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Abstract: We studied the single-source capacitated facility location problem (SSCFLP), which can
also be viewed as a representative structured binary optimization model with assignment, activation,
and capacity constraints. The main difficulty comes from the discrete structure of the model and the
coupling constraints, which make large-scale instances hard to solve. To exploit this structure, we
introduced a split formulation that separates the original variables into two blocks connected by an
equality constraint. For the reformulated model, we proposed an augmented Lagrangian decomposition
method with tractable primal subproblems. We further showed that the augmented Lagrangian dual
has zero duality gap with the original binary problem when the penalty parameter is sufficiently large.
This result provides a theoretical basis for applying the augmented Lagrangian method to this discrete
optimization problem. In addition, we used a primal recovery step and a final refinement step to
improve feasible solutions. Numerical results demonstrated that the proposed method can produce
high-quality feasible solutions on both synthetic and benchmark instances, especially for large instances
in time-limited settings.
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1. Introduction

Large-scale 0—1 integer programming (IP) models arise in many decision problems, including
resource allocation, logistics, network design, scheduling, and production planning. They are challenging
to solve due to the combinatorial nature of binary decisions and the strong coupling among variables
induced by multiple constraints.

In this paper, we study the single-source capacitated facility location problem (SSCFLP), in which
each customer must be assigned to exactly one facility, each facility has a limited capacity, and a fixed
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opening cost is incurred whenever a facility is open. The SSCFLP is a classical binary optimization
problem with exact-assignment constraints and capacity-opening coupling. It appears in capacitated
assignment, facility planning, service system design, and related location-allocation settings [1-4].
The main difficulty of the SSCFLP lies in the interaction between two different types of constraints.
The assignment constraints require each customer to choose exactly one facility, while the capacity
constraints link the total assigned demand to the facility-opening decisions. Each part is relatively
simple when considered alone, but their combination creates a hard combinatorial structure. As a
result, directly solving the original IP model may not fully exploit the internal structure of the problem,
especially on large-scale instances.

Substantial literature has studied exact and heuristic methods for the SSCFLP and related capacitated
location models. Among exact methods, Holmberg et al. [5] studied an exact algorithm for the SSCFLP.
Yang et al. [6] developed a cut-and-solve framework, and Gadegaard et al. [7] later improved this
framework. More recently, Weninger and Wolsey [8] studied Benders-type branch-and-cut algorithms
for capacitated facility location with single sourcing. Heuristic methods have also been widely studied.
Multi-exchange local search, scatter search, and tabu-search-based procedures were shown to work well
on large instances [9-11]. Lagrangian heuristics and relaxation-based bounds were well-established for
location and allocation models [12]. These studies provide useful algorithmic references for the present
problem. However, most existing methods for the SSCFLP are designed either as exact global-search
procedures or as problem-specific heuristics. This suggests the need for a method that uses the internal
structure of the model more directly, especially the different roles of the assignment decisions and the
facility-opening decisions.

Reformulation and decomposition are standard ways to exploit structure in difficult binary opti-
mization models. Classical approaches include Lagrangian relaxation [13], Dantzig—Wolfe decompo-
sition [14], Benders decomposition [15], and later developments in reformulation and decomposition
for integer programming [16—19]. For the SSCFLP, these ideas suggest that the assignment structure
and the facility-opening structure should be separated whenever possible. After such a reformulation,
the main remaining issue is how to enforce the linking constraints between the resulting blocks in an
effective manner.

The augmented Lagrangian (AL)-based methods provide a natural framework for handling the
linking equation while keeping the block subproblems simple. Recent work has shown that augmented
Lagrangian schemes can support both decomposition and exactness in discrete optimization. Wang
et al. [20] developed an augmented Lagrangian method for block-structured integer programming.
Takapoui et al. [21] proposed a simple and effective heuristic for embedded mixed-integer quadratic
programming. Boland and Eberhard [22] showed that the augmented Lagrangian dual achieves strong
duality under a sufficiently large fixed penalty for pure integer programming. Feizollahi et al. [23]
established exact augmented Lagrangian duality for mixed-integer linear programming and gave a
primal interpretation of the resulting bound. More recently, Sun et al. [24] studied decomposition
methods for globally solving two-block mixed-integer linear programs by combining splitting ideas with
augmented Lagrangian-based approaches. These results indicate that augmented Lagrangian schemes
can be useful for structured discrete models. However, it is still unclear how to design a split augmented
Lagrangian framework that keeps the block subproblems simple, supports practical primal recovery,
and admits structural properties tied to the discrete consensus relation.
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Motivated by these observations, we reformulate the SSCFLP by introducing two copies of the
assignment variable and linking them through a consensus equation. This split formulation separates
the original model into two blocks: an assignment block and a capacity-opening block. After the split,
the first block admits simple customer-wise updates, while the second block reduces to independent
fixed-charge binary knapsack-type subproblems for each facility, which can be solved in parallel. Based
on this reformulation, we develop an augmented Lagrangian decomposition framework in which the
primal variables are updated by alternating block minimization and the linking equation is handled
by multiplier updates. To improve practical performance, we also incorporate a primal recovery
step and a local improvement procedure. Theoretical guarantees for basic decomposition schemes in
discrete optimization are usually different from those for classical continuous augmented Lagrangian
methods. Therefore, we focus on the main structural issues, namely, the exactness of the split augmented
Lagrangian model and several basic properties of the resulting iteration, such as residual control and
the role of the multiplier sequence. These properties are analyzed in the binary split formulation and
serve as the theoretical foundation of the proposed method. Based on the above discussion, Table 1
presents a brief comparison between related approaches and the method developed in this paper. The
main contributions of this paper are summarized as follows.

(1) We propose a split formulation for the SSCFLP by separating the assignment decisions from the
facility-opening decisions and linking them through an equality constraint. The reformulated
model preserves the original feasible set and objective value, while exposing a structure that is
easier to decompose.

(i1)) We develop an augmented Lagrangian decomposition method for the reformulated model. The
assignment block admits simple closed-form updates, and the capacity-opening block reduces to
independent fixed-charge binary knapsack-type subproblems for each facility. We further combine
the basic decomposition iteration with primal recovery and local improvement to obtain feasible
solutions of good quality in practice.

(iii)) We show that the augmented Lagrangian dual achieves zero duality gap with the original binary
problem when the penalty parameter is sufficiently large, providing a theoretical justification for
the proposed framework in the discrete setting.

The rest of the paper is organized as follows. In Section 2, we present the SSCFLP and its split
reformulation, and establish the zero duality gap result for the augmented Lagrangian dual problem.
Section 3 develops the augmented Lagrangian decomposition method together with the primal
recovery and refinement procedures. Section 4 studies several structural properties of the proposed
iteration. Section 5 reports numerical results on synthetic and benchmark instances. Section 6
concludes the paper.

2. Problem description and formulation

In this section, we first present the original binary optimization model and its compact form. We then
introduce a consensus reformulation that separates the assignment and capacity blocks, and establish an
exactness property for the associated augmented Lagrangian penalization. These results provide the
structural foundation for the decomposition algorithm developed in the next section.
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Table 1. Related approaches for the SSCFLP and structured integer programming.

Approach Key technique Constraint handling Solution strategy
Exact SSCFLP meth- Branch-and-cut, cut-and- Direct modeling, no Search incumbent
ods [5-8] solve, Benders enumera- block separation

tion
Heuristic SSCFLP Local search, scatter No explicit block separa- Direct search over fea-
methods [10,25,26]  search, tabu search tion sible set
Lagrangian  relax- Relax coupling con- Dualization of one con- Recovery from dual so-
ation [27] straints, update multipli- straint group lution

Classical decomposi-
tion [14, 15]

Al -based methods
for IP [22,23,28,29]

This paper

€rs

Master—subproblem with
cuts or columns

Quadratic penalty and
multiplier on linking con-
straints

AL decomposition with
recovery and refinement

Cuts/columns coordinate
subproblems

Consensus or linking be-
tween blocks

Assignment and capacity
blocks linked by p = ¢

Search incumbent

Algorithm-specific re-
covery

Recovery and local im-
provement

2.1. Problem formulation

We consider the single-source capacitated facility location problem (SSCFLP) with a set O :=
{1,2,...,n} of customers and a set B := {1, 2,...,m} of candidate facilities. Each customer must be
assigned to exactly one facility, while each facility has a limited capacity and incurs a fixed opening cost
when used. This model arises in several settings, including supply chain design, service deployment,
and capacitated resource allocation.

For eachi € O and b € B, let ¢;;, > 0 be the assignment cost of assigning customer i to facility b. Let
w; > 0 be the demand of customer i, let C,, > 0 be the capacity of facility b, and let @, > 0 be the fixed
opening cost of facility ». We introduce the binary variables

1, if customer i is assigned to facility b, 1,
Xip = ) ip =
0, otherwise, 0,

The problem is then written as

min Z Z CipXip + Z app
X,z

i€O beB beB

S.t. Z Xip = 1,

beB

Z wixip < Cp2p,
€0

if facility b is open,

otherwise.

(2.1a)
Vie O, (2.1b)

Vb e B, (2.1¢c)
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xip €10, 1}, Yie O, Vb e B, (2.1d)
2 € {0, 1}, Vb e 8. (2.1e)

In (2.1), the objective consists of the total assignment cost and the total facility opening cost. Constraint
(2.1b) enforces exact assignment. Constraint (2.1c¢) is a capacity-linking constraint: if z;, = 0, then no
customer can be assigned to b; if z, = 1, then the total assigned demand cannot exceed C,,.

To expose the structural decomposition of the model, it is useful to rewrite (2.1) in a compact form.
Let x € {0, 1} collect all variables x;,, and let z € {0, 1} collect all variables z;,. Let ¢ € R™ collect
the coefficients c;,, and let @ € R™ collect the coeflicients «;,. Then (2.1) can be written as

min ¢'x+a'z (2.2a)
X,Z

s.t. Ax =e, (2.2b)

Wx -Cz<0, (2.2¢)

x € {0, 1}, z €10, 1}", (2.2d)

where A is the assignment matrix associated with (2.1b), W is the demand aggregation matrix, C is the
diagonal matrix of capacities, and e is the all-one vector of suitable dimension.

The compact formulation (2.2) highlights two distinct structural components of the model: the
exact-assignment equations (2.2b) and the capacity-opening constraints (2.2¢). Each block is relatively
simple when considered alone. The main difficulty comes from the combinatorial coupling in the
feasible set. This structural observation motivates a variable-splitting reformulation, in which separate
copies of the assignment variable are introduced for the two constraint blocks and linked through a
consensus equation p = ¢.

2.2. Reformulation and finite exactness

Variable splitting and Lagrangian decomposition are classical techniques to separate coupled parts
of an optimization model [30,31]. Related ideas have also been used in capacitated location models,
where the problem can be decomposed into transportation and knapsack-type subproblems [32], and in
later decomposition or alternating direction method of multipliers (ADMM)-based methods for integer
programming [33,34]. In this paper, we use this idea for the SSCFLP by assigning one copy to the
exact-assignment constraints and the other copy to the capacity-opening constraints. We now formalize
the split reformulation. Variable p is associated with the exact-assignment block, and variable q is
associated with the capacity block. The two copies are linked by a consensus equation, which leads to
the following equivalent reformulation.

gl,lqi’lzl Z Z Cinqip t Z apTp (2.3a)

€0 beB beB
st. Y pw=1, Vieo, (2.3b)
beB
D wiai < Co, Vb e B, (2.3¢)
€0
Pib = qibs Yie O, Vb e B, (2.3d)
Dibs Givs 2» €10, 1}, YieO, Vb e 8. (2.3e)
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The reformulated problem (2.3) is equivalent to the original model (2.1). Indeed, if (x, z) is feasible
for (2.1), then (p, q, 2) = (x, x, 7) is feasible for (2.3). Conversely, if (p, g, z) is feasible for (2.3), then
(2.3d) gives p = ¢, and hence (g, z) is feasible for (2.1). Therefore, the two formulations have the same
optimal value.

For convenience, we define

P = {pe{O,l}”’": Zpih: I, ViGO}

beB

and
Q= {(q,z) € {0, 1}"" x {0, 1} : Z wigip < Cpzp, Vb € B}-
€0
Then (2.3) can be written as

i ) : - :O’
i {f(g.2): p—q=0}

flg,z2) = Z Z Cipqip t Z apZp

i€O beB beB

where

is the objective function and depends only on (q, z), since p is introduced solely to isolate the assignment
constraints.
We introduce an augmented Lagrangian (AL) function associated with the consensus equation. Let
A € R™ be the multiplier vector and let p > 0 be the penalty parameter. Then the AL function is defined
by
L(p.g. 0 = f(g.0)+ ' (p- )+ 5lp gl (2.4)

Based on (2.4), we define the augmented Lagrangian dual function

A) = i A
8p(A) pepr’rglg)ea L,(p.q,z; ),

and the corresponding augmented Lagrangian dual problem

. 2.
max g,(4) (2.5)
We next present a finite exactness property of the augmented Lagrangian dual problem, which shows
that the AL dual value coincides with the optimal value of the original binary program (2.1) if the
penalty parameter is sufficiently large.

Theorem 2.1. Assume that (2.1) is feasible, and let f* denote the optimal value of (2.1). Then there
exists a finite constant p > 0 such that, for every p > p, the augmented Lagrangian dual problem (2.5)
satisfies

max g,(4) = /.

Proof. Define
X:={p.q.2: PP (¢.2) Q.
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Since P and Q are finite, the set X is finite. Let

Xfea = {(P, q,Z) € X . p = q}’ Xinf = {(P,q,z) € X : p F q}
Because (2.1) is feasible and (2.3) is equivalent to (2.1), the set X, is nonempty, and

f*=min {f(q,2): (p,q,2) € Xea} -

We consider the following two cases.
Case (i): If Xj,r = 0, then every point in X already satisfies p = q. Hence, for every p > 0 and every
AeR™,

gp(A) = . m)irg< flg.2) = 1",

,q,2)EN fea
and the conclusion follows immediately.
Case (ii): If Xjr # 0, since X is finite and p, g are binary, we have

6 ;= min {||p - ql’: (p.q.2) € Xint}> 0.

We define
M :=max {f" - f(q,2) : (P,q,2) € Xins},

which is finite because X, is finite. Let
2M
p := max {0, T}

Fix any p > p. For every (p, ¢, z7) € Xint, we have

L,(p.q.z:0) = fig.0)+ Sllp—al > flg.0) + 56 > fg.0)+ M = "
On the other hand, for every (p, ¢, 2) € X, we have p = ¢, and therefore

Lp(p’ q,Z7; 0) = f(q’ Z)-

It follows that
8,(0) = i L,(p.q,z;0) = ,.Min flg.20)=f".

P.4:2)€X1ea
Next, let A € R™ be arbitrary. For every (p, ¢, z) € X, since p = ¢, we have

L,(p.q.22) = f(q.2).

Hence

A< min L,(p,q,z;0) = min ,2) = f".
8D (P.4.2)€Xreq 0P 4.2 4) (P.4.29)EXtea fa-a=1

Therefore,

D)< f
max g,(4) < f

Since g,(0) = f*, we also have
max gp(/l) 2 gp(O) = f*

AEan
Combining the two inequalities yields

D= f
max g,(4) = f

which completes the proof. O
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Theorem 2.1 is in the same spirit as exact augmented Lagrangian duality results for integer optimiza-
tion [22,23]. In the present split formulation, the constant o can be viewed as an exactness threshold for
the penalty parameter. Once p is sufficiently large, the augmented Lagrangian dual value coincides with
the optimal value of the original binary problem. The exact value of p is not known in advance, since
it depends on the unknown optimal value f* and on the infeasible split points used in the proof. This
motivates the adaptive penalty strategy used in the algorithm developed in the next section. We next
present this decomposition algorithm.

3. Augmented Lagrangian decomposition method

Based on the reformulation in Section 2, we now develop an augmented Lagrangian decomposition
(ALD) method for (2.3), which alternates between two primal block updates and one multiplier update.
The first primal block corresponds to the exact-assignment constraints, while the second corresponds to
the capacity-opening constraints. To enhance practical solution quality, we further incorporate primal
recovery, local improvement, and an optional final refinement stage.

3.1. The ALD iteration and block updates

At iteration k, given the current iterate (p*, g%, z*), the multiplier vector A*, and the penalty parameter
pr > 0, we perform the following updates:

p € argmingep L, (p, ¢~, 25 ), (3.1)
( k+1 _k+1 . £ (pk+1 '/lk 32
q ,7) €argmingeq Ly, . q, 2, A%), (3.2)
/lk+1 — /lk +pk(pk+1 _ qk+l).

We next discuss how the two primal subproblems can be solved.

The p update. Given (q*, z¥, A%, p;), the p subproblem (3.1) is
P e argmin £,(p,q" 252 = argmin {47p+ Zilp - P, (3.3)
peP peP 2

where all terms involving (g*, z) only are constant with respect to p and can therefore be dropped.
Since the structure of # implies that the above problem is separable over the customers i € O, (3.3) can
be decomposed into n independent subproblems:

min {Z X pip + % Z(pib —qy) Z pir =1, pir €1{0,1}, Vb € B}- (3.4)
beB beB beB

We now fix i € O and analyze problem (3.4). Due to the constraint },.g p; = 1 and the binary
restriction p;, € {0, 1}, exactly one component of (p;;),cg must be equal to one, and all others must be
zero. Suppose that customer i is assigned to facility b. Then p;, = 1, pyy = 0,V € B\{b}. Substituting
this into the objective function in (3.4), we obtain

P Pk Pk

> b + 5 ) (o =l = A+ 51 =g + 5 ) (@)
2 2 2

beB beB b’ #b
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Pk
= Ay + 3(1 —dip) + > Z Dy
2
Pk Pk
= /lfb —Pkab + 5 Z bef + bR (3.5)
beB
where the second equation is due to qf.‘b € {0, 1}. For a fixed 7, choosing the best b amounts to minimizing
the above expression over b € B. Since the last two terms in (3.5) are independent of the choice of b, an
exact solution of the p subproblem is obtained by selecting

b € arg fgleizgl Ay = Pxdly (3.6)
and then setting
Pimi =1, pt =0, Vb#bH. (3.7)

In summary, the p subproblem admits an exact closed-form solution. For each i € O, the update only
requires a linear scan over all b € 8. Hence, the total computational cost of the p update is O(nm).

The (g, z) update. With p**! fixed, the (g, z) subproblem (3.2) is

k+1 k+1

(q )€ arg, mm L, q, 72,25

= arg min {f(q, - 2Tq+ 2t - g}, (3.8)

2

We next expand the quadratic term in (3.8):

P gl = ZZ (pk“) — prlflqlb +‘11b)

i€O beB

Since both p and ¢ are binary, we have (pk” 2= pf; ', ¢} = qu, i € O, ¥b € B. Substituting these

identities into (3.8), and removing all terms independent of (¢, z), we obtain the equivalent problem

(g", 2 e arg (;rgg@ ZO: ;B ((c,-b — /lf.‘b + E (1 - 2karl )q,-b + ; ap2p.
Define
why = (o — Ay) + '% (1-2p"), VieO, Vbes. (3.9)
Then the subproblem becomes
(", 2*) € arg H;}BQ é [; Wk qin + CYbe) i (3.10)

The set Q is separable over the facilities b € B since the capacity constraints are imposed inde-
pendently for each facility and there is no coupling between different facilities. Therefore, (3.10)
decomposes into m independent subproblems. For each fixed b € B, we solve

. k
min Z Yindiv + apZp
gz 4
i€0
Z wiqip < CpZp, (3.11)
€0

7z, €1{0,1}, g €{0,1}, VieO,
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which is a fixed-charge binary knapsack subproblem. Its structure can be described directly from the
value of z;,. We consider the following two cases:
(i) If z, = 0, then the capacity constraint implies }},.o wiqi» < 0. Since w; > 0 and g;, € {0, 1}, this
forces
qip = 0, Vie 0.
In this case, the objective value is 0.
(i1) If z, = 1, then the subproblem reduces to

min {a/b + Z t//fb%b : Z wigin < Cp, qip €10, 1}, Vi€ O}.
i€0 i€0

Equivalently, we may choose a subset S C O such that }};.¢ w; < Cp, and the corresponding

objective value is @, + Y cg Yk .

Therefore, the optimal value of (3.11) can be written as

min {o, a, +min{z yh o S CO, Zwi < Cb}}. (3.12)

i€S i€S
In summary, the variable split transforms the coupled assignment-capacity structure into a collection
of independent facility-wise subproblems. As a result, the (¢, z) update decomposes into m independent
subproblems, one for each b € B, and these subproblems can be solved in parallel.

Multiplier and penalty parameter update. After the two primal updates, the multiplier is updated by

/1k+1 — /lk + pk(Pk+l _ qk+l). (313)
We measure the violation of the linking equation by
rk+1 = ||pk+l _ qk+1||1' (314)

k+1 k+1

Since p**! and ¢
exact consensus, i.e., r

Following the discussion after Theorem 2.1, the penalty parameter is updated according to the
residual sequence. The purpose is to increase the penalty when the violation of the linking equation
does not decrease sufficiently. Let K be a positive integer and let 6 € (0, 1) be a fixed threshold. At
iteration k + 1, we define

are binary, the residual r
k+1 0.

is integer-valued. In particular, choosing & < 1 enforces

Tpe ={max{l,k—K+2},....k+1)
and
H . t !
R} = mingey,,, 7, R = maXer,,, 1.

If R}(‘}:‘; > OR"*Y, then the residual reduction over the recent iterations is regarded as insufficient, and we

set
Pk+1 = miﬂ{)’Pk,Pmax}, (315)
where y > 1 is a fixed growth factor and p,,,x > 0 is a prescribed upper bound. Otherwise, we set

Pk+1 = Pk-
The algorithm is terminated when the residual becomes sufficiently small, namely,

rk+1 <eg,

where £ > 0 is a given tolerance.
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3.2. Primal recovery and refinement

In addition to the main ALD iteration, we use the information contained in the current split variables
to generate and improve feasible solutions for the original model. At iteration k, the block p* reflects the
current assignment pattern of customers to facilities, while the block (¢*, z*) provides complementary
information on facility opening and capacity usage. Based on these two sources of information, we
apply a primal recovery procedure during the ALD process and a final refinement procedure after the
main loop. These steps are used to strengthen the quality of the incumbent solution while keeping the
main ALD iteration unchanged.

Primal recovery. During the ALD iteration, the current split variables are used to construct feasible
solutions of the original SSCFLP. At iteration k, the block p; gives an assignment pattern satisfying the
exact-assignment constraints, while (g, z;) gives information on facility opening and capacity usage.
We use these two sources to build a candidate facility set for each customer.

For each customer i, we construct a candidate facility set

Ci={b:ps,=1}U{b:q},=1}U{b: 2, =1}JUN,

where N; contains a fixed number of facilities with the smallest assignment costs for customer i.
Customers are processed in non-increasing order of demand. When customer i is considered, we first
search the facilities in C that have enough residual capacity. Among these facilities, we assign i to the
one with the smallest increase in the original objective value. If this facility is not yet open, it is opened
and its fixed opening cost is included in the objective increase.

If no facility in C¥ can accommodate customer i, we apply a fallback step and search all facilities
with enough residual capacity. Customer i is then assigned to the feasible facility with the smallest
objective increase. If no feasible facility exists, the recovery attempt is discarded and the incumbent is
not updated at this iteration. After all customers have been assigned, empty facilities are closed and the
objective value is recomputed. The recovered solution is then passed to the local improvement step.

Local improvement. After a feasible solution is recovered, we further improve it by simple feasibility-
preserving neighborhood moves, including single-customer reassignment and facility-closing moves.
These moves are applied to the incumbent and are accepted only when the objective value strictly
decreases. A basic move is to reassign one customer from its current facility to another facility with
sufficient residual capacity. Suppose that customer i is moved from facility b, to facility b. Let ¢, € {0, 1}
indicate whether facility b is newly opened by this move, and let 6, € {0, 1} indicate whether facility b,
becomes empty after this move. Then the corresponding objective change is

_ + -
Aiby—p = (Cib = Cing) + A0}, — XpyOp -

The move is accepted only when the resulting solution remains feasible and A, _,;, < 0.

We also consider facility closing moves. In this case, one currently active facility is selected, and
all customers assigned to it are reassigned to other facilities in a feasible way. The move is accepted
only when feasibility is preserved and the total objective value decreases. These local improvement
steps help remove redundant facility openings and improve the assignment pattern obtained from the
recovery step.
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Final refinement. After the main ALD loop terminates, we further apply a final refinement procedure
to the best incumbent found during the run. This stage uses the same simple move types as the in-loop
local improvement step, but with additional passes over the incumbent solution. As before, every
candidate move must preserve feasibility and is accepted only when it improves the incumbent value.
Therefore, the final refinement stage can only improve the best feasible solution already obtained during
the ALD process.

Overall, the recovery and refinement stages provide a simple way to extract feasible solutions from
the split iterates and improve the incumbent during the ALD process. They help maintain a high-quality
feasible incumbent throughout the run and provide an additional polishing step after termination.

3.3. Overall ALD framework

We now summarize the overall ALD framework in Algorithm 1. We use the recovery and local
improvement steps in Section 3.2 to maintain and improve a feasible incumbent solution of the original
model. After the main loop terminates, we may further polish the best incumbent by a final refinement
stage. We also show the decomposition and solving process in Figure 1.

Algorithm 1 ALD with primal recovery and final refinement

1: Initialize (p°, ¢°, z°), 2°, po, kmax» and tolerance .

2: Initialize the best incumbent feasible solution (X, Z) as empty.

3: fork=0,1,...,kpx do

4:  Update p**! by (3.6)-(3.7).

s:  Update (g**!, z**1) by solving the independent subproblems (3.11).

6:  Update the multiplier A**! by (3.13).

7. Compute the residual 7**! by (3.14).

8:  Perform primal recovery and local improvement to obtain a feasible solution (¥*!, Z°*!) from
(PkH’ qk+],zk+l,/lk+l).

9. If (¥**!, Z¢1) improves the incumbent value, update (£, 2) « (¥**1, z51).

10: if 7! < ¢ then

11: break

12 endif

13:  Update the penalty parameter p;,; according to (3.15).
14: end for

15: Apply the final refinement stage to the incumbent (%, 2).
16: Return the final split iterate (p**!, g**!, z5*1) and the best incumbent solution (X, 2).

Algorithm 1 presents the complete ALD framework. Starting from an initial state (p°, ¢°, z°, 2°),
the method alternates between the p update, the (g, z) update, and the multiplier update, with the
penalty parameter adjusted according to the residual progress. At each iteration, the current split
variables are used to recover a feasible solution, which is then improved by lightweight local moves
and compared with the current incumbent. After termination, a final refinement step is applied to
the best incumbent found during the run. The main computational advantage comes from the two
primal block updates: the p-block admits a simple customer-wise exact update, while the (g, z)-block
decomposes into independent fixed-charge binary knapsack subproblems that can be solved in parallel.
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The recovery and refinement stages are built upon the ALD iterates and used to further improve the
incumbent solution.

1 Decomposition |

I 1

I 1

I . . 1

. Split reformulation

| | Original SSCFLP p :

! . ) PEP, (¢.2)€Q |

| | assignment + capacity _ 1

1 rP=q 1

I 1

L !» 7777777777777777 ’

e R T TS

! . X ALD main loop |

! Multiplier & residual - i

! p update (q, z) update Primal recovery |

| > > A update X !

| n subproblems m knapsack subproblems - I & local improvement | |

; x r=1p-qih ;

| |

! Update penalty }
. |

} £ < Min{yp, Pmax } !

! )

Output Final refinement
best (%, 2) extra local improvement

Figure 1. Decomposition and solving process of the proposed method.

4. Structural properties of the ALD iteration

In this section, we study several structural properties of the proposed ALD iteration. Since the
SSCFLP is a binary optimization problem, the analysis is different from that of classical continuous
augmented Lagrangian methods. We focus on properties that follow directly from the split formulation
and the algorithmic updates. These include residual-based feasibility control, multiplier identities, and
the descent property of one primal sweep with a fixed multiplier and penalty parameter.

Recall that the residual at iteration & is defined by

k . k k
r:=1p" = 4",

which measures the disagreement between the two copies of the assignment variable. Since p* and
g* are binary vectors, 7 is a nonnegative integer. Thus, if the stopping tolerance satisfies & < 1, the
condition 7 < g is equivalent to 7* = 0, and hence to exact consensus p* = ¢*. In this case, p* € P and
(g%, Z5) € Q imply that (g, z¥) is feasible for the original SSCFLP. For any scalar ¢ € R, (¢), := max{t, 0}
denotes its positive part. The next lemma shows that this residual also controls the violation of the
original assignment and capacity constraints.

Lemma 4.1. For any iterate (p*, ¢*, %) generated by Algorithm 1, the following statements hold:

> D d, -1l <A, 4.1)

i€0 |beB

Z (Z Wipi'(b - Cbzlz) < Wmaxrka (42)
+

beB \ icO

where Wy := MaX;eo W;.
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Proof. Since p* € P, we have

k=1, vieo.

beB

Hence, for each i € O,

qub_ =

beB

Z 0y~ pzb

beB

Z |qlh plbl

beB

Summing over i € O gives (4.1).
Next, since (¢*, z°) € Q, we have

Z wigh, < Cpzh, Vb e 8.
i€0

Therefore,

Z wiply, = CpZy, < Z wi(Pl, = qly), Vb e 8.
€0 i€0

Taking positive parts yields

[t - c) (S <ps,—qf-;,>)+ <

i€0 €O

Z Wi (Pf'{b - ‘ﬁb)

€0

k k
< Z Wi |pib - qib| .

€0

Summing over b € B and using w; < Wy« glves
k k k k k k| _ k
Z [Z WiDy — Cbe) < Z Z Wi |Pib - qib| < Wnax Z Z |pib - qib| = Wmax!
beB \ ieO + i€0 beB i€0 beB

which proves (4.2). O

Lemma 4.1 shows that when 7* is small, ¢* is close to satisfying the exact-assignment equations,
while (p¥, z) is close to satisfying the capacity constraints of the original model.

Lemma 4.2. For every K > 1, the multiplier sequence generated by Algorithm 1 satisfies

2P =g = A0 (4.3)
Moreover, for every k > 0,
1
/lkT(pk+1 _ qk+l) + %”pk+l _ qk+1||2 — 2—(||/lk+1||2 _ ||/lk||2) (44)
Lk
Consequently,
1
Lo, (P g 2 AN = f(g 2 + g(nﬂ"“nz — 1A4P). (4.5)
k
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Proof. The multiplier update (3.13) gives
/lk+1 _ /lk :pk(pk+1 _ qk+1).

Summing this identity from k = 0 to K — 1 yields (4.3).
Next,
||/lk+1||2 — ”/1](”2 + zpk/lkT(pk+l _ qk+1) +p%||pk+l _ qk+1||2.

Rearranging terms gives (4.4). Substituting (4.4) into the definition of the augmented Lagrangian yields
4.5). O

Lemma 4.2 follows directly from the multiplier update. It links the weighted violation of the
consensus equation to the change in the multiplier and rewrites the coupling terms in the augmented
Lagrangian through the multiplier variation. The multiplier update also gives a direct interpretation of
the multiplier variation. From

/lk+1 _ /lk ZPk(Pk+1 _ qk+1)’

we have
K+l k k1 k+1
A7 = Al = pillp™ = ¢ |l

are binary vectors,

1P - ¢l € {0, 1),

Since p**! and ¢**!

Thus, the multiplier does not change when the two assignment copies agree. If they differ in at least one
component, then the infinity norm of the multiplier change is exactly py.

Proposition 4.1. For every iteration k, the updates of p and (q, z) with fixed multiplier A* and penalty
parameter py satisfy
L (p, ¢ A < £, 45,245 2. (4.6)

Proof. Since p**! is an exact minimizer of the p subproblem (3.1), we have
ka(pkﬂ’qk’zk;/lk) < ka(Pk’qk’zk;/lk)'
, Z51) is an exact minimizer of the (g, z) subproblem (3.2), we have
ka(pk+l,qk+1’zk+1;/lk) < ka(pkﬂ’qk’zk;/lk).

Combining the two inequalities yields (4.6). O

Similarly, since (g**!

Proposition 4.1 records the decrease produced by one primal sweep when A* and p;, are held fixed.
It shows that the two exact primal block updates decrease the current augmented Lagrangian value.
Together with the residual and multiplier relations above, this property describes how the main ALD
iteration proceeds.

5. Numerical experiments

In this section, we test the practical performance of the proposed method on both random and
benchmark SSCFLP instances. The experiments assess the quality of the feasible solutions produced
by the method, the reliability of the proposed framework on standard benchmark instances, and its

performance on large instances.
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5.1. Experimental setup

We consider two versions of the proposed method. ALDR combines the ALD iteration, primal
recovery, and local improvement. ALDRR is the full version, which further applies the final refinement
step to the best feasible solution produced by ALDR. In the implementation, each facility-wise subprob-
lem in the (g, z) update is solved exactly by a dynamic programming procedure for the corresponding
fixed-charge knapsack problem. Gurobi is used as a benchmark solver in the numerical comparison. All
experiments are carried out on a computer with an Intel Core i5-11400H @ 2.70GHz CPU and 16 GB
RAM. The proposed method is implemented in MATLAB. All runs use one thread.

ALDR and ALDRR are terminated when the stopping criterion of the algorithm is satisfied, subject
to the prescribed iteration limit. By contrast, Gurobi is run with a fixed time limit. For ALDR and
ALDRR, we report the best feasible value found and the actual running time at termination. For Gurobi,
we report the best feasible value found within the given time limit. The main parameters of the proposed
method are the maximum number of outer iterations kp,y, the stopping tolerance &, the initial penalty
parameter p, the penalty update factor vy, and the time budget T,.¢ used in the final refinement step. In
all experiments, we set kpna, = 1000, £ = 1076, The initial penalty parameter p, is chosen according to
the problem scale. Specifically, we set py = 0.65 for the random instances, py = 0.5 for the medium-size
benchmark instances, and py = 0.45 for the large-size benchmark instances. The penalty update uses the
residual-based rule described in Section 3.1 with growth factor y = 1.25. The same update rule is used
for all instances, and no instance-specific tuning is applied. The time budget used in the final refinement
step is set to Ter = 200 seconds.

5.2. Results on random instances

We first test the method on randomly generated feasible SSCFLP instances of increasing scale. The
purpose of this test is to examine how the proposed framework behaves as the problem scale grows, to
evaluate the contribution of the final refinement step, and to compare the best feasible values obtained
by the two methods.

We consider three size groups, namely, (n,m) = (500, 100), (1000,200), and (2000, 400), and
generate four independent instances for each group. The random instances are generated to preserve the
main structural features of the SSCFLP. Customer demands are drawn from several distributions with
different ranges and dispersions. Facility capacities are then generated from the total demand with a
prescribed capacity ratio, which guarantees the feasibility of every instance. The assignment cost matrix
combines a random background component with a small set of preferred low-cost facilities for each
customer. As a result, the generated instances retain a clear location-allocation structure rather than
becoming completely unstructured random cost matrices. In this test, the fixed opening costs are set to
a common value, so that the comparison focuses on the interaction among assignment, opening, and
capacity decisions.

For this test set, we are mainly interested in whether the final refinement step improves the feasible
solution returned by ALDR, and how the solution quality of ALDRR compares with that of Gurobi
under the same total time budget. To measure these two aspects, we use the following two quantities:

GainRR(%) - 100 x fALDR - fALDRR, GapG(%) - 100 % fALDRR - qurobi, (51)
fALDR qurobi

where farpr, faLprr, and fGurobi denote the best feasible objective values returned by ALDR, ALDRR,
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and Gurobi, respectively. A larger value of Gaingg means that the final refinement step gives a larger
improvement over ALDR, while a negative value of Gap; means that ALDRR gives a better feasible
objective value than the best feasible value found by Gurobi within the given time limit.

Table 2. Performance comparison of ALDRR, ALDR, and Gurobi on large-scale random

instances.
ALDRR ALDR Gurobi
Scale Inst. urobt Gapg Gaingg
Obj Time Obj Time Obj

I1 3514.0 13.3  4456.0 8.0 3623.0 -3.01 21.14

_ =00 2 3590.0 18.6 5064.0 8.8 3708.0 -3.18 29.11
21_— 100 I3 33240 194 44540 9.0 3508.0 -5.25 25.37
14 4266.0 29.3 5933.0 10.0 4367.0 -2.31 28.10

Avg. 36735 202 4976.8 8.9 3801.5 -344 2593

1 111620 78.0 174340 51.7 12117.0 -7.88 35098

1000 2 12317.0 79.9 15357.0 642 12460.0 -1.15 19.80
;__ 200 I3 13053.0 1554 18018.0 63.5 13645.0 -434 27.56
14 14331.0 552 18049.0 246 14371.0 -0.22 20.62

Avg. 12715.6 92.1 172145 51.0 131483 -3.39 2599

11 43763.0 492.0 47640.0 404.8 45581.0 -3.99 8.14

— 2000 12 40198.0 341.6 43951.0 314.3 48071.0 -16.38 8.54
;__ 400 I3 41985.0 453.1 47068.0 348.9 41736.0 0.60 10.80

14 42386.0 396.1 46172.0 366.5 47761.0 -11.25 8.20

Avg. 42083.0 420.7 46207.8 358.6 45172.0 -7.76 8.92

*Note: Obj = best feasible objective value. For Gurobi, Obj denotes the best feasible value obtained within the 1000-second time limit.
Negative values of Gapg mean that ALDRR gives a better feasible value than Gurobi.

The results are summarized in Table 2. It is worth noting that the Time column for ALDR and
ALDRR records the time at which the reported best value is first reached, while for Gurobi, it reports
the total time limit of 1000 seconds. We first compare ALDRR with ALDR. On all tested instances,
ALDRR improves upon ALDR. The average improvement measured by Gaingg is 25.93%, 25.99%,
and 8.92% for (n,m) = (500, 100), (1000, 200), and (2000, 400), respectively. This shows that the final
refinement step makes a clear contribution beyond the solutions already obtained by ALDR. We next
compare ALDRR with the best feasible values found by Gurobi within the 1000-second time limit.
On all three instance groups, ALDRR gives a lower average objective value than Gurobi. The average
gaps are —3.44%, —3.39%, and —7.76%, respectively. ALDRR outperforms Gurobi on most individual
instances, and the advantage becomes more pronounced as the problem scale increases.

Journal of Industrial and Management Optimization Volume 22, Issue 7, 3284-3309.



3301

Overall, the random-instance results show that the final refinement step makes a clear contribution
and that the full method can produce high-quality feasible solutions efficiently.

5.3. Impact of capacity tightness

To examine how capacity constraint tightness affects the convergence behavior and solution quality
of the proposed method, we conduct an experiment at the largest random-instance scale (n,m) =
(2000, 400). The tightness ratio is defined as 7 = } ;. Cp/ 2.;co Wi» Where smaller T corresponds to
tighter capacity. We generate eight instances with the same customer set and assignment costs but with
different total capacity levels, giving 7 = 1.5,2.5,...,8.5. Apart from capacity scaling, the generation
procedure follows that described in Section 5.2, which guarantees the feasibility of every instance.
Gurobi is run with a 1000-second time limit on each instance.

We use Gapg defined in (5.1) to measure solution quality relative to Gurobi, and report the total
running time 7', of ALDRR. The results are summarized in Table 3, which shows that ALDRR
remains effective under different capacity tightness levels. For all tested values of 7, ALDRR
obtains a lower objective value than Gurobi within less than 70 seconds, while Gurobi is given
a 1000-second time limit. The running time increases when the capacity becomes tighter, but it
remains moderate for all cases. Moreover, all runs terminate with ¥ = 0, which means that exact
consensus p* = ¢* is reached.

Table 3. Effect of the capacity tightness ratio 7 on solution quality and running time for
instances with (n, m) = (2000, 400).

T JALDR JALDRR JGurobi Gapg (%) Tiota (8)
1.5 110774 110442 110790 -0.31 67.35
2.5 70388 67642 68574 -1.36 47.67
3.5 50289 48558 50882 -4.57 26.11
4.5 42885 41417 43722 -5.27 22.73
5.5 39271 37826 45275 -16.45 21.16
6.5 34770 34033 42265 -19.48 18.93
7.5 30019 27320 31316 -12.76 19.04
8.5 30080 29321 39473 -25.72 26.17

*Note: Gapg = 100 (faLprr — fGurobi)/ fGurobi- Tiotal iS the total running time of ALDRR. All runs reached r* = 0 (exact consensus p* = ¢*).

5.4. Results on benchmark instances

We next test the method on benchmark instances from the Beasley data set [35]. These instances
examine the practical behavior of the proposed method on standard SSCFLP test sets. We distinguish
between medium-sized and large-sized benchmark instances because the computational behavior is
clearly different on these two scales.

Medium-sized instances We first consider the medium-sized benchmark instances cap61-cap134.
This set is organized into six groups, namely ,cap6, cap7, cap9, capl®, capl2, and capl3, and

each group contains four instances. Hence, the medium benchmark set contains 24 instances in total.
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Accordingly, Table 4 reports summary results by group, where #Inst denotes the number of instances in
each group.

Since these instances are relatively small, Gurobi can solve them very quickly and certify
optimality. Therefore, the main question on this set is not whether ALDRR is faster than Gurobi,
but whether the proposed framework remains reliable on standard benchmark data. For this reason,
we use the match rate (the percentage of instances where ALDRR achieves the optimal solution) as
the main summary measure.

Table 4. Performance comparison of ALDRR, ALDR, and Gurobi on medium benchmark

instances.
Scale Grou HInst Match ALDRR Gurobi ALDRR
P rate (%) Avg. time Avg. time Max. time
(n,m) = capb 4 100 0.37 0.10 0.42
(50, 16) cap? 4 100 0.26 0.09 0.40
(n,m) = cap9 4 100 0.18 0.15 0.24
(50,25) capl0 4 100 0.25 0.13 0.36
(n,m) = capl2 4 100 0.38 0.28 0.45
(50,50) capl3 4 100 0.30 0.13 0.53
All 24 100 0.29 0.15 0.53

The results in Table 4 show that ALDRR matches the Gurobi optimum on all 24 tested instances,
giving a match rate of 100%. At the same time, ALDRR is computationally efficient on this set.
Its average running time over all 24 instances is 0.29 second, and the maximum running time is
0.53 second. These results show that the proposed framework is reliable on medium-sized standard
benchmark instances.

Large-scale instances We next consider the large benchmark instances capal—capc4. All these
instances have scale (n, m) = (1000, 100). For this test set, the main question is the quality of the feasible
incumbent under different time budgets. Accordingly, Table 5 gives the best feasible values obtained
within 10, 30, 100, and 200 seconds, together with the corresponding Best_Time, that is, the first time at
which the reported best feasible value is attained. We also report

30 30

Gap@30s(%) = 100 x “ALDRR__JGurobi,

Gurobi

where f30 .. and f30 . denote the best feasible objective values obtained by ALDRR and Gurobi
within 30 seconds, respectively. A negative value of Gap@30s means that ALDRR gives a better

incumbent at 30 seconds.

Journal of Industrial and Management Optimization Volume 22, Issue 7, 3284-33009.



3303

Table 5. Time-limited comparison on large benchmark instances. Objective values are
reported in units of 10°.

Inst. Method 10s 30s 100s 200s Best_Time Gap@30s
ALDRR 20.63 19.85 19.85 19.85 32.1

capal . -6.69
Gurobi — 21.27 21.14 19.96 199.0
ALDRR 21.74 19.86 18.63 18.63 63.4

capa?2 . 0.63
Gurobi 33.69 19.73 19.60 18.83 195.1
ALDRR 21.92 18.57 18.57 18.57 30.6

capa3 . -6.78
Gurobi 28.33 19.92 19.82 18.70 199.0
ALDRR 20.67 17.55 17.55 17.55 30.1

capa4 . -3.44
Gurobi 26.89 18.17 18.17 17.75 198.0
ALDRR 15.65 14.63 14.63 14.63 41.2

capbl . -60.14
Gurobi 61.30 36.71 16.62 13.66 199.0
ALDRR 15.22 14.37 14.07 14.07 60.4

capb2 . -8.42
Gurobi 16.72 15.69 14.09 13.72 198.0
ALDRR 15.44 14.03 13.85 13.85 81.3

capb3 . -10.36
Gurobi 15.65 15.65 13.94 13.86 200.0
ALDRR 15.37 13.86 13.10 13.10 46.3

capb4 . -9.73
Gurobi 16.96 15.36 14.16 13.72 198.0
ALDRR 12.89 12.61 11.65 11.65 33.3

capcl . -11.20
Gurobi 18.51 14.20 12.50 11.65 199.0
ALDRR 12.25 11.86 11.86 11.86 31.3

capc?2 . -16.77
Gurobi 14.75 14.25 12.92 12.25 199.0
ALDRR 11.97 11.57 11.57 11.57 15.6

capc3 ) -9.56
Gurobi 14.38 12.79 11.77 11.56 196.0
ALDRR 11.79 11.64 11.64 11.64 61.2

capc4 . -5.33
Gurobi 54.22 12.51 11.86 11.72 196.0

*Note: Entries at 10s, 30s, 100s, and 200s are the best feasible objective values obtained within the corresponding time budget. Best_Time

denotes the first time at which the reported best feasible value is attained. Gap@30s is computed as ( fngRR -

30

Gurobi

)20 X 100%. A

negative Gap@30s value means that ALDRR achieves a lower objective value at 30 seconds. All objective values are scaled by 10°. “—*

means that no feasible value was available within the corresponding time budget.
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Figure 2. Time—objective curves on three representative large benchmark instances.

Several observations can be made from Table 5. First, ALDRR is usually more competitive in the
early stage. At 10 seconds, it gives a much better incumbent than Gurobi on most tested instances, and
this advantage remains visible at 30 seconds in most cases. In particular, Gap@30s is negative on 11
of the 12 instances, which shows that ALDRR usually provides a better feasible solution within this
time budget. The advantage is especially clear on the capb group. For example, on instance capbl,
the 30-second incumbent of ALDRR is 14.63, while the corresponding Gurobi value is 36.71, giving
Gap@30s = —60.14%. Second, ALDRR often reaches its final reported value much earlier than Gurobi.
For all 12 instances, the best value of ALDRR is first reached within about 15.6 to 81.3 seconds. By
contrast, the best values reported for Gurobi are typically obtained close to the 200-second limit shown
in the table. This indicates that ALDRR tends to identify a strong incumbent early, while Gurobi
often needs a longer search process before approaching the same quality level. Third, the advantage of
ALDRR mainly lies in early-stage solution quality, rather than uniform dominance across all entries. For
example, on capa2, the 30-second value of Gurobi is slightly better, and on capcl, the two methods
reach the same best value in the end. Even in such cases, however, ALDRR reaches a strong incumbent
earlier and remains competitive throughout the run. Taken together, these results show that the proposed
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framework is particularly effective when the goal is to obtain a high-quality feasible solution within a
limited time budget.

The time—objective curves in Figure 2 further support the same conclusion on three representative
instances, namely, capal, capbl, and capcl. Since the main advantage of ALDRR lies in the early
stage of the run, this figure focuses on the first 100 seconds. On capal, ALDRR decreases rapidly to its
final incumbent value, while Gurobi improves more gradually and only approaches a comparable value
much later. On capbl, the difference is even more pronounced: ALDRR reaches a strong incumbent
very early, whereas Gurobi starts from a much weaker incumbent and needs substantially more time to
close the gap. On capcl, both methods eventually reach the same best value, but ALDRR again gets
there substantially earlier. Overall, ALDRR produces high-quality feasible solutions quickly, and this
early incumbent advantage is the main strength of the proposed method on large benchmark instances.

To further illustrate the behavior of the multiplier update, Figure 3 displays the multiplier change
|41 — A¥|| during the ALD iteration on all twelve large benchmark instances, grouped by instance
family (capa, capb, capc). Across all instances, the multiplier change decreases to zero. This behavior
is consistent with the multiplier identity in Section 4, where the multiplier variation directly reflects
whether consensus holds at each iteration.
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Figure 3. Multiplier change ||A**! — A|| on large benchmark instances.
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6. Conclusions

In this paper, we study a structured binary optimization model arising from the single-source capacitated
facility location problem. To exploit its structure, we introduce a split reformulation that separates the
assignment variables from the capacity-opening variables and links them through consensus equations.
Based on this reformulation, we propose an augmented Lagrangian decomposition framework with tractable
primal subproblems. The ALDRR method integrates the basic ALD iteration with primal recovery, local
improvement, and a final refinement step to improve the incumbent solution during the run.

We prove that the augmented Lagrangian dual problem achieves zero duality gap for the original
binary problem when the penalty parameter is sufficiently large. We also establish several basic
properties of the proposed iteration, including the relation between the consensus residual and primal
feasibility, multiplier identities, the interpretation of multiplier variation, and the descent property of
one primal sweep.

The numerical results show that the proposed framework is effective on both random and benchmark
SSCFLP instances. On medium-sized benchmark instances, ALDRR matched the Gurobi optimum
on all tested cases. On large benchmark instances, the main advantage of the proposed method is that
it produces strong feasible solutions within limited time budgets. The results also show that the final
refinement step makes a clear contribution to the overall performance. Although this paper focuses on the
SSCFLP, the same splitting idea may also be useful for other structured binary programs with coupled
constraint blocks. Examples include the generalized assignment problem [36], capacitated p-median
problems [37], and two-stage stochastic binary programs with capacity linking [38]. For these problems,
the main idea is still to separate the constraint blocks and handle the linking relation by an augmented
Lagrangian term. The subproblem solvers and recovery rules should be adapted to the specific model. A
detailed study of these extensions is left for future work. Overall, the proposed framework provides
an effective way to combine augmented Lagrangian decomposition with problem-specific incumbent
improvement for large-scale structured binary optimization.
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