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Abstract: This paper focuses on the regularity criteria for the 3D generalized magnetohydrodynamic
(MHD) equations, particularly those involving the partial components of the velocity u; and the magnetic
field (b1, by, b3). For any 1,1, j, k € {1,2, 3}, we establish regularity criteria via d;u3 and (9;b:, 0;b,, 6;b3),
uz and (0;b1, 0;b,, 0kb3), or duz and (b, by, b3). Furthermore, a comprehensive regularity condition
is obtained via (§u3, T]b], {bz, obsz) and (é‘:/aﬂ/@, n’@ibl, é//ajbg, O'/akbg,) with f + é‘:, =n+ I]' =7+ é// =
o+o0’' =land é,n, 08,0, ,0 €{0,1}.
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1. Introduction

This paper is concerned with the 3D generalized magnetohydrodynamic (MHD) equations

ou+u-Vu—b-Vb+ VP + (-A)u =0,
Ob+u-Vb—b-Vu+ (-APb =0,
divu =divb =0,

u(x,0) = up(x), b(x,0) = bo(x),

(1.1)

where u = (uy, uy, u3) is the fluid velocity, b = (b, b,, b3) the magnetic field, and P(x, ) a scalar pressure.
a,fB > 1 are real parameters, and the operator (—A)“(k > 0) is defined by [1]

CAFfE) = € P f,
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where ]?denotes the Fourier transform of f. For convenience, we write (—A)'/? as A.

The investigation of the generalized MHD equations (1.1) holds profound significance in both the
fields of physics and mathematics. These equations are fundamental to understanding the large-scale
behavior of electrically conductive, incompressible fluids under the influence of magnetic fields. In their
versatile form, they not only capture the core principles of MHD but also seamlessly transform into
the renowned Navier-Stokes equations under certain conditions, showcasing a harmonious connection
between what may appear to be distinct physical laws. When @ = = 1, the generalized MHD
equations (1.1) reduce to the classic MHD equations. Likewise, by setting @ = 1 and b = 0, the
equations transform into the esteemed Navier-Stokes equations. Furthermore, these three systems—the
generalized MHD, the classic MHD, and the Navier-Stokes—share a profound similarity in their scaling
properties and energy estimations. Consequently, the research on generalized MHD equations (1.1) can
enhance and deepen our comprehension of the MHD equations and the Navier-Stokes equations.

For the 3D generalized MHD equations (1.1), Wu [2] established the global existence of a weak
solution for any given initial data (ug, by) € L*(R*) and proved that the weak solution is actually a
classical solution when a, > % and the initial data is sufficiently smooth. Furthermore, Wu [3,4]
obtained some regularity criteria only relying on the velocity u when @, 8 > 1 + 2. In [5], Zhou studied

the following Serrin-type criteria involving the velocity u:

2 3 3 3
ueL”(O,T;L"(R3))with—a+—§2a—1, <g<oo, l<a=B<~. (1.2)

P q 2a — 1 2

In [6], Yuan extended the condition (1.2) to the case
2 3
we LPO,T;B), with — +> <2a—1+s, —— <q< oo,
@ P q 20— 1+
5

—l<s<l1, (g,9) # (c0,1), lga:ﬁsz. (1.3)

In [7], Jia considered the conditions on a mixed 3 X 3 velocity-magnetic gradient tensor (M;;)3x3, that is,

<7 (1.4)

20 3 3
(Mij)sxs € LP(0, T; LYRY)), with — + = < 2a, —<g<w 1<a=p
P q @

Recently, Wang et al. [8] improved the condition (1.2) to the one involving partial components of the
velocity and the magnetic field:

us b€ LPO.T: IR, with 22 +3 <3a-1+30 79 3%€ o 0<e<i (15
p q 4 4q 2 - 1 3

In addition, readers are referred to a range of regularity criteria for more related models and richer

function spaces, for instance the Fourier-Herz space [9], Lei-Lin-Gevrey and Lei-Lin spaces [10], and

Besov spaces [11,12], as well as the related literature [13—-15].

The research methods employed in the study of MHD equations and generalized MHD equations
exhibit a remarkable degree of similarity. In the extensive body of past research dedicated to MHD
equations, the regularity conditions have typically encompassed a wide range of elements. These include
the velocity, the partial derivatives of the velocity, and the partial derivatives of partial components of
the velocity. Similarly, the magnetic field, which is an essential aspect of the MHD framework, along
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with its partial derivatives and the partial derivatives of its partial components, have been the focus of
numerous studies. In some cases, the partial components of the velocity and the magnetic field have
been jointly considered, as their interaction and combined effects are of particular interest.

Extensive studies on this topic can be found in the literature. Specifically, [16—18] establish regularity
criteria for the MHD equations via one-directional derivatives of velocity or pressure; [19] considers
partial components of velocity and magnetic fields; [20] provides criteria involving the velocity gradient,
which is improved in [21] to mixed velocity-magnetic gradient combinations; and [22] obtains a
regularity condition in anisotropic spaces for a single directional derivative of velocity. These works
have contributed significantly to the understanding and development of the field. Motivated by the
valuable findings and insights presented in these studies, especially those in [17, 18], the current
paper undertakes an in-depth investigation into the regularity criteria for the 3D generalized MHD
equations (1.1). Specifically, the focus is placed on the partial components of the velocity, and
the magnetic field. Additionally, various combinations of their partial derivatives are carefully
examined, as they are expected to yield important information regarding the regularity and behavior of
the equations. For further results and a broader perspective on related topics, readers may refer to [23]
on regularity criteria for the 3D magneto-micropolar fluid equations with fractional dissipation, [24,25]
for the 2D MHD equations, [26-28] for the 3D MHD equations, and [29] for the compressible 3D MHD
equations, with more relevant studies available in [30, 31].

To understand the significance of the conclusions in this paper, we elaborate on the deeper motivation
of the present research from both mathematical and physical perspectives. From a mathematical
perspective, the key difference between the generalized MHD equations and the classical MHD equations
lies in that their dissipative terms are fractional Laplacians ((—A)® and (—A)?), which results in more
complex coupling behavior between the velocity field and the magnetic field. Choosing specific
component combinations (such as the vertical component of the velocity field and certain components of
the magnetic field) to perform regularity estimates allows a more refined exploitation of the cancellation
effects among different components in the nonlinear terms. Compared with classical MHD equations,
such refined analysis is more difficult to achieve in generalized MHD equations. From a physical
perspective, the generalized MHD equations have important applications in fields such as plasma
physics and astrophysics. In practical physical processes, the velocity or magnetic field often exhibits
anisotropic structures (see [32,33] for more studies on anisotropy). Therefore, the regularity criteria
for specific components carry clear physical significance. In particular, regularity criteria based on
combined partial derivatives of the velocity and magnetic fields precisely capture the coupling laws
in the deformation and rotation behaviors of the velocity and magnetic fields. They reveal that the
regularity of generalized MHD flows is determined by their mutual deformation-rotation interaction; for
a more detailed discussion, we refer to [21]. Therefore, the regularity criteria for specific components
proposed in this paper not only possess rigor in mathematical theory but also have clear practical
application value.

Below, we present the main conclusions of this paper, which are the culmination of our extensive
research and analysis.

3
Theorem 1.1let]l <a=4< 5 Assume that (u, b) is the local strong solution to (1.1) with initial
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data (ug, by) € H*(R?) and div uy = div by = 0. For any L,i, j, k € {1,2,3},

, 20 3 1 1 1
(Oyuz, 0;by, 0;b,, 0kb3) € L(0, T; L*(R%)), with _a+_ <(1-—)6a-5+-(6—4a——), 2 <5 < o0,
w oS dar K 2a
(1.6)

then the solution remains smooth on [0, T'].

Since the results below depend on Theorem 1.1 in [8], we restate it here for convenience.

3

Theorem 1.2 [8, Theorem 1.1]Let ]l <a =< 5 Assume that (i, b) is the local strong solution to
(1.1) with initial data (ug, bo) € H>*(R?) and div ug = div by = 0. If
3(1-¢) 3+¢€

4q = 2a-1

us,b e L0, T; LY(RY)), with 2—“ +§ < %(2&— 1)+ <g<oo, O0<e< %, (1.7)
w q

then the solution remains smooth on [0, T'].
Combining Theorems 1.1 and 1.2, we obtain the following two results.

3
Theorem 1.31etl <a =< 5 Assume that (u, b) is the local strong solution to (1.1) with initial
data (ug, by) € H*(R?) and div uy = div by = 0. If

2 3 3 3(1 - 3+ 1
us € LW(O,T;LS(R3)), with il +-<-Qa-1+ ( 6), € <s<oo, O<e<—=, (1.8
w s 4 4s 200 — 1 3
and for any i, j, k € {1,2,3},
W ¢ o3 o 2a 3 1 1 1 ,
(0ib1,0ib>,0kb3) € L" (0,T; L* (R?)), with —+ = < (1-—)(6a-5)+—=(6-4a— =), 2< s < o0,
wos 4a s’ 20 (19)

then the solution remains smooth on [0, T].
Theorem 14 letl <a=8< 7 Assume that (u, b) is the local strong solution to (1.1) with initial
data (u, bo) € H*(R?) and div uy = div by = 0. For any [ € {1,2, 3},

2 1 1 1
oz € L"(0, T;LS(R3)), with il + § <(1-—)6a-5+-(6-4a-—),2<s<oco0, (1.10)
w s da Ky 20

and
3 3 3(1—€) 3+e€
— < -Qa-1)+ ,
P A AR P P
then the solution remains smooth on [0, 7'].

Furthermore, using Theorems 1.1-1.4, we derive the following comprehensive result.

/ , 2 1
b e L (0,T;L°®Y), with — + <s <o, D<e< s, (L1D)
w

3
Theorem 1.5let]l <a=< 5 Assume that (u, b) is the local strong solution to (1.1) with initial

data (ug, by) € H*(R*) and div uy = div by = 0. If for any [, i, j, k € {1, 2, 3}, the following two conditions
are satisfied:

20 3 3 3(1 - 3 1
(i) AE16 € [0, T: L RY)), with 2% + 5 < 2Qa— 1)+ 209 3% @ 0<e<s
w s 4 45 20 — 1 3
! o J , . 2 3 1 1 1
(i) BE7 e LY (0, T; L* (R%)), with L (1-—)6a-5)+—(6-4a—-—),2<s < oo,
w s 4a s’/ 2a

(1.12)
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where
AT = (Euz,mby, {by, ob3),  BETET = (€03, 1 0iby, {0 jba, ¥ Oib3), (1.13)

andé+¢& =n+n =+ =0c+0" =1,¢n0,0,8,07,0,0" € {0,1}). Then the solution remains
smooth on [0, T'].

Remark 1.6 In Theorem 1.5, whené =n=_{=0=1,& =n' = = o’ =0, this case corresponds
to the main conclusion, Theorem 1.1, in [8]. In other words, the conclusion in [8] is a special case of
Theorem 1.5, and Theorem 1.5 generalizes the result of [8].

Remark 1.7 In Theorems 1.1-1.5, the results remain valid if u5 is replaced by either u; or u, due to
the rotation invariance of the MHD system. The choice of u3 is only for simplicity of presentation and
does not affect the generality of the results.

2. Proofs

In this section, we prove Theorems 1.1, and 1.3—1.5. For convenience, we first provide some notations:
Vi = (01,0,), A, =07+ 03,

and
A
() = sup (VDI + IVb(II7,) + f (VA ull?, + VLAl )d. (2.1)
0

0<r<t

In addition, we present two inequalities required for the subsequent proof:
1) 3D multiplicative Sobolev inequality [34]:

1 1 1
IVallys < ClUAVall 182Vl 1105V .. (2.2)

2) Interpolation inequality [35-37]: For f, g, h € C°(R?), we have

=1 1 =2 1 1
| 3fghl < cllfllz N0:f1IL: gl 5 10,8117 110kgll L Al 2, (2.3)
R
where {1
y>2, 1<qgs<oco, L 4-=1, (2.4)
q S

and 7, j,k € {1,2,3}.

2.1. Proof of Theorem 1.1

We first consider the case s < oo and prove Theorem 1.1 in two steps.

Step 1. We first estimate IT12(f), which plays an important role in the proof of the main theorem.

Multiplying the first two equations of (1.1) by A,u and A,b, respectively, adding them together, then
using integration by parts and noticing the divergence-free condition, we get

1d
Ed_t(llvhu”iz +IV3bII7) + VAT ulZ, + IV, ADI,

:f[(u-Vu)-Ahu—(b-Vb)-Ahu+(u-Vb)-Ahb—(b-Vu)-Ahb]dx
R3
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=K, + K; + Kz + Kj.
Then we estimate K;(i = 1,2, 3,4) one by one. From [8], we have
|Ki| < CfR3 lus| - [Vul - [V, Vu| dx,
and

K> + K5 + Ky < Cf D] - (\Vul +|Vb|) - (IV,Vul + |V, Vb|) dx.
R3

For K, we can obtain

|K | SCf us| - |Vul - |V, Vu| dx
3

y—2
<C||u3||3r *l0us1 ZIIVuII“ 2||t9 Vull“ leﬁkVuH“ VRVl

+L1=1,1€{1,2,3},and j k € {1,2})

N

<Cllaus|I” IIVMII“ ZIIVhVull“ :

(a—1)(55-2) 5s=2

<ClOu I IVl IVl VAl
(the Gagliardo-Nirenberg inequality: 2 - 2 = (1 - )= + (1 + @) - 3)1)

2a(35-2)—(55-2) 55=2

<C||alu3” levullwnvhl\a’u”a(% 2)

2as
2aG52)-55=D) 2 2
<CllOwsll ™2 I Vally, + ZIIVhA"MIILz

(Young’s inequality:

1 1

+ — =1)
2a(35-2)—(55-2 55=2 .

2B 2/(55)

For K, + K5 + K4, we divide it into three terms to estimate and obtain that
|K> + K3 + Ky

SCf D] - (\Vul +|VD|) - IV, Vu| + |V, Vb|) dx
R3

<C f3(|b1| + Dol + |b3]) - (IVul + [VDI) - (IV,Vul + |V, Vb]) dx
R

(2.5)

(2.6)

2.7

(2.8)

SCf b1] - (IVul + [VD]) - (IV,Vul + [V, VD]) dx + Cf |ba| - (IVul + [VD]) - (IV,Vul + |V, VD]) dx
R3 R3

+Cf b3l - (IVul + VD) - (IV4Vul + [V, VD) dx
R3

=1+ 11+ 111.

2.9
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We calculate 7 and get that

|7

=C f3 b1l - (IVul + [VB)) - (IV,,Vul + |V, VD) dx

<C||b1||3r 110 Dl IVl + IVbIII“ 2||<9 (IVul + IVb|)||3“ H10k(IVul + IVb|)||3‘ ’

X IVaVul + |V, Vbl|| 2

3522
(Interpolation inequality (2.3): —5 !

+1=1,i€(1,2,3}, and jk €{1,2})

<CI9bIE (IVullzz + Vb2 T2 IV, Vull 2 + V5 9bll2) 53

N Lo a8
<Cl9b1 1T (Vallzz + IVl =2 (IVal), “ IV AllZ, + VB, IV, ACBIIE,) 52

(the Gagliardo-Nirenberg inequality: 2 — % =(- %)% +((1+a) - %)}1)

52 (@=D(5s=2) a a _5s=2
<CI9bIIE (Vull,z + Vb 2 (Vall2 + IVBIL2) T3 (VA% + (V4 AD2) 70

20(35-2)~(55-2)

) —— a @ 52
=Cll0:b1lI75 (IVullz + IVBl2) e ([IVaA%ullr2 + [[VRA*D|2) 76>

e 1
<Clld;b; I3 o 7(IVull2 + IVBI2)* + E(HWAQMHLZ +[IV4A®Bl|12)? (2.10)
(Young’s inequality: 2/(2{1(%(132) gs)r N + 2/((1(5;%22)) =1).

Similarly, it can be concluded that
1] < Cl10;by)| 7777 o 7 (IVullz + IVBlI2)* + —(IIVhA"ulle +IVaADll2), (€ {1,2,3D),  (2.11)
and
11| < Cllﬁkbsllm(llwlh2 +IVbl2)* + 1—12(||VhA“ulle +IVaABlI2)?, (k€ {1,2,3)). (2.12)
We first substitute (2.10)—(2.12) into (2.9), and then substitute them with (2.8) into (2.5) to obtain that
%(IIVWII@ +IVabli7.) + IVaA“ully, + IVAA“DI,
<C(10u3lls + 18ibillzs +118ballzs + 19xb3llL) 757 (| Vull 2 + |[VbII.2)°. (2.13)

Using Gronwall’s inequality, we get

!
TP (¢) = sup (IV,u(Dl, + IVab (D7) + f(IIVhA”ulliz + [[VaA®BII7,)d7
O<r<t 0
!
2as

<CJy +Cf(||01u3||u +110:b1llLs + 110;b2lLs + 10xbs|| L) T35 (|| Vul| 2 + [|Vbll2) dr,  (2.14)

0

where Jo = [[Vu(O)I7, + IVH(O)II7,
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Step 2. We prove that the H' norm of the local strong solution (u, b) is uniformly bounded on [0, T7].
We multiply the first two equations of (1.1) by Au and Ab, respectively, and then integrate by parts,
noticing the divergence-free condition, to get

1d
Ea(llvbtlliz +IVBIIE) + A ull7, + 1A bII7,

= | [(u-Vu)-Au—(b-Vb)-Au+ (u-Vb)-Ab— (b-Vu) - Ab] dx

R3
=K| + K, + K, + K]. (2.15)

Then we estimate K/(i = 1,2, 3,4) one by one. According to the conclusion in [8], it is obvious to
obtain that

K| < f Yyl - [Vu d
R

SCIthuHLzlqulli4 (Holder’s inequality: % + }‘ + JT =1)

3
2=54

3
<SClIVyull2lVall, ™ NIA ull 5

3
2a

(the Gagliardo-Nirenberg inequality: (1 — %) x2=(1- %) X (2 - %) + (o — %) X

2-5 [ é @ La
<CIIVaudl 2 IVull,, IV Al 1A a7 (2.16)
Tieati . . 1w 3 4,23 _3
(the multiplicative Sobolev inequality (2.2): 3 X 5~ + 5 X 5- = 5-).

Further, similar with (2.9), we obtain
K + K} + K|

SCf D] - (\Vul +|VD|) - (|Au| + |Ab]) dx

R3

<C f3(|b1| + |bao| + |b3) - (IVul + [VB]) - (|Aul + |Ab]) dx
R

<C f}(lbll) (IVul + Vb)) - (|Aul + |Ab]) dx + Cf |Da] - (IVul + VD) - (|Aul + |AD]) dx
R R3

+ Cf |bs| - (IVul + |Vb|) - (|Au| + |Ab]) dx
R3

2 4 10 + 11T (2.17)

For I’, we estimate it as the following:

\I'N=C f} b1l - (IVul + VD)) - (|Aul + |Ab]) dx
R;

25-2 s s=2 5
<ClIbll;5 N0:Drl1 55 IVl + VOIS 10 (IVul + VDD
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X [|0k(IVul + IVbI)II“ *ll1Aul + |AD|ll2

3—2_1

(Interpolation inequality (2.3): x% + % =1, i,j,ke{l,2,3})

<Cl9bAIE (19ullz + V612 2 (lAull + [AbIL2) ¥

) s=2 -3 T
<Cll0ibi |l (IVull2 + [IVBlI2) 3= ([ Vull , “NIA ull,

+ IIVbII "IIA““bII‘Z)“ 2

(the Gagliardo-Nirenberg inequality: 2 — 3 =(1- %)ﬂ +((1+a)- %)é)

—1)(55-2)

<Cl9bAIE (1Vullz + IVbl12) 2 (Va2 + (V1) 7

55-2
X (IA“ |2 + |AYTb||2) 70D

2a(35-2)—(55-2)

S 55-2
<CIBIE (1Vullz + 19Bl1) 0 (A allz + IA* bl 2) 5

1
<Clld:bill 5™ For P(IVull 2 + 11VDl2)* + E(IIA”lulle +[IAT bl )

1 1 _
(Young S lnequallty 2/(2(1(% 2)—(5s— 2)) 2/(0(535;22)) - 1).

a(3s-2)

In the same way, we can estimate /I’ and /1I’, and then obtain that

4 4 ’ 25
K5 + K3 + K| < C(10:bylls +110,ballLs + 10k lls) #5252 (|| Vutl| 2 + VBl 2)?

+ %(IIA"”MIIL2 + A DN2)?, G, ik € {1,2,3)).
Substituting (2.16) and (2.19) into (2.15) yields
12(IIVulliz +IVbIl7.) + §(II/\““Ltlliz + AT BII7,)
2dt 4
<C(10:b1lls + 110b2llrs + ||akb3||L-‘)M+)i(5“2)(Hvu”%2 +IVbI[7.)

1
: 1%
+C||th||L2||Vu|| 2’IIVhAC'MII AT ull

Integrating (2.20) over the interval (0, ) can get

1 3 (7
E(IIVMIIiz +1IVDII7,) + 1 fo (A ull7, + 1A BI7,)dT
!
2as
<C+C f (10:b1lls + 118,b2lls + 10xb3|l) 7255 (|| Vull7, + [IVBII7,) dr
+Cf IIthllLZIIVMII 2YIIVhA”MIILzII/\““Ltllz”dT

<C+C f 0:1llzx + 10 b2lle + 19bsll) 755 (|VullZ, + IVBIZ) dr
0

(2.18)

(2.19)

(2.20)
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+C sup ”th”sz ”Vulle 2“IIVhA“MIILzIIA"“btllz“dT

0<r<t

<C+ Cf(lla bills + 19 ;ballzs + 18:b3ll) 757 (| Vull2, + VBIE,) dr

+ C sup IIthlle f IV, A ull? dT = f A ull?, dT

0<r<t

(Holder’s inequality: ( ) + (T) + (2%) = 1),

a

where

C sup IIthllL2 fIIVhA“uII2 dT fllf\““ull2 dT

0<r<t

! 1
<C sup |[Vaullz2|( f VAUl dr)’ + 1| f A a2, dT]
0<r<t 0

(Young’s inequality: a%-1<Cia? +C; - 1)

1 ! 1
<CIP(1)| f IA™ " ull?, dr|* + C sup [Vyul» f IA™ w2, dr]®
0

0<t<t

<CIT(1) f A ull2, dr]( + C(sup [IV,ully, + 1) f A ull2, dT

0<t<t

(Young’s inequality: a - 1 < C1a* + C; - 1)
<CH2(t) f A ull?, dT T4 c f A ull?, dT
Thus, we have
1 V 2 Vb 2 3 ' Aa/+1 2 Aa/+lb 2 d
E(II ull;, +1IVbll7,) + 1) A" ull, + I II;.)dr
!
2as
<C+C f 110:b1llzs + 110 b2l + 110xb3llL) =253 (|| Vull;, + IVDI[7,) dT
0
t 1 4 1
+CH2(t)[ f 1A w2, dr]““ +C[ f A ul?, dr]“".
0 0

Together with (2.14), we obtain
CIT(1) f 1A w2, dT]4"

1 !
ic 2as
<C IIA““ullzz dr| +C | (0wslles + 10:1lls + 1185l + 110k ||s) 7257
L J
0 0

(2.21)

(2.22)

(2.23)

Electronic Research Archive Volume 34, Issue 5, 3315-3333.



3325

4 1
X (IVull2 + |IVBll2)* dr| f 1A ull?, dr|*
0

! 1 ! 2
@ __ _B8ats
<C| f A ul2, dr| ™ + C| f U0l + 10:bills + 110 bl + 13ibsll ) et
0 0

4a

1 t 1
“ f A" ull?, dr|™
0

(Since [arb* = [aPb1b*™1 <| alb? || b* 4 |

X (IVull2 + IVBlI.2)? dr

Lm

: _ 1 — _4a _ 2as
it holds that q = 2 - %’ m = Ja—1" Here, p= m)

!
802s
G- 0aBs-D-Gs=2) 2
<C f 0u3lls + 10;D1ls + 110 bollLs + [|0kbsllLs) Femneat=2=5=20 (|[Vull2 + [[VDIl2)” dT
0

1 [ . . -1 -1
+ gfo(llA‘”lulli2 +[IA“'b|[7,)dr  (Young’s inequality: (ﬁ) +(%) =1).

4a

We substitute (2.24) into (2.23) and get that

1 3 ' ' 3
E(HVMHiz +IVbli7,) + 7 f (A ull?, + AT bII7,)dT
0
!
2as
<C+C f (10:b1llLs + 10;b2llL + 10kb3lls) =53 (|| Vull7, + VbI17,) dr
0
! 8a2s
+C f (0wuslls + 110:D1lles + 10b2llzs + 10kD3||ps ) FoDEeG=2520
0
1 t
X (IVull2 +1IVBll2)* dr + 1 f (A ull?, + AT BII7,)dT
0
! 8a2s
<C+C f (10usllLs + 110:D1llLs + 110;ballzs + 10D ||s ) FomDEeGs25=20
0

1 f
X (I[Vull> + IVbl|2)* dr + 1 f (A ul7, + AT BI,)dT
0

2as 8024
(Young’s inequality: aTE2-573 - | < Cra@ et 55 + C, - 1,

. 8a’s . 2as _ 4
With o355 56 © 202G~ o > V-

Thus, we obtain

f
IVully, + IVBIZ, + f(”AdHMHIZ} + A" BI[7,)d7
0

t
8025 2
<C+C f (03l + 10:b1llLs +110balls + 10kb3|ls ) FnRe=2E=20 (|[ Vil 2 + [V 2)” d.
0

, satisfies gm = 2,(2 — g)m’ =2 and % + ml =1,

(2.24)

(2.25)

(2.26)
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Employing Gronwall’s inequality and noticing the condition (1.6), we finally get

!
IVully, + IVBIZ, + f(IIA““ulliz + A" BI[7,)dT
0

t
8025
<Cexp|C f U93llzs + 10:B1llzs + 10Ballzs + 1]l ) T dr
0

<00,

(2.27)

If s = oo, we still employ the same approach as in the case s < co and carry out the proof in two steps.

Step 1. We estimate (2.5), and by the same method, we obtain that

20 1
Ky| < Cllousl| 51 Vully, + ZIIVhA"uII2

125
and
K> + K3 + K4l
<C(10:b1llz + 19;b2llze + 18bsllz=)5 (IVull 2 + IVl 2)?
+ %(IIVhA“ulle +IVaADll2), G, ik € {1,2,3)).
Then we can get that

d
d—t(lthulliz +IV3bII7) + IV ATulZ, + IV, ADI,

20
<C(10usll> + 10:b1llz + 10 b2l + 10kb3llz=) 5 (IVull2 + [IVBlI2) .

From Gronwall’s inequality, it follows that

!
(1) < CJp + C f sl +10:billz + 10 bl + 10b3ll) T3 (Va2 + IVl 2) d.
0

Step 2. Estimating (2.15) and repeating the procedure in the case s < oo yields

3
235
L2

1 €L
IV A w75 A ul| 5

12 12°

K7l < ClIVull 2|Vl
and
K + K; + K}
<CI0ibills +110ballze + 18xb3ll=) =5 (I Vadll 2 + IVl 2)?
+ %(IIA"“MIIL2 + A DlI2)?, G, ok € {1,2,3)).

Substituting (2.32) and (2.33) into (2.15), we have

1d 3
Ed—t(lqulliz +[IVhIZ.) + Z(IIA‘”lulliz + AT BIIZ,)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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2a
<C(10ib1ll> + 118 balls + 10kb3ll=) == (IVullz, + IVAII.)
-5 a % [e2 %
+ CIIVpul IV ull > VAUl [IA ] 5 (2.34)

12

By employing the same approach as in (2.21) and (2.22), we arrive at
1 2 2 3 ! a+1 2 a+1 2
E(IIVMIILZ +[IVDIl7,) + 2 (AT ull7, + [IA"B|l;,)dT
0
!
<C+ Cf (10Dl + 110Dl + ||akb3||L°°)6[2%5(”V””iz + IIVbIIiz) dr
0
t 1 ! €1
+CH2(t)[ f A a2, dT]““ +C[ f A" u)?, dT]“", (2.35)
0 0

where

d L
CIP(r)| f A" ull?, dr]”
0

802

t
SCf(Ilﬁzuzlle + 10:b1ll + 118 b2ll + 110kb3| =) =D& ||Vl 2 + (IVbll2)* dir
0

1 !
+ gf(”A(Hlu”iz + IA**'b|I7,)d. (2.36)
0
Combining (2.36) with (2.35), we obtain that
1(IIVMII2 +IVbli7,) + §fl(lll\c'”ull2 + |A*' DI, )dT
2 L2 12 4 0 12 12
f
<C+C f (10:D1llz~ + 110Da I~ + |I3kb3||Lm)6%(lqulliz +(IVbII7,) dr
0
! 802
+ Cf 0usllz= + 110:b1llr> + 10;ballz + [10kD3 || ) Fo=DE=
0
1 !
X (IVullpz + (IVbl|2)* dr + 1 f AT w7, + 1A BT, )dr
0
t 2
<C+C f (10wusllL= + 110:D1llr> + 110b2ll1~ + 103l ) T 15
0
1 t
X (IVullpz + Vbl 2)* dr + 1 f A ull?, + A B2, )dr. (2.37)
0
Consequently, we have

t
IVully, + IVBIZ, + f AT ull?, + 1A bII7,)dT
0
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t 22
<C+C f W93l + 10:bills + 1,b2lli + 19ibsll) =& ([ Vel 2 + VB 2)* dir. (2.38)
0

Therefore, using Gronwall’s inequality yields

t
IVully, + IVBIZ, + f(lle‘“ulliz + A" BI7,)d7
0

! 02
<Cexp|C f U3l + 10:bills + 1,ball + |Orbsls) s d |
0
<00, (2.39)
Thus, the proof of Theorem 1.1 is finished.

2.2. Proof of Theorem 1.3

Theorem 1.3 is a combination of Theorems 1.1 and 1.2. In this case, we repeat the steps in [8] for u;
and the above steps of Theorem 1.1 for b. For s, s < 0o, we get that

0<r<t

t
(1) = sup (IVau(Dll7, + IV,b(@)II7) + f (IVAA“ullZ, + IVAA®BII7,)dT
0

Qa- 1)2;”3(1 €) ): 3]
<Clo+C ||u3|| (IVullzz + [1Vb]l,2) F i

6.
X (A ull2 + AT bl 2) T dr

t
2as’
+C f OBl +10;ball + 19ibsl ) 77557
0

X ([Vull2 + |IVB||2)*dr. (2.40)

Then we finally obtain that
!
IVully, + IVBIZ, + f(IIA““LtIIiz + A" BII7, )dT

8025’
<C eXP f (luas| 507 T 0:b1llLy +119;ballLs + 10kb3|l s ) Fe-DCeE-2-G7=2) )dT]

< oo, (2.41)

Further, for the case s, s = oo, it is easy to prove that

(1) < CJo + Cf(||u3||2“ " (10l + 10 b2l + 103l )IVallz + [IVBIl) dr,  (2.42)

and then

!
IVully, + IVBIZ, + fO(IIA“”uIIiz + A" bl[7,)dT
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! Sar

8(12
<C CXP[ leasll;" + (10:b1ll + 11002l + ”8kb3”L°°)(4"’1)(6"’5)dT]
0

<00, (2.43)

This completes the proof of Theorem 1.3.

2.3. Proof of Theorem 1.4

The proof of Theorem 1.4 is similar to that of Theorem 1.3. In this case, we estimate b with the
method in [8] and estimate u3 using the method of Theorem 1.1, and then obtain that, for s, s < oo,

2[Qa-1)s"-3]

IP(1) <ClJo + C f 61 (1l + V) 2757
X (1Al 2 + A bl|2) o T dr
+C f 0T T Vall: + 1VBl2)Pd, (2.44)

and then

t
IVully, + IVBIZ, + f(IIA"”uIIiz + A BI[7,)d7

8a2s
<C eXp f(”b”i?," 1)s’ +3(l €)—12 + ||a u ||(4<y DQRa(35-2)—(55-2)) )dT] < 00, (2'45)
For s, 5" = oo, we get that
(1) < Clo+C f (IIbIIZ" L+ |I5zu3||6” )UIVull + (Vb ) dr, (2.46)

and then

f
IVull?, + 1VBII7, + f(IIA"“ulliz + A" bII7,)dT

802

<C eXp ||b||%(20 D + ||8lu3||(4a D(6a-5) dT] < 00, (247)

This finishes the proof of Theorem 1.4.

2.4. Proof of Theorem 1.5

In combination with Theorems 1.1-1.4, without loss of generality, we only prove the case where
E=n==0"=1land & =n' = =0 = 0. Then condition (1.12) turns to be, for any j, k € {1, 2,3},

20 3 3 3(1 - 3 1
(s by) € LYO.T: 'R, with 2% + 2 < 20a-1+°0=9 3¥€ o 0<e<i
w s 4 45 20 — 1 3
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, , 2 3 1 1 1
(ii)(0;by, 0kb3) € L" (0, T; L* (R3)), with il +—<({-—)6a-5+—(6-4a—-—), 2< s <.
wos da s’ 20
(2.48)

For this case, we estimate u3 and b, by using the method in [8], and deal with b, and b3 by applying
the method in Theorem 1.1. So, we can directly get that, for s, s" < oo,

2[2a—1)s-3]

!
I1%(t) <CJy + C f (luzlls + 1By ]ls) T8 (|| Vutl| 2 + [[Vbl|2) BT
0
X (1A ull2 + A" bl o) w2 d
t !
+C f (10;ball.+ + ”akb3”LS')20(35,_2%:(53,_2)(||Vu||L2 +[|Vb||2)*dr, (2.49)
0
and then
!
IVull2, + VB, + fO(IIA“”ulliz +IA“1D17,)dT
! 8as 8n2S’
< Cexp|C f (el + Wbl T+ (0 boll e + |Gy o) ms s )|
0
< 00, (2.50)
Further, for the case s, s = oo, it is easy to prove that
2 ! 2a_ 2a )
I°(0) < Clo+ C | ((luslle + Ib1ll=)2=T + ([|0;ballr= + 10kb3ll=) &) Vull2 + [IVDI2)"dT,  (2.51)
0
and then

1
IVully, + IVBIZ, + f(IIAa”ulliz + A" bII7,)dT
0

8

t 13 0/2
<Cexp[C f (sl + 1611125 + (19 ballz + Bibsll) T de
0

<00, (2.52)
Thus, we complete the proof of Theorem 1.5.
3. Conclusions
In this paper, we study the regularity criteria for the 3D generalized MHD equations involving the
partial components of the velocity u; and the magnetic field (b, b,, b3). In subsequent research, we will
commit to finding regularity criteria with fewer components involved, and even to investigating those

relying only on a single component.
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