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Abstract: In this paper, an SIRS epidemic model with periodic transmission and vaccination is
proposed to study the periodic transmission phenomenon of influenza. The threshold dynamics of the
model are completely determined by the basic reproduction number Ry, i.e., the disease-free periodic
steady state is globally asymptotically stable if Ry < 1, while the disease is uniformly persistent if
Ro > 1. With the help of control theory, the resonance frequency w, of our model is obtained, which
is numerically validated in that there exists a resonance phenomenon of the disease spread (i.e., there
is a maximum amplitude of the oscillatory spread of diseases) when the frequency w = w,. By fitting
the real data of influenza from Shanghai, we estimate the parameter values of the model. Results show
that there is no resonance phenomenon in the spread of influenza in Shanghai. Based on the expression
of resonance frequency w,, the effects of the mean transmission rate S and the transition rate ¢ on the
resonance frequency w, are displayed numerically.
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1. Introduction

Influenza is an acute respiratory infectious disease caused by the influenza virus. Influenza A and B
viruses of the Orthomyxoviridae family are the main pathogens of this acute viral respiratory disease
(including four subtypes A(H;N;), A(H3N,), B/Yamagata, and B/Victoria). The influenza viruses
are characterized by antigenic variability, strong infectivity, and rapid transmission, and they cause
seasonal influenza epidemics every year [1,2]. Besides the changes in contact frequency brought
about by human seasonal behavioral patterns [3], the influenza epidemic seasonal activities are closely
influenced by climatic factors [4]. Temperature and humidity always play key roles in the survival and
transmissibility of the virus [5]. In temperate climate regions, influenza exhibits a distinct “flu season”
pattern: A large-scale outbreak occurs every winter, while influenza activity disappears during warm
seasons [6]. Especially, the influenza epidemic shows differences between the north and the south of
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China, i.e., there is a single peak in winter in the north of China, while there is a double peak in winter
and summer in the south of China [7].

Modeling and analysis for the seasonal transmission of influenza are challenging and complex,
including statistical models [8, 9], differential equation models [10-18], epidemiological models
based on pulse vaccination strategies [19, 20], non-autonomous periodic epidemic models [21-25],
etc. To deeply reveal the periodic characteristics and internal mechanisms of influenza transmission,
researchers often rely on dynamic theory for quantitative characterization and mechanism analysis.
Based on the data of influenza and climate in Pudong New Area of Shanghai, Zhang et al. established
some statistical models, including a generalized linear model, a distributed lag nonlinear model, and
a regression tree model, to study the relationship between climate and transmission of influenza A
and B. Results show that climate has a complex nonlinear relationship with the transmission of two
types of influenza [8]. Besides that, many differential equation models are used to study the periodic
transmission of influenza [13—-15]. Combining a continuous differential equation with discrete inter-
seasonal mappings, Asaduzzaman et al. proposed a hybrid epidemic model to study the phenomenon
of strain replacement of influenza virus during the process of influenza transmission, and revealed the
effects of vaccination on the periodic transmission of influenza [13]. Duan et al. proposed an age-
structured S /RS model with age of recovery to study the roles of age of recovery on the existence
of global Hopf bifurcation, and then revealed the cause of the periodic transmission of disease [16].
Periodic transmission of influenza can also be modeled by using a pulse epidemic model [19].

Nonautonomous epidemic models are used to study the transmission of influenza [21-24]. For
example, Teng et al. established a class of non-autonomous S /RS epidemic models with a periodic
transmission rate and a disease-induced mortality to study the transmission and control of the
disease. By analysis, they obtained the necessary and sufficient conditions for disease persistence
and extinction [21]. Besides the periodic transmission rate, periodic vaccination also plays an
important role on the spread of influenza. Moneim established an S /RS epidemic model with periodic
vaccination to study the transmission and control of H;N; influenza [25]. The periodic dynamic
behaviors of the SRS epidemic model are determined by the basic reproduction number Ry, which
shows that seasonal immunization strategies are more useful in the control of influenza. Kumar et
al. proposed autonomous and nonautonomous S /RS epidemic models to study the dynamics of the
transmission of influenza. By comparison, results show that seasonal forces (periodic transmission
rate and periodic recover rate) can give rise to periodic oscillations, quasi-periodicity, and even chaotic
behaviors [23]. In 2004, based on the real data of the transmission of influenza, Dushoff et al. proposed
an S IRS epidemic model with periodic transmission rate to study the oscillation of the transmission of
influenza. They revealed a resonance mechanism of the seasonal influenza transmission which shows
that slight changes can lead to strong oscillations in the spread of the disease [26]. Theoretically, there
is a frequency w, that is expressed by other parameters of the epidemic model, such that the amplitude
of the solution reaches its maximum value when the frequency w = w,, then we call w, the resonance
frequency of the epidemic model. For more information about resonance frequency, one can refer
to [27].

Motivated by the above discussions, we will collect the data of influenza from Shanghai and model
the spread of influenza in Shanghai by an S /RS epidemic model with a periodic transmission rate and a
periodic vaccination rate. Note that there are two input frequencies from transmission and vaccination
in our model. Data fitting and theoretical analysis of the model will bring us many challenges. Whether
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there is a resonant phenomenon in our model and how disease transmission parameters affect the
resonant frequency are our primary concerns.

The structure of this study is organized as follows. In Section 2, statistical analysis of the monthly
infection data of influenza in Shanghai from June 2014 to May 2016 is carried out to capture the
seasonal pattern, and then an S/RS epidemic model with periodic transmission and vaccination is
formulated. In Section 3, the dynamic behaviors of our S /RS epidemic model are strictly proved. The
main results, i.e., the existence of the resonance phenomena of our model, are presented and strictly
proved with help of resonance theory. In Section 4, some numerical simulations are carried out to
illustrate the resonance phenomena of our model. By use of real data from Shanghai, the parameters
of our model are well-fitted. After that, the influence of different parameter values on the resonance
frequency is verified by numerical examples. Finally, a brief conclusion and discussion are presented
in Section 5.

2. Modeling

2.1. Data analysis

The data of new cases of influenza in the months from June 2014 to April 2016 of Shanghai are
selected as the subject, taken from the Shanghai Municipal Health Commission [28]. As shown in the
bar chart of Figure 1, the disease transmission has a distinct periodicity and fluctuates in a cyclical
pattern with two peaks within a year. The number of cases in winter and summer are significantly
higher than that in spring and autumn. Seasonality is a notable characteristic of the spread of influenza.
These data can be fitted by trigonometric functions numerically, which has a specific expression,
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Figure 1. Monthly data on human influenza cases in Shanghai.

Note that there are two characteristics of influenza data from Shanghai, including seasonal
transmission and variation of the illness. Consequently, it is necessary to implement vaccination
strategies periodically. Thus, we need to formulate an epidemic model involving periodic transmission
rate with a frequency w; and periodic vaccination rate with a frequency w, to model the transmission
of the Shanghai influenza. To get a better theoretical analysis, mathematically, we should adopt
the greatest common factor of w; and w, as the frequency of transmission and vaccination in the
epidemic modeling.
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In a periodic dynamical model, besides the dynamic results including the global stability of
the disease-free steady state and the uniform persistence of the disease, there is often a resonance
phenomenon induced by a resonant frequency. Whether resonance phenomena will occur in the
dynamics of our epidemic model and whether resonance phenomena will occur in the future spread
of diseases with environmental changes and virus mutations are both key concerns. To address this
point, we will apply the methods and feedback control theory proposed in [27].

2.2. Model formulation

The periodic dynamics of influenza epidemics can be described by using a standard S /RS model,
driven by periodic variations in susceptibility and vaccination. S(#) is the number of susceptible
individuals at time ¢, I(¢) is the number of infectious individuals at time #, R(¢) is the number of
recovered individuals at time ¢, and N(z) is the total number of the population at time ¢. The disease
infection coefficient 5(¢) consists of two parts: the mean transmission rate 8 and the periodic fluctuation
of susceptibility SAS sin wt, driven by the environment. The vaccination rate 7n(¢) also consists of two
parts: the mean vaccination rate 7 and the periodic fluctuation of vaccination nAn sin wt. It is assumed
that these two fluctuation frequencies are equal. Then, the model takes the form of

s 1)
S = N = G+ ) (@)~ FOES (1) + 6RO
dI(t) 1(1)
= B 5S ()= (a4 VI o
‘”;f) = (OS (O) + V() - (1 + OR(),
S(0) = So, 1(0) = Iy, R(O) = Ry,

where (1) = (1 + ABsinwt)B, n(t) = (1 + Apsinwt)n. The parameter u is the natural birth rate and
death rate of the population, v is the recovery rate of infected individuals, and ¢ is the transition rate
from the recovered to the susceptible. Note that N (t) =S() + I(t) + R(r). We have % = 0; then, the
total number of the population is a constant N(¢) =

Let x(¢) = S(t) , () = I(t) ,and z(¢) = @ . Model (2 1) can be rewritten as

d
fff) = 11 — px(t) = n(Ox(0) = BOXOY(@) + 62(0),
dy( )
2 = BOx@O@) — (u + v)y(0), 02
d
fl(t) = n(B)x() + vy(t) — (u + 8)2(D),
x(0) = x0, ¥(0) = yo, 2(0) = .

Substituting z = 1 — x — y into the first equation of model (2.2), we obtain

d

fz(:) = (1 +6) = (u + 6 + n(O)X(1) = BOX(DY(E) = 5y(D),
d
ﬂ = BOx@)y(t) — (1 + v)y(1), =
x(O) = xo, ¥(0) = yo.

In the following, we will mainly study the dynamics of model (2.3).
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3. Dynamics analysis

In order to understand the impact of periodic vaccination and periodic transmission on the spread of
disease described by model (2.3), we first studied the stability of the positive equilibrium of model (2.3)
under constant vaccination and constant transmission, i.e., AG = 0 and A = 0.

3.1. Stability of the positive equilibrium of model (2.3) when AB = 0 and An = 0.

To study model (2.3), we first make the following simplifications: AS = 0 and An = 0. Then,
model (2.3) can be transformed into

d
2(;) =(u+06)— (u+n+0)x(t) — Bx(2)y(t) — oy(1),
(3.1)
d
% = Bx(0)y(1) — (1 + v)y(1).

According to the definition of the basic reproduction number, we define the basic reproduction number
of model (3.1) as

3 (u+90)8
S UEVE+n+0)

Theorem 3.1. If Ry, > 1, model (3.1) has a unique positive equilibrium E* = (x*,y*), which is locally
stable, where

Ror

L _ MtV . H+d (uHn+d)u+v)
T EY Bu+v+s)

Proof. From the two equations of model (3.1), we have the positive equilibrium, which satisfies the
following equations:

X

(3.2)

O=@W+0)—(u+n+0)x —pxy -0y,
0=8x"y —(u+v)y"

It follows that

« _MTV
X =
B
and 5 5 ) {
+ +n+ +
co_HPO _WrnrOluty) Rot — 1) > 0,
H+v+0o Bu+v+0) Bu+v+90)
ifR01>1.

Linearizing model (3.1) at the positive equilibrium (x*,y*), we have the following characteristic
equation:

A+u+6+n+py Bx"+0 ) _

—By* /1—,8x*+,u+v_/1 + boid + by, = 0, (33)

with by = (u + 6 +n) + By* > 0, by, = 2x*y* + §By* > 0. Thus, the positive equilibrium (x*, y*) of
model (3.1) is locally stable if Ry, > 1.
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3.2. Extinction and uniform persistence of disease

Obviously, model (2.3) has a disease-free periodic equilibrium E° = (x°(z), 0), which satisfies

dt (3.4)

. =u+6—(u+68+n00)x@),
x(0) = xo.

Clearly, solving (3.4), we have
!

X(1) = e~ buwrornnr (xo + (U + ) f b tnde ds) .
0

To get the stability of the disease-free periodic equilibrium E° = (x°(¢),0), we will use the method
in [29, 30]. Following from the second equation of model (2.3), we define F(f) = B(t)Nx°(¢) and
YV = u+v. Assume Y(t,s) (t > s) is the evolution operator of % = —Vy(t). Thus, for Vs € R, the
operator Y(t, s) satisfies

dy(t, s)
dt

Let Cr denote the Banach space of a T-periodic function from R to R. If ¢ € Cr is the initial
distribution of infectious individuals, then 7 (s)¢(s) represents the rate at which infected individuals
generate new infections at time s, and Y(¢, s)F (s)¢(s) with t > s gives the distribution of infected
individuals who are newly infected at time s and still remain in state y at time ¢ [30]. By the approaches
used in [29, 30], we can define the generation operator £: C; — Cr as

=-VYt,s), Ve>s, Y(s,s)=1L

L(p(1)) = f Y, t—a)F(t—a)p(t —a)da, (VteR, ¢ € Cy).
0

L(¢(1)) is the distribution of newly infected individuals accumulated at time 7. The basic reproduction
number is defined as the spectral radius of the next generation operator L, that is

Ro := p(L),

where p denotes the spectral radius of the operator L.

Theorem 3.2. If Ry < 1, the disease-free periodic equilibrium E° of model (2.3) is globally
asymptotically stable.

Proof. See Appendix A.

For more information about the uniform persistence of an periodic epidemic model, one can refer
to references [31,32]. In the following, we set

Hy ={(x.y) € R :y > 0}, 0Ho = R} \ H,.

Theorem 3.3. If Ry > 1, the disease described by model (2.3) is uniformly persistence with respect
to Hy, i.e., there exists € > 0 such that any solution of model (2.3) with the initial conditions in H
satisfies lim inf y(¢) > &.

—o0

Proof. See Appendix B.
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3.3. Resonance phenomena

In the case when An = AB = 0 or w = 0, model (2.3) has a positive equilibrium (x*, y*), and it is
locally stable if Ry; > 1, as follows from Theorem 3.1. There is a damped oscillation of the system
without periodic input control. In the case where, An # 0, AB # 0, and w # 0, there will be periodic
dynamic behaviors of model (2.3), as follows from Theorems 3.2 and 3.3. There is a continuous
oscillation phenomenon of the system with periodic terms. To further study the effect of the frequency
w on the periodic dynamic behavior of model (2.3), we will apply the control theory in our epidemic
model and present a definition of resonance frequency [27].

Definition 3.1. Assume that y(t) = g(w)sin(wt + ¢) is a solution of model (2.3). We say there is a
resonance frequency w, of y(t) if the amplitude of y(t) has a maximum point w,, i.e., g(w) reaches its
maximum value when w = w,.

From Definition 3.1, we say there is a resonance phenomenon of the periodic epidemic model when
the input frequency equals the resonance frequency. To prove there is a resonance phenomenon of (2.3)
when the dynamic behavior of model (2.3) reaches a steady state, we define

x(1) = xi(0) + x7, y(1) = (@) + ",

where x; and y, represent the variations in x and y at the positive equilibrium (x*, y*) of model (3.1).
Substituting x(¢) and y(¢) into model (2.3), we obtain

d
% = —(u+n+6+By)xi(1) — (u+ v+ Sy (D)

— nx*Ansin(w) — (u + v)y" A sin(wr), (3.5)
% = (u + v)y"'ABsin(wt) + By x,(1).

By taking the derivative of both sides of the first equation of (3.5), with respect to time ¢ simultaneously,
and using the second equation of (3.5), we obtain

X+ U+ +By)x, + (u+ v+ 6By x; = u®), (3.6)
where u(t) = —r; sin(wt) — r,w cos(wt) with
r=W+vV)u+v+0)yAB, rn=nAnx"+ (u+v)y'AB.

Obviously, the input term u(t) = 0 if AB = Anp =0or w = 0.
From the standard form of the second-order linear dynamic system, we can transfer (3.6) into the
following second-order linear dynamic system:

x'll + 2wn{x'1 + wﬁxl = u(t) = —r; sin(wt) — rw cos(wt) (3.7

with

wn= Ty e oy, ¢= LI

2+ 0+ VB

Here, w, is called the undamped natural frequency, and ¢ is the damping ratio of the solutions of the
dynamic model (3.7) (see [27]). For simplicity, we assume that 0 < { < %

The main result of our model (2.3) can be presented as the following Theorems 3.4 and 3.5.
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Theorem 3.4. If Ryy > 1, the amplitude of y,(t) of model (3.5) has a maximum point w,, i.e., a
resonance phenomenon of the y(t) of model (2.3) occurs when w = w,.

Proof. Clearly, the dynamic model (3.7) can be solved:
x1(1) = X1(0) + %1(0), (3.8)

where X(¢) is a special solution of (3.7), and %,(¥) is the general solution the following homogeneous
equation

X+ 2wl x) + wix, = 0. (3.9)
By some direct calculations, we have
£1(2) = €77 (c1 cos(wyt) + ¢z sin(wyt)), 0 < <1, (3.10)

with some undetermined real numbers ¢y, ¢,, and o = —{w,, w; = w, /(1 = ¢?), which is called as
the damped natural frequency [27]. The special solution X;(¢) of (3.7) can be obtained by use of the
undetermined coefficient method:

X1(1) = Aj(w) cos(wt) + Ar(w) sin(wt) 3.11)
with

—r(w? — w?) = 2rlw,w?

(2 w,w)* + (W] — wH)?

—rnw(w? — w*) + 2ri{w,w

(2fw,w)* + (W}, — w?)?

Al(w) = , Ar(w) = (3.12)

The solution X(¢) in (3.11) can be transferred as the following form:

£1(1) = AJA2(w) + A(w) cos (wt + ¢), (3.13)

: — —Ar(w)
with ¢ = arctan T and

sin g = —Ax(w) cosd = A(w)

JA2(W) + Aw) JA2 (W) + A%(a)).

To determine the undetermined real numbers ¢; and ¢; in (3.10), we need the initial conditions x;(0) =
x10 and y1(0) = yy9. From (3.8), (3.10) and (3.11), we have x;o = x1(0) = ¢; + A;(w). Then,

(3.14)

C1 = X10 —Al((,()). (315)

From the first equation of (3.5), we have

dx .
d—l =—(u+n+06+By)xio— (+v+3)yo-
I =0
Meanwhile, from (3.8), (3.10), and (3.11), we have
de dfcl d)~61
— = — — =- A .
ar ar + ar | oc1 + wycy + WA (w)
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Thus, we have
1
= —(0c; — WA W) = (+ 1+ 0+ By )xi9 — (U +V+0)yip)

Wy

1
= o (o(x10 = A1(w)) = 2w, L x10 = hy10 — WA (w)) .

Substituting the general solution (3.8) into the second equation of (3.5), we have

d . w% - 3 o
% — lem(wt) + le(l‘) + TXI(I)’

with & = u + v + 6. It follows from (3.13), (3.14), and (3.17) that

% = %(aﬂg(w))é cos(wt + ) + %'%fcl(t),
with
wi(Af(a)) + A%(w)) + r% + 2r1wﬁA2((u)
g(w) = e ;
and

—Ar(w)w? — 1y
Aj(w)w?
Integrating both sides of Eq (3.18) simultaneously on the interval [0, 7], we obtain

Y = arctan

2 3
i) = $1(0) + ‘% f fi(r)dr
0

with

g (w)
h

Obviously, $;(¢) is a periodic function of time ¢. It follows from (3.10) that

Y1) = yio + (sin(wf + ) = sin(y)) .

2 00
w;, .
7 f X1(7)dt = a constant C
0

for £ > 0. It follows from (3.20) that there exists a large time 7 such that

yi(f) = $1(t) + C for > T.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Clearly, the amplitude of y,(#) approximately equals that of ;(¢), which is determined by the function

g(w) in (3.19).

In order to find the maximum point w, of the function g(w), we will use the extreme value theorem.

Let s = w?. It follows from (3.12) and (3.19) that we can transfer the function g(w) to f(s), i.e.,

rfs + r%wi + 4r%wi§2 —4r rza)f',{ = £(s)
§2 + W+ (w22 = 2w2)s ' )

g(w) =

(3.22)
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Obviously, when ¢ € (0,1), the denominator of (3.22) is always greater than 0 on s € (0, +00).
Differentiating the function f(s) with respect to s, we have

a8* + ars + az

f(s)= :
(82 + Wi + (422 - Zu)%)s)2
where
a; = —r% <0,
ay = =202 (rw, — 2¢r)* <0, (3.23)

as = (21 = 20)(raw, — 2110 + 17) oy

Clearly, the roots of f’(s) = 0 are determined by the numerator of f’(s), which is denoted as
f.(s) = a;s*> + a»s + a3. Note thata; < Oand a, < 0. If0 < ¢ < g we have a; > 0, and f,(s) = 0 has

—ay+ \/a%—4a| as

2a,

—ay + \Ja5 —4aa;
a)r = \/sr = .

B 201

a unique positive root s, =
of model (3.5) can be obtained:

. Then, from Definition 3.1, the resonant frequency w, of y;(¢)

(3.24)

Therefore, there is a resonance phenomenon of the solution y;(f) of model (3.5) when w = w,, i.e.,
there is a resonance phenomenon of y(¢) of (2.3) that occurs when w = w,.

Theorem 3.5. If Ry; > 1, the amplitude of x,(t) of model (3.5) has a maximum point w,,, i.e., a
resonance phenomenon of x(t) of (2.3) occurs when w = Wy,

Proof. To prove there is a resonance phenomenon of x(¢) of (2.3), we need only to study the resonance
frequency of x;(#) of model (3.5). Note that x;(¢) = x,(¢) + X;(¢). It follows from (3.10) that

lim x,(#) = a constant Cy for ¢ > 0.
t—00

Then, the amplitude of x,(¢) approximately equals that of X;(¢). From (3.13), the amplitude of X,(?) is

determined by
A () + A3() = Va(w),
where
11+ rw

Z(w) = (3.25)

w* + W + (w2 - 20w

If the function z(w) has a maximum value at w,,, the amplitude of x;(#) will reach its maximum value
at w,,. Similarly to the proof of Theorem 3.4, letting s = w?, we can transfer the function z(w) as a
function k(s):

2 2
r +I"2S

§2 + Wt + (4wl - 2w2)s

Z(w) = = k(). (3.26)
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Differentiating the function k(s) with respect to s, we have

b]SZ + bys + b3
(2 + w? + (4w2% — 202)s)?’

K'(s) =

where
by=-r3<0, by=-2r1 <0, by =ryw, +2w:ri(l —2%). (3.27)

Obviously, the roots of k'(s) = 0 are determined by the numerator of £’(s), which is denoted as k,(s).

f0<¢< g, we have b3z > 0. Note that b; < 0, b, <0, and A, = b% —4b,bs. It follows that there is

- r2 . ..
%E if by > 0. Then, from Definition 3.1,
2

the resonant frequency w,, of the solution x;(¢) in (3.8) can be obtained:

a unique positive root s,, of equation k,.(s) = 0, i.e., s5,, =

—Zr% + VA,

2
2r2

Wyr = \/S_xr = (3.28)

Therefore, there is a resonance phenomenon of the solution x;(¢) of model (3.5) when w = w,,, i.e.,
there is a resonance phenomenon of x(z) of (2.3) that occurs when w = w,,.

In fact, the resonance phenomenon of the density of infection y(¢) of (2.3) is our main concerned.
This phenomenon can help us to get a better understanding of the shortage of medical resources induced
by a sharp increase in new infection cases.

4. Numerical analysis

4.1. Numerical simulation

In this subsection, some numerical simulations will be carried out to illustrate the results of
Theorems 3.4 and 3.5, i.e., there are resonance phenomena of y(¢) and x(¢) of model (2.3) when w = w,
and w = w,, respectively. We use months as the time unit. The parameter values are shown as follows.

{1 = 0.005965, v = 6.72, & = 1.885470378731 x 1072,
B = 9.629879, AB = 7.06921 x 107, 4.1)
7 =0.00235, An = 1.1831156005568 x 1072,

By use of (4.1) and some calculations, we obtain Ry; = 1.101898793165164. It follows from (3.24)
and (3.28) that
w, = 0.083234060605095 4.2)

and
w, = 0.0883612637139263.

By use of (4.1), (3.19), and (3.25), we can plot the functions g(w) and z(w) in Figure 2. Numerical
results show that there is a unique maximum point w, of the function g(w) and a unique maximum
point w,, of the function z(w).
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Figure 2. The graphs of the amplitude function g(w) of (3.19) and the amplitude function
Z(w) of (3.25).

To illustrate the role of the resonance frequency w,, we need the expression of y;(#) with initial
conditions (x19, y19). From the expression of %;(#), we obtain

! A
f X (ndr = f e 7(cy cos(wyT) + ¢ sin(wyT))dT
0 0

! t
=c f e 7T cos(wyT)dT + ¢ f e 7T sin(wyT)dT
0 0

=y11(8) + y12(2),

with c
y11(8) :m [(—o cos(wyt) + wy sin(wgt))e™ ™" + o], -
N0 :((ﬂi—zwz) [(=0 sin(eqf) — wg cos(wat)e™ + w,],

where the expressions of ¢ and ¢, are given by (3.15) and (3.16), respectively. It follows from (3.20)
and (3.21) that

2
wn
yi(®) =) + 7@11(0 + y12(0). 4.4)
Substituting (3.15) and (3.16) into (4.4) and simplifying, we obtain the following equation,

Y1) = yo1(2) + yo2 (1) + yo3(2),

where
i —ot . o
You(t) = W{Xlo[e (cos(wdt)(—zcr = 20,0) + sin@it)w; ~ (0 - 2wn§)>)
+20 = 2w, |+ yo|l = a)i (e77" (=0 sin(wyt) — wy cos(wyt)) + wy) },
d
2
Yoo(t) = W{e“”( cos(wyh)[20A1(w) + WA (w)]

0?A (W) + cwAL (W)

+ sin(wdt)[ —wsA(w) +

[) 20410 - wA2<w>},

Wy
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and

g7 (w)
I

Yos(?) = (sin(wt + ¢) — sin(y)) .
vo1(¢) denotes the initial vibration component, yg,(¢) denotes the free vibration component, and yg,;(?)
denotes the forced vibration component.

Assume that x;p = 1.35x 1078, and y,¢ = 1.35 x 1078, The initial values of model (2.3) are assumed
x(0) = x* + x19, ¥(0) = y* + y10, and all parameters are shown in (4.1). From (3.24), we calculate the
resonance frequency w, = 0.083234060605095. From Theorem 3.4, there is a resonance phenomenon
of the solution y(#) of model (2.3) when w = w, (see Figure 3).

=104

1.5

1.4

1.3
=12

1.1

0.9

0.8 . . . . . . .
o 10 20 30 40 50 60 70 80

Figure 3. The solutions y(¢) of model (2.3) with w = 0.078, w,, and 0.89.

Note that all parameters are shown in (4.1). From (3.28), we calculate the resonance frequency
w, = 0.0883612637139263. Assume the initial values of model (2.3) x(0) = x* + x19, ¥(0) = y* + yio
with x;0 = 1.35x 107%, and y;o = 1.35 x 1078, From Theorem 3.5, there is a resonance phenomenon of
the solution x(¢) of model (2.3) when w = w,, (see Figure 4).

year

Figure 4. The solutions x(¢) of model (2.3) with w = 0.078, w,,, and 0.89.

These two resonance phenomena of y(r) and x(#) provide us with a new insight into the dynamics
of model (2.3). The resonance phenomenon of the solution y(#) of model (2.3) is our main concerned
which provided a reasonable explanation for the concentrated outbreak of diseases and the potential
threats it may cause, such as medical resource congestion.
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To illustrate the attractivity of the resonance periodic solution y(#) of model (2.3), we will present
the following numerical examples.

Lgx20t ‘ ‘ ‘ 44 X107
L3 13
L2y 12
St =14
i 1
0.9r q 0.9
005696 0.697 0.é98 0.699 017 0.701 00.8696 0.697 0.698 0.699 0.7 0.701
x(t) o(t)
(a) The solution with (xy, yo) = (0.698447,0.000107919). (b) Four solution curves.

Figure 5. The solution curves from different initial values tend to the resonance periodic
trajectory if w = w,.

From (4.1), (4.2), and Theorem 3.4, we know that the resonance of y(¢#) occurs when w = w,.
Assume that the initial condition of model (2.3) is (x(0), y(0)) = (0.698447,0.000107919). Then,
the phase diagram of model (2.3) is presented in Figure 5(a). After that, we choose four different
initial conditions to numerically plot four solution curves (see Figure 5(b)), i.e., (x(0),y(0)) =
(0.698447,0.000107919) (corresponding to the green line), (x(0),y(0)) = (0.699,0.0001156) (cor-
responding to the red line), (x(0),y(0)) = (0.698,0.00011) (corresponding to the purple line) and
(x(0),y(0)) = (0.7,0.000125) (corresponding to the blue line). These results show that the resonance
periodic solution y(#) of model (2.3) may be attractive.

4.2. Data fitting and analysis

The parameters of model (2.3) are assumed as

£=11%x1073, v =449, 5=3402x 107, w = ——. 4.5)
5.49
The initial conditions are assumed to be x(0) = %, ¥(0) = 15e. From Figure 1, there is

a periodic phenomenon of influenza in Shanghai from April 2014 to September 2016 [28]. Monthly
reports of influenza incidence cases in Shanghai from April 2014 to September 2016 can be used to
estimate the other parameters’ values in model (2.3). Note that the time unit for reported new influenza
cases is months. The incidence rate per unit of time of model (2.3) is denoted as D;, i.e.,

D; = (1 + ABsin(wt))x(t)yt) i=1, 2, -+, 23.

Correspondingly, denote the number of the reported new influenza cases in the i—th month as X;. In
order to use the Markov chain Monte Carlo method (MCMC) to fit D; to the new influenza cases X;, we
will multiply the reported new influenza cases X; by multiplying m to balance the magnitudes.
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Assume the initial values of the undetermined parameters Ang, ABo, Bo, and 6, are from the intervals
[0.11642,0.11665],[0.131618,0.131621], [5.52146,5.52157], and [0.015140, 0.015170], respectively.
We use the MCMC method [33] to fit model (2.3) for 10, 000 iterations and get mean values, standard
deviation values, and 95% confidence intervals (CI) of the unknown parameters An, AB, B, and J (see
Table 1).

Table 1. Data fitting results for the parameters of model (2.3).

Parameter Mean value Std 95%Cl1 Resource
An 0.1171 0.002265095 [0.1134,0.1203] MCMC
AB 0.1354 0.00370269 [0.1305,0.1428] MCMC
B 5.5081 0.0255497 [5.4681,5.5600] MCMC
0 0.0150 0.00049715 [0.0145,0.0154] MCMC

From the 95% C1 in Table 1, we choose

(4.6)

An = 0.116542641395988, AB = 0.131620089096854,
B =5.522128427495543, ¢ =0.015155817773751.

Then, the model fit to the new influenza cases is shown in Figure 6.

, x10°
—- fitting data
. - real data
0.8r- Fa
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! .\ -/ \ ! A ; \
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7 \ / \ ys \‘ 7 \‘
:/ * -\"/ \~../ )‘ ,4’ \\
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Figure 6. The fitted curve of the reported influenza data of model (2.3) with (4.6).

By use of (4.5) and (4.6), we calculate that Ry; = 1.01678 > 1, w,, = 0.035821093345414,
s, = 0.001449, and w, = /s, = 0.038075349047385. Note that when w = T * Wy # Wy, there is
no resonance phenomenon of model (2.3), as follows from Theorems 3.4 and 3.5. To further reveal the

effect of w on the periodic solution of model (2.3), we choose

T
— 0.0746, 0.18 ( 5 —)
@ “\“r 549

Then, the solution y(#) of model (2.3) can be plotted in Figure 7. These results show that the amplitude
of the solution y(7) is increasing as w — ;.
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6 =10 %103
W= 5 7t —w = w
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(@) w=3%5, w=0.18. (b) w =0.0746, w = w,.

Figure 7. The influence of input frequency w on the solution y(z).

On the other hand, from the expression of the resonance frequency w, of (3.24), we find that the
value of w, depends on the parameter 6. By use of (4.5) and (4.6), we plot the function of w,(9) (see
Figure 8(b)). Numerical results show that the plot of w, = w,(d) is a nonmonotonic curve, which
intersects with the line w = % at two points 67 = 0.35624 and 65 = 1.65069. From Theorem 3.4, the
resonance phenomenon of model (2.3) will occur when 6 = 67 (i = 1,2). Meanwhile, we can treat w,
as a function of 8 from the expression of (3.24). Under condition (4.5), we can plot the function w,(83)
(see Figure 8(a)). Numerical results show that the plot of w,(8) intersects with the line w = 75 at a
unique point 8* = 1.03783 x 107°. From Theorem 3.4, the resonance phenomenon of model (2.3) will

occur when 8 = §*.

0.8) —rwr = w;(B)
o

wy = w,(9)
. fitting results

0.8 . w = g5
: - fitting results

0.6

w;
0.4

~
0.2 v

o . i ‘ : ‘
3 0 H H H
o 5 10 15 20 25 30 35 o 5 05 8 1.5 5 5

(a) The plot of w,(B) for B € (0, 1.4 x 10°6). (b) The plot of w,(8) for & € (0,2.5).

Figure 8. The dependence of the resonant frequency w, on the parameter ¢, S.

Figure 8(b) shows that the value of the resonance frequency w,(d) is non-monotonic and has a
maximum point 63. The resonance frequency w,(6) increases for 6 € (0,03) and then decreases for
6 > ¢5. From (3.21), the amplitude of y;(?) is determined by g(w), we calculate the value of g(w,(5))
when 6 = 6, 6,, 6], 03, 04, Os, 06, 05, 07, Og and the results are presented in Table 2. By use of (4.5),
(4.6), and Table 2, the solutions y(#) of model (2.3) are plotted when w = w,(6) and 6 = 61, 9,
01, 03, 04, 05, ¢, 05, 07, O3, respectively (see Figure 9). Calculation and numerical results show that
the period 37” of y(r) of model (2.3) decreases for 6 € (0,63) and then increases for 6 > 673, while the
amplitude of y(t) when w = w,(9) increases strictly monotonically as the value of ¢ increases (see
Figure 9).
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Table 2. The calculation results of g(w) and w,.

Parameter 51 52 5T 53 54 (55 56 (5; (57 58
0 0.15 0.25 0.3562 0.45 0.55 1.35 1.45 1.6506 1.75 1.85
w,(0) 0.371 0.483 # 0.633 0.686 0.741 0.701 ﬁ 0470 0.311
g(w,) - 1072 0.172 0.705 1.046 1.096 1.133 2426 2.682 3.250 3.558 3.886
0.061 ~5=07, w=w(5]) oo
005} ‘§ _ jl ji:ﬁ?ﬁ 008
0.04f N - : 7,1T Z 008
Zoos i "“‘l 'll‘ §0'047
A AN W 003}
00z :& i './\,' i } 002}
oo} AV BUAAN i
Y/ y\~ \ 0.01
0 2017

2016 2017

year

(©) 6 =065, 06, 05, W = wy(J5), W (S), W,(6).

year

(b) 6 =067, 83, 64, w = W, (6Y), W(83), Wr(J4).

0.12f 0 =065, w=w(0)

0 =07, w=w(07)

0t 8= b, w = w, (%)
008}
<006}
004}
002}

0 ;

2015

2016 2017

year

2018

(d) 6 =065, 67, 05, W = wW,(53), W (67), WH(S3).

Figure 9. The influence of ¢ on the solution y(f) when resonance occurs.

Figure 8(a) shows that the value of the resonance frequency w,(8) is monotonically increasing for
B > 0. From (3.21), the amplitude of y;(¢) is determined by g(w), we calculate the value of g(w,(5))
when 8 = 1, B>, 8%, B3, B4, and the results are presented in Table 3. By use of (4.5), (4.6), and Table 3,
the solutions y(#) of model (2.3) are plotted when w = w,(8) and 8 = 51, B2, B*, B3, Ba, respectively
(see Figure 10). Calculation and numerical results show that the period f}—” of y(t) of model (2.3) is
monotonically decreasing when g > 0, while the amplitude of y(¢) when w = w,(B) is non-monotonic
and has a maximum point 5* (see Figure 9).

Table 3. The calculation results of g(w) and w,.

Parameter B B2 B Bs B

B 19.714 22.179 25.575 49.286 79.929

w(B) 0.48186 0.52177 5 0.84433 1.05522

g(wy) 0.00148 0.00335 0.00673 1.50762 x 107* 4.05188 X 1073
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Figure 10. The solutions y(¢) for model (2.3) when resonance phenomena occur.

To illustrate the effect of the periodic vaccination, we assume An = 0 (i.e., there is a constant
vaccination rate), and then get the the resonance frequency wy,. By use of (4.5) and (4.6), the plots of
wo, and w, with respect to ¢ are presented in Figure 11(a), which shows that the constant vaccination
rate also results in resonance phenomena.

—An #0
—An =0

0.8

wy(8)

15 2

0 0.5

1
)

(a) Ap=0and An # 0. (b) The graphs of w,(6) and w,,(9).
Figure 11. The influence of 6 and An on the resonance frequencies.

Note that the resonance frequencies of y(#) and x(¢) of model (2.3) are w, and w,,, respectively.
By use of (4.5) and (4.6), the plots of w, and w,, with respect to ¢ are presented in Figure 11(b).
These results show that the values of w, and w,, are very close when ¢ is sufficiently small. As the
value of ¢ increases, the difference between w, and w,, becomes larger and larger. The transition
rate from the recovered to the susceptible, ¢, reflects the short period of immunity of the recovered
and can also influence the magnitude of the difference between the two frequencies w, and w,,. The
longer the immune period of the recovered is, the more likely it is to cause the simultaneous resonance
phenomenon of x(7) and y(#). Inversely, the shorter the immune period of the recovered is, the less
likely it is to cause the simultaneous resonance phenomenon of x(¢) and y(7).
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5. Conclusions and discussion

In this paper, we proposed an SIRS epidemic model with periodic transmission rate S(¢) and
periodic vaccination rate 7(f) to model the periodic spread dynamics of the influenza. In the modeling
and the process of the dynamic analysis of our model, the common factor of transmission frequency
and vaccination frequency, w, played an important role. The elementary dynamic results of our
model are proved, i.e., the disease-free periodic steady state of model (2.3) is globally asymptotically
stable when the basic reproduction number R, < 1, and model (2.3) is uniformly persistent when
the basic reproduction number Ry > 1. After that, with the help of the resonance theory, we found
that there are resonance phenomena of y(f) and x(#) of model (2.3) when w = w, and w = wy,,
respectively (see Theorems 3.4 and 3.5). Some numerical simulations were carried out to illustrate the
resonance phenomena.

In addition, by use of the monthly infected cases of influenza in Shanghai from June 2014 to
April 2016, we fitted the parameters of our epidemic model (2.3) (see Table 1 for the fitted results).
By use of the results in Table 1, we calculated that if w # w, and w # w,,, then there are no
resonance phenomena of y(¢) and x(¢) in our epidemic model (2.3), as follows from Theorems 3.4
and 3.5. However, a resonance phenomenon of y(¢) in model (2.3) will occur as the value of the mean
transmission rate S increases (i.e., when 8 = ), which is verified by some numerical simulations in
Section 4.2. Besides that, a resonance phenomenon of y(#) of model (2.3) will also occur as the value
of transition rate 6 changes (i.e., when 6 = 6] or 6 = 65), which is also verified by some numerical
simulations in Section 4.2.

In the existing SIRS disease models, stable positive periodic solution phenomena often occur.
Some of these are caused by short-term immunity or immune delay, resulting in Hopf bifurcations
in autonomous S /RS models; others are the existence of positive periodic steady-states in non-
autonomous periodic S /RS models. All of the above can be rigorously proved by use of mathematical
theories. In this paper, the existence of the resonant periodic solution of the periodic epidemic
model (2.3) studied by use of the resonance theory, which is a special type of solution of model (2.3)
induced by the input frequency w. It mainly focuses on studying the influence of the input frequency on
the amplitude of the periodic solution. Due to the lack of mathematical theoretical tools, the attractivity
and stability of this resonant periodic solution are not proved. Some numerical examples are used to
illustrate the attractivity of the resonant periodic solutions (see Figure 5).

The research content of this paper provides a theoretical basis for avoiding the occurrence
of resonance periodic solutions and preventing medical congestion phenomena, and offers a new
perspective for us to understand the periodic transmission of influenza diseases. The methods used
in this paper can be used to study the spread of other periodic infectious diseases.
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Appendix

A. Proof of Theorem 3.2.

Proof. Note that the unique solution of model (2.3) starting from R? exists for all £ > 0 and remains
non-negative. For such a solution, we have

dfl(tt) < (u+6) = (u+ 6 +n(t)x).

By the comparison principle and (3.4), we have

x(t) < xX°(¢) + €, for large enough ¢, (A.1)

where € > 0 is given, and x°(¢) is the solution of (3.4). It follows from (A.1) and the second equation
of model (2.3) that

% < BO(X(2) + €)y(1) — (u + v)y(D).
Then, we have
y(@) < 3(1), (A.2)

where the auxiliary variable y(7) satisfies the following equation

dr (A.3)
F(0) = yo.
Let F(e)(t) = B)(xX°(t) + €). Then, we define the perturbation of the next generation operator £ as
follows:

-
{ YD _ B0 + 50 — (u + V3(0),

L(e)(p(1)) = fo Y(t,t — a)F (e)(t — a)p(t — a)da.

The spectral radius of L(¢€) is denoted as Ry(e). Note that the operator L is continuous with respect to
€. It follows that Ry(e) — Ry as € — 0. If Ry < 1, there exists an € > 0 which is small enough such that
Ro(e) < 1. By Theorem 2.2 in [30], we can obtain y(¢) — 0 as t — oo. Therefore, it follows from (A.2)
that the solution of model (2.3) satisfies y(f) — 0 as t — oo, then we obtain x(r) — x°(¢) as t — oo.
Therefore, the disease-free periodic equilibrium E° of model (2.3) is globally asymptotically stable.
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B. Proof of Theorem 3.3.
Proof. Let Q(t) = x(t) + y(¢). By direct calculations, we have

d
%ﬂ =(u + ) — (u + 8)(x(t) + y(1)) — n(D)x(1) = vy(D)

<(u+6) - (u+6)0®.

Thus, Q(t) < 1 for all large time 7. As a result, the set {(x,y) € Ri : Q = x+y < 1} is a positively
invariant set of model (2.3). It is not difficult to determine that H is positively invariant.

It is clear that {(x°(£), 0)} is the omega limit set of model (2.3) in dHy, i.e., the solution of model (2.3)
starting from dH, reaches E° as  goes to infinity. So, dH, is the positive invariant set of model (2.3).

Let ¢(t, X,) be the solution of model (2.3) with ¢(0, X)) = X, = (x(0), y(0))”, and P be the Poincaré
map induced by model (2.3), that is, P(Xy) = ¢(Ty, Xo). Ty is the period of the solution of model (2.3).
By [31], the uniform persistence of model (2.3) is equivalent to that of the discrete semi-dynamical
system {P"} := D.

We show below that E° repels weakly the positive orbits of D with (x(0),y(0))! € H,. By
contradiction, we suppose that for Ve > 0, there is a positive solution (x(¢), y(¢)) of model (2.3) with
(x(0), y(0))” € Hy such that

|x(nTo) - X°0)| <€, Iy(nTo) - 0] < e.
Then there exists a positive constant M, such that
|x() - ()| <€, Ol <e, (B.1)

forn > Mand V¢t > nT,, i.e.,
) — e < x(t) < X°0) + €. (B.2)

Substituting (B.2) into the second equation of model (2.3), we obtain

DD~ B0 = yto) = (u+ My

Then, we have
y(@) > 3(2), (B.3)

where the auxiliary variable y(7) satisfies

Tdr (B.4)

.
{ YD _ B)0(0) - () — (u + V9(0),
$(0) = yo.

Let F(—€)(?) = B)(x°(2) — €), a relatively systematic next generation operator is defined by

L(—e)p(t) = f Yt t —a)F (—e)(t — a)p(t — a)da.
0

Denote Ry(—¢€) as the spectral radius of £(—€). Notice that the operator L is continuous. If Ry > 1,
there exists an € > 0 small enough such that Ry(—€) > 1. Therefore, by [31] and Theorem 2.2 in [30],
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the solution of (B.4) satisfies y(f) — oo as t — oco. By the comparison principle and (B.3), the solution
of model (2.3) satisfies y(f) — oo as t — oo, which contradicts with the boundedness of H,. Therefore,
the disease-free periodic equilibrium E° repels weakly the positive Hy, and the disease described by
model (2.3) is uniformly persistent with respect to (Hy, 0Hy).
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