1. Hence, one can redefine the local consistency of a controlled

Markov chain as shown below.

Definition 4.1. A controlled Markov chain {ξh
n, n ≥ 0} is said to be locally consistent with (2.3), if one

can find an interpolation interval ∆th(x, 0)→ 0, uniformly in x, as h→ 0 such that

(i) A transition probability ph
D(·) that is locally consistent with (4.3) exists such that (4.6) holds true;

(ii) There is a βh(x, 0) = o(∆th(x, 0)) such that the one-step transition probability ph(x, y|πh) for any
y ∈ Ph is given by

ph(x, y|πh) = (1 − λ∆th(x, 0) + βh(x, 0))ph
D(x, y|πh)

+ (λ∆th(x, 0) − βh(x, 0))Px

(
Y ∈

[
x + y −

h
2
, x + y +

h
2

] )
.
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Next, we consider the liquidation time associated with the controlled Markov chain. According to
(3.9), we liquidate immediately whenever ξh

n < −x at some step n. Let n̂ := inf{n : ξh
n < −x}. Hence, we

define the liquidation time as

τh := th
n̂ =

n̂−1∑
k=0

∆th
(
ξh

k , π
h
k

)
. (4.9)

Let ξh
0 = x ∈ Ph, and πh ∈ Πh is an admissible control. The performance function under the discrete-time

controlled Markov chain now can be written as

Jh(x; πh) = Ex

[ n̂−1∑
k=0

e−rthk
(
ϕ1∆lh

k − ϕ2∆gh
k

)
+ e−rτh

P(ξh
n̂)
]
. (4.10)

The corresponding value function is defined as

Vh(x) := sup
πh∈Πh

Jh(x; πh). (4.11)

According to the dynamic programming principle in (3.1), it is easy to show that Vh(x) satisfies the
following dynamic programming equation:

Vh(x) = max
{∑

y∈Ph

e−r∆th(x,0) ph(x, y|πh)Vh(y),
∑
y∈Ph

ph(x, y|πh)(Vh(y) + ϕ1(x − y)),

∑
y∈Ph

ph(x, y|πh)(Vh(y) − ϕ2(y − x))
}
, for x ∈ Ph ∩ (0, B),

(4.12)

with Vh(x) = Vh(0) + ϕ2x for x ∈ Ph ∩ [−x, 0], and Vh(x) = P(x) for x ∈ Ph ∩ (−∞,−x). Note that the
discounting with the interpolation interval does not appear in the second and third part in (4.12), since
both the dividend payout and capital injection are “instantaneous”. Moreover, when x reaches the upper
boundary B, the optimal control action is to pay dividends immediately; that is

Vh(B) = Vh(B − h) + ϕ1h. (4.13)

When it comes to numerical computation, we solve Vh with the help of iterations over the value
space using the (accelerated) Gauss–Seidel method. To identify the transition probabilities ph

D(·) and the
value of the interpolation interval ∆th(·, 0), we utilize the finite difference method to define the first and
second derivatives of V(x) with respect to x in (3.10) with a step size h > 0 as follows

V(x)→ Vh(x),

V ′(x)→
Vh(x + h) − Vh(x)

h
,

V ′′(x)→
Vh(x + h) − 2Vh(x) + Vh(x − h)

h2 .

Therefore, if we combine this with the operator L given in (3.2) without Poisson jumps, we can rewrite
(3.10) as

max
{
σ2

2
Vh(x + h) − 2Vh(x) + Vh(x − h)

h2 + c
Vh(x + h) − Vh(x)

h
− rVh(x),

ϕ1 −
Vh(x) − Vh(x − h)

h
,

Vh(x + h) − Vh(x)
h

− ϕ2

}
= 0, x ∈ Ph ∩ (0, B),

(4.14)
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where we use the backward difference method instead of the forward difference for the term related to
the immediate dividend payout.

To solve the transition probabilities ph
D(·) and the value of interpolation interval, we should simplify

(4.14) and compare it with (4.12) when there are no Poisson jumps. For the case when the maximum in
(4.14) is taken from the first term, we multiply both sides of the equation by h2 and arrive at

σ2

2

(
Vh(x + h) − 2Vh(x) + Vh(x − h)

)
+ ch

(
Vh(x + h) − Vh(x)

)
− h2rVh(x) = 0.

Reorganize the coefficients of Vh(·), we get

(
σ2

2
+ ch)Vh(x + h) −

(
ch + σ2 + h2r

)
Vh(x) +

σ2

2
Vh(x − h) = 0. (4.15)

On the other hand, we rewrite the first part of (4.12) so that we only keep the terms related to Vh(x −
h),Vh(x),Vh(x + h), and we arrive at

e−r∆th(x,0)
[
ph

D(x, x + h|πh)Vh(x + h) + ph
D(x, x − h|πh)Vh(x − h)

]
− Vh(x) = 0. (4.16)

Note that (4.15) and (4.16) hold simultaneously for all x ∈ Ph ∩ (0, B). Therefore, by equaling the
coefficient of Vh(·) (with a possible difference up to a constant proportion), one gets the following
results:

ph
D(x, x + h|πh) =

σ2

2 + ch
σ2 + ch

,

ph
D(x, x − h|πh) =

σ2

2

σ2 + ch
,

ph
D(·) = 0, otherwise,

(4.17)

as well as

∆th(x, 0) =
h2

σ2 + ch
, (4.18)

Note that we have applied the approximation e−r∆t ≈ (1 + r∆t)−1 in the calculation above to simplify the
expression of ∆th(x, 0). We also find the transition probability for the second and third parts of the right
side of (4.12), which are

ph
D(x, x − h|πh) = 1, (4.19)

for an immediate dividend payment, and

ph
D(x, x + h|πh) = 1, (4.20)

for an immediate capital injection.
On the basis of the discussions above, one arrives at the following dynamic programming equations:
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Vh(x) =



max
πh∈Πh

[ (
1 − λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0)

∑
y∈Ph

ph
D(x, y|πh)Vh(y)

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0) p

∫ ∞

0
Vh(x + y) f+(y)dy

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0)(1 − p)

∫ ∞

0
Vh(x − y) f−(y)dy,

Vh(x − h) + ϕ1h,Vh(x + h) − ϕ2h
]
, x ∈ Ph ∩ (0, B),

Vh(h) − ϕ2h, x = 0,
Vh(B − h) + ϕ1h, x = B,

(4.21)

with Vh(x) = Vh(0) + ϕ2x for x ∈ Ph ∩ [−x, 0), and Vh(x) = P(x) for x ∈ Ph ∩ (−∞,−x).
Building on the formulation in (4.21), we solve the optimal control problem numerically using the

Gauss–Seidel iteration method in the value space. While more advanced iterative methods (e.g., [43])
could further improve the computational efficiency, we use the classical Gauss–Seidel approach in our
numerical studies for clarity and illustrative purposes.

5. Convergence analysis

In this section, we provide a convergence analysis for the above–mentioned MCA method. The main
technique is the theory of weak convergence (see, for example, [43, 45]), where the key is to prove the
tightness of a collection of processes indexed by the discretization parameter h such that the limit is
exactly our controlled surplus process given by (2.3). In turn, we can show that the value function Vh

given in (4.11) converges to V given in (2.10) on a sufficiently large interval when h→ 0.
For the approximating Markov chain constructed above, piecewise constant interpolation is obtained

in (4.8) based on the appropriately chosen interpolation interval. For any fixed h > 0, let {νh
j} j≥1 denote

the sequence of discrete time points of the jump arrivals, and let {yh
j} j≥1 denote the corresponding

jump sizes, i.e., yh
j = ξ

h
νh

j
− ξh

νh
j−1

. Let F h
n be the smallest σ-algebra generated by {ξh

k , l
h
k , g

h
k ,H

h
k for k ≤

n; νh
j , y

h
j for νh

j < n} for any n ≥ 0, and {F h
n }n≥0 is increasing in n. With the help of the representations of

singular control and the interpolations defined above, we then have

ξh
n = x +

n−1∑
k=0

(
∆ξh

k 1Hh
k
+ ∆ξh

k (1 − 1Hh
k
)
)
−

n−1∑
k=0

∆lh
k +

n−1∑
k=0

∆gh
k

= x +
n−1∑
k=0

Eh,0
x,k(∆ξh

k )1Hh
k
+

n−1∑
k=0

(
∆ξh

k − E
h,0
x,k(∆ξh

k )
)
1Hh

k

+

n−1∑
k=0

∆ξh
k (1 − 1Hh

k
) −

n−1∑
k=0

∆lh
k +

n−1∑
k=0

∆gh
k . (5.1)
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According to the local consistency given in (4.6), one has

n−1∑
k=0

Eh,0
x,k(∆ξh

k )1Hh
k
=

n−1∑
k=0

(
c∆th

k + o(∆th
k)
)
1Hh

k
,

=

n−1∑
k=0

(
c∆th

k + o(∆th
k)
)
−

n−1∑
k=0

(
c∆th

k + o(∆th
k)
)
1Kh

k
,

where to simplify the notation, we let ∆th
k denotes the interpolation interval ∆th(ξh

k , π
h
k). In addition, it is

easy to see that

E
( nh(t)−1∑

k=0

1Kh
k

)
= E

(
number of jumps until time t

)
→ λt, as h→ 0. (5.2)

We then see that
∑nh(t)−1

k=0 1Kh
k

converges to λt in probability as h→ 0. Therefore

n−1∑
k=0

(
c∆th

k + o(∆th
k)
)
1Kh

k
= max

k≤n−1

(
∆th

k

)
O
( n−1∑

k=0

1Kh
k

)
→ 0 in probability as h→ 0. (5.3)

In addition, let

Mh
n :=

n−1∑
k=0

(
∆ξh

k − E
h,0
x,k(∆ξh

k )
)
1Hh

k
, (5.4)

which is a zero-mean martingale with respect to the filtration {F h
n }. We then define the process (Bh

t )t≥0 as

Bh
t :=

1
σ

Mh
t , with Mh

t = Mh
n for t ∈ [th

n, t
h
n+1), (5.5)

where σ is the volatility in (2.1), and Mh
t is the continuous-time piecewise interpolation of the discrete

martingale Mh
n given by (5.4). Further, let

S h
n :=

n−1∑
k=0

∆ξh
k (1 − 1Hh

k
) =

∑
j: νh

j≤n

yh
j . (5.6)

Hence, we can rewrite (5.1) as the corresponding continuous-time interpolation

ξh
t = x + ct + σBh

t + S h
t − lh

t + gh
t + δ

h
t , (5.7)

where
S h

t =
∑

j: νh
j≤nh(t)

yh
j , (5.8)

δh
t is a negligible error satisfying limh→0 supt∈[0,T ] δ

h
t = 0 for any T ∈ (0,∞). One can further define

the continuous-time interpolation of the point process Nh
t = inf{n : νh

n ≤ nh(t)}, and hence (5.8) can be
expressed as S h

t =
∑Nh

t
j=1 yh

j as well. Equation (5.3) indicates that we may ignore the term related to 1Kh
k

in (5.1) (as well as in (5.7)) when taking limits for h→ 0.
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On the other hand, due to the instantaneous jumps from the processes (lh
t )t≥0 and (gh

t )t≥0, one may fail
to show the tightness of the sequence {lh

· , g
h
· } and hence one may not be able to have convergence under

the Skorokhod topology. A conventional method to overcome such a difficulty is to rescale the time
such that the above–mentioned processes are tight under the rescaled version (see e.g., [43]). Let us
define a new time increment denoted by ∆t̃h

n as follows:

∆t̃h
n =


∆th

n, no action on step n,

|∆lh
n|, pay dividend on step n,

|∆gh
n|, inject capital on step n.

(5.9)

Let t̃h
n =

∑n−1
k=0 ∆t̃h

k . We then define T̃ h
t as

T̃ h
t =

n−1∑
k=0

∆th
k , for t ∈ [̃th

n, t̃
h
n+1).

Hence, T̃ h
t represents the original length of time under the new timescale, which increases with a slope

of one during the “period” of no action and with a slope of zero in the “period” of dividend payment or
capital injection. Therefore, we define the continuous-time piecewise interpolation process as well as the
other processes in (5.7) (namely Bh

t ,N
h
t , S

h
t , l

h
t , g

h
t ) under the rescaled time as ξ̃h

t = ξ
h
T̃ h

t
, B̃h

t = Bh
T̃ h

t
, Ñh

t =

Nh
T̃ h

t
, S̃ h

t = S h
T̃ h

t
, l̃h

t = lh
T̃ h

t
, g̃h

t = gh
T̃ h

t
. In consequence

ξ̃h
t = x + c

∫ t

0
dT̃ h

t + σB̃h
t + S̃ h

t − l̃h
t + g̃h

t + δ
h
t . (5.10)

Proposition 5.1. Let {ξh
n, n < ∞} and (ξh

t )t≥0 be the approximating discrete-time Markov chain with the
transition probabilities given in (4.17), (4.19), (4.20), and Definition 4.1 that is locally consistent with
(2.3) and the corresponding continuous-time piecewise interpolation given in (4.8), respectively. If we
let {̃ξh

t , B̃
h
t , Ñ

h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t } be the collection of the rescaled processes, then {̃ξh

t , B̃
h
t , Ñ

h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t } is

tight.

Proof. First, we show that the collection of processes {Bh
· } and {S h

· } given in (5.5) and (5.8), respectively,
are tight in the view of the tightness definition given by [43, Theorem 9.2.1]. To simplify the notation,
we assume that all the processes are defined on a common probability space (Ω,F ,P), and we consider
any fixed time horizon T < ∞. Let ωh be an Ft-liquidation time and ωh ≤ T with probability one, where
F h

t = F
h

n for t ∈ [th
n, t

h
n+1). Then for any ε > 0, we have

Eh
ωh

((Bh
ωh+ε
− Bh

ωh
)2) = Eh

ωh

( 1
σ2 (Mh

ωh+ε
− Mh

ωh
)2
)

=
1
σ2 Varh

ωh

( ∑
k:thk∈[ωh,ωh+ε]

∆ξh
k

)
= ε + δh, (5.11)

where lim suph→0 δh = 0 uniformly in the liquidation time ωh, and Eh
ωh

and Varh
ωh

denote the conditional
expectation and variance given F h

ωh
. Hence, one has

lim
ε→0

lim sup
h→0

sup
ωh

Eh
ωh

((Bh
ωh+ε
− Bh

ωh
)2) = 0.
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Therefore, one arrives at the tightness of {Bh
· }. The tightness of {S h

· } is obvious by (5.8) and the fact that

lim
ε→0

inf
h,n
P(νh

n+1 − ν
h
n > ε | F

h
νn

) = 1.

In addition, the tightness of {Nh
· } can be obtained from the fact that for any bounded interval [t, t + s],

we have
E(Nh

t+s − Nh
t ) ≤ λs + ϵh(s), for ϵh(s)→ 0 as h→ 0.

The tightness of the corresponding rescaled processes {B̃h
· }, {Ñ

h
· }, and {S̃ h

· } can be obtained easily by
noting that E((B̃h

t+ε − B̃h
t )2|F h

t ) ≤ E((Bh
t+ε − Bh

t )2|F h
t ); this inequality holds true if we replace B̃h and Bh

by Ñh and Nh, as well as S̃ h and S h, respectively. Furthermore, for the rescaled processes {̃lh
· } and {̃gh

· },
one finds that

|̃lh
ωh+ε
− l̃h

ωh
| ≤ |ε| + O(h),

and
|̃gh
ωh+ε
− g̃h

ωh
| ≤ |ε| + O(h).

Hence, {̃lh
· } and {̃gh

· } are tight. Finally, with the boundedness of the constants c and σ in (5.7), one
obtains the tightness of {̃ξh

· } and therefore completes the proof. □

According to Proposition 5.1, {̃ξh
t , B̃

h
t , Ñ

h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t } is tight; hence there is a subsequence, say

{̃ξhi
t , B̃

hi
t , Ñ

hi
t , S̃

hi
t , l̃

hi
t , g̃

hi
t , T̃

hi
t , i ≥ 1}, that weakly converges to a limit. If we let {Ũt, B̃t, Ñt, S̃ t, l̃t, g̃t, T̃t}

denotes such limit, then we have the following proposition.

Proposition 5.2. Let {Ũt, B̃t, Ñt, S̃ t, l̃t, g̃t, T̃t} be the limit of the weakly convergent subsequence of
{̃ξh

t , B̃
h
t , Ñ

h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t }. If we let F̃t be the filtration generated by {Ũs, B̃s, Ñs, S̃ s, l̃s, g̃s, T̃s for s ≤ t},

then the rescaled process B̃t = BT̃t
is an F̃t-martingale with the quadratic variation T̃t, where Bt is a

standard Brownian motion adapted to {Ft}. In addition, the limiting process Ũt satisfies

Ũt = x + c
∫ t

0
dT̃t + σB̃t + S̃ t − l̃t + g̃t. (5.12)

Proof. We first prove that B̃t is indeed an F̃t-martingale, where we follow the similar arguments in
the proof of Theorem 9.4.2 in [43]. Let us fix t > 0, δ > 0 and a finite partition {tk}k≤p of the interval
[0, t] for some p < ∞; further let φ(·) be a real-valued and continuous function with compact support.
According to (5.5), one has

E
(
φ
(̃
ξh

tk , B̃
h
tk , S̃

h
tk , l̃

h
tk , g̃

h
tk , k ≤ p

) [
B̃h

t+δ − B̃h
t

] )
= 0. (5.13)

By using the Skorohod representation theorem [43, Theorem 9.1.7], there exists a probability measure,
say P, such that the weak convergence of {̃ξh

t , B̃
h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t } to a limit {Ũt, B̃t, S̃ t, l̃t, g̃t, T̃t} is equivalent

to P-almost surely convergence. Hence, with the dominant convergence theorem, by letting h→ 0 in
(5.13), we have

E
(
φ
(
Ũtk , B̃tk , S̃ tk , l̃tk , g̃tk , k ≤ p

) [
B̃t+δ − B̃t

] )
= 0. (5.14)

That is to say, for all A ∈ F̃t, we have

E
( [

B̃t+δ − B̃t

]
1A

)
= 0,
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which is equivalent to
E
(
B̃t+δ − B̃t | F̃t

)
= 0.

Hence, B̃t is an F̃t-martingale. In addition, with a similar analysis, one can obtain

E
(
φ
(
Ũtk , B̃tk , S̃ tk , l̃tk , g̃tk , k ≤ p

) [
B̃t+δ − B̃t

]2
− (T̃t+δ − T̃t)

)
= 0.

Therefore, B̃t is an F̃t-martingale with the quadratic variation T̃t (i.e., an F̃t-Brownian motion).
Finally, by letting h→ 0 in (5.10) yields (5.12).

□

Proposition 5.3. Define the right-continuous inverse of the function T̃t as Tt := inf{s : T̃s > t} for any
t < ∞, then limt→∞ Tt = ∞ with probability one. For the limiting process Ũt given in (5.12), define the
inverses process Ut = ŨTt , Bt = B̃Tt , and Nt = ÑTt . Then Ut satisfies (2.3), Bt is an Ft-adapted standard
Brownian motion, and Nt is a Poisson process with intensity λ.

Proof. Note that limt→∞ T̃t = ∞ with probability one; hence, Tt exists for all t < ∞ and limt→∞ Tt = ∞

with probability one. The proof that Bt is a standard Brownian motion adapted to Ft is straightforward.
According to Proposition 5.2, B̃t is an F̃t-martingale with the quadratic variation T̃t. By the definition of
Tt and the optional sampling theorem, the time-changed process Bt = B̃Tt is a martingale with respect
to the filtration Ft = F̃Tt with the quadratic variation T̃Tt = t. Thus, Bt is a standard Brownian motion.
The proof that Nt is a Poisson process follows a similar argument. Let Mh,N

t := Nh
t − λth

nh(t) − ϵ
h
t be

the continuous-time interpolation of the discrete-time martingale Mh,N
n = Nh

n −
∑n−1

k=0 E[1Kh
k
|F h

k ] (see

(5.2)), where ϵh
t =

∑nh(t)−1
k=0 o(∆th(ξh

k , 0)) is an accumulated error term that vanishes as h→ 0. Under the
rescaled time, we obtain the F̃ h

t -martingale M̃h,N
t = Ñh

t − λT̃ h
t − ϵ̃

h
t . Therefore, for any t and δ > 0 (see

the proof of Proposition 5.2 above), we have

E
(
φ
(̃
ξh

tk , B̃
h
tk , S̃

h
tk , l̃

h
tk , g̃

h
tk , k ≤ p

)(
M̃h,N

t+δ − M̃h,N
t

))
= 0.

Taking the limit as h→ 0, the error term ϵ̃h
t vanishes. By the dominated convergence theorem, we obtain

E
(
φ
(
Ũtk , B̃tk , S̃ tk , l̃tk , g̃tk , k ≤ p

)(
(Ñt+δ − λT̃t+δ) − (Ñt − λT̃t)

))
= 0.

This implies that M̃N
t = Ñt − λT̃t is an F̃t-martingale. Evaluating this rescaled martingale at the stopping

time Tt via the optional sampling theorem yields M̃N
Tt
= ÑTt − λT̃Tt , which is a martingale with respect

to the filtration Ft. Because T̃Tt = t and ÑTt = Nt, it follows that Nt − λt is an Ft-martingale. Since Nt

is a counting process with a deterministic compensator λt, we find that Nt is a Poisson process with
intensity λ.

Finally, by rescaling the time in (5.12), one obtains

Ut = x + ct + σBt +

Nt∑
i=1

Yi − lt + gt.

This completes the proof. □
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To show the convergence in the performance function and value function, we need the following
technical assumption.

(A) Let Ho be an interior of a compact set on R, and define the mapping from D[0,∞) (the space of
right continuous with left limits functions) to [0,∞] (the one-point compactification of [0,∞)) as

Γ(φ(·)) := inf{t : φ(t) < Ho},

such that Γ(φ(·)) = ∞ if φ(t) ∈ Ho for all t < ∞. Then the function Γ(·) is continuous with
probability one with respect to the measure induced by Ũ·.

Proposition 5.4. Let the weakly convergent subsequence of {̃ξh
t , B̃

h
t , Ñ

h
t , S̃

h
t , l̃

h
t , g̃

h
t , T̃

h
t } indexed by h,

with a limit {Ũt, B̃t, Ñt, S̃ t, l̃t, g̃t, T̃t} when h→ 0. Let Jh(x; πh) and J(x; π) be the performance functions
defined in (4.10) and (2.4), respectively. We then have

Jh(x; πh)→ Ex

[ ∫
[0,τπ)

e−rt
(
ϕ1dLt − ϕ2dRt

)
+ e−rτπP(Uτπ)

]
, as h→ 0. (5.15)

Proof. We shall first discuss the convergence of the liquidation times. Let τ̃h = t̃h
n̂ where n̂ is given

by (4.9), and τ̃ = inf{t ≥ 0 : Ũt < −x}. Let [0,∞] denote the one-point compactification of [0,∞);
that is, the point {∞} is appended to the set [0,∞) as the limit point of any increasing and unbounded
sequence in [0,∞). Note that [0,∞] is compact, and hence the sequence of liquidation times {̃τh, h > 0},
which takes values in [0,∞], is tight. Therefore, there is a convergent subsequence of {̃τh} with the limit
denoted by τ̂. Thus, according to Assumption (A), we have τ̂ = τ̃ with probability one, since

τ̂ = lim
h→0

τ̃h = lim
h→0
Γ(̃ξh

· ) = Γ(Ũ·) = τ̃.

In addition, since ∆lh
n = h for all n, and, due to the tightness and uniform integrability properties, for any

t, the integral
∫

[0,t)
d̃lt can be adequately approximated by a Riemann sum uniformly in h; hence, by the

rescale transformation, weak convergence, and the Skorohod representation theorem, one has

Eπ
h

x

 n̂−1∑
k=0

e−rthkϕ1∆lh
k

→ Eπx (∫
[0,̃τ)

e−rT̃tϕ1d̃lt

)
, as h→ 0.

Then, by an inverse transformation of the time, one arrives at

Eπx

(∫
[0,̃τ)

e−rT̃tϕ1d̃lt

)
= Ex

(∫
[0,τπ)

e−rtϕ1dLt

)
.

Similarly, for the liquidation payoff, with (2.12) and the dominated convergence theorem, one has

Eπ
h

x

(
e−rτh

P(ξh
n̂)
)
→ Eπx

(
e−r̃τP(Ũτ̃)

)
= Ex

(
e−rτπP(Uτπ)

)
as h→ 0.

Finally, for capital injection, which is similar to the dividend part, we have

Eπ
h

x

 n̂−1∑
k=0

e−rthkϕ2∆gh
k

→ Ex

(∫
[0,τπ)

e−rtϕ2dRt

)
as h→ 0.
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Therefore, one arrives at

Jh(x; πh)→ Ex

[ ∫
[0,τπ)

e−rt
(
ϕ1dLt − ϕ2dRt

)
+ e−rτπP(Uτπ)

]
, as h→ 0.

□

Next, we prove the convergence of the value function in the following proposition.

Proposition 5.5. Let V(x) and Vh(x) be the value functions defined in (2.10) and (4.11), respectively.
Then Vh(x)→ V(x) as h→ 0.

Proof. We first show that
lim sup

h↓0
Vh(x) ≤ V(x).

If we consider any admissible control π ∈ Π, we have

J(x; π) := Ex

[ ∫
[0,τπ)

e−rt
(
ϕ1dLt − ϕ2dRt

)
+ e−rτπP(Uτπ)

]
≤ V(x),

by the definition of the value function (see (2.10)). Let πh∗ be an optimal control strategy for (ξh
t )t≥0

given by (5.7) with the discretization parameter h, i.e. πh∗ = (lh∗
t , g

h∗
t )t≥0. We then have

Vh(x) = Jh(x; πh∗) = sup
πh∈Πh

Jh(x; πh).

Let {ĥ} be a subsequence of {h} such that

lim
ĥ↓0

V ĥ(x) = lim sup
ĥ↓0

V ĥ(x) = lim
ĥ↓0

Jĥ(x; πĥ).

We assume that {ξĥ
· , S

ĥ
· ,N

ĥ
· , B

ĥ
· , l

ĥ
· , g

ĥ
· , τ

ĥ} converges weakly to {U·, S ·,N·, B·, l·, g·, τπ} as ĥ→ 0 (passing
to an additional subsequence if needed), where π ∈ Π is an admissible control. Then, with the weak
convergence, Skorohod representation, and Proposition 5.4, one has

lim
ĥ↓0

Jĥ(x; πĥ) = J(x; π).

Hence,
lim sup

ĥ↓0
V ĥ(x) = J(x; π) ≤ V(x).

The last inequality holds true, since π is admissible. Next, we show that

lim inf
h↓0

Vh(x) ≥ V(x).

Assume that π̂ is an optimal control with the compound Poisson process (S t)t≥0 and the Brownian
motion (Bt)t≥0 such that J(x; π̂) = V(x), and we denote the corresponding controlled trajectory of the
surplus process as (Ût)t≥0. According to Theorem 11.3.1 in [43] (see also [45]) and Assumption (A),
for each ϵ > 0, there exists a δ > 0 and a probability space on which it is defined (Bϵ

· , S
ϵ
· ,N

ϵ
· , τ

ϵ),
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an ordinary control π̂ϵ which is piecewise constant (i.e., constant on the interval [kδ, (k + 1)δ) for
k ≥ 0) and takes only finitely many values, and the associated controlled dynamics Uϵ

· , such that
|J(x; π̂ϵ) − J(x; π̂)| ≤ ϵ. In addition, for each ϵ > 0 and the corresponding δ > 0, there is a θ > 0 and
a ρ > 0 with jumps of the dynamics that only take values in the discrete set kρ for k = 0,±1,±2 . . .,
such that the approximating ordinary control π̂ϵ can be chosen so that its probability law at any time nδ,
conditioned on {Bϵ

s, S
ϵ
s,N

ϵ
s , s ≤ nδ, π̂ϵ(iδ), i < n, 1{τϵ<nδ}}, depends only on the initial condition x and the

sample paths at those discrete time points pθ < nδ for p = 0, 1, . . . with the jumps taking values in the
discrete set {kρ, k = 0,±1,±2, . . .}. Therefore, we adapt it for use on the above–mentioned controlled
Markov chain, and one has |Jh(x; π̂ϵ) − J(x; π̂ϵ)| ≤ ϵ. Hence,

lim inf
h↓0

Vh(x) ≥ Jh(x; π̂ϵ) ≥ J(x; π̂) − 2ϵ = V(x) − 2ϵ.

Then, by letting ϵ → 0, one obtains lim infh↓0 Vh(x) ≥ V(x), which completes the proof. □

6. Numerical examples

In this section, we calculate the optimal value functions and identify the associated optimal strategies
for various scenarios based on the MCA method given in Section 4.

According to the dynamic programming equations (4.21), we numerically solve the optimal control
problem by performing the calculation with value iterations. Then for any n = 0, 1, 2 . . ., we define
the vectors Vh

n = (Vh
n (0),Vh

n (h) · · · ,Vh
n (B))⊺ and Vh = (Vh(0),Vh(h), · · · ,Vh(B))⊺, which are the value

function at the nth iteration and the corresponding converged value function in the algorithm, respectively.
Furthermore, we let πh

n = (πh
n(0), πh

n(h), . . . , πh
n(B))⊺ denotes the vector of optimal control action for each

surplus value during the nth iteration, where πh
n(x) = 0 denotes the control of continuation with no

action when the current surplus is at x, and πh
n(x) = 1 denotes the control of immediate capital injection,

and πh
n(x) = 2 represents the control of immediate dividend payout.

The numerical algorithm based on the value iteration method is given in Algorithm 1 below. For all
numerical examples in the subsequent sections, we adopt a step size of h = 0.055, set the convergence
tolerance to 10−6, and choose the upper bound B = 30. The stability of the value functions and optimal
strategies when varying B is also examined.
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Algorithm 1 MCA with value iteration
1: Input: State Ph, model parameters (h, c, σ, r, λ, p, ϕ1, ϕ2, α, φ), transaction probabilities

ph
D(·), interpolation interval ∆t(·).

2: Output: Value function Vh, optimal strategy πh.
3: Initialize: Set n = 0, set Vh

0 = 0, and πh
0 to arbitrary initial strategy

4: x← Vh
0 (0)(1 − α)/(ϕ2 − φ)

5: repeat
6: For each x ∈ Ph ∩ [0, B]

Vh
n+1(x)←



max
πh∈Πh

(1 − λ∆th(x, 0) + βh(x, 0)
)

e−r∆th(x,0)
∑
y∈Ph

ph
D(x, y|πh)Vh

n (y)

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0) p

∫ ∞

0
Vh

n (x + y) f+(y)dy

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0)(1 − p)

∫ ∞

0
Vh

n (x − y) f−(y)dy,

Vh
n (x − h) + ϕ1h,Vh

n (x + h) − ϕ2h
]
, x ∈ Ph ∩ (0, B),

Vh
n (0) = Vh

n (h) − ϕ2h,

Vh
n (B) = Vh

n (B − h) + ϕ1h.

πh
n+1(x)←



argmax
πh∈{0,1,2}

(1 − λ∆th(x, 0) + βh(x, 0)
)

e−r∆th(x,0)
∑
y∈Ph

ph
D(x, y|πh)Vh

n (y)

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0) p

∫ ∞

0
Vh

n (x + y) f+(y)dy

+
(
λ∆th(x, 0) + βh(x, 0)

)
e−r∆th(x,0)(1 − p)

∫ ∞

0
Vh

n (x − y) f−(y)dy,

Vh
n (x − h) + ϕ1h,Vh

n (x + h) − ϕ2h
]
, x ∈ Ph ∩ (0, B),

1, x = 0,

2, x = B.

7: x← Vh
n+1(0)(1 − α)/(ϕ2 − φ)

8: n← n + 1
9: until supx∈Ph∩[0,B] |V

h
n+1(x) − Vh

n (x)| < tolerance
10: return: Vh

n and πh
n+1.

In the numerical studies, we focus on the scenario of Proposition 2.1(i), where the liquidation
function P(x) = αV(0) + φx is affine, with φ < ϕ2. In the first benchmark of Example 6.1, we compare
two jump density distributions: (i) In the double exponential case, both positive and negative jumps
follow exponential distributions; (ii) in the exponential-Pareto case, the positive jumps are exponential,
while the negative jumps follow a Pareto distribution. Both distributions share the same mean, and all
other model parameters remain identical.

Example 6.1. We adopt the following baseline parameters:

c = 6, r = 0.1, σ = 0.2, λ = 1, p = 0.2, ϕ1 = 0.9, ϕ2 = 1.1, φ = 0.8, α = 0.8.

Case (i): Double exponential jumps. Assume that both the positive and negative jumps follow
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exponential distributions. The jump densities are given by

f+(y) = a+e−a+y, f−(y) = a−ea−y, y > 0,

with a+ = 1 and a− = 0.2.
Case (ii): Exponential-Pareto jumps. Assume that the positive jumps follow an exponential

distribution, while the negative jumps follow a Pareto distribution. The jump densities are given by

f+(y) = a+e−a+y, f−(y) =
ρθρ

(y + θ)ρ+1 , y > 0,

with a+ = 1, ρ = 2, and θ = 5, so that E[Y] = θ/(ρ − 1) = 5.

The resulting optimal liquidation thresholds −x∗ and dividend barriers b∗ are given in Table 1, and
the value functions are plotted in Figure 1(a). We also show the convergence of the value iteration
algorithm in Figure 1(b) for both cases.

Table 1. Benchmark example: Optimal strategy.

−x∗ b∗

Double exponential −8.672 0.440
Exponential-Pareto −9.825 0.220
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Figure 1. Benchmark example: Double exponential vs. exponential-Pareto.

Discussion of Example 6.1 Table 1 presents the optimal policy thresholds under the double
exponential case and the exponential-Pareto case. Figure 1(a) illustrates the corresponding value
functions over a truncated surplus interval (for illustration purposes) encompassing the optimal
dividend barriers, and Figure 1(b) demonstrates the convergence of the value iteration algorithm.

In Figure 1(a), the value function exhibits a monotonic (concave) increase with respect to the initial
surplus x, and the vertical dashed line marks the optimal dividend barrier b∗. In addition, for the same
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surplus level, the value function under the exponential-Pareto case is higher than that under the double
exponential case.

Table 1 reveals that the double exponential case produces a higher dividend barrier (b∗ = 0.440)
compared with the exponential-Pareto case (b∗ = 0.220). This divergence stems from the distinct risk
profiles, where light-tailed exponential downward jumps allow for greater patience in the dividend
distribution, while heavy-tailed Pareto jumps necessitate earlier dividend extraction to mitigate potential
profit losses from extreme downside risk. The liquidation threshold also differs markedly, as the
exponential-Pareto case yields a lower liquidation level −x∗ = −9.825 than the double exponential case
−x∗ = −8.672, indicating that heavy-tailed negative jumps lead the decision-maker to tolerate larger
deficits before liquidating.

To validate the convergence of the value iteration scheme, we track the “error” value
maxx∈S h |Vn+1(x) − Vn(x)| across iteration steps n (sampled every 100 iterations). Figure 1(b) shows that
the error declines monotonically, dropping rapidly in the early iterations and approaching zero smoothly.
The double exponential case converges slightly faster than the exponential-Pareto case, but, for both
models, the value function converges eventually after around 6000 iterations.

Example 6.2. We continue the numerical study of Example 6.1 under the double exponential case by
performing sensitivity analyses with respect to the affine liquidation cost parameters φ and α, and the
proportional transaction costs for dividends ϕ1 and capital injections ϕ2. Table 2 reports the resulting
optimal liquidation thresholds −x∗ and dividend barriers b∗.

Table 2. The influences of liquidation and transaction costs on the optimal policy.

−x∗ b∗

φ = 0.6 −6.438 0.220
φ = 0.8 −8.672 0.440
φ = 0.9 −11.938 1.560

(a) Affine liquidation parameter φ

−x∗ b∗

α = 0.5 −19.349 2.035
α = 0.7 −12.165 1.375
α = 0.9 −5.024 0.220

(b) Affine liquidation parameter α

−x∗ b∗

ϕ1 = 0.7 −4.309 5.555
ϕ1 = 0.8 −6.199 3.245
ϕ1 = 0.9 −8.672 0.440
(c) Dividend transaction cost ϕ1

−x∗ b∗

ϕ2 = 1.1 −8.672 0.440
ϕ2 = 1.5 −3.079 2.915
ϕ2 = 2.0 −1.689 3.575

(d) Capital injection transaction cost ϕ2

Discussion of Example 6.2

(1) Impact of the proportional liquidation cost φ (Table 2(a)). Table 2(a) illustrates the impact of the
liquidation cost parameter φ on the optimal strategies. As φ increases, the optimal liquidation
threshold −x∗ decreases, meaning that the firm is willing to tolerate larger deficits before opting
for liquidation. This is because a higher φ implies a higher proportional cost upon liquidation,
making liquidation less attractive compared with continuing the business via capital injections.
Simultaneously, the dividend barrier b∗ increases with φ. The increased cost of liquidation
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incentivizes the decision-maker to maintain a larger surplus buffer to avoid entering the liquidation
region. Therefore, the firm becomes more cautious in paying dividends and only does so at higher
surplus levels.

(2) Impact of a fixed liquidation payoff parameter α (Table 2(b)). Note that for α ∈ [0, 1], the fixed
liquidation payoff is K = αV(0) ≤ V(0), which implies that immediate liquidation at zero surplus
is never optimal. Intuitively, increasing α enhances the attractiveness of the liquidation option by
raising the terminal payoff. Consequently, the decision-maker becomes less inclined to wait for
uncertain future recovery with capital injection, leading to earlier liquidation decisions. Moreover,
a higher liquidation payoff diminishes the value of retaining a surplus within the firm. This reduces
the incentive to build up large surplus buffers before distributing dividends, resulting in a lower
optimal dividend barrier and a more aggressive dividend payout policy.

(3) Impact of the dividend proportional rate ϕ1 (Table 2(c)). As ϕ1 increases, the liquidation threshold
−x∗ becomes more negative and the dividend barrier b∗ decreases. This indicates that the decision-
maker becomes willing to tolerate larger deficits before liquidating while initiating dividend
payments at lower surplus levels. A higher ϕ1 increases the marginal value of any future surplus
through dividend distributions, encouraging the firm to commence dividend payments earlier
and thereby increasing the continuation value. Consequently, liquidation becomes relatively less
attractive compared with continuation via capital injection, leading to a lower liquidation threshold.

(4) Impact of the capital injection transaction cost ϕ2 (Table 2(d)). When ϕ2 increases, capital
injections become more expensive, making the decision-maker less willing to rescue the company
following significant losses from negative jumps and thereby raising the liquidation threshold −x∗.
Meanwhile, the dividend barrier b∗ increases with ϕ2, as the decision-maker prefers to maintain a
larger precautionary surplus buffer to avoid costly future injections, and hence dividend payments
are initiated only at higher surplus levels.

Example 6.3. This example presents sensitivity analyses of the optimal policy thresholds with respect
to key model parameters under the double exponential case. The parameters examined include the
premium rate c, the jump size parameters a+ and a−, the Poisson intensity λ, the probability of positive
jump p, the diffusion coefficient σ, and the discount rate r. The resulting optimal liquidation thresholds
−x∗ and dividend barriers b∗ are reported in Table 3.

Discussion of Example 6.3

(1) Impact of the premium rate c (Tables 3(a)). Table 3(a) demonstrates that higher premium rates c
significantly reduce the optimal liquidation threshold −x∗, reflecting the increased willingness of
the decision-maker to tolerate larger deficits before liquidation. This occurs because a stronger
and stable cash inflow improves the firm’s long-term recovery prospects, making capital injections
economically viable even for substantial shortfalls.

The optimal dividend barrier b∗ exhibits a non-monotonic relationship with c. For low to moderate
values of c, the decision-maker adopts a more conservative dividend policy, retaining larger capital
buffers to hedge against liquidation risks even when c increases. However, as c grows beyond a
certain level, the marginal benefit of holding excess capital decreases, and the opportunity cost
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of delaying dividend payouts dominates. Consequently, b∗ declines when c continues to grow,
reflecting a shift toward more aggressive dividend distributions when profitability is sufficiently
high.

(2) Impact of the mean positive jump a+ (Table 3(b)). Similar to the premium rate c, the mean positive
jump size a+ enhances profitability of the firm, causing the dividend barrier b∗ first rise and then
decline as a+ decreases (i.e., as jumps grow larger) as shown in Table 3(b). However, unlike
premium rate c, which uniformly increase deficit tolerance (decrease of −x∗), we observe that, for
small to moderate positive jumps, the liquidation threshold −x∗ declines only marginally when
a+ decreases, indicating a consistent but limited profitability effects on −x∗ compared with the
deterministic profitability parameter c. For very large positive jumps, (e.g., a+ = 0.01), the firm
adopts an aggressive dividend policy (b∗ = 0.165) and liquidates earlier (−x∗ = −5.444), likely
due to the increased uncertainty associated with infrequent but extreme upside jumps.

(3) Impact of the mean negative jump a− (Table 3(d)). As the mean negative jump size decreases
(i.e., a− increases), both −x∗ and b∗ decline. Lower downside risk improves profitability, making
the firm more reluctant to liquidate and allowing for earlier dividend payouts due to reduced
precautionary needs.

(4) Impact of the Poisson intensity λ and the probability of a positive jump p (Tables 3(c) and
3(e)). These parameters jointly characterize the jump frequency in the model. A higher jump
frequency λ leads to a less negative liquidation threshold −x∗, as increased downside exposure
makes continuation less attractive. However, b∗ intially increases with λ (e.g., from 0.165 to 0.275),
but eventually declines (e.g., when λ = 1.3). It is reasonable that when λ increases, it is optimal for
the firm to adopt a conservative dividend policy. Meanwhile, due to the present of positive jumps
in our model, high-frequency jump arrivals (even if small in size) may provide “self-insurance”,
reducing the need for a large retained surplus. Thus, we observe a decrease in optimal dividend
barrier, when λ reaches some high values.

Similarly, a higher p (more positive jumps) lowers −x∗ and b∗, as improved recovery prospects
encourage deeper deficit tolerance and an earlier dividend payout.

(5) Impact of the diffusion coefficient σ (Table 3(f)). Table 3(f) shows that the optimal liquidation
threshold −x∗ remains relatively stable with only marginal changes, suggesting that volatility has a
limited effect on the liquidation decision in this setting. In contrast, the dividend barrier b∗ increases
substantially with σ. Higher volatility amplifies the uncertainty of surplus fluctuations, increasing
the risk of large downward movements even when the current surplus is positive. Consequently, the
decision-maker is willing to maintain a larger precautionary surplus buffer and initiates dividends
only at higher surplus levels, resulting in a more conservative dividend policy.

(6) Impact of discount rate r (Table 3(g)). Table 3(g) shows that as r increases, the optimal liquidation
threshold −x∗ moves upward, indicating that the decision-maker tolerates smaller deficits before
liquidation. Since heavier discounting lowers the present value of future cash flow, making
continuation via capital injection less attractive for a certain negative surplus region. Meanwhile,
the dividend barrier b∗ decreases with r, as retaining a surplus for future use becomes less valuable,
leading to dividend payments at lower surplus levels.
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Table 3. The influences of the model parameters on the optimal policy.

−x∗ b∗ −x∗ b∗

c = 6.0 −8.672 0.440 c = 9.0 −24.487 1.320
c = 7.0 −13.592 1.320 c = 10.0 −30.085 1.045
c = 8.0 −18.955 1.485 c = 12.0 −41.366 0.440

(a) Premium rate c

−x∗ b∗ −x∗ b∗

a+ = 0.01 −5.444 0.165 a+ = 0.5 −9.815 0.935
a+ = 0.05 −12.233 0.165 a+ = 1.0 −8.672 0.440
a+ = 0.10 −14.907 0.220 a+ = 2.0 −7.912 0.220

(b) Positive jump parameter a+

−x∗ b∗ −x∗ b∗

λ = 0.1 −33.114 0.165 λ = 1.0 −8.672 0.440
λ = 0.5 −21.415 0.220 λ = 1.3 −3.751 0.220
λ = 0.8 −13.298 0.275 λ = 1.5 −1.712 0.165

(c) Poisson intensity λ

−x∗ b∗

a− = 0.2 −8.672 0.440
a− = 0.4 −21.075 0.220
a− = 1.0 −28.813 0.165
(d) Negative jump parameter a−

−x∗ b∗

p = 0.2 −8.672 0.440
p = 0.5 −18.102 0.220
p = 0.8 −27.202 0.165
(e) Positive jump probability p

−x∗ b∗

σ = 0.02 −8.669 0.440
σ = 1.0 −8.639 0.880
σ = 2.0 −8.400 1.980

(f) Diffusion coefficient σ

−x∗ b∗

r = 0.08 −10.439 1.925
r = 0.10 −8.672 0.440
r = 0.15 −6.359 0.220

(g) Discount rate r

Example 6.4. To verify that the finite computational domain does not distort the optimal strategy, we
conduct a grid truncation robustness analysis by varying the upper bound B while holding all the other
parameters and the grid step size h fixed (consistent with Example 6.1 with the double exponential case).
Specifically, we compare the baseline truncation level B = 30 with a larger value of B ∈ {40, 60, 80}.
The corresponding results are listed in Table 4. Larger values of B introduce no changes to the optimal
policy thresholds. The results affirm that the baseline truncation B = 30 is numerically adequate for our
numerical examples, as further domain expansion does not materially alter the optimal strategy.
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Table 4. Robustness analysis with respect to the truncation threshold B.

−x∗ b∗

B = 30 −8.672 0.440
B = 40 −8.672 0.440
B = 60 −8.672 0.440
B = 80 −8.672 0.440

Example 6.5. In this final example, we calculate the optimal dividend barrier when the liquidation
function is an exponential function (a pure penalty structure); that is, P(x) = −Ae−ax for A, a > 0. In
particular, we let A = 5 and a = 0.3, such that Aa > ϕ2, and consider only the scenario with double
exponential jumps. The other model parameters are set to the same values as in Example 6.1. According
to Proposition 2.1(iii), one notes that the optimal liquidation threshold is −x∗ = −∞, i.e., no liquidation*.
The optimal dividend barrier is b∗ = 2.2. Without the choice of liquidation, the decision-maker is willing
to maintain a larger precautionary surplus buffer and initiates dividends only at higher surplus levels to
avoid costly capital injections, compared with the one (b∗ = 0.44) in Example 6.1.

7. Conclusion

In this paper, we study the optimal dividend and capital injection control under a two-sided jump-
diffusion model with strategic liquidation options. Our research addresses a gap in the literature by
allowing decision-makers the flexibility to choose between rescuing the firm through capital injection or
liquidating it with a payoffwhen the surplus becomes negative, rather than imposing rigid constraints that
either force capital injection or force liquidation. We have derived the HJB equation and characterized the
critical thresholds for optimal strategies through the dynamic programming principle and a verification
theorem. Given the analytical challenges posed by two-sided jumps, which preclude the use of traditional
scale function methods, we adopted the MCA approach to seek for numerical solutions. We constructed a
discrete-time controlled Markov chain that is locally consistent with the original jump-diffusion process,
and rigorously established the convergence of both the approximating chain and the corresponding value
function using weak convergence theory.

Our numerical implementation, based on the value iteration algorithm, provides robust computational
tools for solving this complex stochastic control problem. Extensive numerical studies were conducted
for the double exponential and exponential-Pareto jump distributions under affine liquidation functions.
The results reveal several important insights. (1) The optimal liquidation threshold and dividend barrier
are significantly influenced bythe model’s parameters. The premium rates, the positive jump potentials,
and the Poisson jump intensity exhibit non-monotonic effects on the optimal strategies. (2) The interplay
among dividend payments, capital injections, and liquidation decisions demonstrates sophisticated risk
management behavior, namely, the decision-maker may balance the costs of capital injection against the
benefits of liquidation with optimal strategies reflecting the trade-off between preserving future growth
opportunities and minimizing the downside risks. (3) For affine liquidation functions, the optimal
strategies exhibit distinct liquidation regions, while exponential penalty functions typically result in the
classical double-barrier strategy without liquidation.

*Note that Algorithm 1 can be slightly modified by removing the liquidation threshold calculations in the iteration and replacing the
boundary condition by Vh

n (x) = Vh
n (0) + ϕ2 x for all x ∈ (−∞, 0). This result is also applicable to the scenario of Proposition 2.1(ii).
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The flexibility of our numerical method enables future research in several directions, including multi-
dimensional surplus dynamics, incorporating a stochastic economic environment (regime-switching
models), and more complex jump structures and dependencies in the model.
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