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Abstract: The purpose of this is to examine multi-regional dynamics with wealth and pollutant
accumulation over time. The paper generalizes the dynamic model by Zhang (2016). It treats regional
amenities endogenous variables dependent on the region’s population and level of pollutants. Regional
differences in productivities and amenities are important for modelling regional agglomeration. The
government decides environmental tax rates on production, consumption, wealth, income from
wealth and housing. The economy is perfectly competitive. The dynamics of J-region economy is
described by differential equations. We demonstrate business cycles due to different exogenous periodic
perturbations in the multi-regional economy.
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1. Introduction

Regional agglomeration and environmental changes are main features of contemporary economies.
Moreover, economies experience business cycles during development processes. It is a greatly
challenging task for economists to develop genuine dynamic models which exhibit business cycles,
economic growth, and spatial agglomeration on microeconomic foundation. This paper is to develop a
nonlinear multi-regional dynamic model with wealth and pollutant accumulation over time. We
generalize the dynamic model by Zhang (2016). The original model examines multi-regional dynamics
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with wealth and pollutant accumulation over time. This study generalizes the model by making all
exogenous constant parameters as exogenous time-dependent parameters. We demonstrate business
cycles due to different exogenous periodic perturbations.

This study is concerned with regional agglomeration commonly observed in developed economies
as well as in many underdeveloped economies. Kuznets (1966) discussed spatial unequal economic
development over space long time ago. He examined interdependence between spatial agglomeration
and industrialization. Myrdal (1957) and Hirschman (1958) earlier argued for dynamic interactions
between industrial growth and the geographical concentration of industry. There are numerous studies
on various aspects of spatial economic developments (e.g., Krugman, 1991; Fujita et al., 1999; Forslid
and Ottaviano, 2003). Different from earlier literature on spatial agglomeration, Zhang (2016) extends
neoclassical growth theory to multi-regional economies. This approach is different from the so-called
new economic geography (e.g., Krugman, 1993; and Tabuchi, 2014). In the new economic geography,
the role of physical capital is omitted in spatial dynamics. Moreover, In the literature of the new
economic geography, Tabuchi (2014: 50) reviews: “The scopes of most of the theoretical studies
published thus far have been limited to two regions in order for researchers to reach meaningful
analytical results. The two-region NEG models tend to demonstrate that spatial distribution is dispersed
in the early period (high trade costs or low manufacturing share) and agglomerated in one of the two
regions in the late period (low trade costs or high manufacturing share). However, it is no doubt that the
two-region NEG models are too simple to describe the spatial distribution of economic activities in
real-world economies. Since there are only two regions, their geographical locations are necessarily
symmetric, and thus diverse spatial distributions cannot occur.” This study examines the model with any
number of regions in order to properly address issues related to interregional growth and agglomeration.

Dynamic interdependence between economic growth and environmental changes is extensively
studied (e.g., Ploude, 1972; John and Pecchenino, 1994; Gassebner et al., 2011; Lin and Liscow, 2012;
Apergis and Payne, 2014; Yang and Zhao, 2014; Antonakakis et al., 2017; and Walenta, 2018). It is
pointed out that theoretical economics fails to address many issues related economic growth and
environmental change with a comprehensive framework with microeconomic foundation. As pointed
out by Fullerton and Kim (2008), existing research has proposed a number of different models for
analyzing different questions not in an integrated way. This study deals with growth, interregional
trade, and environmental change within an integrated framework. It should be noted that following
Zhang (1996), we also consider amenity endogenous. Amenity is assumed to be related to
environmental quality (and other factors such as historical building and regional population,
residential densities) and household location (e.g., Glaeser et al., 2001; Partridge et al., 2008; Chen et
al., 2013; Lai, 2019; and Tivadar and Jayet, 2019). Zhang (1993) first introduced spatial amenity into
utility in a general equilibrium framework. This study incorporates amenity into the consumer location
decision. According to Chen et al. (2013), “Empirical evidence demonstrates a growing link between
the presence of high-valued natural amenities—including pleasant climate and proximity to lakes,
oceans, forests, and mountains—and higher rates of population and income growth in the U.S.” Chen
et al. (2013) developed a two-region model in which labor distribution, production externalities and
natural resources are endogenous. According to their research, preference for natural amenities tends
to lead population dispersion. This study shows how amenity is related to regional agglomeration.

Business cycles occur due to exogenous or endogenous. For instance, real business-cycle theory
treats business cycles responses to various exogenous changes in the real economic variables. In the
literature of economic theory, only a few formal models can properly deal with exogenous cycles on
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basis of microeconomics. This study introduces exogenous real shocks to the neoclassical growth model
to demonstrate the existence of business cycles due to real shocks. It should be noted that in modern
nonlinear dynamic economic theory business cycles occur with or without any exogenous changes (e.g.,
Zhang, 1991, 2005, 2006; Lorenz, 1993; Flaschel et al. 1997; Chiarella and Flaschel, 2000; Shone, 2002;
Gandolfo, 2005; and Puu, 2011). Although there are many models of business cycles for national
economies, there are a few nonlinear multi-regional dynamic models with microeconomic foundation for
identifying business cycles. Different theories emphasize various origins of economic periodic changes.
The rest of the study is organized as follows. Section 2 extends Zhang’s model to allow for existence of
different time-dependent changeable parameters. In Section 3 we demonstrate that the movement of the
economy is described by differential equations. The section also simulates the model for a three-regional
economy. Section 4 studies comparative dynamic analysis in some exogenous periodic oscillations.
Section 5 concludes the study.

2. The model

This section is to generalize Zhang’s model by making all exogenous constant parameters to be
exogenous time-dependent (Zhang, 2016). The economy is composed of ] regions, indexed by
j=1,...,J]. Each region has one production sector and one environment sector. The production sector is
the same as in the the Solow growth model. The system produces one (durable) good. Assets are owned
by households. Capital and labor as inputs of the production sector. Productivities of the production
sector fully utilized. Saving is undertaken only by households. Commaodities are traded without any
barriers. We neglect transport costs. We measure prices in terms of the commaodity and the price of the
commodity be unity. We represent wage and interest rates by w;(t) and 7;(t), respectively, in the jth
region. The interest rate is equal across regions, i.e., r(t) = ;(t). We consider that the national
population N(t) is homogenous. Workers are free to choose their work place and residential location.
Workers work and reside in the same region. Each region has land L;(t) which is used only for
residential purposes. Regions have different productivities and living conditions. We use subscripts, i, e,
to denote the production and environment sectors, respectively. Let F,;(t) stand for the output levels of
q’s sector in region j at time t, g = i,e. Each region has one environment sector. The role of the
regional government is to collect different taxes on producers and consumers to financially support the
sector. The tax income is used up for employing labor and capital to purify environment.

2.1. The production sectors

The production sectors use labor and physical capital inputs. Environment affects productivities. The
production functions are specified as follows:

Fy(0) = 4,0 T (E®) k7@ N7 O,
Ajj(®), a;;(t), Bij(t) >0, a;;(t) + Bij =1 1)

where A;;(t), a;;(t), and f;;(t) are positive parameters. Here, [}; (Ej(t)) is a function of the
environmental quality measured by the level of pollution, E;(t), in region j. It is assumed that the
productivity of the capital goods sector is non-positively related to the pollution level. Let &;; stand
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for the depreciation rate of physical capital in region j. We use t;;(¢) to stand for the tax rate on the
capital goods sector. The marginal conditions of the production sector are:

r(t) + &, = _“if(”;Z((gFif(t_), wi(t) = _ﬁij(t);z((?)nj(t) ©)
where 7;;(t) = 1 — 7;;(t), 0 < 7;5(t) < 1.
2.2. Environmental change
Following Zhang (2016) we specify the dynamics of the stock of pollutants as follows:
B(©) = 0 (0) Fy(6) + 065(0) G(O) = Foy(®) = 0 Ei(©) + 5 (B, ) ) ©
inwhich 6;;(t), 6.;(t) and 6;(t) are positive parameters and
Foy(®) = Ao (0 Iy (B ©) KO 0) NPT (o),
Aej(8), @ej (1), Bej(t) >0 (4)

where A.;(t), a.;(t), and B,;(t) are positive parameters, and I"Qj(Ej)(Z 0) is a function of E;(¢).
The term 6;;(t) F;;(t) means that pollutants that are emitted during production processes are linearly
positively proportional to the output level. The parameter, 8;;(t), means that in consuming one unit of
the good the quantity 6;;(t) is left as waste. The creation of pollutants by consumers is given
6.;(t) C;(t). The parameter éj (t) is called the rate of natural purification.

We take account of effects of transboundary pollution by £; ((Eq (t))) where is a function of
pollutants of all the regions.

2.3. Behavior of consumers

All the income from land is evenly redistributed among the population. Region j’s land is L;(t)
and the land rentis R;(t). The land revenue 7(t) per worker is as follows:

AOEEDIRNOING 5)
Let I_cj(t) stand for per capita wealth of region j. We have l_cj(t) = Rj(t) /N;(t), where K(t) is the

total wealth held by region j. We use 7,;(t) and 7,,;(t) to stand for the tax rates on the wealth

income and wage income in region j, respectively. Per capita current income from the land ownership,
the interest payment r(t)k;(t), and the wage payment w;(t), is

Y () = 7(0) + T () 7(8) I (£) + 7, () W () (6)
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where 7,;(t) =1 —14;(¢) and 7,,;(t) =1 —1,,;(t). The per capita disposable income is the sum
of the current disposable income and the value of wealth:

P = ki(®) + y;(®) )

The disposable income is used for saving and consumption. At each point of time, a consumer
would distribute the total available budget between housing, [;(t), saving s;(t) and consumption
c;(t). The budget constraint is given by

(1+7;®) RO L(®) + (1 + 75()) P (D) (8) + 5;(8) = 95(0) (®)

where tg;(t) is the tax rate on housing and 7.;(t) is the tax rate on consumption.
Utility level U;(t) is dependent on the consumption levels of lot size and commodity, and saving.
The utility level of the typical consumer in region j is represented by

Ui (©) = 6;(®) 1°V ) ¢°@ 50 @), o), &), 1o(t) > 0 )

in which ny(t), é,(t), and A,(t) are the elasticities of utility with regard to lot size, commodity and
saving. We call ny(t), &,(t), and A,(t) propensities to consume lot size, and goods, and to hold
wealth, respectively. In (9), 8;(t) is region j’s amenity level (e.g., Diamond and Tolley, 1981;
Landry and Chakraborty, 2009; Lanz and Provins, 2013; Debarsy and Ertur, 2019; and Saracoglu and
Roe, 2019). We specify 6;(t) as follows:

6 =6 O EOONC®, =1 ..., ) (10)

where éj(t) (>0), w(<0), and d(t) are parameters, and N;(t) is region j’s population. We
don’t specify signs of d(t) as population may have either positive or negative effects on
regional attractiveness.

Maximizing U;(t) subject to (8) yields

LOR(®) = n;(0) 9,8, ¢(®) = &) 7). 5(8) = 1) 9;(1) (12)
where

ny(©) = 2L, &) = 20D, A = 20 p(0) (12)

p() = - (13)

Mo (t) + & (t) + Ao (t)

From (11) we see

si(0) = A0) [F(0) + ki(t) + T (©) 7(0) kj(©) + T, () w; (D] (14)
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2.4. Wealth accumulation

According to the definitions of s;(t), the wealth accumulation of the representative household in
region j is:

2.5. Equalization of utility levels between regions

We assume that households are freely mobile between the regions. The utility levels of
homogenous population between regions are assumed to be equal at any point in time. That is

Ui®) = Us®), j, q = 1,...,] (16)
2.6. The regional governments using tax income effectively
Each region’s governmental tax income consists of the tax incomes on the production sector,

consumption, wage income and wealth income as follows:

Yei(t) = 7;;(t) Fi; () + tg;() [;(0) R;(t) N;(t) + 7;(t) ¢;(t) N;(t)

+ 7, (O Wi () N; () + 74, () 7(8) K; () N; (©) (17)

The government’s income is used up only for the environmental purpose. The government budget
is as follows:

(r(®) + 8,(D) Kej(8) + wi(D) Noj(£) = Yo;(D) (18)

The government employs labor and capital stocks for purifying environment in such a way that the
purification rate is maximized under the given budget constraint. The government’s optimal problem is
thus formed by:

Max F,;(t) s.t. 19
{Kej(ONej©) © (19)

The optimal solution is:

(r(®) + 8 (D) Kej() = aej(t) Yej(®), wj() Nej(t) = Be;(8) Yo; () (20)

where

Eej(t)
(1) + Bej(®)

dej(t)
Tej() + Bej(t)’

ey (t) = (21)

.Bej(t) =

2.7. Regional capital being fully employed

Each region’s capital stocks K;(t) is fully
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Kij(t) + Kej(t) = K;(¢) (22)
2.8. National wealth being equal to the value of national capital

The total capital stock K(t) employed by the production sectors is equal to the total wealth owned
by the households of all the regions:

K@) =Y. K () = X_, k() N;(©) (23)

2.9. Full employment of labor force

The assumption that labor force and land are fully employed is represented by:

Nij () + Nej(£) = N;(8), TJ_ N; () = N(2) (24)

2.10.  Land resource being utilized fully

We have thus built the model.

3. Simulating the model

The economic system contains many variables which are nonlinearly interrelated. No general
analytical method is available to solve such nonlinear differential equations. For illustration, we simulate
the model. In the appendix, we show that the dynamics of the national economy can be expressed as
differential equations. First, we introduce a variable z, (t)

_ T(®)+8a ()
The following lemma provides the procedure to simulate the model.

3.1. Lemma

The motion of the national economy is given by the following 2/ + 2 differential equations with

z,(t), 7(t), (kj(t)) and (E]-(t)) as variables
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k() = @ (0,70, (kg (), (Eq(®) ),
E(®) = 4; (220,70, (ke ®), (E,®) ) j = 1,....),
70 = & (0,70, (k(®), (E,(®) ),
#(0) = 4 (20,70, (kg (), (B ). t) (27)

where @;(t), ®(t), 4;(t), and A(t) are functions of ¢, z(t),7(t), (k,-(t)) and (Ej(t))
defined in the appendix. For any given positive values of z,(t),7(t), (IEJ- (t)) and (Ej(t)) at any
point in time, the other variables are uniquely determined by the following procedure: r(t) by (A2) —
w;(t) by (A4) —J;(t) by (AS) — R;(t) by (A6) — N;(t) by (All) — N;(t) by (A15) — N,;(t)
Kej(t) — K(t) by (23).

We simulate the case that the economy is composed of three regions. We specify the functions
dependent on environmental quality as follows

Ly(B@nt) = 700, [(E®O.0=5""®, j =123 m=ic (@9

We require b

ii» bjs, bj = 0 and bj, < 0. We specify transboundary pollution functions as:

a, ((Eq(t)) , t) =5 00 B (D) 29)

The transboundary pollution functions imply that any region is also polluted by other two regions
and the speed is linearly related to the pollutant levels of other regions. The rest of this section is
concerned with the case that all the parameters are constant. This case is investigated by Zhang (2016)
and we simply state the results which are the reference point for following the motion of the system
when some parameters are time-dependent. We specify the parameters as follows:

N =20, 4 =075 & =01, ny = 0.1, d = =005, o = —0.08, 7;; = 7,
Ly 3 Ay 1.2 Aey 1.1
qu = 0'011_] * Qﬂqu = 112131 <L2> = <4>I <A12> = ( 1 >; (A€2> = < 1 );
Ly 3 A3 0.8 Ags 0.9
@iy 031\ /bu bes 001\ (61 0.08\ (Tk1 Twi
() _ (0.31),(%) _ (b) _ (o_oz), o | = ( 0.1 )() _ ()
a3 0.31/ \b; bes 0.01 0, 0.11/ \Tk3 Tw3
0.005\ [%j 0.4 by 0.01\ (Bk1\ /0.05
= <0.006>, Bej | = < 0.2 ) 0ij | = <0.08>, <6k2> = (0.04) (30)
0.007 Tij 0.005/ \#@ 0.03/  \&3 0.04

cj

We plot the motion of the system under (30) with the following initial conditions:
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z,(0) = 0.038, 7(0) = 1.42, k,;(0) = 12.7, k,(0) = 11, k;(0) =

E1(0) = 83, E,(0) = 9.8, E;(0) = 6.4.
The motion of the variables is plotted in Figure 1.
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Figure 1. The motion of the national and regional economies.

From the plot we see that the system becomes stationary over time. This implies the existence of an
equilibrium point. We list the equilibrium values as follows:
= 0.001, ¥ = 1.46, K =219.7,

N, 3.45 K; 49,98 E; 8.05 Fi 9.03
<N2> = (8.60), <K2> = (115.72), <E2> = (9.92>, <Fi2> = (18.09),
N; 7.95 K 80.71 E; 6.52 Fi3 12.57
K1 42.46 Nj; 3.42 F.q 042 Ko 1.52
(Kiz) = (111.71), (Ni2> = (8.54), (Fe2> = (0.99), (Kez> = (4.01),
K3 77.59 N; 7.88 F,; 0.78 K3 3.12
Neq 0.025 1.94 wy 1.81 0, 0.064
(Ne2> = <0 O69> ( ) (3.23), <W2> = <1.46>, <ez> = <0.075>,
N3 0.071 3.49 w3 1.1 05 0.085
ks 127\ [k 0.87\ /G 1.68
ks 9.92 Iy 0.38 C3 1.32

It is straightforward to calculate the eigenvalues as follows
{-0.18 + 0.021, —0.2, —0.15, —0.1, —0.07, —0.005,0}.

The real parts of the seven eigenvalues are negative and one is zero. The unique equilibrium is
locally stable. This implies the validity of conducting comparative dynamic analysis.
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4. Comparative dynamic analysis

We simulated the motion of the national economy under (30). This section identifies business
cycles by allowing various exogenous periodic shocks. We use ij (t) to stand for the change rate of

the variable, x;(t), in percentage due to changes in a parameter value.
4.1. Periodic oscillations in the population

We now study the effects of the following periodic oscillations in the national population:
N(t) = 20 + 0.2 sin(t).

The simulation results are plotted in Figure 2. The change rates in the regional populations are
regionally oscillatory. The per household consumption and wealth levels cross the regions are slightly
affected, even though the other variables changes greatly in amplitude. The national economy
experiences business cycles over time.
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Figure 2. Periodic Oscillations in the Population.
4.2. The impact of population on amenity being periodically perturbed

The population may affect amenity in different ways. In this study we consider that the population
has negative impact on the amenity. We assume parameter d equal cross regions. We now examine the
effects when the negative impact of the population is periodically perturbed as follows:

d(t) = —0.05 + 0.02 sin(t).

The simulation results are plotted in Figure 3. Although the regional variables change periodically,

region 1’s macro variables vary largely in amplitude.
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Figure 3. The impact of population on amenity being periodically perturbed.
4.3. The impact of pollutants on amenity being periodically perturbed

We now examine the effects when the negative impact of pollutants on amenities is oscillating
as follows: w(t) = —0.08 + 0.04 sin(t).

The simulation results are plotted in Figure 4. It is worthwhile to mention that the regional
macroeconomic variables change, but the amplitudes are much smaller than the other two regions’. No
region’s microeconomic variables are strongly affected.

Figure 4. The impact of pollutants on amenity being periodically perturbed.
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4.4. Region 1’s tax rate on consumption is periodically changed

We now examine the effects of a rise in the MPR’s tax rate on consumption as follows:
T.1(t) = 0.005 + 0.004 sin(t).

The simulation results are plotted in Figure 5. The MPR spends more resource on purifying
environment. The two input factors and output level of the MPR’s sector are increased. The level of
pollutants is reduced and the region’s amenity is enhanced. As pollutants are reduced in the MPR, the
productivity of the region is improved. The better environment attracts more people to live in the MPR.
The lot size falls in the MPR and the land rent rises. The PR’s and LPR’s populations are enhanced.
The lot sizes in the PR and the LPR fall. The two input factors and output levels of the PR’s and LPR’s
two sectors are reduced. The levels of pollutants are enhanced and the regions’ amenities are improved.
The consumption and wealth levels in all the regions are improved. We see that a rise in the tax rate
brings positive effects on all aspects of regional and national economies.

Figure 5. Region 1°s tax rate on consumption is periodically changed.

4.5. The impact of region 3’s consumption on environment is oscillatory
We now analyze the effects of the following oscillations in region 3’s consumption on

environment: 8.5(t) = 0.03 + 0.02 sin(t).
The simulation results are plotted in Figure 6.
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Figure 6. The impact of region 3’s consumption on environment is oscillatory.
4.6. Oscillations in the propensity to save and business cycles

In growth theory effects of saving propensity changes are different in different theories. In
Keynesian economic theory savings tend to reduce national income, while neoclassical growth theory
claims the opposite effect. We study what happen to the economic system when the propensity to save
is oscillated as follows: A,(t) = 0.75 + 0.03 sin(t).

The simulation results are plotted in Figure 7. There are business cycles in both macro and
economic variables when the propensity to save is oscillating.

Figure 7. Oscillations in the propensity to save and business cycles.
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5. Conclusions

This paper made a unique contribution to the literature of business cycles and multi-regional
economic growth. As far as | am aware, there is almost mathematical economic model of business
cycles with multiple regions and capital accumulation, and endogenous amenities which are built on
microeconomic foundation. This paper showed how economic cycles appear across regions in
association with spatial agglomeration and economic growth. It generalized the dynamic model of
interdependence between regional economic growth and endogenous environment change proposed
by Zhang (2016). The original model examined multi-regional dynamics with wealth and pollutant
accumulation over time. The dynamics of J-region economy is described by differential equations.
This paper generalized the model by making all exogenous constant parameters as exogenous
time-dependent parameters. We demonstrate business cycles due to different exogenous periodic
perturbations. The unique contribution to the literature of business cycles theory is that it demonstrates
existence of business cycles in a multi-regional neoclassical growth model with endogenous
environment built on microeconomic foundation. As the model takes account of various sources of tax,
it is possible to study the impact of changes in the tax policy on growth and oscillations in the
economic system. Although this study does not take account of dynamics of political parties in a
democratic society, our results on oscillations in the tax policies which might be due to powershifts tell
us that business cycles can also result from political competition. As the model is built on some
well-established economic theories and each theory has a vast amount of literature, the model may be
extended and generalized in multiple directions.
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