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Abstract: Based on nonlinear model predictive control (NMPC), this paper proposes a novel gait
generation method for robot turning movement. Unlike traditional approaches that treat the robot’s
heading as a fixed parameter, this method explicitly incorporates the sequence of heading angles into
the NMPC framework, which enables the unified optimization of the center of mass (CoM) trajectory,
footstep sequence, and heading angle sequence. This design allows the robot to adapt to relatively high
speeds and large turning angles. Finally, the proposed method was validated through simulations of the
BHR-FCR humanoid robot model in the CoppeliaSim. The results demonstrate that the robot can stably
and smoothly execute turning movements at speeds up to 0.75 m/s in response to velocity commands,
which confirms the effectiveness of the generated gait sequences.
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1. Introduction

Footstep planning is a core feature that sets humanoid robots apart from wheeled robots and other
types. This feature enables humanoid robots to exhibit human-like movement patterns and gives them
great potential to replace or assist humans in tasks across fields like disaster rescue, industrial production,
and social services [1, 2]. However, most existing methods primarily focus on generating stable gaits
that resist disturbances [3] and reduce tracking errors, but overlook the capability of turning movement.
Therefore, developing a method for turning movements that can uniformly generate and autonomously
optimize footstep positions, the CoM trajectory, and the heading angles based on desired speeds remains
essential.

Methods enabling robots to achieve turning movement can be roughly divided into two categories:
model-based predictive planning methods and deep reinforcement learning-based methods. Due to the
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complexity of humanoid robot dynamics, it is difficult to directly plan the CoM trajectory. Therefore,
model-based gait planning methods typically first identify an intermediate variable via simplified
models [4–7], then use this intermediate variable as the control variable for planning, and thereby derive
the CoM trajectory.

Scianca et al. [8] proposed an intrinsically stable MPC framework for generating gaits that enable
turning movement. For this framework, the extended linear inverted pendulum (extended LIP) [9]
(flywheel-free, no additional angular momentum) serves as the prediction model, with ZMP (zero
moment point) [10] velocities adopted as the control input. This method first requires using an
omnidirectional motion model to generate the candidate footstep sequence, which means its heading
angles and footsteps are optimized in a stepwise manner. Additionally, the linear constraints on the
rectangular kinematically admissible region (related to the previous step’s footstep and heading angle)
are relatively strict. These two factors result in the generated trajectory potentially being unable to track
movements at relatively high speed.

Englsberger et al. proposed the concept of the virtual repellent point (VRP) by performing a
simplified force analysis of the humanoid robot’s CoM motion [11, 12], and further simplified the CoM
trajectory of humanoid robots to the spatial variation process of the divergent component of motion
(DCM) [13,14]. Since the motion of the DCM relative to the VRP shows a divergent tendency, the DCM
trajectory is generally derived through a reverse recursion approach. This means that when planning
turning trajectories, this method requires predefining the footstep sequence and the heading angles, as
well as computing the VRP sequence. If the input heading angle is inappropriate, it may pose challenges
to the robot’s locomotion stability.

Inspired by human locomotion, deep reinforcement learning (DRL) approaches [15–17] and data-
driven gait learning methods [18, 19] offer a promising model-free alternative for addressing these
challenges by leveraging prior experiences. Rodriguez et al. [20] proposed a single control policy (a
single neural network) that takes reference velocities in the x and y directions and the heading angular
velocities as inputs. This policy integrates a curriculum learning strategy with a velocity scheduler to
gradually increase task difficulty, thus enabling the robot to achieve turning movement. Singh et al. [21]
incorporated the upcoming two target steps (including footstep coordinates and heading angles) into the
reward function, allowing the robot to gain turning movement capability through tracking reference
footsteps. Both methods require the additional input of heading angle-related information during actual
control and training.

Considering the limitations of the aforementioned works, a framework for gait generation based on
NMPC is proposed in this paper, aiming to achieve the unified optimization of footsteps, CoM trajectory,
and heading angles. This framework is verified via simulations in CoppeliaSim, using the BHR-FCR
humanoid robot model as shown in Figure 1. The main contributions of this paper are as follows:

1. In the proposed NMPC framework, the heading angle is expressed using the average CoM velocity,
which enables its explicit incorporation into the optimization. This allows the algorithm to directly
obtain the heading angles, footstep positions, and the CoM trajectory through a single optimization
process.

2. Explicit double support phase center of pressure (CoP) constraints are adopted, which expand the
feasible region of NMPC optimization. This also enables the method to flexibly adjust prediction
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parameters, including the number of predicted steps within one step and the time ratio between
single support phases and double support phases during locomotion.

(a) (b)

Figure 1. BHR-FCR humanoid robot platform. (a) Simulation model of humanoid robot in
CoppeliaSim. (b) Collision box and joint axes of the simulation model.

2. Derivation of the dynamics

This work adopts the widely recognized linear inverted pendulum (LIP) model [22] as the model for
describing the robot’s dynamics. To simplify the dynamics while retaining key motion characteristics,
three core assumptions are made: First, the angular momentum arising from the rotations of all robot
components is assumed to be zero; second, the robot’s CoM moves within a horizontal plane throughout
the locomotion process; third, the normal directions of the contact forces between the feet and the
ground are required to be collinear. Based on these assumptions, the robot’s motion can be described by
three degrees of freedom (DoFs): the horizontal planar coordinates (x, y) of the CoM, and the heading
angle θ rotating around the vertical axis z of the world frame.

2.1. Discretization of CoM dynamics

To discretize the robot’s CoM dynamics, a constant sampling period T is adopted, and the piecewise
constant jerks of CoM in the x and y directions ( ...x k,

...y k) are selected as control inputs to ensure the
smoothness of the CoM trajectory.

Under this assumption, the state of CoM x̂k =
[
xk ẋk ẍk

]T
and ŷk =

[
yk ẏk ÿk

]T
over the

prediction horizon can be iteratively derived as

x̂k+ j = A jx̂k +

j−1∑
i=0

A j−i−1Bẍk+i, j ∈ [0,N],

ŷk+ j = A jŷk +

j−1∑
i=0

A j−i−1Bÿk+i, j ∈ [0,N],

(1)
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A =


1 T T 2/2
0 1 T
0 0 1

 ,B =

T 3/6
T 2/2

T

 . (2)

To express the CoM motion over the prediction horizon, the vectors for position, velocity, acceleration,
and jerk in the x and y directions are defined as:

Xk+1 =[xk+1, . . . , xk+N]T ,Yk+1 =[yk+1, . . . , yk+N]T ,

Ẋk+1 =[ẋk+1, . . . , ẋk+N]T , Ẏk+1 =[ẏk+1, . . . , ẏk+N]T ,

Ẍk+1 =[ẍk+1, . . . , ẍk+N]T , Ÿk+1 =[ÿk+1, . . . , ÿk+N]T ,
...
Xk =[ ...x k, . . . ,

...x k+N−1]T ,
...
Y k =[ ...y k, . . . ,

...y k+N−1]T .

(3)

2.2. Center of pressure

As the LIP model adopted in this paper assumes that all mass is concentrated at the CoM, we can
derive the CoP position (zx

k , z
y
k) by using the state vectors x̂k and ŷk:

zx
k =
(
1 0 −h

g

)
x̂k,

zy
k =
(
1 0 −h

g

)
ŷk,

(4)

with g denoting the magnitude of gravitational acceleration and h representing the height of the CoM
above the ground.

For CoP evolution over the prediction horizon, its position at any prediction step can be iteratively
derived using Eq (1) and Eq (4) as

zx
k+n =

[
1 0 −h

g

]
x̂k+n, n ∈ [0,N − 1],

zy
k+n =

[
1 0 −h

g

]
ŷk+n, n ∈ [0,N − 1].

(5)

Accordingly, the CoP vectors over the prediction horizon are expressed as

Z x
k+1 =

[
zx

k+1 zx
k+2 · · · z

x
k+N
]T ,

Zy
k+1 =

[
zy

k+1 zy
k+2 · · · z

y
k+N

]T
.

(6)

Here, N represents the prediction horizon length, and each element in Z x
k+1 (or Zy

k+1) corresponds to
the CoP’s x-coordinate (or y-coordinate) at the n-th future prediction step in the horizon.

2.3. Automatic footstep placement

As reported in [23], tracking reference CoP positions in the objective function can be replaced by
directly enforcing constraints on the CoP (which must lie within the support polygon). Meanwhile, the
work in [24] provides theoretical analysis of this predictive control scheme, demonstrating that imposing
CoP position constraints while minimizing any derivative of the robot’s CoM motion enables stable
walking motion generation. These insights collectively enable the free generation of feasible footstep
positions, which can flexibly adapt to different desired velocities and heading angles.

Meanwhile, rather than tracking a predefined CoP reference position, we set it to be consistent with
the footstep position at time step k, which gives
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Zx ref
k+1 = Vc

k+1xfc
k + Vk+1X

f
k,

Zy ref
k+1 = Vc

k+1yfc
k + Vk+1Y

f
k ,

(7)

where (xfc
k , y

fc
k ) denotes the position of the current footstep, and (X f

k,Y
f

k ) represents the position sequence
of the upcoming m footsteps. Vc

k+1 ∈ R
N and Vk+1 ∈ R

N×m (N denotes the prediction horizon length, m
represents the dimension of footstep-related components, with sampling times corresponding to rows
and steps to columns) simply indicate which sampling times tk fall into which step, and they are given as

Vc
k+1 :=



1
...

1
0
...

0
0
...

0



, Vk+1 :=



0 0
...
...

0 0
1 0
...
...

1 0
0 1
...
...

0 1 . . .



. (8)

3. Nonlinear model predictive control

In conventional linear walking gait generation methods for humanoid robots, heading angles are
often decoupled from the main optimization process [25,26], computed independently, and then injected
into the gait generation framework to linearize the overall problem. Our method differs by formulating
heading angles, footstep positions, and center of mass (CoM) trajectory as a unified optimization scheme,
which ensures the generated heading angles better align with the robot’s walking velocity direction,
thereby enhancing the naturalness and adaptability of locomotion. In the following sections, a nonlinear
model predictive control (NMPC) method is established to generate stable and adaptive walking gaits.

Figure 2. The control scheme. Ẋ ref
step and Ẏ ref

step act as the input, representing the desired CoM
velocity sequences. CoM ref and F ref are the CoM and the feet trajectories (including position
and orientation). qref and q̇ref denote the robot’s joint angle vector and angular velocity vector.

3.1. The controller

A scheme of controller is shown in Figure 2: An open-loop controller is adopted to track the desired
CoM velocity sequences given by the user and the reference heading angle sequence derived therefrom.
The former are given as sequences in the x and y directions, which are denoted as

Ẋ ref
step =

[
ẋref

step,1, ẋ
ref
step,2, . . . , ẋ

ref
step,M

]T
, Ẏ ref

step =
[
ẏref

step,1, ẏ
ref
step,2, . . . , ẏ

ref
step,M

]T
. (9)
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Each sequence element corresponds to the average reference velocity for a single step, and M denotes
the total number of walking steps planned in the method.

First, the NMPC framework proposed in this paper is used to generate footstep positions, foot
orientation angles, the CoM trajectory, and robot heading angles. Based on these outputs, a fifth-order
polynomial interpolation method is employed to retrieve the 3D position and orientation trajectories of
the feet. Using the same interpolation method, the trajectory of the hip’s orientation vectors is generated
to ensure the upper body moves consistently with the lower body during locomotion. Meanwhile, to
simplify motion planning, we follow a common practice of equating the robot’s CoM position to its hip
position.

Subsequently, the hip trajectory and the feet trajectories are fed into a generalized inverse kinematics
algorithm, which yields a whole-body walking trajectory that can be applied directly on the robot.

3.2. Desired velocity and heading angle sequences

For the NMPC framework, the desired CoM velocities over the prediction horizon can be represented
as two time-series vectors corresponding to the current time instant k. The desired CoM velocity
sequences over the prediction horizon are defined as

Ẋ ref
k+1 =

[
ẋref

k+1, ẋ
ref
k+2, . . . , ẋ

ref
k+N

]T
,

Ẏ ref
k+1 =

[
ẏref

k+1, ẏ
ref
k+2, . . . , ẏ

ref
k+N

]T
,

(10)

where ẋref
k+ j ( j = 1, 2, . . . ,N) is the desired CoM velocity in the world frame’s x direction at the k+ j-th

time step, and ẏref
k+ j ( j = 1, 2, . . . ,N) is the corresponding velocity in y direction. These discrete

velocity values are generated by assigning the reference velocity sequence (i.e., user-specified step-wise
average desired velocities Ẋref

step and Ẏ ref
step, as detailed in Section 3.1) according to the NMPC sampling

period T .
To ensure the robot’s heading always aligns with its actual motion direction, the reference heading

angle sequence Θref
k+1 is derived from the desired velocity sequencesẊ ref

k+1 and Ẏ ref
k+1. Defined over the

same prediction horizon as the desired velocity, it is given by

Θref
k+1 =

[
θref

k+1, θ
ref
k+2, . . . , θ

ref
k+N

]T
, (11)

where each element θref
k+ j (the reference heading angle at the k + j-th time step) is calculated using the

arctangent function with quadrant discrimination (arctan 2) to avoid directional ambiguity. Specifically,
it is defined as

θref
k+ j = arctan 2

(
ẏref

k+ j, ẋ
ref
k+ j

)
. (12)

Notably, θref
k+ j represents the counterclockwise angle between the robot’s reference heading and the

x-axis of the world frame. Particularly when both ẋref
k+ j and ẏref

k+ j are zero (i.e., the user commands the
robot to stop), θref

k+ j is kept consistent with the previous time step’s reference heading θref
k+ j−1 to avoid

unnecessary heading fluctuations.
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3.3. Objective function

The objective function used in the NMPC is given by

min
Uk

α

2
J1(Uk) +

β

2
J2(Uk) +

γ

2
J3(Uk) +

ϵ

2
J4(Uk), (13)

where α, β, γ, and ϵ are non-negative weight coefficients that adjust the priority of each control objective,
and Uk is the optimization variable vector defined as

Uk =


...
Xk

X f
k...

Y k

Y f
k

 . (14)

J1(Uk) is the cost function for control input smoothing, defined as

J1(Uk) = ∥
...
Xk∥

2 + ∥
...
Y k∥

2. (15)

J2(Uk) is the cost function for CoM velocity tracking, defined as

J2(Uk) = ∥Ẋk+1 − Ẋ
ref
k+1∥

2 + ∥Ẏk+1 − Ẏ
ref

k+1∥
2. (16)

J3(Uk) is the cost function for ZMP tracking. As indicated in [27], weakly weighted ZMP tracking
facilitates faster and more robust responses to changes in system state or desired CoM speed. It is
defined as

J3(Uk) = ∥Z x
k+1 −Z

x ref
k+1 ∥

2 + ∥Zy
k+1 −Z

y ref
k+1 ∥

2. (17)

J4(Uk) is the cost function for heading angle tracking, which minimizes deviation between predicted
heading angle sequence Θk+1 and reference sequence Θref

k+1, defined as

J4(Uk) = ∥Θk+1 − Θ
ref
k+1∥

2, (18)

where Θk+1 = [θk+1, θk+2, . . . , θk+N]T and each element θk+ j is calculated as:

θk+ j = arctan 2
(
yk+ j+2H − yk+ j, xk+ j+2H − xk+ j

)
. (19)

Here, H denotes the number of discrete prediction time steps contained in one walking step. The
heading angle is calculated using the CoM positions at steps k and k + 2H (instead of k + H) to avoid
fluctuations caused by the natural and inevitable sway of the CoM within a single step. Using two full
prediction intervals smooths the heading estimate and aligns it with the robot’s overall walking direction,
which enhances interpretability and control stability. However, choosing k + 3H, by contrast, would
unnecessarily increase heading tracking errors.

3.4. The constraints

In the NMPC framework, constraints are critical to ensuring locomotion’s physical feasibility and
balance. Their main purposes include confining CoP within the support region, as well as ensuring
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proper footstep positions and footstep orientations on the ground to avoid leg collisions while satisfying
the robot’s physical limits. Details of each constraint will be introduced in the following parts.

Figure 3. Shape of the support polygon (solid line) in the single support phase is a rectangle
defined by vertices pf

i . Its four edges are represented by Acop(4 × 2 matrix) and Bcop(4 × 1
vector), with θfi denoting the foot orientation.

3.4.1. Balance constraint

To maintain the humanoid robot’s dynamic stability, the CoP must lie within the support polygon
during both single support phases and double support phases.

In the single support phase, the support polygon is represented by Acop and Bcop, as shown in Figure 3.

The CoP at instant k (zk =
[
zx

k , z
y
k

]T
) must lie within this polygon, which can be expressed as

AcopR(θfi)(zk − fk) ≤ Bcop, (20)

where fk =
[
f x
k , f y

k

]T
is the footstep position; θfi = θki denotes the orientation of the support foot which

is equal to the heading angle of the i-th footstep at its placement instant ki; and R(θfi) is the rotation
matrix defined as:

R(θfi) =
[
cos θfi − sin θfi
sin θfi cos θfi

]
. (21)

For the double support phases, the support polygon is shown in Figure 4. The four vertices of each
supporting foot (with η ∈ {L,R} denoting the left or right foot, respectively) are calculated as:[

px
i,η

py
i,η

]
=

[
cos θfi sin θfi
− sin θfi cos θfi

] [
±L/2
±W/2

]
+

[
f x
i

f y
i

]
, η ∈ {L,R}, (22)

where L/2 and W/2 are half the foot’s length and width, ( f x
i , f y

i ) represents the position of the footstep i,
and θfi is the orientation. The support polygon can be expressed approximately as a convex hexagon,
whose vertices p j = [px

j , p
y
j]

T ( j = 1, 2, . . . , 6) are selected based on the upcoming footfall (left or right)
and the desired heading angle. The CoP must lie inside this hexagon, enforced by the following set of
inequalities: (px

j+1 − px
j)(z

y
k − py

j) − (py
j+1 − py

j)(z
x
k − px

j) ≤ 0, j = 1, 2, . . . , 5,
(px

j−5 − px
j)(z

y
k − py

j) − (py
j−5 − py

j)(z
x
k − px

j) ≤ 0, j = 6.
(23)

Journal of Industrial and Management Optimization Volume 22, Issue 7, 3345–3361.



3353

Under the geometric and attitude constraints presented in Sections 3.4.2 and 3.4.3, the hexagon shown
in Figure 4 can effectively characterize the actual supporting polygon during the double-support phase,
and this approximation method exhibits good universality. When the two feet are at extreme relative
attitudes, area deviations will occur between the approximate model and the real supporting region.
Numerical statistics demonstrate that working conditions with area deviations account for 19.62% of all
cases within the constraint range. The maximum global relative area deviation of the model ((actual
supporting area - hexagonal approximate area) / actual supporting area) stands at 18.5619%. This
extreme value occurs under the limiting combination condition where the lateral projection step is 0.25
m and the attitude angle between the two feet is 30◦.

Figure 4. The support polygon is defined by six vertices pf
i = (px

j , p
y
j), indexed clockwise to

form a closed convex region. It is formed by two supporting feet with orientations θfi and θfi−1.

3.4.2. Lateral footstep distance constraint

The lateral footstep distance constraint ensures kinematic feasibility and leg collision avoidance
during locomotion by limiting the lateral span between two successive footsteps. The constraint is
expressed as

S min ≤ |S i| ≤ S max, (24)

where S i = ( fi+1 − fi) · ui denotes the lateral distance between the i-th footstep, and S min and S max are
the minimum and maximum allowable values of the lateral footstep distance, respectively.

3.4.3. Foot orientation constraint

One additional feasibility constraint considers the maximum and minimum allowable orientation
angle change between adjacent steps to ensure the kinematic feasibility of the gait:

∆θmin ≤ |θ
f
i+1 − θ

f
i | ≤ ∆θmax, (25)

where θfi and θfi+1 denote the foot orientation angles at the i-th and (i + 1)-th steps, respectively (as
defined in 3.4.1). ∆θmin and ∆θmax are the minimum and maximum allowable orientation angle changes
between two steps.
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4. Simulation of turning movement

To verify the effectiveness of the proposed NMPC-based gait generation method for turning
movement, simulations were conducted in the CoppeliaSim environment with the Bullet 2.78 physics
engine and a fixed simulation time step of 4 ms was adopted. In this section, four sets of turning
movement experiments were conducted with turning angles of 30◦, 45◦, 60◦, and 90◦, and all
experiments were set to start turning from the 4th walking step. The simulation model of BHR-FCR
was employed for these simulations.

Each walking step had a duration of 0.448 seconds, including 0.352 seconds of the single support
phase and 0.096 seconds of the double support phase. Additionally, the preview horizon of the NMPC
was configured as 4 full steps, ensuring a sufficient predictive scope for the unified optimization of the
CoM trajectory, footstep sequence, and heading angle sequence. Moreover, the cost function gains were
set as α = 10−12, β = 10−8, γ = 10−5, and ϵ = 10−7. As introduced in Section 3.3, α is for ensuring
the smoothness of control inputs, β is for tracking the desired CoM velocity, γ is for the desired ZMP
tracking, and ϵ is for tracking the desired heading angles. These gain values were selected based on the
method’s experimental performance in preliminary simulations.

Since the control input is the CoM jerk and the prediction horizon contains as many as 448 steps (four
complete walking steps), the summation effect ensures that even a very small per-step weight yields a
total cost of a reasonable magnitude. The reference heading angle θref is computed from the reference
velocities (Equation (12)). Therefore, the magnitude of ϵ is matched to that of β, with ϵ slightly larger
to prioritise velocity tracking while avoiding abrupt heading fluctuations. Unlike conventional methods,
the ZMP reference is not predefined but automatically constructed from the footstep sequence (Equation
(7)). A large weight γ would force the CoP to closely follow an ideal trajectory, thereby suppressing
footstep adaptation and impairing the robot’s responsiveness to high speeds or large turning angles.
Since the ZMP constraints themselves are already imposed as hard constraints (Equations (20) and (23))
that guarantee dynamic stability, γ is set to a relatively small value to serve only a guiding role.

The NMPC optimization problem is solved using the CasADi library in MATLAB on a computer
equipped with an AMD Ryzen 7 5800 CPU (3.2 GHz). The solution time per planning update ranges
from 100 ms to 200 ms, with fluctuations depending on the commanded walking speed and target
turning angle. In the simulation, the NMPC iteratively optimizes the future CoM trajectory, footstep
positions, and heading angles at the transition from single support phase to double support phase (i.e., at
the moment a new step is initiated). Since the step duration is set to 448 ms in the simulation and real
robot hardware usually adopts NMPC solvers implemented in C++, the actual computation latency is
expected to be further reduced, making the proposed method fully compatible with real-time hardware
requirements.

By specifying the reference velocity sequence Ẋ ref
step and Ẏ ref

step, the robot accelerates over the first two
steps, with the magnitude of the resultant velocity stabilizing at 0.75 m/s starting from the 3rd step. The
desired velocities are adjusted to initiate turning movements at the 4th step. As illustrated in Figure 5,
the gait generation algorithm proposed in this study accurately tracked each desired turning angle at a
relatively high resultant velocity.
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(a) 30◦ turning case. (b) 45◦ turning case.

(c) 60◦ turning case. (d) 90◦ turning case.

Figure 5. Footstep positions and orientations with CoP and CoM trajectories under different
turning angles. The rectangles represent the planned foot support polygons, the blue line
denotes the ZMP trajectory, and the red line represents the CoM trajectory.

Figure 6 compares the gaits generated by the existing method and the proposed method for the same
90° turning task. In the existing method, the double support phase is implicitly handled by simplifying
it into a unified gait cycle, which forces the durations of the single support and double support phases
to be strictly constrained by a fixed discrete time step. Also, this treatment cannot naturally exploit
the transfer of the CoM or the subtle adjustments of foot orientation within the double support phase
to assist the turning motion. As a result, the existing method struggles to realize large-angle turns
efficiently. In contrast, the proposed method explicitly models the double support phase and incorporates
the CoM transfer and foot orientation adjustments into the unified optimization framework, thereby
enabling more agile and stable turning movements.

As depicted in Figure 7, the tracking performance of the resultant velocity magnitude is shown for the
four turning angle cases. It can be observed that the actual resultant speed of the robot’s CoM follows
the predefined reference speed of 0.75 m/s. Consistent with the inherent traits of bipedal walking, the
CoM velocity fluctuates slightly around the desired value. During the turning phase (corresponding to
the time interval from 1.792 s to 2.688 s, i.e., the 4th to 6th walking steps when the turning is initiated
and executed), an observable decrease in the resultant velocity is detected across all four cases. This
velocity change is a direct consequence of the multiple physical and kinematic constraints elaborated in
Section 3.4. Following the completion of the turning motion, the actual resultant velocity of the CoM
promptly reverts to the vicinity of the reference speed and stabilizes. This indicates that the proposed
NMPC-based gait planning method can effectively balance the trade-off between constraint satisfaction
and velocity tracking performance.
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(a) Conventional method. (b) Proposed method.

Figure 6. Comparison for 90° turning using the conventional method and proposed method.
The rectangles represent the planned foot support polygons, the blue line denotes the ZMP
trajectory, and the red line represents the CoM trajectory.

(a) 30◦ turning case. (b) 45◦ turning case.

(c) 60◦ turning case. (d) 90◦ turning case.

Figure 7. Tracking performance of the resultant velocity magnitude across different turning
angles. The red dashed line denotes the user-defined reference speed, while the blue solid line
represents the actual resultant speed of the CoM.

Figure 8 depicts the ZMP position errors in the x and y directions of the body frame at hip (a
coordinate system established with the robot’s hip as the origin) during the turning movements with
target angles of 30◦, 45◦, 60◦, and 90◦, respectively. In the single support phase, the support polygon of
the robot is a rectangle determined by the foot shape, with a length L of 0.09 m and a width W of 0.17
m; while in the double support phase, the support region is formed by the convex combination of the
two feet’s support polygons, presenting a larger feasible area compared to the single support phase. It
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can be observed from the error curves that the ZMP position errors in both x and y directions remain
within the bounds of the corresponding support regions throughout the entire movements.

To further quantify the locomotion performance, we evaluate the minimum ZMP stability margin in
the X and Y directions, as well as the root mean square (RMS) velocity error under turning maneuvers
of 30◦, 45◦, 60◦, and 90◦. During the tests, the minimum ZMP stability margin in the X direction is 0.05
m, 0.07 m, 0.06 m, and 0.05 m, and the corresponding values in the Y direction are 0.05 m, 0.05 m,
0.07 m, and 0.05 m. The RMS velocity errors are 0.08 m/s, 0.11 m/s, 0.12 m/s and 0.15 m/s. These
quantitative results intuitively reflect the dynamic stability and velocity tracking accuracy of the robot
during turning movements.

(a) ZMP errors of 30◦ turning movement. (b) ZMP errors of 45◦ turning movement.

(c) ZMP errors of 60◦ turning movement. (d) ZMP errors of 90◦ turning movement.

Figure 8. x/y-direction ZMP errors in body frame for different turning angles.

Figure 9 depicts the simulation snapshots of the BHR-FCR humanoid robot model performing the
turning movements in the CoppeliaSim environment. To avoid potential collisions, the arms were set to
maintain a fixed, slightly abducted posture throughout the experiments. From the sequential frames
of the figure, the robot’s turning process is clearly visualized. The robot starts from an initial straight
walking posture as a simplification setting, and then gradually adjusts the positions and orientations
of its footsteps to align with the trajectory planned by the algorithm. This confirms that the NMPC
framework, which unifies the optimization of the CoM trajectory, footstep sequence, and the heading
angle sequence, can reliably enable the robot to execute the designed turning movement.
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(a) Sequential frames of 30◦ turning
movement.

(b) Sequential frames of 45◦ turning
movement.

(c) Sequential frames of 60◦ turning
movement.

(d) Sequential frames of 90◦ turning
movement.

Figure 9. Sequential frames of the turning movement of the BHR-FCR humanoid robot in
CoppeliaSim.

The results further demonstrate that the proposed method enables the humanoid robot to achieve
stable and agile turning at a relatively high speed of 0.75 m/s, with all ZMP errors strictly confined
within the support polygon. This capability to perform smooth, large-angle turns at high speed with
fewer footsteps is practically meaningful, as it enhances the robot’s maneuverability and adaptability in
complex scenarios, such as disaster rescue and industrial inspection tasks, where flexible and stable
turning is essential.

5. Conclusion

This paper proposes an NMPC-based gait generation algorithm for the turning movement of the
humanoid robot. The heading angles are explicitly integrated into the NMPC framework, enabling
the CoM trajectory, footstep positions, and heading angle to be optimized together and directly output
in a single optimization process. Simulation experiments on the BHR-FCR humanoid robot model
verify that the proposed algorithm effectively balances desired heading angles, desired velocity, and
locomotion stability, enabling the robot to complete turning at a speed of 0.75 m/s with fewer footsteps.

6. Future works

Future research will extend the proposed NMPC-based gait planning method to complex terrains other
than flat ground. Additionally, sequential quadratic programming (SQP) will be employed to decompose
the NMPC problem into quadratic programming subproblems, aiming to reduce computational time.
Inspired by the distributionally robust optimization-based stochastic self-triggered MPC framework for
handling unbounded disturbances [28], and the distributionally robust MPC methods for state-feedback [29]
and output-feedback [30] settings, future work could incorporate similar robust techniques to enhance the
turning stability of humanoid robots under uncertain external perturbations. Furthermore, the arm swing
dynamics and coupled angular momentum effects will be incorporated into the NMPC optimization
framework to further improve the dynamic adaptability and control accuracy during high-speed turning
motions.
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The current work is limited to simulation validation without real-robot experiments. In practical
deployment, the main challenges include additional control errors caused by dynamic modeling
discrepancies between simulation and the real robot, as well as potential disturbances from complex and
varying friction during high-speed turning motions in the real world.
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