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Abstract: In this paper, we propose a vegetation-water coupled system that explicitly incorporates
saturated water absorption and an intraspecific competition term. We first establish the global stability
of the boundary equilibrium, then analyze the stability and Turing instability of the positive equilibria,
demonstrating that the equilibrium with low vegetation density is consistently unstable, while the other
positive equilibrium exhibits Turing instability when the vegetation diffusion coefficient is sufficiently
small or the water diffusion coefficient is sufficiently large. We derive a priori estimates for nonnegative
steady-state solutions via the maximum principle, conduct a detailed qualitative analysis of steady-
state bifurcations at simple and double eigenvalues, and establish criteria for the bifurcation direction.
Finally, through numerical simulations, we present the dynamical behaviors near the bifurcation points
and simulate the evolution of vegetation patterns under different parameter settings, and find that
as the water diffusion coefficient d1 and the intraspecific competition coefficient σ increase, Turing
patterns transition from spot-like to stripe-like structures; conversely, as the precipitation parameter a
increases, the patterns shift from stripe-like to spot-like. These findings advance our understanding
of the mechanisms governing vegetation pattern formation in water-limited ecosystems and provide a
theoretical framework for predicting ecosystem responses to environmental changes.

Keywords: vegetation-water system; turing instability; global stability; steady-state bifurcation;
intraspecific competition

1. Introduction

Desertification [1], a pervasive global ecological crisis, has been continuously expanding in arid
and semi-arid regions [2]. Even some semi-humid gully areas have shown signs of deterioration. The
core of this issue lies in the combined effects of climate change [3, 4], alterations in soil properties,
and vegetation cover degradation, which ultimately leads to a progressive decline in essential
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ecosystem services. Desertification has accelerated markedly under the dual pressures of changing
natural conditions [5, 6] and anthropogenic disturbances [7–9]. This acceleration disrupts vegetation
structure and function, leading to the decline of dominant species, community simplification, and,
ultimately, vegetation degradation [10, 11] and reduced coverage. Therefore, promoting the scientific
restoration and sustainable long-term management of vegetation ecosystems has become an urgent
priority in addressing the challenge of desertification [12].

Intraspecific competition [13] also profoundly influences vegetation dynamics. Different plant
species compete for resources such as light, water, and nutrients, leading to an increase in dominant
species and a decline in inferior ones. Consequently, investigating the dynamic evolution mechanisms
of vegetation-water systems has emerged as a pivotal research direction in ecological theory, holding
key significance for mitigating ecological crises and achieving a balance between ecological
conservation and development.

For decades, many scholars have proposed relevant mathematical systems to study desertification.
For example, Donzelli et al. [14] established a vegetation-water system in arid and sparsely wooded
grassland areas and discussed the steady-state and bifurcation analysis of the system; considering the
differences in root depths of different vegetation leading to different water absorption capacities,
Ying et al. [15] constructed a vegetation-water system and analyzed the stability of equilibrium
points. However, the above studies did not consider the spatial diffusion phenomenon in ecosystems.
For this reason, many scholars have introduced spatial diffusion into vegetation-water systems,
constructing them with partial differential equations to further explore their dynamic behaviors.
From 1997 to 2008, Lefever et al. [16, 17] established a spatial diffusion system that contained unique
vegetation, explored the causes of irregular patterns, and discussed the system’s dimensionless results:

∂n
∂t
= (1 − µ)n + (Λ − 1)n2 − n3 +

1
2

(L2 − n)∆n −
1
8

n∆n. (1.1)

This model mainly explores the pattern change of a single plant species and does not consider the
synergistic interactions of water and vegetation.

In desertification research, water is a core factor affecting vegetation growth and land degradation
processes, and its role is crucial. Klausmeier [18] constructed a vegetation-water system with spatial
diffusion and studied its Turing instability.

∂W
∂T
= A − LW − RWN2 + V

∂W
∂X
,

∂N
∂T
= RJWN2 − MN + D∆N.

(1.2)

This model effectively captures the coupling mechanisms among precipitation, evaporation, runoff,
and vegetation water uptake, as well as the resulting spatial self-organized patterns, providing a solid
ecohydrological basis. However, under sufficient water availability, its biomass exhibits unbounded
growth, failing to reflect density dependence, and the threshold processes of ecosystem recovery
following degradation.

Subsequently, extensive research has been conducted on the spatial distribution patterns of
vegetation, leading to the development of various systems. For instance, studies based on the Rietkerk
system and modified versions of both the Klausmeier and Rietkerk systems [19] have explored the
mechanisms underlying real-world vegetation patterns and the influence of natural factors. Vegetation

Electronic Research Archive Volume 34, Issue 6, 3858–3894.



3860

water absorption is a vital physiological process in vegetation growth. With vegetation biomass
increases to a certain extent, vegetation reach water absorption saturation. The saturation effect of
vegetation water absorption was considered by Li et al. [20], and the saturated water absorption rate of
vegetation was expressed as aN

1+bN , and a system with water absorption saturation effect was proposed.
∂W
∂T
= A − LW − RW

aN2

1 + bN
+ D1∆W,

∂N
∂T
= RJW

aN2

1 + bN
− MN + D2∆N.

(1.3)

In recent years, numerous scholars have conducted extensive research on the dynamical mechanisms
of vegetation-water coupled systems and have achieved fruitful results. Li et al. [21] developed a
vegetation-water model incorporating the effect of hydrotropism, revealing that hydrotropism can also
promote the growth of vegetation itself. Zhang and Wu [22] focused on a vegetation-water model with
cross-diffusion, and using Floquet theory, derived conditions under which stable periodic solutions
become unstable. Xiong et al. [23] established a cross-diffusion model with mixed delays to describe
vegetation dynamics under water shortage conditions. Guo et al. [24] studied a vegetation-water model
with saturated water absorption and found that the equilibrium with low vegetation density is always
unstable. Furthermore, Wang and Zhang [25] extended the Klausmeier system and deeply explored the
influence mechanism of internal biological competition on the formation of vegetation spatial patterns:

∂v
∂t
= p − w −

wn2

1 + σ∗n2 − v
∂v
∂x
, x ∈ Ω, t > 0,

∂n
∂t
=

wn2

1 + σ∗n2 − δn + ∇
2n, x ∈ Ω, t > 0.

(1.4)

The numerator of wn2

1+σ∗n2 reflects the long-range competition and short-range promotion, and the
denominator represents the internal or local competition among organisms. The parameterσ represents
the intensity of internal competition response. If the negative feedback caused by internal competition
is stronger than the positive feedback caused by infiltration, the available water of individual plants
may decrease.

In the study of arid vegetation-water coupled models, the mathematical formulation of competitive
terms is not a unique standard form, and multiple reasonable modeling frameworks have been
developed in the academic community. For example, to investigate the effects of intraspecific
competition on species coexistence in banded vegetation, Eigentler [26] incorporated logistic-type
density-dependent competitive terms into the growth rates of plant species in a multispecies model,
embedding the logistic constraint of the form (1 − u/k) to characterize the regulatory effect of
intraspecific competition on vegetation growth. The generalized Holling type-III functional response
is a classical mathematical framework for characterizing nonlinear saturated responses in population
dynamics, featuring linear response at low intensity and quadratic saturation at high intensity, which
is widely applicable to dynamic modeling of various ecosystems. Dai et al. [27] introduced the
generalized Holling type-III functional response into the ecological dynamic system. Motivated by
this classical modeling approach, this paper extends the mathematical mechanism of the generalized
Holling type-III functional response to the vegetation-water coupled system.

This paper proposes a vegetation-water system that incorporates a competition term. Specifically,
building upon the system with saturated water uptake, we introduce a parameter capturing the
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intraspecific competition effect into the system. This modification more directly illustrates the
coupled dynamics between vegetation and water, as well as the mechanistic role of intraspecific
vegetation competition:

∂w
∂t
= a − w −

pwn2

1 + σn + n2 + d1∆w, x ∈ Ω, t > 0,

∂n
∂t
=

wn2

1 + σn + n2 − bn + d2∆n, x ∈ Ω, t > 0,

∂w
∂v
=
∂n
∂v
= 0, x ∈ ∂Ω, t > 0,

(w0(x, 0), n0(x, 0)) . (0, 0), x ∈ Ω̄.

(1.5)

The first equation describes the dynamics of water content, where w denotes water density, a is the
water input rate, primarily from precipitation, and the term pwn2

1+σn+n2 represents the loss of water due
to uptake by vegetation. The second equation governs the change mechanism of vegetation biomass,
where n represents vegetation biomass, the parameter σ represents the intensity of internal competition
among organisms, the absorbed water wn2

1+σn+n2 is used for self-growth, and represents vegetation death
due to other reasons. From a biological background, all parameters in the system are non-negative
constants. This paper mainly conducts qualitative analysis on the positive steady-state solutions of
system (1.5) and focuses on discussing the system

−d1∆v = a − w −
pwn2

1 + σn + n2 , x ∈ Ω,

−d2∆n =
wn2

1 + σn + n2 − bn, x ∈ Ω,
∂w
∂v
=
∂n
∂v
= 0, x ∈ ∂Ω.

(1.6)

The innovation of this study lies in incorporating both water absorption saturation and intraspecific
competition into the vegetation-water system, overcoming the limitation that existing models usually
neglect density-dependent competition. In arid and semi-arid regions, the nonlinear saturation
characteristics and resource competition among individuals jointly determine the overall stability of
the ecosystem. This study more comprehensively reveals the synergistic effects between vegetation
water uptake capacity and intraspecific competition, and more accurately characterizes the complex
hydrological feedback mechanisms between vegetation and water in desertification-prone areas,
providing theoretical support that is more consistent with actual ecological processes for
understanding vegetation pattern formation, steady-state transitions, and degradation-recovery
regimes in arid zones. Meanwhile, the system exhibits richer dynamical behaviors, which
significantly increases the difficulty in analyzing its steady-state structure, bifurcation characteristics,
and Turing instability mechanism. Therefore, this study not only improves the modeling framework
of vegetation-water systems from an ecological perspective, but also has important theoretical and
practical significance for revealing the instability mechanism of arid ecosystems and guiding
desertification prevention and ecological restoration practices. The research framework is as follows:
First, using the comparison principle, we thoroughly investigate the global stability of the boundary
equilibrium. Subsequently, we further examine the impact of diffusion on the stability and Turing
instability of the positive equilibrium. By applying the maximum principle, we establish a priori

Electronic Research Archive Volume 34, Issue 6, 3858–3894.



3862

estimates for non-negative solutions and conduct a qualitative analysis of non-constant steady-state
solutions. Taking d1 as the bifurcation parameter, we analyze the local steady-state bifurcations in the
cases of simple eigenvalues and double eigenvalues, and clarify the basis for determining the direction
of local bifurcations.

The structure of the paper is set as follows: In the first part, we analyze the global stability of the
boundary equilibrium and investigate the existence conditions and stability of positive equilibria. The
second part is devoted to establishing a priori estimates for non-negative solutions. The third part
focuses on the steady-state bifurcation analysis, including the study of local bifurcation, global
bifurcation, and bifurcation direction. In the fourth part, we present spatiotemporal diagrams of
vegetation patterns through numerical simulations and analyze the influence of different parameters
on the spatiotemporal dynamics of vegetation.

2. Materials and methods

2.1. Global stability of boundary equilibrium and Turing instability of positive equilibrium

In this section, we discuss the global stability of the boundary equilibrium of system (1.5) using the
comparison principle, and explore the related conclusions on the stability and Turing instability of the
positive equilibrium under the diffusion system.

2.1.1. Global stability

In this subsection, we first study the stability of the equilibrium under the ordinary differential
system, and then analyze the global stability of the boundary equilibrium.

First, we discuss the following non-diffusion system
dw
dt
= a − w −

pwn2

1 + σn + n2 , t > 0,

dn
dt
=

wn2

1 + σn + n2 − bn, t > 0.
(2.1)

A straightforward calculation shows that system (2.1) possesses three equilibria: the boundary
equilibrium E0 = (a, 0) and two interior equilibria. E0 = (a, 0) is the unique boundary equilibrium,
and it is locally asymptotically stable [18]. Throughout the paper, we always assume the following
conditions hold:

a > σb, (a − σb)2 − 4b2(1 + p) > 0,

where system (2.1) has two positive equilibrium E1 = (w1, n1) and E2 = (w2, n2) = (w∗, n∗), which
gives the following:

E1 =

a + −pb(a − σb) + pb
√

(a − σb)2 − 4b2(1 + p)
2(b + pb)

,
(a − σb) −

√
(a − σb)2 − 4b2(1 + p)
2(b + pb)


(2.2)

and the other equilibrium is

E2 =

a + −pb(a − σb) − pb
√

(a − σb)2 − 4b2(1 + p)
2(b + pb)

,
(a − σb) +

√
(a − σb)2 − 4b2(1 + p)
2(b + pb)


(2.3)

Electronic Research Archive Volume 34, Issue 6, 3858–3894.



3863

and from system (2.1), we obtain w∗ =
b
n∗
+ b(σ + n∗).

Lemma 2.1 ( [28]). Let f ∈ C1 ([0,∞]) , d > 0, γ ≥ 0, and T ≥ 0 be constants, Ω be a bounded domain
in RN with smooth boundary ∂Ω , and ν be the outer normal vector on ∂Ω. Suppose that the function
ω ∈ C2,1 (Ω × (T,∞)) ∩C1,0

(
Ω̄ × [T,∞)

)
is positive, then the hold:

(i) If ω satisfies  ωt − d∆ω ≤ (≥)ω1+γ f (ω) (c − ω) , (x, t) ∈ Ω × (T,∞) ,
∂ω

∂v
= 0, (x, t) ∈ ∂Ω × (T,∞) ,

with c > 0 being a constant, then lim sup
t→∞

max
Ω̄

(·, t) ≤ c (lim inf
t→∞

min
Ω̄

(·, t) ≥ c).

(ii) If ω satisfies  ωt − d∆ω ≤ ω1+γ f (ω) (c − ω) , (x, t) ∈ Ω × (T,∞) ,
∂ω

∂v
= 0, (x, t) ∈ ∂Ω × (T,∞) ,

with c ≤ 0 being a constant, then lim sup
t→∞

max
Ω̄

(·, t) ≤ 0.

Next, we analyze the global stability of the boundary equilibrium (a, 0) based on Lemma 2.1.

Theorem 2.2. If a < bσ, the unique boundary equilibrium (a, 0) of system (1.5) is globally stable.

Proof. For any initial value (w0(x, 0), n0(x, 0)) . (0, 0), x ∈ Ω̄, we know that the corresponding solution
(w(x, t), n(x, t)) of system (1.5) satisfies (w(x, t), n(x, t)) ≥ (0, 0) by the maximum principle. From the
first equation of system (1.5), it follows that

ωt − d1ωxx ≤ a − w

Then, by Lemma 2.1, it can be directly proved that lim sup
t→∞

max
x∈Ω̄
ω (x, t) ≤ a. Therefore, ∀ε > 0,

there exists T (ε) ≫ 1 such that when x ∈ Ω̄, t ≥ T (ε), w(x, t) ≤ a + ε. Then, for x ∈ Ω̄ and t ≥ T (ε),
the second equation of system (1.5) gives

nt − d2nxx ≤
(a + ε)n2

1 + σn + n2 − bn =
(a + ε − bσ)(−nεn3 + n2 − nεn)

1 + σn + n2 ,

where

nε =
b

a + ε − bσ
.

If a < bσ, then for sufficiently small ε, nε < 0. By Lemma 2.1, we get lim sup
t→∞

max
Ω̄

n (x, t) ≤ 0.

Noting that n(x, t) ≥ 0, we have lim n
t→∞

(x, t) = 0.

Since w(x, t) ≥ 0 and lim
t→∞

pwn2

1+σn+n2 = 0, ∀ε1 ∈ (0, 1), there exists T (ε1) > T (ε) such that pwn2

1+σn+n2 ≤ ε1

when t ≥ T (ε1). Using the first equation of system (1.5), we obtain

wt − d1wxx ≥ a − ε1 − w.
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Lemma 2.1 implies lim inf
t→∞

min
x∈Ω̄
ω (x, t) ≥ a − ε1. Due to the arbitrariness of ε1, we have

lim inf
t→∞

min
x∈Ω̄
ω (x, t) ≥ a. Combining with lim sup

t→∞
max
x∈Ω̄
ω (x, t) ≤ a, we get lim

t→∞
ω (x, t) = a,∀x ∈ Ω̄.

In conclusion,
lim
t→∞

(w(x, t), n(x, t)) = (a, 0), x ∈ Ω̄.

Thus, the boundary equilibrium E0 = (a, 0) is globally asymptotically stable. This completes
the proof. □

2.1.2. Turing instability

This subsection mainly discusses the stability of the positive equilibrium of the reaction-diffusion
system (1.5) and presents the results of Turing instability.

The Jacobian matrix of system (2.1) at (w∗, n∗) is as follows:

J =


−1 −

p(n∗)2

1 + σn∗ + (n∗)2 −
pb(σn∗ + 2)

1 + σn∗ + (n∗)2

(n∗)2

1 + σn∗ + (n∗)2

b(1 − (n∗)2)
1 + σn∗ + (n∗)2

 , (2.4)

where its characteristic equation is

µ2 − TrJµ + DetJ = 0, (2.5)

where

TrJ =
(−p − b − 1)(n∗)2 − σn∗ + (b − 1)

1 + σn∗ + (n∗)2 ,

DetJ =
b
[
(1 + p)(n∗)2 − 1

]
1 + σn∗ + (n∗)2 .

Since n1n2 =
1

1 + p
, we have

(1 + p)n2
1 − 1 = (1 + p)n2

1 − (1 + p)n1n2 = (1 + p)n1(n1 − n2) < 0,

(1 + p)n2
2 − 1 = (1 + p)n2

2 − (1 + p)n1n2 = (1 + p)n2(n2 − n1) > 0.

Thus,
DetJ(E1) < 0,DetJ(E2) > 0.

Since E1 is always unstable, we focus on the stability of E2 = (w2, n2) = (w∗, n∗).
Let

σ0 := σ0(σ∗) = (p − 1 − b)n∗ +
b − 1

n∗
.

The following lemma can be easily obtained.

Lemma 2.3. If σ∗ > σ0, the positive equilibrium point (w∗, n∗) is locally asymptotically stable for
system (2.1). If 0 < σ∗ < σ0, the positive equilibrium point (w∗, n∗) is unstable for system (2.1).
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Proof. If σ∗ > σ0, then TrJ < 0. Since TrJ < 0 and DetJ > 0 are satisfied, (w∗, n∗) is locally
asymptotically stable; if 0 < σ∗ < σ0, then TrJ > 0 and DetJ > 0, so (w∗, n∗) is unstable. This
completes the proof. □

Next, we discuss the stability of (w∗, n∗) in system (1.5). Let

0 = λ0 < λ1 < λ2 < · · · < λi < . . .

be the eigenvalues of −∆ on Ω satisfying the homogeneous Neumann boundary conditions, where the
multiplicity of λi is mi ≥ 1. Define the set of orthogonal eigenfunctions corresponding to λi as {ϕi j},
and ϕi = ϕi1. Then, {ϕi j}, i ≥ 0, 1 ≤ j ≤ mi forms a complete orthogonal basis in L2(Ω).

The linearization of system (1.5) at (w∗, n∗) is

(
wt

nt

)
= L

(
w
n

)
:=


−1 −

pn∗2

1 + σn∗ + n∗2
+ d1∆ −

pb(σn∗ + 2)
1 + σn∗ + n∗2

n∗2

1 + σn∗ + n∗2
b(1 − n∗2)

1 + σn∗ + n∗2
+ d2∆


(
w
n

)
, (2.6)

supposing µ is an eigenvalue of the linear operator L, with corresponding eigenfunction (Φ,Ψ)T .
Consider the following:

Φ =

∞∑
0≤i≤∞,1≤ j≤mi

ai jϕi j and Ψ =
∞∑

0≤i≤∞,1≤ j≤mi

bi jϕi j.

Substituting into the eigenvalue problem L
(
Φ

Ψ

)
= µ

(
Φ

Ψ

)
, we obtain


−1 −

pn∗2

1 + σn∗ + n∗2
+ d1∆ −

pb(σn∗ + 2)
1 + σn∗ + n∗2

n∗2

1 + σn∗ + n∗2
b(1 − n∗2)

1 + σn∗ + n∗2
+ d2∆


(
Φ

Ψ

)
= µ

(
Φ

Ψ

)
,

direct calculation gives

∑
0≤i<∞,1≤ j≤mi


−1 −

pn∗2

1 + σn∗ + n∗2
− d1λi − µ −

pb(σn∗ + 2)
1 + σn∗ + n∗2

n∗2

1 + σn∗ + n∗2
b(1 − n∗2)

1 + σn∗ + n∗2
− d2λi − µ


(
ai j

bi j

)
ϕi j = 0,

for non-trivial solutions (ai j, bi j)T , (0, 0)T , the determinant of the coefficient matrix must vanish.
Thus, µ is an eigenvalue of the linear operator L if and only if, for some i ≥ 0, it satisfies the
characteristic equation

µ2 − Tiµ + Di = 0, (2.7)

for i = 0, 1, 2, · · · ,where

Ti = −(d1 + d2)λi +
(−p − b − 1)n∗2 − σn∗ + (b − 1)

1 + σn∗ + n∗2
,
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Di = d1d2λ
2
i +

(
1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2
d2 −

b(1 − n∗2)
1 + σn∗ + n∗2

d1

)
λi +

b
[
(1 + p)n∗2 − 1

]
1 + σn∗ + n∗2

,

obviously, for all i ≥ 0,Ti < 0, and D0 > 0. Let z0 =
1+σn∗+(p+1)n∗2

b(1−n∗2) .
When d1

d2
≤ z0, Di > 0 and (w∗, n∗) is locally asymptotically stable for system (1.5): When d1

d2
> z0,

consider the following formula:

∆1 =

[
b(1 − n∗2)

1 + σn∗ + n∗2

]2

d2
1 +

[
1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2

]2

d2
2

−
2b(1 − n∗2)(1 + σn∗ + pn∗2 + n∗2) + 4b

[
(1 + p)n∗2 − 1

]
1 + σn∗ + n∗2

d1d2.

Consider the quadratic function defined by

f (z) =
[

b(1 − n∗2)
1 + σn∗ + n∗2

]2

z2 +

[
1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2

]2

−
2b(1 − n∗2)(1 + σn∗ + pn∗2 + n∗2) + 4b

[
(1 + p)n∗2 − 1

]
1 + σn∗ + n∗2

z,

where z = d1
d2

. The discriminant of f (z) is given by

∆2 =
S ∗2

(1 + σn∗ + n∗2)2 − 4
[

b(1 − n∗2)
1 + σn∗ + n∗2

1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2

]2

,

where S = 2b(1 − n∗2)(1 + σn∗ + pn∗2 + n∗2) + 4b
[
(1 + p)n∗2 − 1

]
.

After calculation, we find ∆2 > 0. Therefore, the equation f (z) = 0 has two distinct real roots, z1

and z2, given by

z1 =
S (1 + σn∗ + n∗2) −

√[
S (1 + σn∗ + n∗2)

]2
− 4b2(1 − n∗2)2(1 + σn∗ + pn∗2 + n∗2)

2b2(1 − n∗2)2 ,

z2 =
S (1 + σn∗ + n∗2) +

√[
S (1 + σn∗ + n∗2)

]2
− 4b2(1 − n∗2)2(1 + σn∗ + pn∗2 + n∗2)

2b2(1 − n∗2)2 .

Furthermore, calculation shows that z0 < z1 < z2. When z0 <
d1
d2
< z1, we have f (z) < 0, and

consequently Di > 0 for all i ≥ 0. When z1 <
d1
d2
< z2, we also have f (z) < 0 and Di > 0 for all i ≥ 0.

This means that when z0 <
d1
d2
< z2, (w∗, n∗) is locally asymptotically stable for system (1.5).

In summary, when 0 < d1
d2
< z2, the equilibrium point (w∗, n∗) is locally asymptotically stable for

system (1.5). We obtain the following result.

Theorem 2.4. Suppose σ∗ > σ0. The stability of the equilibrium (w∗, n∗) of system (1.5) is locally
asymptotically stable when 0 < d1

d2
< z2.
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We now discuss the stability of the equilibrium (w∗, n∗) when d1
d2
> z2. In this case, ∆1 > 0, implying

that the equation Di = 0 admits two positive solutions:

λ−(d1, d2) =
t −

√
t2 − 4d1d2A
2d1d2

, λ+(d1, d2) =
t +

√
t2 − 4d1d2A
2d1d2

,

where

t = sd1 + cd2, s =
b(1 − n∗2)

1 + σn∗ + n∗2
, c = −

1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2
< 0, A =

b
[
(1 + p)n∗2 − 1

]
1 + σn∗ + n∗2

.

Letting

Y(d1) = s +
cd2

d1
+

√(
s +

cd2

d1

)2

−
4d2A

d1
,

the derivative of Y(d1) is

Y ′(d1) = −
cd2

d2
1

+
−cd2

(
s + cd2

d1

)
+ 2d2A√

(sd1 + cd2)2 + 4d1d2A
.

Since d1/d2 > z2 > z0 = −c/s, we have sd1 + cd2 > 0. Because c < 0, Y ′(d1) > 0 for all d1.
Therefore, λ−(d1, d2) is increasing with respect to d1. Let

Φ1 = {λ | λ > 0, λ−(d1, d2) < λ < λ+(d1, d2)}, Φ2 = {λ1, λ2, λ3, . . . }.

Now, d2 and let d1 → +∞. Then,

lim
d1→+∞

λ−(d1, d2) = 0, lim
d1→+∞

λ+(d1, d2) =
s

d2
=

b(1 − n∗2)
(1 + σn∗ + n∗2)d2

,

Thus when d1 is sufficiently large,

0 < λ+(d1, d2) <
b(1 − n∗2)

(1 + σn∗ + n∗2)d2
.

If λ1 ≥
b(1−n∗2)

(1+σn∗+n∗2)d2
, then Φ1 ∩ Φ2 = ∅ and Di > 0 for all i ∈ N+. Therefore, the equilibrium point

(w∗, n∗) is locally asymptotically stable for system (1.5), and we can obtain the following theorem.

Theorem 2.5. When σ∗ > σ0, there exists a sufficiently large d̃1 such that d1 > d̃1.
(i) If λ1 ≥

b(1−n∗2)
(1+σn∗+n∗2)d2

, then the equilibrium (w∗, n∗) of system (1.5) is asymptotically stable.

(ii) If λ1 <
b(1−n∗2)

(1+σn∗+n∗2)d2
, then the equilibrium (w∗, n∗) is Turing unstable.

Fix d1 and let d2 → 0. Then, we have

lim
d2→0
λ−(d1, d2) =

A
sd1
=

(1 + p)n∗2 − 1
(1 − n∗2)d1

, lim
d2→0
λ+(d1, d2) = +∞.

Therefore, there exists a sufficiently small d̃2 > 0 such that if 0 < d2 < d̃2, Φ1 ∩ Φ2 , ∅. Under
these conditions, the equilibrium point (w∗, n∗) is unstable in system (1.5), which may give rise to
Turing instability.
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Theorem 2.6. Assume that σ∗ > σ0. For sufficiently small d̃2 ,if d2 < d̃2 , the equilibrium (w∗, n∗) of
system (1.5) becomes Turing unstable.

Proof. From Theorem 2.4, we know that when d1/d2 is small, (w∗, n∗) is asymptotically stable.
Theorem 2.6 proves that (w∗, n∗) is Turing unstable when d2 is small, and from Theorem 2.6, when d1

is large, the stability of (w∗, n∗) depends on the vegetation region. For the case where d1 is large,
(w∗, n∗) is asymptotically stable when the vegetation region is small, and Turing instability occurs
when the vegetation region is large. In fact, the stability or Turing instability of (w∗, n∗) in
system (1.5) does not require d1 to be sufficiently large.

When d2λ1 ≥
b(1 − n∗2)

1 + σn∗ + n∗2
,

Di = d1d2λi

(
d2λi −

b(1 − n∗2)
1 + σn∗ + n∗2

)
+

1 + σn∗ + (p + 1)n∗2

1 + σn∗ + n∗2
d2λi +

b
[
(1 + p)n∗2 − 1

]
1 + σn∗ + n∗2

> 0, i ≥ 0,

which means (w∗, n∗) is locally asymptotically stable for system (1.5).

Assume d2λ1 ≤
b(1 − n∗2)

1 + σn∗ + n∗2
, and define i0 as the largest positive integer such that

d2λi <
b(1 − n∗2)

1 + σn∗ + n∗2
, 1 ≤ i ≤ i0. (2.8)

Define a critical diffusion coefficient d̂1 = d̂1(s, p, b, d2,Ω) = min1≤i≤i0 d1,i, where

(Y) : d1,i =

[
1 + σn∗ + (p + 1)n∗2

]
d2λi + b

[
(1 + p)n∗2 − 1

]
b(1 − n∗2)λi − d2λ

2
i (1 + σn∗ + n∗2)

. (2.9)

For 1 ≤ i ≤ i0, we have d2λ1 <
b(1−n∗2)

1+σn∗+n∗2 ; and, if 0 < d1 < d̂1, then for 1 ≤ i ≤ i0, we have d1 < d1,i,
which means Di > 0. For i > i0, we have d2λi ≥

b(1−n∗2)
1+σn∗+n∗2 , which also implies Di > 0. Therefore,

Di > 0 for all i ≥ 1, and (w∗, n∗) is asymptotically stable for system (1.5).
Conversely, if d2λ1 <

b(1−n∗2)
1+σn∗+n∗2 and d1 > d̂1, let the minimum value in (2.8) be achieved at j ∈ [1, i0]

and d1 > d1, j, which means D j < 0. Therefore, the equilibrium point (w∗, n∗) is unstable, and Turing
instability occurs in system (1.5). Thus, we obtain the following result. □

Theorem 2.7. Assume σ∗ > σ0.
(i) If 0 < d1 < d̂1 holds and conditions d2λ1 ≥

b(1−n∗2)
1+σn∗+n∗2 , d2λ1 <

b(1−n∗2)
1+σn∗+n∗2 are satisfied, then the

equilibrium point (w∗, n∗) is asymptotically stable of system (1.5).
(ii) If d1 > d̂1 holds and condition d2λ1 <

b(1−n∗2)
1+σn∗+n∗2 is satisfied, then the equilibrium point (w∗, n∗) is

unstable, and the system (1.5) is Turing instable.

2.2. A priori estimates

In this section, we derive a priori estimates for the non-negative solutions of system (1.5). Let
f̄ = 1

|Ω|

∫
Ω

f dx. First, we present the following two lemmas.

Electronic Research Archive Volume 34, Issue 6, 3858–3894.



3869

Lemma 2.8 ( [29]). Let Ω be a bounded Lipschitz domain in RN , and Λ be a non-negative constant.
Assume v ∈ W1,2 is a non-negative weak solution to the following inequality:

−∆v + Λv ≥ 0, x ∈ Ω,
∂v
∂ν
≤ 0, x ∈ ∂Ω.

Then, for any q ∈
[
1, n

n−2

)
, there exists a constant C0, which depends only on q,Λ, and Ω, such that

∥v∥q(Ω) ≤ C0 inf
Ω

v.

Lemma 2.9 ( [29]). Let g ∈ C
(
Ω̄ × R1

)
.

(i) Suppose that ω (x) ∈ C2 (Ω) ∩C1
(
Ω̄
)

and satisfies

∆ω + g (x, ω (x)) ≥ 0, x ∈ Ω,
∂ω

∂ν
≤ 0, x ∈ ∂Ω.

If ω (x0) = max
Ω̄
ω (x), then g (x0, ω (x0)) ≥ 0.

(ii) Suppose that ω (x) ∈ C2 (Ω) ∩C1
(
Ω̄
)

and meets

∆ω + g (x, ω (x)) ≤ 0, x ∈ Ω,
∂ω

∂ν
≥ 0, x ∈ ∂Ω.

If ω (x0) = min
Ω̄
ω (x), then g (x0, ω (x0)) ≤ 0.

Now, assume w, n ∈ C2(Ω) ∩ C1(Ω̄) and (w, n) is a non-negative solution of system (1.5). By the
maximum principle for elliptic equations, (w, n) > 0 on Ω̄. Now, we present the a priori estimates for
the non-negative solutions of system (1.5).

Theorem 2.10. For non-negative solution pair (w, n) of system (1.5), it follows that

a
[
(pbd2)2 + σ(pbd2)(sbd1 + sd2) + (sbd1 + sd2)2

]
(pbd2)2 + σ(pbd2)(sbd1 + sd2) + (sbd1 + sd2)2(p + 1)

≤ w(x) ≤ a,

(a − w̄)|Ω|
pbc0

≤ n(x) ≤
ad1

pd2
+

a
pb
.

The detailed derivation is presented in Appendix A.

2.3. The steady-state bifurcation

In this section, we discuss the existence of non-trivial positive solutions of system (1.5) in one-
dimensional space. Assume Ω = (0, π), and the results can be generalized to higher-dimensional
spatial regions.

Taking d1 as the bifurcation parameter, we prove the existence of non-trivial positive solutions
bifurcating from (w∗, n∗). Consider the following elliptic system:

−d1w′′ = a − w −
pwn2

1 + σn + n2 , x ∈ (0, π),

−d2n′′ =
wn2

1 + σn + n2 − bn, x ∈ (0, π),

w′ = n′ = 0, x = 0, π.

(2.10)
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In addition, we will discuss the structure and direction of bifurcation solutions. Let
(w̃, ñ) = (w − w∗, n − n∗), and denote w̃, ñ as w, n, respectively. Then, system (2.10) is transformed into
the following system:

−d1w′′ = a − (w + w∗) −
p(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2 , x ∈ (0, π),

−d2n′′ =
(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2 − b(n + n∗), x ∈ (0, π),

w′ = n′ = 0, x = 0, π.

(2.11)

2.3.1. Local Stability Bifurcation

This subsection focuses on exploring the bifurcation behavior of system (2.11) at steady state,
analyzing simple eigenvalues and double eigenvalues respectively: For simple eigenvalues, we
employ the Crandall-Rabinowitz theorem for research. For multiple eigenvalues, we determine
whether bifurcation phenomena occur by spatial decomposition combined with the implicit
function theorem.

Let

X = {(w, n) ∈ W2,2(0, π) ×W2,2(0, π) : w′ = n′ = 0, x = 0, π}, Y = L2(0, π) × L2(0, π).

Define the mapping F : R+ × X → Y as

F(d1,Q) =


d1w′′ + a − (w + w∗) −

p(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2

d2n′′ +
(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2 − b(n + n∗)

 , Q = (w, n)T .

Then, the solution of system (2.11) is the zero point of this mapping. Obviously, F(d1, (0, 0)) = 0.
Consider the Fréchet derivative of F at (0, 0):

L(d1) = FQ(d1, (0, 0)) =


d1∆ − 1 −

pn∗2

1 + σn∗ + n∗2
−

pw∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2

n∗2

1 + σn∗ + n∗2
d2∆ +

w∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2 − b

 , ∆ = d2

dx2 .

Assume d2λ1 <
b2(2+σn∗)

w∗n∗ . Then, there exists a maximum positive integer i0 such that d2λ1 <
b2(2+σn∗)

w∗n∗

holds for 1 ≤ i ≤ i0. Recall

d1,i =
aw∗n∗d2λi + abw∗n∗ + (2 + σn∗)b2[(2 + σn∗)(a − w∗) − a]

w∗[b2(2 + σn∗)λi − w∗n∗d2λ
2
i ]

, λi = i2, 1 ≤ i ≤ i0.

We will discuss the existence of non-trivial solutions of F(d1, (w, n)) = 0 near (d1,i, (0, 0)). When
i , j, d1,i may or may not be equal to d1, j. We mainly discuss two cases: When d1,i , d1, j (i , j), it
corresponds to the simple eigenvalue problem; when d1,i = d1, j (i , j), it corresponds to the double
eigenvalue problem.

The local bifurcation at simple eigenvalues follows the Rabinowitz bifurcation theory [30].
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Theorem 2.11. When i , j ensures that d1,i , d1, j for any integers i, j within the interval [1, i0],(
d1,i, (0, 0)

)
serves as a bifurcation point for the equation F (d1,Q) = 0. Additionally, for values of |r|

that are sufficiently small, there exists a curve of nonconstant solutions (d1 (r), (w (r) , n (r))) that satisfy
F (d1,Q) = 0 such that

d1 (0) = d1,i, (w (0) , n (0)) = (0, 0) , w (r) = rϕi + O (r) , n (r) = reiϕi + O (r) ,

in which d1 (r) ,w (r) , and n (r) are functions that are smoothly differentiable with respect to r, ϕi =√
2
π

cos(ix), and

ei = −
n∗2(1 + σn∗ + n∗2)

(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)
.

The detailed derivation is presented in Appendix B.
Next, we study the bifurcation from double eigenvalues through spatial decomposition and the

implicit function theorem.

Theorem 2.12. Assume there is a positive integer i , j fulfilling d1,i = d1, j = d̃1. Consider

ei = −
n∗2(1 + σn∗ + n∗2)

(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)
, (2.12)

e∗i =
pw∗n∗(σn∗ + 2)

(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)
, Φi =

(
1
ei

)
ϕi, (2.13)

O1 = −
pn∗(2 + σn∗)

(1 + σn∗ + n∗2)2 ei −
pb

[
(1 + σn∗)(1 + σn∗ + n∗2) − w∗n∗(2 + σn∗)(σ + 2n∗)

]2

n∗2(1 + σn∗ + n∗2)2 e2
i ,

O3 = −
pn∗(2 + σn∗)

(1 + σn∗ + n∗2)2 e j −
pb

[
(1 + σn∗)(1 + σn∗ + n∗2) − w∗n∗(2 + σn∗)(σ + 2n∗)

]2

n∗2(1 + σn∗ + n∗2)2 e2
j ,

O2 = −
pn∗(2 + σn∗)

(1 + σn∗ + n∗2)2 (ei + e j) −
2pb

[
(1 + σn∗)(1 + σn∗ + n∗2) − w∗n∗(2 + σn∗)(σ + 2n∗)

]
n∗2(1 + σn∗ + n∗2)2 eie j,

(2.14)

X2 := {(y, z)T ∈ X :
∫ π

0
(y + eiz)ϕidx =

∫ π

0
(y + e jz)ϕ jdx = 0}. (2.15)

If 1 + eie∗i , 0 and 1 + e je∗j , 0 for j = 2i (i = 2 j), then
(
d∗1, (0, 0)

)
is a bifurcation point of

F (d1,Q) = 0. Additionally, for |ξ − ξ0| sufficiently small, we can find a family of non-trivial solutions(
d1 (ξ) , r (ξ)

(
cos ξΦi + sin ξΦ j +W (ξ)

))
of F (d1,Q) = 0 such that d1 (ξ0) = d∗1, r (ξ0) = 0, andW (ξ0) =

0, where d1 (ξ0) , r (ξ0) , and W (ξ0) are smooth functions in relation to ξ, while ξ0 represents any given
constant that meets the specified conditions

tan2ξ0 ,
O1

(
e∗j − 1

)
i2

O2

(
e∗i − 1

)
j2
, (2.16)

tan2ξ0 ,
O2

(
e∗j − 1

)
i2

O3

(
e∗i − 1

)
j2

 . (2.17)
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Proof. From the proof presented in Appendix C,

dim ker L(d̂1) = codimM(L(d̂1)) = 2.

Thus, the Crandall-Rabinowitz bifurcation theory is no longer applicable. Therefore, we consider
this problem using the techniques of spatial decomposition and the implicit function theorem.

First we perform the following decomposition. Let X1 = ker L(d̂1), and define the operator P on
Y as

P
(
w
n

)
=

1
1 + eie∗i

[∫ π

0
(w + e∗i n)ϕidx

]
Φi +

1
1 + e je∗j

[∫ π

0
(w + e∗jn)ϕ jdx

]
Φ j,

where M(P) = span{Φi,Φ j} = X1 ⊂ Y , and P2 = P, which indicates that P is a projection from Y to X1.
Decompose Y as Y = Y1 ⊕ Y2, where Y1 = M(P) = X1, and Y2 = ker(P) = M(L(d̂1)).
Through calculation, we obtain R (P) = span

{
Φi,Φj

}
= X1 ⊂ Y,P2 = P. Therefore, P is the

projection from Y to X1 ⊂ Y . Decompose Y into Y = Y1 ⊕ Y2, where Y1 = R (P) = X1, and Y2 =

ker (P) = R
(
L
(
d̃1

))
. Meanwhile, decompose X as X = X1 ⊕ X2. Moreover, set X1 = span

{
Φi,Φj

}
, and

define X2 according to (2.15).
Then, seek solutions of F (d1,Q) = 0 in the form.

Q = r
(
cos ξΦi + sin ξΦ j +W

)
, W = (w1,w2)T

∈ X2, (2.18)

where, r, ξ ∈ R are parameters.
Next, let ξ0 ∈ R and define a nonlinear mapping

H(d1, r,W; ξ) : R+ × R × X2 × (ξ0 − δ, ξ0 + δ)→ Y

is defined

H(d1, r,W; ξ) = L(d1)(cos ξΦi + sin ξΦ j +W) + r
(
F̃1

F̃2

)
,

where
F̃2 =

n∗(2 + σn∗)
(1 + σn∗ + n∗2)2 (cos ξϕi + sin ξϕ j + w1)(ei cos ξϕi + e j sin ξϕ j + w2)

+
1 + σn∗ − 2n∗2 − 4σn∗3 − σ2n∗4

n∗(1 + σn∗ + n∗2)3 (ei cos ξϕi + e j sin ξϕ j + w2)2 + O(|r|),

and F̃1 = −pF̃2. Obviously, H(d̂1, 0, 0; ξ0) = 0. Calculation shows that

H(d1,r,W)(d̂1, 0, 0; ξ0)(d1, r,W) = L(d̂1)W − d1λi cos ξ0

(
ϕi

0

)
− d1λ j sin ξ0

(
ϕ j

0

)
+ rO1 cos2 ξ0

(
ϕ2

i
− 1

pϕ
2
i

)
+ rO2 cos ξ0 sin ξ0

(
ϕiϕ j

− 1
pϕiϕ j

)
+ rO3 sin2 ξ0

(
ϕ2

j

− 1
pϕ

2
j

)
,

where O1,O2, and O3 are constants determined by the nonlinear terms in (2.14). □
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In the following, we establish that the mapping H(d1,r,W)(d̂1, 0, 0; ξ) : R+ × R × X2 → Y , is indeed an
isomorphic function. For this purpose, we proceed with a necessary decomposition:(

ϕi

0

)
= giΦi +

(
w1

n1

)
,

(
ϕ j

0

)
= g jΦ j +

(
w2

n2

)
,

where (
w1

n1

)
=

(
1 − g1

−g1ei

)
ϕi ∈ Y2, gi =

1
1 + eie∗i

, 0,(
w2

n2

)
=

(
1 − g2

−g2e j

)
ϕ j ∈ Y2, g j =

1
1 + e je∗j

, 0.

The discussion is divided into two cases: j = 2i and i = 2 j.
Case 1. When j = 2i

In this situation, the following integrals hold∫ π

0
ϕ2

i dx =
1
√

2π
,

∫ π

0
ϕiϕ jdx = 0,

∫ π

0
ϕ2

i dx =
∫ π

0
ϕ2

jdx = 0,

which implies
(
−ϕ2

i
ϕ2

j

)
∈ Y2. Next, perform the following decomposition:

(
−ϕ2

i
ϕ2

j

)
= g3Φ j +

(
w3

n3

)
,

(
−ϕiϕ j

ϕiϕ j

)
= g4Φi +

(
w4

n4

)
,

g3 =
e∗j − 1

e je∗j + 1

∫ π

0
ϕ2

i ϕ jdx =

√
1

2π

p − e∗j
πe je∗j + p

< 0,
(
w3

n3

)
=

(
ϕ2

i − g3ϕ j

− 1
pϕ

2
i − g3e jϕ j

)
∈ Y2,

g4 =
e∗i − 1

eie∗i + 1

∫ π

0
ϕ2

i ϕ jdx =

√
1

2π
p − e∗i
πeie∗i + p

< 0,
(
w4

n4

)
=

(
ϕiϕ j − g4ϕi

− 1
pϕiϕ j − g4eiϕi

)
∈ Y2.

At this point, after rearrangement, we have

H(d1,r,W)(d̂1, 0, 0; ξ0)(d1, r,W) = Y1 +Y2,

where

Y1 = (−d1g1λi cos ξ0 + rg3O2 cos ξ0 sin ξ0)Φi + (−d1g2λ j sin ξ0 + rg3O1 cos2 ξ0)Φ j ∈ Y1,

Y2 = L(d̂1)W − d1λi cos ξ0

(
w1

n1

)
− d1λ j sin ξ0

(
w2

n2

)
+ rA1 cos2 ξ0

(
w3

n3

)
+ rA2 cos ξ0 sin ξ0

(
w4

n4

)
+ rA3 sin2 ξ0

(
−ϕ2

j

ϕ2
0

)
∈ Y2.

(2.19)

Let
H(d1,r,W)(d̂1, 0, 0; ξ0)(d1, r,W) = 0. (2.20)
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Since L(d̂1) is an isomorphism from X2 to Y2, (2.20) is equivalent to

(−d1g1λi cos ξ0 + rg4O2 cos ξ0 sin ξ0)Φi + (−d1g2λ j sin ξ0 + rg3O1 cos2 ξ0)Φ j = 0,

L(d̂1)W − d1λi cos ξ0

(
w1

n1

)
− d1λ j sin ξ0

(
w2

n2

)
+ rO1 cos2 ξ0

(
w3

n3

)
+ rO2 cos ξ0 sin ξ0

(
w4

n4

)
+ rO3 sin2 ξ0

(
−ϕ2

i
ϕ2

j

)
= 0.

(2.21)

From (2.16), the first equation of (2.21) gives: d1 = 0, r = 0. Substituting these into Y2 = 0, we get
W = 0, which means H(d1,r,W)(d̂1, 0, 0; ξ0) is injective.

Next, for any
(
w
n

)
∈ Y , we need to find (d1, r,W) ∈ X such that

H(d1,r,W)(d̂1, 0, 0; ξ0)(d1, r,W) =
(
w
n

)
. (2.22)

Through the decomposition of Y , there exist α, β ∈ R and
(
w0

n0

)
∈ Y2 such that

(
w
n

)
=

(
w0

n0

)
+ αΦi + βΦ j.

Substituting the above expression into (2.22).

− d1g1λi cos ξ0 + rg4O2 cos ξ0 sin ξ0 = α,
− d1g2λ j sin ξ0 + rg3O1 cos2 ξ0 = β,

L(d̂1)W − d1λi cos ξ0

(
w1

n1

)
− d1λ j sin ξ0

(
w2

n2

)
+ rO1 cos2 ξ0

(
w3

n3

)
+ rO2 cos ξ0 sin ξ0

(
w4

n4

)
+ rO3 sin2 ξ0

(
−ϕ2

i
ϕ2

j

)
=

(
w0

n0

)
.

(2.23)

Since (2.16) holds, we have d1 = d1 and r = r, where

d1 = d1 :=
αg3O1 cos2 ξ0 − βg4O2 sin ξ0

g2g4λ jO2 sin2 ξ0 − g1g3λiO1 cos2 ξ0
,

r = r :=
αg2λ j sin ξ0 − βg1λi

g2g4λ jO2 sin2 ξ0 − g1g3λiO1 cos2 ξ0
.

Substitute d1, r into the third equation of (2.23),

L(d1)W =
(
w0

n0

)
+ d1λi cos ξ0

(
w1

n1

)
+ d1λ j sin ξ0

(
w2

n2

)
− rO1 cos2 ξ0

(
w3

n3

)
− rO2 cos ξ0 sin ξ0

(
w4

n4

)
− rO3 sin2 ξ0

(
−ϕ2

i
ϕ2

j

)
:=

(
w
n

)
∈ Y2.
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This implies

W = L−1
(
w
n

)
∈ Y2.

Then,

(d1, r,W) =
(
d1, r, L−1

(
w
n

))
satisfies (2.22), which shows that H(d1,r,W)(d1, 0, 0; ξ0) is surjective.

Therefore, H(d1,r,W)(d1, 0, 0; ξ0) is an isomorphism from R+ × R × X2 to Y . For

H(d1, r,W; ξ) = 0, (2.24)

applying the implicit function theorem, we obtain that for sufficiently small |ξ − ξ0|, there exists a
family of non-trivial solutions (d1(ξ), r(ξ),W(ξ)) of (4.18) (i.e., F = 0) satisfying d1(ξ0) = d1, r(ξ0) =
0, W(ξ0) = 0, where d1(ξ), r(ξ), and W(ξ) are continuously differentiable functions with respect to ξ,
and W ∈ X2.
Case 2. When i = 2 j

First, ∫ π

0
ϕ2

i ϕ jdx = 0,
∫ π

0
ϕiϕ

2
jdx =

√
1

2π
, 0.

Then,
(
−ϕ2

j

ϕ2
i

)
∈ Y2, and we decompose

(
−ϕ2

j

ϕ2
i

)
= g5Φi +

(
w5

n5

)
,

(
−ϕiϕ j

ϕiϕ j

)
= g6Φ j +

(
w6

n6

)
,

where (
w5

n5

)
=

(
−ϕ2

j − g5ϕi

− 1
pϕ

2
j − g5eiϕi

)
, g5 =

√
1

2π
p − e∗i

peie∗i + p
= g4,(

w6

n6

)
=

(
−ϕiϕ j − c6ϕ j

− 1
pϕiϕ j − c6e jϕ j

)
, c6 =

√
1

2π

p − e∗j
pe je∗j + p

= c3.

After rearrangement, we get

H(d1,r,W)(d1, 0, 0; ξ0)(d1, r,W) = L(d1)W + (−d1g1λi cos ξ0 + rg5O3 sin2 ξ0)Φi

+ (−d1g2λ j sin ξ0 + rg6O2 cos ξ0 sin ξ0)Φ j − d1λi cos ξ0

(
w1

n1

)
− d1λ j sin ξ0

(
w2

n2

)
+ rO3 sin2 ξ0

(
w5

n5

)
+ rO2 cos ξ0 sin ξ0

(
w6

n6

)
+ rO1 cos2 ξ0

(
ϕ2

j

− 1
pϕ

2
i

)
,

where (
w1

n1

)
,

(
w2

n2

)
,

(
w5

n5

)
,

(
w6

n6

)
,

(
−ϕ2

i
ϕ2

j

)
∈ Y2.
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Since i = 2 j, similar to the argument in Case 1, if ξ0 satisfies (2.17), we can prove that the mapping
H(d1,r,W)(d̂1, 0, 0; ξ0) is an isomorphism from R+ × R × X2 to Y . The proof for this case is completed by
applying the implicit function theorem.

When j , 2i and i , 2 j, we cannot prove the existence of non-trivial positive solutions of (2.10).
In this case,

∫ π
0
ϕ2

i ϕ jdx =
∫ π

0
ϕ2

jϕidx = 0, which makes(
−ϕ2

i
ϕ2

j

)
,

(
−ϕ2

j

ϕ2
i

)
, and

(
−ϕiϕ j

ϕiϕ j

)
∈ Y2,

and note that at this time H(d1,r,W)(d̂1, 0, 0;ω0) : R+ × R × X2 → Y is not an isomorphism. Therefore,
the implicit function theorem cannot be used to obtain existence results for the case j , 2i and i , 2 j.

2.3.2. Global structure and orientation of steady-state bifurcations

Next, we further study the global structure of steady-state bifurcation from simple eigenvalues by
applying global bifurcation theory.

Lemma 2.13 ( [31]). Suppose X and Y are real Banach spaces, W is an open set in R×X, (µ0, 0) ∈ W,
and let F be a continuously differentiable mapping from W to Y. Assume that
(i) For all (µ, 0) ∈ W, F (µ, 0) = 0;
(ii) DwF (µ,w), the Fréchet derivative, exists and is continuous when (µ,w) is close to (µ0, 0);
(iii) For some (µ0, 0) ∈ W, R(DwF (µ0, 0)) is closed, dim Ker(DwF (µ0, 0)) = 1 and
codimR(DwF (µ0, 0)) = 1;
(iv) D2

µwF (µ0, 0)w0 < R(DwF (µ0, 0)), where Ker(DwF (µ0, 0)) is spanned by w0. If these conditions are
satisfied, let Z ⊂ Y be any complement of the 1-dimensional space spanned by w∗0. Then, there exists
an open interval S 1 = (−ε, ε) and two continuously differentiable functions: µ : S 1 → R satisfying
µ(0) = µ0, and ϕ : S 1 → Z satisfying ϕ(0) = ϕ0, to ensure F (µ(s), sw0 + sϕ(s)) = 0 holds for s ∈ S 1.
Moreover, in a sufficiently small neighborhood of (µ, 0) in W, the entire solution set of F (µ,w) = 0
consists of the curve (µ(s), sw0 + sϕ(s)) and the line (µ, 0).
(v) Let C denote the connected complement of S 2, where S 2 = {(µ,w) ∈ W : F (µ,w) = 0,w ,
0}.Meanwhile, when DwF (µ,w) is a Fredholm operator for all (µ,w) ∈ W, then the curve (µ(s), sw0 +

sϕ(s)) is contained in C, and either C contains a point (µ∗, 0) satisfying µ∗ , µ0, or C is not compact
in W.

All the above conclusions have been proved in Theorem 2.11 of this paper. Then, the conclusion
of local bifurcation analysis is generalized to global results. As discussed in [31], Shi and Wang [31]
proved that the linear operator is a Fredholm operator. With this established, we can leverage the
abstract global bifurcation theorem in [32] to carry out bifurcation analysis directly on these elliptic
systems. To depict its global structure more clearly, let G denote the closure of the set of non-trivial
solutions of system (2.10), and Yi denote the connected component of G ∪ (d1, j, (w∗, n∗)).

Theorem 2.14. Based on the assumption of Theorem 2.11, the projection of the bifurcation curve
Yi onto the d1-axis contains (d1, j,+∞). Moreover, for any integer j > 0, if d1 > d̂1 and d1 , d1, j,
system (2.10) has at least one non-trivial positive solution.

Remark 2.15. Theorem 2.14 only excludes the possibility that Yi eventually meets some bifurcation
points without reaching infinity. Yi may encounter some bifurcation points and then reach infinity.
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Next, we consider the direction of the steady-state bifurcation from simple eigenvalues in
Theorem 2.11.

Define the mapping F : R+ × X → Y as

F(d1,Q) =
(
gd1w + q̃(w, n)
d2n + b̃(w, n)

)
,

where

q̃(w, n) = a − (w + w∗) −
p(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2 , b̃(w, n) =
(w + w∗)(n + n∗)2

1 + σ(n + n∗) + (n + n∗)2 − b(n + n∗).

By direct calculation, we have

q̃w(0, 0) = −
pn∗2

1 + σn∗ + n∗2
− 1, b̃w(0, 0) =

n∗2

1 + σn∗ + n∗2
,

q̃n(0, 0) = −
pb(σn∗ + 2)

1 + σn∗ + n∗2
, b̃n(0, 0) =

b(σn∗ + 2) − b
1 + σn∗ + n∗2

− b,

q̃ww(0, 0) = −pb̃ww(0, 0) = 0, b̃ww(0, 0) = 0,

q̃www(0, 0) = −pb̃www(0, 0) = 0, b̃www(0, 0) = 0,

q̃wn(0, 0) = −
pn∗(σn∗ + 2)

(1 + σn∗ + n∗2)2 , b̃wn(0, 0) =
n∗(σn∗ + 2)

(1 + σn∗ + n∗2)2 ,

q̃nn(0, 0) =
p
(
bσ + bσn∗ + 4bn∗

)
(1 + σn∗ + n∗2)2 , b̃nn(0, 0) = −

bσ + bσn∗ + 4bn∗

(1 + σn∗ + n∗2)2 ,

q̃wnn(0, 0) = −pb̃wnn(0, 0) = −
2p + 2pσn + (2σ2 − 2)(1 − n∗)2 pn∗2 − (3 + σ2)2pn∗4 − 2pσn∗5

(1 + σn∗ + n∗2)4 ,

q̃nnn(0, 0) = −pb̃nnn(0, 0) =
2pb

[
2 + σ2 − (σ + σ3)n∗ − (5 + 3σ2)n∗2 − 10σn∗3 − (σ2 + 6)n∗4 − σn∗5

]
(1 + σn∗ + n∗2)4 .

Based on Theorem 2.11, we have

dim ker FQ
(
d1,i, (0, 0)

)
= co dim M

(
FQ

(
d1,i, (0, 0)

))
= 1,

and ker FQ(d1,i, (0, 0)) = span{Φi}. Thus, X and Y can be decomposed as

X = ker FQ(d1,i, (0, 0)) ⊕ Z and Y = M(FQ(d1,i, (0, 0))) ⊕ Z′,

where Z and Z′ are the complement spaces of ker FQ(d1,i, (0, 0)) in X and R(FQ(d1,i, (0, 0))) in Y ,
respectively. From (B.1), we know

⟨Fd1Q(d1,i, (0, 0))Φi,Φ
∗
i ⟩ = −λi = −i2 , 0.

According to the expression of (2.13) in [29], we can obtain

d′1(0) = −
⟨FQQ(d1,i, (0, 0))Φ2

i ,Φ
∗
i ⟩

2⟨FdQ(d1,i, (0, 0))Φi,Φ
∗
i ⟩
.
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By calculation, we get

⟨FQQ(d1,i, (0, 0))Φ2
i ,Φ

∗
i ⟩ = (ki + rie∗i )

∫ π

0
ϕ3

i dx,

where ki = −pri and

ri = b̃ww(θ,Ω) + 2b̃wn(θ,Ω)ei + b̃nn(θ,Ω)e2
i

=
1

(1 + σn∗ + n∗2)2

[
2n∗(2 + σn∗) − (bσ + bσn∗2 + 4bn∗)e2

i

]
ei.

(2.25)

Since

ϕi =

√
2
π

cos(ix),
∫ π

0
ϕ3

i dx = 0,

this leads to ⟨FQQ(d1,i, (0, 0))Φ2
i ,Φ

∗
i ⟩ = 0, so d′1(0) = 0.

Using expression (2.14) in [29], the direction of steady-state bifurcation is subcritical if

d′′1 (0) = −
⟨FQQQ(d1,i, (0, 0))Φ3

i ,Φ
∗
i ⟩ + 3⟨FQQ(d1,i, (0, 0))Φiθ,Φ

∗
i ⟩

3⟨FdQ(d1,i, (0, 0))Φi,Φ
∗
i ⟩

< (>)0,

Where θ is the solution of the following problem:

FQQ(d1,i, (0, 0))Φ2
i + FQ(d1,i, (0, 0))θ = 0.

After calculation, we have

⟨FQQQ(d1,i, (0, 0))Φ3
i ,Φ

∗
i ⟩ =

4
π2 (mi + nie∗i )

∫ π

0
cos4(ix)dx =

3
2π

(mi + nie∗i ),

where mi = −pηi and

mi = q̃www(0, 0) + 3q̃wwn(0, 0)ei + 3q̃wnn(0, 0)e2
i + q̃nnn(0, 0)e3

i = (3q̃wnn(0, 0) + q̃nnn(0, 0)ei) e2
i .

Let θ = (θ1, θ2). Then, it satisfies
d1,iθ

′′
1 + q̃w(0, 0)θ1 + q̃n(0, 0)θ2 = −kiϕ

2
i , x ∈ (0, π),

d2,iθ
′′
2 + b̃w(0, 0)θ1 + b̃n(0, 0)θ2 = −riϕ

2
i , x ∈ (0, π),

θ′i (0) = θ′i (π) = 0, i = 1, 2.

(2.26)

Integrate (2.26) over [0, π] and solve the binary linear system to get∫ π

0
θ1dx =

riq̃n(0, 0) − kib̃n(0, 0)
q̃w(0, 0)b̃n(0, 0) − q̃n(0, 0)b̃w(0, 0)

=
−pbri

DetJ
, (2.27)

∫ π

0
θ2dx =

kiq̃n(0, 0) − rib̃n(0, 0)
q̃w(0, 0)b̃n(0, 0) − q̃n(0, 0)b̃w(0, 0)

=
ri

DetJ
. (2.28)

Electronic Research Archive Volume 34, Issue 6, 3858–3894.



3879

A direct calculation yields

⟨FQQ(d1,i, (0, 0))Φiθ,Φ
∗
i ⟩ = I1

∫ π

0
θ1ϕ

2
i dx + I2

∫ π

0
θ2ϕ

2
i dx,

where
I1 = q̃ww(0, 0) + q̃wn(0, 0)ei +

(
b̃ww(0, 0) + b̃wn(0, 0)ei

)
e∗i ,

I2 = q̃wn(0, 0) + q̃nn(0, 0)ei +
(
b̃wn(0, 0) + b̃nn(0, 0)ei

)
e∗i .

Based on the values of ei, e∗i , we have

I1 = ei
(
e∗i − p

)
b̃nn(0, 0) =

pn∗3 (σn∗ + 2)
(
1 + σn∗ + n∗2

)
(d2λi + b)[

(d2λi − b)
(
1 + σn∗ + n∗2

)2
+ vn∗ (σn∗ + 2)

]2 , (2.29)

I2 = (e∗i − p)
(
b̃wn(0, 0) + b̃nn(0, 0)ei

)
= −

p(d2λi − b) · n∗(σn∗ + 2)
[
(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)

]
[
(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)

]2

−
p(d2λi − b) · n∗2(1 + σn∗ + n∗2)

(
bσ + bσn∗2 + 4bn∗

)
[
(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)

]2 . (2.30)

Based on the above calculation process, we obtain the following integral results:∫ π

0
θ1ϕ

2
i dx and

∫ π

0
θ2ϕ

2
i dx.

Multiply (2.26) by ϕ2
i , and note that∫ π

0
ϕ4

i dx =
4
π4

∫ π

0
cos4(ix)dx =

3
2π
.

We get

d1,i

∫ π

0
θ′′1 ϕ

2
i dx + q̃w(0, 0)

∫ π

0
θ1ϕ

2
i dx + q̃n(0, 0)

∫ π

0
θ2ϕ

2
i dx = −

3
2π

ki, (2.31)

and
d2

∫ π

0
θ′′2 ϕ

2
i dx + b̃w(0, 0)

∫ π

0
θ1ϕ

2
i dx + b̃n(0, 0)

∫ π

0
θ2ϕ

2
i dx = −

3
2π

ri. (2.32)

Integrating by parts over [0, π], we have∫ π

0
θ′′j ϕ

2
i dx =

4i2

π

∫ π

0
θ j(1 − πϕ2

i )dx, j = 1, 2. (2.33)

Substitute (2.27), and (2.33) into (2.31) and (2.32), and rearrange to get

(q̃w(0, 0) − 4i2d1,i)
∫ π

0
θ1ϕ

2
i dx + q̃n(0, 0)

∫ π

0
θ2ϕ

2
i dx = −

3
2π

ki +
4i2 pbri

πDetJ
d1,i,
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and

b̃w(0, 0)
∫ π

0
θ1ϕ

2
i dx + (b̃n(0, 0) − 4i2d2)

∫ π

0
θ2ϕ

2
i dx = −

3
2π

ri −
4i2ri

πDetJ
d2.

Solve the above binary linear system:

β1
∆
=

∫ π

0
θ1ϕ

2
i dx =

− 3
2π (riq̃n + 4i2kid2 − kib̃n) − 4i2ri

πDetJ (d2q̃n − 4i2 pbd1,id2 + pbd1,ib̃n)

qnb̃w − (−4i2d1,i + q̃w)(−4i2d2 + b̃n)
,

β2
∆
=

∫ π

0
θ2ϕ

2
i dx =

− 3
2π (kib̃w + 4i2d1,iri − riq̃w) + 4i2ri

πDetJ (pbd1,ib̃w − 4i2d1,id2 + d2q̃w)

qnb̃w − (−4i2d1,i + q̃w)(−4i2d2 + b̃n)
.

By the expression of d1,i, we find

q̃nb̃w − (4i2d1, i + q̃w)(−4i2d2 + b̃n)

= (4i2d1 + 1)
(

b(σn∗ + 2)
1 + σn∗ + n∗2

− b
)
+

n∗2

1 + σn∗ + n∗2
(4i2d2 − pb) − 16i4d1d2. (2.34)

In summary,

d′′1 (0) =
ni

(
e∗i − p

)
+ 2π (C1β1 +C2β2)

2πλi
.

We obtain the following theorem.

Theorem 2.16. If d′′1 (0) > 0, then the bifurcation obtained from (d1,i, (0, 0)) in Theorem 2.11 is
supercritical. If d′′1 (0) < 0, then the bifurcation obtained from (d1,i, (0, 0)) in Theorem 2.11
is subcritical.

3. Numerical simulations

In this study, the two-dimensional spatial domain is discretized using the second-order central finite
difference method on a uniform 200 × 200 grid with a spatial step size of h = 1. The Laplacian
operator is approximated via the five-point central difference scheme, subject to Neumann boundary
conditions. For temporal integration, the explicit forward Euler method is employed with a time step
size of τ = 0.001, and a total simulation time of 100 is adopted to ensure the full evolution of Turing
patterns to a steady state. The homogeneous steady state of the system is solved by the built-in function
fsolve; a multi-initial-point strategy is implemented, and a convergence tolerance of 10−6 is set to
guarantee the robustness of the solution. Systematic tests are conducted on multiple parameter sets to
verify the correctness of the previous theoretical analyses, and further reveal the dynamic behavioral
characteristics of the system across different parameter spaces and their ecological implications.

In the first set of numerical experiments, the selected parameters are: d1 = 50, d2 = 0.1, b =
1.5, a = 8.5, σ = 0.4 < σ0, and p = 4. For this configuration, the conditions d2λ1 <

b(1−n∗2)
1+σn∗+n∗2 , and

d1 > d̂1 are satisfied. According to Theorem 2.7(ii), the equilibrium point (w∗, n∗) is unstable. The
numerical simulation results (see Figure 1) clearly show that the system cannot maintain equilibrium
under these parameters, with state variables exhibiting divergent or sustained oscillatory behavior. As
illustrated in the figure, even when minor perturbations are applied near the equilibrium point, the
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system rapidly deviates from its original state, displaying significant instability characteristics. This
verifies the threshold conditions for Turing instability derived from the theoretical analysis and reveals
that under conditions of low competition intensity and high water diffusion, the system may transition
into pattern formation or oscillatory states.

(a) (b)

(c) (d)

Figure 1. When parameters are set as d1 = 50, d2 = 0.1, b = 1.5, a = 8.5, σ = 0.4, and p = 4,
the equilibrium state (w∗, n∗) of system 1.5 is unstable, and Turing instability may occur.

In the second set of numerical experiments, some parameters are adjusted: d1 = 5, d2 = 0.05, b =
1.5, a = 9, σ = 3 > σ0, and p = 6. These parameters satisfy σ > σ0 and 0 < d1

d2
< z2. According to

Theorem 2.4, the positive equilibrium (w∗, n∗) is locally asymptotically stable under these conditions.
The numerical simulation results (see Figure 2) visually demonstrate that after being subjected to minor
perturbations, the state variables of the system converge to the equilibrium point over time, thereby
confirming the correctness of the theoretical analysis. Specifically, the evolutionary trajectories of w
and n in the figure exhibit clear damped oscillatory processes, eventually stabilizing at steady-state
values. This indicates that under these parameter conditions, the vegetation-water system possesses
strong self-recovery capabilities and stability maintenance mechanisms, allowing the ecosystem to
effectively return to equilibrium under external disturbances.

Next, we analyze the patterns generated by Turing instability in this system within the time
interval [0, 100]. Figure 3 illustrates the evolution of the vegetation biomass spatial distribution at
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t = 0s, 20s, 50s, 80s, 100s when the steady-state solutions w∗ and n∗ are disturbed. The sequence of
snapshots demonstrates a complete morphological evolution: from “random initial perturbations” to
“ordered nucleation” to “mature pattern stabilization”. Among them, the blue regions represent
low-humidity areas, and the red regions represent high-humidity areas. At t = 0s, the system starts
with uniform random disturbances, and no diffusion reaction has occurred yet, so the spatial
distribution is in disordered random motion. At t = 20s, the disturbances are amplified, and regular
spot structures gradually form, which is a manifestation of system instability. At t = 50s, the patterns
converge toward regular spotted formations, with spatial density stabilizing. At t = 80s, the spotted
structures become more distinct and orderly, eventually developing into steady vegetation patterns
with pronounced spatial periodicity.

(a) (b)

(c) (d)

Figure 2. When parameters are set as d1 = 5, d2 = 0.05, b = 1.5, a = 9, σ = 3, and p = 6,
the equilibrium state (w∗, n∗) of system 1.5 is locally asymptotically stable.

This section focuses on discussing the influence of parameter variations on vegetation pattern
morphology. We systematically analyze five key parameters to investigate the intrinsic relationship
between vegetation pattern structure and parameter changes.

The first parameter examined is the water diffusion coefficient d1. Figure 4 illustrates the steady-
state spatial distribution of vegetation and its dynamic evolution under different values of d1. Numerical
simulation results show that when d1 is relatively small, regular high-density spots appear (Figure 4(a)).
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A small d1 indicates slow water diffusion, which restricts effective water absorption and utilization to
only localized vegetation patches, resulting in spatially separated and relatively uniformly distributed
vegetation clusters. However, when the value of d1 increases, the system 1.5 exhibits high-density
mixed patterns, characterized by a coexistence of stripe and spot structures, as shown in Figure 4(b).
If d1 is further increased, the pattern gradually transitions from spots to stripes (Figure 4(c)). Finally,
regular stripe patterns emerge (Figure 4(d)).

(a) t=0 (b) t=2

(c) t=20 (d) t=50

(e) t=80 (f) t=100

Figure 3. Evolution process of vegetation at t = 0s, 2s, 20s, 50s, 80s, 100s under
other parameters.

From the evolution of vegetation patterns, it can be observed that as d1 increases, vegetation
density gradually decreases and spatial distribution becomes more dispersed. Enhanced water
diffusion expands areas of high moisture, confining vegetation to isolated small regions, leading to a
reduction in overall vegetation density. d1 corresponds to the hydrological properties of soil: A low d1
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value is associated with soils of high water retention capacity, which tend to form stable, high-density
spot vegetation patterns-an ideal vegetation structure for windbreak and sand fixation in semi-arid
regions; while a high d1 value corresponds to permeable sandy soils, where vegetation exhibits a
striped distribution with lower overall density, a typical vegetation characteristic of desertified land.
This result provides direct guidance for ecological restoration in arid areas: in regions with high
water-retention soils, spot planting can be adopted to cultivate high-density vegetation; in sandy areas,
vegetation should be planted in accordance with the striped pattern. Meanwhile, changes in
vegetation pattern morphology can be used to intuitively assess soil hydrological function and
desertification degree, providing a basis for desertification monitoring.

(a) d1=8 (b) d1=11

(c) d1=15 (d) d1=22

Figure 4. Evolution process of vegetation patterns when d2 = 0.7, a = 9, p = 6, σ =
0.5, b = 1.5, and d1 = 8, 11, 15, 22.

The second parameter under discussion is the internal competition of vegetation: σ. In Figure 5,
the patterns change from spots to stripes. When σ is small, the vegetation shows a discrete “clustered”
distribution. At this time, the internal competition is weak, and the pattern formation mechanism
dominated by “short-range activation and long-range inhibition” leads to the appearance of regular
high-density spots (Figure 5(a)). When σ is small, a mixed structure of spots and stripes appears. The
enhancement of internal competition makes the local vegetation start to expand spatially. However,
when the value of σ increases, system 1.5 exhibits high-density mixed-mode stripes and spots, with
striped patterns becoming the main body, as shown in Figure 5(b). If σ is further increased, the internal
competition is further intensified, and the spatial expansion ability of vegetation exceeds the restriction
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of “long-range inhibition”, gradually changing from spots to stripes (Figure 5(c)). Finally, a regular
stripe pattern appears (Figure 5(d)).

(a) σ = 0.05 (b) σ = 0.15

(c) σ = 0.25 (d) σ = 0.40

Figure 5. Evolution process of vegetation patterns when d1 = 25, d2 = 0.5, p = 6, a =
9, b = 1.5, andσ = 0.05, 0.15, 0.25, 0.4.

When the resource competition between vegetation is weak, the role of “activators” is more
prominent, forming discrete spots, each of which is a vegetation cluster, and the clusters maintain
intervals through “long-range inhibition”. When the resource competition between vegetation is
strong, the role of “inhibitors” is amplified, and the spots connect into stripes. A low σ indicates a low
vegetation population density and weak intraspecific competition, which tends to form scattered,
high-density spot vegetation clusters. This pattern allows vegetation to fully utilize local water
resources and is a typical state in the early stage of natural vegetation restoration in semi-arid regions.
A high σ represents a high population density and intense intraspecific competition, resulting in a
more uniform overall distribution of vegetation, which is a sign of a well-developed and stable
vegetation community. This result demonstrates that in the early stage of vegetation restoration, we
can reduce intraspecific competition by controlling planting density, promote the formation of spot
vegetation clusters, and accelerate the stability of the ecosystem; in mature vegetation areas, we can
regulate the competition intensity through moderate thinning to avoid vegetation degradation caused
by excessive competition. Meanwhile, the morphology of vegetation patterns can be used to
intuitively judge the population competition status and community development stage, providing a
basis for ecosystem health assessment.
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As a key indicator of water input in ecosystems, the rainfall rate a, serves as an important driving
factor influencing the spatial distribution patterns of vegetation. Figure 6 systematically illustrates the
steady-state vegetation pattern morphology formed by the system under different rainfall rates a,
clearly revealing the dynamic transition process from stripe patterns to spotted patterns. When the
rainfall rate a is at a relatively low level, a stripe patterns appear (Figure 6(a)). If a is further
increased, the vegetation distribution displays a mixed stripe-spot pattern (as shown in Figure 6(b)).
Under such conditions, water supply is limited, leading vegetation to form adaptive spatial
configurations in response to restricted moisture availability. Through localized aggregation,
vegetation reduces water competition pressure, while gap patterns (Figure 6(c)) gradually emerge.
When a is progressively increased further, perfect gap patterns (Figure 6(d)) eventually develop.

(a) a=9.0 (b) a=9.2

(c) a=9.4 (d) a=9.6

Figure 6. Vegetation Patterns in system 1.5 given p = 6, b = 1.5, sigma = 0.4, d1 = 25 ,
d2 = 0.5 , and a = 9.0, 9.2, 9.4, 9.6.

These results clearly demonstrate that, within a specific parameter range, the rainfall rate a is
positively correlated with vegetation density. The increase in water supply effectively promotes
vegetation coverage and overall density. The above experimental results indicate that under low
rainfall rates, vegetation forms striped patterns to conserve water, while under high rainfall rates, it
develops into high-density spot patterns to fully utilize water resources. This evolutionary process is
highly consistent with the vegetation gradient from desert steppe to typical steppe in China’s arid
regions, verifying the ecological rationality of the model. This result provides direct guidance for
ecological restoration in arid areas: In desertified regions with scarce rainfall, strip planting can be
adopted in accordance with the striped pattern to reduce water competition and improve vegetation
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survival rate; in regions with relatively sufficient rainfall, spot planting is used to cultivate
high-density spot vegetation, enhancing the efficiency of windbreak and sand fixation and the stability
of the ecosystem. Meanwhile, vegetation patterns can be used to assess regional water supply status
and ecosystem health.

(a) p=5.1 (b) p=5.5

(c) p=5.7 (d) p=6.0

Figure 7. Evolution process of vegetation patterns when d1 = 25, d2 = 0.5, σ = 6, a =
0.4, b = 1.5, and p = 5.1, 5.5, 5.7, 6.0.

Finally, we investigated the regulatory effect of parameter p on the evolution of two-dimensional
vegetation patterns. Figure 7 fully illustrates the complete dynamic transition of vegetation pattern
morphology from discrete spotted structures to continuous striped structures as the value of p
increases gradually. Specifically, parameter p in this model characterizes the strength of the nonlinear
feedback between vegetation and water: when p is small, the coupling feedback between vegetation
and water is weak, and the system, dominated by the core mechanism of “short-range activation and
long-range inhibition”, forms spatially separated, uniformly distributed high-density spot patterns,
where vegetation fully utilizes local water resources through localized aggregation. As p continues to
increase, the nonlinear feedback between vegetation and water is continuously enhanced, the spatial
expansion capacity of vegetation is gradually improved, the originally independent spots gradually
connect and merge, and the pattern morphology transitions from spots to stripes. When p reaches a
high level, the dominance of the feedback effect is further highlighted, eventually forming a regular,
continuous banded spatial distribution pattern, where vegetation extends in strips along
water-enriched zones to maximize the utilization of regional water resources.

A low p corresponds to a degraded ecosystem with a small vegetation population size and low
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water use efficiency, which tends to form scattered spot vegetation clusters and is a typical state in the
early stage of vegetation restoration in arid areas; a high p corresponds to a mature community with
strong vegetation-water coupling and a stable ecosystem, and the formed banded pattern is an ideal
vegetation configuration for windbreak, sand fixation, and desertification resistance in semi-arid
areas. This indicates that in the early stage of vegetation restoration, the feedback between vegetation
and water can be enhanced through artificial water supplementation, optimization of planting
structure, and other measures to promote the evolution of vegetation from spot to stripe patterns and
accelerate the stability of the ecosystem; in desertification control, artificial vegetation sand barriers
can be constructed in accordance with the banded pattern under high p to improve the efficiency of
windbreak and sand fixation.

In this chapter, the numerical simulations comprehensively verify the stability and Turing
instability criteria obtained from the preceding theoretical analysis, clearly reveal the regulatory
effects of the water diffusion coefficient d1, intraspecific competition coefficient sigma, precipitation
rate a, and feedback intensity parameter p on the evolution of vegetation patterns, elucidate the
dynamic transition laws of patterns from spot-like to stripe-like structures and vice versa, and clarify
the ecosystem transformations induced by each parameter. These findings provide theoretical support
and practical guidance for ecosystem management and desertification control.

4. Conclusions

This study focuses on a vegetation-water system that integrates saturated water uptake and
intraspecific competition, uncovering core dynamic rules of arid ecosystems through
multidimensional analysis. Theoretically, we elucidated the distinct stability characteristics of the
positive equilibrium states: the low-density equilibrium is inherently unstable, while the other positive
equilibrium exhibits Turing instability. This instability is jointly regulated by the relative magnitudes
of the vegetation and water diffusion coefficients-specifically, pattern formation is triggered when the
vegetation diffusion coefficient is sufficiently small or the water diffusion coefficient is
sufficiently large.

Based on a priori estimates derived from the maximum principle, we defined the boundary of
non-negative steady-state solutions for the model, laying a foundation for subsequent bifurcation
analyses. Through qualitative analysis of steady-state bifurcations at simple and double eigenvalues,
we further identified dynamic criteria for bifurcation directions and clarify the pattern evolution logic
of the system under parameter perturbations. Numerical simulation results intuitively demonstrate the
vegetation pattern evolution process under different parameter combinations: As the water diffusion
coefficient and intraspecific competition coefficient increase, vegetation distribution gradually
transitions from compact spot-like structures to stripe-like structures; conversely, an increase in the
precipitation parameter drives a reverse pattern shift, contracting stripe-like structures back into
discrete spot-like distributions.

These findings not only refine the theoretical framework for modeling vegetation-water
interactions, but also provide a new analytical perspective for understanding pattern formation
mechanisms in arid ecosystems. The stability criteria and bifurcation analysis methods developed in
this study can serve as theoretical tools for quantifying vegetation resilience and predicting risks of
ecological degradation. Furthermore, the revealed rules of pattern evolution driven by key parameters
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offer scientifically grounded insights for water resource management and vegetation restoration
strategies in arid regions.
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Appendix

A. A priori estimates

Proof. Let w(x1) = maxΩ w(x). From the first equation of system (1.5) and Lemma 2.9, we obtain

a − w(x1) −
pw(x1)n2(x1)

1 + σn(x1) + n(x1)2 ≥ 0.
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Thus,
w(x) ≤ w(x1) ≤ a. (A.1)

Denote g = d1w + pd2n. Then, g satisfies

−∆g = a − w − pbn. (A.2)

Let g(x2) = maxΩ g(x). By Lemma 2.9, we have

a − w(x2) − pbn(x2) ≥ 0.

n(x2) ≤
a
pb
. (A.3)

From (A.1) and (A.3), we have

pd2n(x) < g(x) < g(x2) < ad1 +
ad2

p
,

which implies

n(x) <
ad1

pd2
+

a
pb
. (A.4)

Let w(x3) = minΩ w. By Lemma 2.9, we have

a − w(x3) −
pw(x3)n2(x3)

1 + σn(x3) + n(x3)2 ≤ 0.

Therefore, according to the upper limit of n in (A.4), we have

w(x) ≥ w(x3) ≥ w(x1) ≥ w(x2), (A.5)

where

w(x1) =
a

1 +
pn2(x3)

1 + σn(x3) + n(x3)2

,w(x2) =
a
[
(pbd2)2 + σ(pbd2)(abd1 + ad2) + (abd1 + ad2)2

]
(pbd2)2 + σ(pbd2)(abd1 + ad2) + (abd1 + ad2)2(p + 1)

.

From the second equation of (1.5), we have

−∆n +
bn
d2
≥ 0.

By Lemma 2.8, there exists a positive constant C0, which depends only on b, d2, and Ω, such that∫
Ω

ndx ≤ C0 inf
Ω

n. (A.6)

Integrating the first equation of system (1.5) over Ω, we obtain∫
Ω

pwn2

1 + σn + n2 dx =
∫
Ω

(a − w)dx,
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note that from the second equation at steady state, we have wn2

1+σn+n2 = bn. Substituting this into the
left-hand side yields

pb
∫
Ω

ndx =
∫
Ω

(a − w)dx.

Let w̄ = 1
|Ω|

∫
Ω

wdx denote the spatial average of w. Then, the above equation becomes

(a − w̄)|Ω| = pb
∫
Ω

ndx ≤ pbC0 inf
Ω

n. (A.7)

It can be derived from (A.7) that

n(x) ≥ inf
Ω

n ≥
(a − w̄)|Ω|

pbC0
. (A.8)

The proof is complete. □

B. Proof of Theorem 2.7 and derivation of bifurcation solutions

Proof. According to the Crandall-Rabinowitz bifurcation theorem for simple eigenvalues in [30],
(d1,i, (0, 0)) is a bifurcation point if the following conditions are satisfied.
(i) The linear operators Fd1 , FQ, Fd1Q exist and are continuous;
(ii) dim ker FQ(d1,i, (0, 0)) = codimR(FQ(d1,i, (0, 0))) = 1;
(iii) Let ker FQ(d1,i, (0, 0)) = span{Φi}. Then, Fd1Q(d1,i, (0, 0))Φi < R(FQ(d1,i, (0, 0))).

Recall the following operation:

L(d1,i) = FQ(d1,i, (0, 0)) =


d1,i∆ − 1 −

pn∗2

1 + σn∗ + n∗2
−

pw∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2

n∗2

1 + σn∗ + n∗2
d2∆ +

w∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2 − b

 , ∆ = d2

dx2 .

Obviously, the linear operators Fd1 , FQ, and Fd1Q are continuous. Through calculation, we obtain

ker L(d1,i) = span{Φi}, Φi =

(
1
ei

)
ϕi,

where

ei = −
n∗2(1 + σn∗ + n∗2)

(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)
< 0, dim ker L(d1,i) = 1.

The adjoint operator is defined as

L∗(d1,i) =


d1∆ − 1 −

pn∗2

1 + σn∗ + n∗2
n∗2

1 + σn∗ + n∗2

−
pw∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2 d2∆ +

w∗n∗(σn∗ + 2)
(1 + σn∗ + n∗2)2 − b

 .
Similarly,

ker L∗(d1,i) = span{Φ∗i }, Φ
∗
i =

(
1
e∗i

)
ϕi,
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where
e∗i =

pw∗n∗(σn∗ + 2)
(d2λi − b)(1 + σn∗ + n∗2) + w∗n∗(σn∗ + 2)

> p.

Since R(L) = (ker L∗)⊥,
codimR(L(d1,i)) = dim ker L∗(d1,i) = 1.

Finally, owing to

Fd1Q(d1,i, (0, 0))Φi =

(
∆ 0
0 0

)
Φi =

(
−λiϕi

0

)
,

and
⟨Fd1Q(d1,i, (0, 0))Φi,Φ

∗
i ⟩ = −λi

∫ π

0
ϕ2

i dx = −λi , 0, (B.1)

we obtain Fd1Q(d1,i, (0, 0))Φi < R(L(d1,i)), and the proof for the simple eigenvalue is completed. □

C. Inapplicability of the Crandall-Rabinowitz bifurcation theory under double eigenvalues

Rewrite the map F : R+ × X → Y , In the following form:

F(d1,Q) =


d1w′′ + a − (w + w∗) −

(w + w∗)(n + n∗)2

σ(n + n∗) + (n + n∗)2 + 1

d2n′′ +
p(w + w∗)(n + n∗)2

σ(n + n∗) + (n + n∗)2 + 1
− b(n + n∗)


= L(d1)

(
w
n

)
+

(
F1(w, n)
F2(w, n)

)
,

(C.1)

where F1 (w, n) = −pF2 (w, n) and

F2(w∗, n∗) =
n∗(2 + σn∗)

(1 + σn∗ + n∗2)2 w∗n∗ +
1 + σn∗ − 2n∗2 − 4σn∗3 − σ2n∗4

n∗(1 + σn∗ + n∗2)3 n∗2

+
1 + σn∗ − 2n∗2 − 4σn∗3 − σ2n∗4

(1 + σn∗ + n∗2)4 w∗n∗2 + O(|n3|, |n3||w|).
(C.2)

Then, suppose there exists a positive integer i(, j) such that d1,i = d1, j = d̂1.

Let L(d̂1) = FQ(d̂1, (0, 0)). Consequently, we obtain

ker L(d̂1) = span{Φi,Φ j}, ker L∗(d̂1) = span{Φ∗i ,Φ
∗
j}

and
M(L(d̂1)) = {(w, n)T ∈ Y :

∫ π

0
(w + e∗i n)ϕidx =

∫ π

0
(w + e∗jn)ϕ jdx = 0}.

It follows that
dim ker L(d̂1) = codimM(L(d̂1)) = 2.
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