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Abstract: This paper addresses a system of inequalities by first transforming it into a system of
nonlinear equations. We then develop a computationally enhanced Levenberg—Marquardt (LM) method
to solve this equivalent system. In contrast to the standard LM approach, which solves a large linear
system, the proposed method requires solving a linear system of significantly reduced dimensions at
each iteration, leading to considerable computational savings. Global convergence is ensured through
the incorporation of a derivative-free line search. We demonstrate that any accumulation point of the
generated sequence is a solution to the original inequality system, and that a superlinear convergence rate
is achievable under a local error bound condition. A key advantage of this method is its consistent ability
to compute exact solutions to the inequality system. Numerical experiments validate the effectiveness
of the proposed LM method and highlight its superior performance over the standard LM method,
particularly for large-scale problems.
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1. Introduction

We consider the system of inequalities
F(x) <0, (1.1)

where F(x) := (Fi(x),...,F,(x))T with F; : R" — R for any i € {1,...,m} and F is continuously
differentiable.

The system of inequalities (1.1) has garnered significant attention due to its applicability in diverse
areas such as data analysis, set separation problems, computer-aided design, and image reconstruction.
Numerous numerical algorithms have been developed for solving (1.1), including the predictor—corrector
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method [1], the Broyden-like method [2], the smoothing homotopy method [3], the smoothing-type
algorithm [4], the nonmonotone smoothing Newton method [5], and the regularized smoothing-type
algorithm [6]. In addition, some algorithms have been studied for solving general nonlinear systems
of equalities and inequalities, such as the smooth Newton method [7], the filter algorithm [8], and
the nonmonotone smoothing-type algorithm [9]. Recently, Huang et al. proposed a nonmonotone
smoothing-type algorithm for a system of inequalities associated with circular cones [10]. Among these,
smoothing Newton-type methods are particularly prominent. These methods typically use a smoothing
function to reformulate (1.1) as a smooth system of nonlinear equations, which is then tackled with
Newton’s method. It is worth noting, however, that in these smoothing Newton-type methods, to ensure
the feasibility of the Newton step, it is necessary that n = m and that the function F(x) has the Cartesian
Py property. Consequently, smoothing Newton-type methods may not be applicable to general inequality
systems.
In this work, we introduce the following system of nonlinear equations:

O(x,1) :=F(x)+ ¢ =0, (1.2)

where F(x) is given in (1.1), and €' := (e, ...,e"™)! for any t; € R with i € {1,...,m}. Clearly, the
function ®(x, ) is continuously differentiable, and its Jacobian matrix is given by

D' (x,1) = [F(x), diag(e")] € R™+m, (1.3)

where diag(e’) denotes a diagonal matrix whose diagonal elements are e (i = 1, ...,m). It is evident that
if (x*,¢*) is a solution to the Eq (1.2), then x* solves the inequalities in (1.1). Therefore, solving (1.2)
provides a pathway to finding solutions for (1.1).

As i1s well established, the Levenberg—Marquardt (LM) method is highly effective for solving
nonlinear equations; see the survey paper [11] for more information. Recently, Aravkin et al. [12]
extended the LM method to nonsmooth regularized least squares. Tang and Zhou [13] developed an LM
method with a Broyden-like update technique. At each iteration of the standard LM method applied to
(1.2), the trial step ™ is obtained by solving

(@ (x*, ) ' (5, 1) + pudemld = =0 (6, 9T O, 1), (1.4)

where 1,.,,, is the identity matrix in R"*+m*@+m “and 1, > 0 is an adaptively updated LM parameter. Fan
and Yuan [14] proved that by setting p; = ||®(xX, )| with ¢ € [1, 2], the LM method achieves local
quadratic convergence under a local error bound condition.

In this paper, we aim to present a computationally improved LM method for solving the nonlinear
system (1.2). In each iteration, the proposed method first computes a vector i, € R by solving

[, 9K, 9T + il = — D, ) (15)
and subsequently determines the step
di = O (X, hy. (1.6)

We will show that the direction d; generated by (1.5) and (1.6) is identical to the standard LM step d,';M
obtained from (1.4). However, the coefficient matrices of the linear systems in (1.4) and (1.5) are

[ (¢, O/, 1)+ pil ] € RO
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and
(@ (xF, YD (F, T + ] € R™,

respectively. Since the linear system in (1.5) has a much smaller dimension than (1.4), the computational
cost can be significantly reduced, especially for large-scale inequalities. Furthermore, the proposed LM
method integrates a derivative-free line search to ensure global convergence. We establish that every
accumulation point of the sequence produced by our LM method is a solution to the original inequality
system, and that superlinear convergence is attained under a local error bound condition. Finally,
numerical results are presented to confirm the efficacy of our approach. These results demonstrate that
the proposed LM method not only consistently yields exact solutions to the inequalities but also offers
significant computational advantages over the standard LM method, especially when m < n.

The remainder of this paper is structured as follows. Section 2 details the computationally improved
LM algorithm. The analysis of global convergence and the local convergence rate is presented in
Sections 3 and 4, respectively. Section 5 reports the numerical findings, and Section 6 provides some
concluding remarks and discussions.

2. A computationally improved LM method

For notational convenience, we henceforth denote z := (x, 1) and z* := (x*, ). Let ®(z) be defined by
(1.2). We define the merit function ¥ : R"*" — R as

1
Y(z) = §||<D(z)||2-

The function ¥(z) is continuously differentiable on R"*" with the gradient V¥(z) = @’(z)T ®(z), where
®’(z) is given in (1.3). We now provide a detailed description of our improved LM method, referred to
as the [-LMM.

Algorithm I-LMM: Choose the parameters p,y € (0,1), 8 > 0 and ¢ € [1,2]. Choose a positive
sequence {¢;} satisfying Y22 & < ¢ < oo, where £ > 0 is a constant. Choose x° € R" and #° € R"™, and
set 20 := (x°,1°). Setk := 0.

Step 1: If ||®(Z")|| = 0, then stop.

Step 2: Set ;. := 6]|®(z5)||°. Compute h; € R™ by solving the linear system

[0 (D' () + plnlh = —0(2), (2.1)

and set
dy = ' (7 hy. (2.2)

Step 3: Find a step size A := p'*, where [, is the smallest non-negative integer [ satisfying
IO + pldll < (1 + ZOlIPE = Yllp' DI (2.3)
Step 4: Set z*! := 7F + A;d;. Replace k by k + 1 and go to Step 1.
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Remark 2.1. (i) Algorithm I-LMM is well-defined. In fact, when ||®(z%)|| # 0, we have y > 0, ensuring
that the matrix ®(ZX)®’(Z5)" + w1, is positive definite. Consequently, the search direction d, in Step 2
is uniquely determined. Moreover, because

IO < (1 + ZIOE]
Hm[(1 + ZOIREN = Yo' DI,

lim IO + pldpl

the inequality (2.3) holds for all sufficiently large values of / > 0. Hence, z**! is well-defined in Step 4.
(ii) It is straightforward to verify that the standard LM step 4™ given by (1.4) is

dM = —[0( O () + L] O () O(). 24)
Using the identity
[D'(Z) @' () + gl @' () = @' [V () + el
we have
' (V') + el = [0 () + ] O (2.5)
According to (2.4) and (2.5), we obtain the following from Step 2:
di = '
= —0' (' [V + L] O
= —[D'(&) V') + L] O O
= daM (2.6)

This indicates that the direction d; generated by (2.1) and (2.2) is identical to the standard LM step d,%M
obtained by (1.4). However, as noted in the introduction, the problem size of (2.1) is much smaller than
that of (1.4). Consequently, solving (2.1) can save significant computational cost compared with solving
(1.4), especially for large-scale inequalities.

3. Global convergence

Lemma 3.1. Let {Z*} be the iteration sequence generated by Algorithm I-LMM. Then there exists a
constant ®* > 0 such that l}im D) = ®*. Moreover; l}im AP = 0.

Proof From Step 3, we have || O(ZF1)|| < (1+4)||P(Z)||. Since Y52 & < ¢ < o0, according to [15, Lemma
2.2], the sequence {||®(z)||} is convergent. Thus, a constant ®* > 0 exists such that ]}im |D(ZH)|| = D*.

Moreover, by Step 3, for all k£ > 0, we have

YANPEN? < (1 + LOIOEI = DD

This, together with I}im |D(Z4)|| = ©* and %im £ = 0, proves the second result. O
Theorem 3.1. Let 7* := (x*,t") be an accumulation point of the iteration sequence {7* = (x*, 1)}

generated by Algorithm I-LMM. Then ®(z*) = 0 and hence F(x*) < 0.
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Proof By Lemma 3.1, a constant ®* > 0 exists such that ,}im |®(z")|| = @*. Consequently,
: k 1 2 . #\0
glm Y = E(CD )* and I}lm i = 0(D")°.

Without loss of generality, we may assume that (Kli)km 7 = 7" where K C {0,1,...}. Then, by the
D)K—00

continuity, we have
. kN * . re kN 1 %
(Kll)?l L 0@) =0, (ng?l @) =),
and
lim V() = V(") = ' () ().
(K3)k—co

Clearly, ®* = ||®(z")||. Note that if ®* = 0, then ®(z*) = F(x*) + €' = 0, which proves the theorem. Now
we assume that ®* > 0. Since

Jim [D' (D' () + pl] = @' (D) + (D)L, (3.1)
S)Kk—00

and the matrix @’ (z*)®'(z*)" + (®*)°1,, is positive definite, from (2.1) and (3.1), it follows that

lim  fy = —[@' ()Y () + 0(@)°L,] D).

(K3)k— o0

This and (2.2) yield

lim dy = —0'(z")" [ ()P () +6(D")L, ] O = d". (3.2)

(K3)k—o0

By Lemma 3.1, lim A||®(Z)| = 0. Since lim [|®(Z)|| = ®* > 0, it follows that lim A; = 0.
(K3)k— 00 (K3)k— oo (K3)k— oo

From (2.3), for all k € K, we have

IOE* +p7 Adll > (1 + ZIIOEI = y(o™ W NOEIP,

which implies
1P + p~ ' Adp)ll = IO .
i B

v Al DEHP.

k-1 .
Iz +p /lkzdk)||+||<D(zk)H gives

Multiplying both sides of the inequality above by

P +p dy) - (2
P A

| _
= =3P "ANOEIPIOE + o~ Il + 1 DEOI. (3.3)
Since VW is continuously differentiable, letting k — oo with k € K in (3.3) yields V¥(z*)"d* > 0. On the
other hand, by the third equation in (2.6), we get
VY 'd = -V D) D) + ] VEE. (3.4)

Since the matrix [®' ()T ®'(Z*) + til,.m] ™! is positive definite, it follows from (3.4) that V¥(*)"d, < 0,
and hence V¥(z*)'d* < 0. Therefore, we conclude that V¥(z*)"d* = 0. Furthermore, Eq (3.4) implies
that

VP(E) d = -V Q') @' () + 0D L] VH() = 0.
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Because the matrix [®'(z*)T @’(z*) + (®*)°,,,,,] " is positive definite, it follows that V¥(z*) = 0, i.e.,
[F'(x"), diag(e" )] ®(z") = 0.

This gives diag(e’ )®(z*) = 0, and hence ®(z*) = F(x*)+¢" = 0, from which we conclude that F(x*) < 0.

The proof is complete. o

4. Local convergence rate

In this section, we assume that z* := (x*,¢") is an accumulation point of the iteration sequence
{z* = (&, 1)} generated by Algorithm I-LMM. We will demonstrate that the entire sequence {z*}
converges to z* superlinearly under the following assumption.

Assumption 4.1. The positive constants 0 > 0 and 0 < r < 1 exist such that
@@ > ollz —2ll, YzeNE,r):={ze Rz < r}. (4.1)

Assumption 4.1 is a local error bound condition, commonly used in analyzing the local convergence
properties of smoothing LM methods [16, 17] and the smoothing Newton method [18].

Lemma 4.1. Under Assumption 4.1, for all Z* sufficiently close to z*, we have
en]_d
lldill = o(llz" = 2"1I'72).

Proof By Theorem 3.1, we have ®(z*) = 0. Since @ is continuously differentiable, it is locally
Lipschitz continuous at z*. Thus, for all Z* sufficiently close to z*, we have

e = QIO — O’ = Ol - Z'I1°). (4.2)

Since @ is continuously differentiable, it is semismooth. Hence, for all z* sufficiently close to z*, we
have
(") = D) = ' () = 29Il = oll" = 271D (4.3)

For any k > 0, consider the following minimization problem:

min_ fi(d) = @) + ')l + pildP. (44)

Then the trial step a’,‘;M given in (2.4) is a solution of (4.4), because f;(d) is a strictly convex quadratic
function and d,];M is a stationary point of fi(d). By (2.6), (4.2), and (4.3), for all z* sufficiently close to
Z", we have

fildy) = fild™) < fil = 2
= |O(") — O(z") — D' () - )P + welld = ZIP
= o(llZ* - Z'I). (4.5)

Moreover, by (4.1), for all z* sufficiently close to z*, we have

e = AIOEN° = 6°ll* - 2'11°,
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Combining this with (4.4) and (4.5), for all z* sufficiently close to z*, we have

d k _ |2 ,
Il = \/fk;(tkk) = \/ e 221 - by,

000|12F — z*|I°

which proves the lemma.
Theorem 4.1. Under Assumption 4.1, the whole sequence {z*} converges to 7* and

k+1

k
Iz = 2"l = o(llz" = ZD).

Proof Without loss of generality, we assume that lim 7 = 7" where K c {0, 1, ...

(K3)k—o0

. k _ * _ . _
(Kg?loo 0(z) = () =0, and (Kg?loo#k =0.

}. Then,

By Lemma 4.1, we have lim d; = 0. Consequently, (Klglgn (z* + di) = 7. Using the semismoothness

(K2)k— o0
of @ again, for all sufficiently large k € K, we have

IDE* + di) = D) = O’ + d)E +die = ) = oIl + die = 271)).
Additionally, by the continuity of ®’(x),

lim |®'(Z" + di) = @'(2)]] = |9 (z") = ' (2)]| = 0.
(K3)k—00

Therefore, from (4.3), (4.6), and (4.7), for all sufficiently large k € K, we have

1OE" + dy) — D) — ()i

IO + di) — O(2") — D' (& + d)(E +di - 2l
HIOE) - () - () - 2|

HI(@' & + dy) — (N +d -2l

= o(l + di = 1) + o(ll* = Z'ID.

IA

Additionally, from (4.4) and (4.5), for all values of z* sufficiently close to z*, we have

D) + ' ()il <  fildp) = o(lIF" = 11D
It follows from (4.1), (4.8), and (4.9) that for all sufficiently large k € K, we have

D" + dy)l

IDE* + di) = DE) - D' ()l
+HID(") + D ()il

o(llZ* + di = Z'Il) + o(lIZ* = I,

IA

k *
ollz" +di — 7|

IA

which implies
12 + di — 21l = o(|IZ" = "))

(4.6)

4.7)

(4.8)

4.9)

(4.10)
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Since @ is locally Lipschitz continuous at z* and ®(z*) = 0, it follows from (4.10) and (4.1) that for all
sufficiently large k € K, we have

|0 + dyll = Ol + di — Z°1I) = o(lIZ" = Z'II) = o(IOEOI)).
Thus, for all sufficiently large k € K, we have
1O + dpll + YIIPE)IP < 1PN < (1 + Z)IDEII.

This implies that, for all sufficiently large k € K, A; = 1 and hence z**! = z* + d. Furthermore, by (4.10),
for all sufficiently large k € K, we have

121 = 271l = o(ll2" = 2°II). (4.11)

Hence, for any & > 0, if Z* € N(z*, &), then ZX*! € N(z*, €). This, together with (Kli)km 7 = 7, implies
3)Kk—>00

that the whole sequence {z*} converges to z*. The superlinear convergence follows from (4.11). We

complete the proof. O

Note that if F’ is locally Lipschitz continuous, then @ is strongly semismooth on R"*", which gives
D) = (") = V()" = )l = Oli* = Z'IP).

For the definition of (strong) semismoothness, one may refer to [19]. In the identical way to the proof of
Theorem 4.1, we can obtain the following result.

Theorem 4.2. Under Assumption 4.1, if ¥’ is locally Lipschitz continuous, then
I = 271l = OdlF - 2711,

and the convergence rate of {7*} is quadratic when § = 2.
5. Numerical results

This section presents some numerical results obtained with Algorithm I-LMM. The parameters for
Algorithm I-LMM are set as follows: § = 1073, § = 1, p = 0.8, y = 1073, and £ = 0.8*. The initial
vector ¥ is chosen as #° := (1, ..., 1)7, while the initial x° is specified for each example. The stopping
criterion is ||@(ZF)|| < 1073. We first apply Algorithm I-LMM to solve the following six examples
coming from [1, 5, 6].

Example 5.1. Consider (1.1), where F(x) = (F;(x), ..., Fs(x))" with x € R?, and
Fi(x) =sinx;, F,(x) = —cosx,, F3(x) = x; — 3,

Fy(x) = x; — g —2, Fs(x) = —x; -1, Fe(x) = —x, — g

Example 5.2. Consider (1.1), where F(x) = (F;(x), ..., Fs(x))" with x € R, and

Fi(x) = x1 +x3— 2, Fz(x) = 2)62 + X4 — 3,

F3(x) = —x3 — x4 + x5, Fy(x) = x7 + x5 —2, Fs(x) = x5+ x5 — 4.
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Example 5.3. Consider (1.1), where F(x) = (F;(x), F»(x), F3(x))” with x € R2, and

Fi(x) =1-e""2, Fa(x) =2e¢" +e2 -3, F3(x) = x; +e2 - 2.
Example 5.4. Consider (1.1), where F(x) = (F(x), F»(x))" with x € R?, and

Fi1(x) = x; — 0.7sin x; — 0.2cos x,, F,(x) = x, — 0.7cos x; — 0.2sin x;.
Example 5.5. Consider (1.1), where F(x) = (F;(x), F2(x))” with x € R?, and
Fi(x) = x1 + 1% + 1) Fy(x) = x% + x% + x% —5.2675.
Example 5.6. Consider (1.1), where F(x) = (F;(x), F»(x), F3(x))” with x € R2, and
Fi(x) = x1(x; = 2)(x; — 3), Fo(x) = x% -3x+2, Fx) = xf - Xp.

Table 1 summarizes the numerical results for Examples 5.1-5.6. In the table, IT denotes the
number of iterations, x* denotes the solution to the inequalities obtained by Algorithm I-LMM, and
maxg := max{F;(x"), ..., F,,(x")}. The results demonstrate that Algorithm I-LMM performs effectively
and consistently yields an exact solution to the inequality systems.

Table 1. Numerical results of Algorithm I-LMM for Examples 5.1-5.6.

Example 10 IT x* maxg

5.1 (1, 1) 5 (—0.0973, 0.6156) —-0.0971
(2,2) 5 (3.4197, 1.0045) -0.2745

5.2 2,1,2,1,2) 4 (0.3827, 0.2784 ,0.8492, 1.2363, 1.3078) -0.7681
(-2,-1,-2,-1,-2) 4 (-0.7289, —-0.6533, —0.5333, —0.5839, —2.3262) —1.1843

53 (1, 1) 7 (—0.3128, 0.3788) —-0.0683
(2,2) 11 (—0.6919, 0.6922) —-0.0003

54 (1,1 5 (—0.2577, 0.0548) -0.2790
(2,2) 5 (—0.2259, 0.3295) -0.2584

55 0,0, 0) 7 (—0.6976, —1.3871, 1.4482) —-0.1628
(1,1, 1) 7 (—0.5799, —1.4133, 1.4455) -0.1189

5.6 0, 0) 5 (—0.3051, 1.4993) —-0.2500
(-1,-1) 6 (—0.3585, 1.5064) —-0.2500

Next, we consider the following system of inequalities:

F(x) ::( b:;‘x ) <0, 5.1)

where A € R"™" and b € R". The system in (5.1) usually appears in the linear programming model as
constraint conditions. In the experiments, we solve the following equations:

5.2)

D(2) := (I)(x,u,v):(b_Ax+eu ):().

—-x+ e
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It is easy to see that

—-A  diag(e") zeros(m,n)

) e %(n+m)><(2n+m).
-1, zeros(n,m) diag(e")

D'(z) :=
In our experiments, we generate a random matrix A € R with a full row rank and set b = (5, ..., 5T,
We compare the following three algorithms.

e The proposed LM method, i.e., Algorithm [-LMM;

e The standard LM method, which computes the direction d,];M by solving (1.4) and generates the
step size A; by (2.3), denoted by LMM.

e The parameter-self-adjusting LM method [20], denoted by PSA-LMM. This method uses the trust
region technique to ensure the global convergence.

Wesetuy = (1,...,1)7, vo = (1,..., 17, and x° = (1,..., )T as the starting points, and we use
|®(z")| < 1073 as the stopping criterion.

Numerical results are presented in Table 2, where CPU denotes the central processing unit (CPU)
time in seconds. From Table 2, we observe that [-LMM and LMM require the same number of iterations
and converge to the same solution. This is expected because the search direction generated by I-LMM is
theoretically identical to that of LMM. However, I-LMM significantly reduces the CPU time compared
with LMM, especially for large-scale inequalities. This finding verifies the theoretical advantage of I-
LMM, which solves a linear system of much smaller dimensions than LMM at each iteration. Moreover,
[-LMM consistently outperforms PSA-LMM, which requires more iterations and a longer CPU time.
These results confirm the computational efficiency and theoretical advantages of the proposed method.

Table 2. Results of [.1LMM, LMM, and PSA-LMM for solving (5.1).

I-LMM LMM PSA-LMM
n IT CPU maxpg IT CPU maxg IT CPU maxg

m=1% 6000 6 3379 -0.0868 6 70.37 -0.0868 11 134.88 -0.0789
8000 6 8643 -0.1145 6 13984 -0.1145 11 245.31 -0.0922

10000 6 118.97 -0.0879 6 279.54 -0.0879 12 527.01 —0.0765

15000 6 33091 -0.1118 6 857.76 —-0.1118 12 2219.58 —-0.0942

20000 6 787.53 -0.1051 6 2051.68 -0.1051 12 3580.97 —0.0907

25000 6 1439.07 -0.1088 6 3909.00 -0.1088 12  5983.98 —0.0823

m=g 6000 5 1468 -0.2076 5 4449  -0.2076 10 66.47 —0.1581
8000 5 3545 -0.2196 5 98.75 -0.2196 11 190.45 -0.1611

10000 5 7296 -0.2508 5 187.67 -0.2508 11 303.32 -0.1716

15000 5 237.73 -0.2387 5 57253 -0.2387 11 1819.91 -0.1703

20000 5 450.02 -0.2221 5 1396.41 -0.2221 11 2440.21 -0.1632

25000 5 95529 -0.2091 5 259942 -0.2091 11 4763.02 —0.1658

It is well known that the choice of parameters plays a crucial role in the performance of algorithms.
To assess the parameters’ sensitivity, we tested a range of values for [-LMM, LMM, and PSA-LMM
when solving (5.1) with m = n/4. The results show that the parameters p, y, and 8 have a minimal impact
on the algorithm’s performance, demonstrating the robustness of these LMM methods. In contrast, the
parameter §, which controls the update of the LM parameter y; = 6||®(z")||°, has a notable impact on
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computational efficiency. As shown in Table 3, for 6 = 1, all three LMM algorithms achieve the lowest
CPU time and the fewest iterations, while increasing ¢ to 1.5 or 2.0 leads to longer computation times
and more iterations. It seems that 6 = 1 yields the best computational efficiency.

Table 3. Results of I-LMM, LMM, and PSA-LMM with different values of 6.

I-LMM LMM PSA-LMM

n ) IT CpU IT CPU IT CpU
2000 1.0 5 1.083 5 2.79 10 4.55
1.5 6 1.26 6 3.30 12 5.49

2.0 9 1.90 9 4.96 15 11.92

4000 1.0 5 6.40 5 16.32 11 27.40
1.5 7 8.98 7 23.20 13 65.66

2.0 11 23.55 11 48.78 17 60.79

6. Conclusions and discussions

By introducing the nonlinear system in (1.2), we have developed a computationally enhanced
Levenberg—Marquardt (LM) method for solving the system of inequalities in (1.1). At each step, the
proposed method solves a linear system whose dimension is considerably smaller than that required
by the standard LM approach. We have established that the proposed LM method possesses global
convergence properties and achieves a superlinear convergence rate under a local error bound condition.
Numerical experiments confirm its effectiveness and demonstrate significant computational savings
compared with the standard LM method, making it particularly attractive for large-scale inequality
systems where m < n.

Finally, we conclude the paper by comparing the practical computation of our LM method with
that of the smoothing Newton-type methods studied in [1, 5, 6]. First, when applying smoothing
Newton-type methods to solve the inequalities (1.1) of size m < n, one needs to supplement n — m
additional inequalities to ensure that the Jacobian of the reformulated function is nonsingular, as seen
in the numerical experiments in [1, 5, 6]. In contrast, the proposed LM method can directly solve the
inequalities of (1.1) with m < n, and our numerical experiments have confirmed this advantage. Second,
in order to obtain an exact solution to the inequalities of (1.1), smoothing Newton-type methods usually
solve the following modified inequality:

F(x)+ee <0,

where £ > 0 is a sufficiently small number and e := (I,...,1)7, as seen again in the numerical
experiments in [1, 5, 6]. However, for the proposed LM method, the solution (x*, ") to the Eq (1.2)
satisfies F(x*) = —e’ < 0. Hence, our LM method consistently generates an exact solution to the original
inequality system in (1.1). As a future research direction, we intend to extend the framework of the
proposed LM method to handle nonsmooth inequality systems by incorporating smoothing techniques
or Clarke’s generalized Jacobian.
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