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Abstract: This paper focuses on the regularity criteria for the 3D generalized magnetohydrodynamic
(MHD) equations, particularly those involving the partial components of the velocity u3 and the magnetic
field (b1, b2, b3). For any l, i, j, k ∈ {1, 2, 3}, we establish regularity criteria via ∂lu3 and (∂ib1, ∂ jb2, ∂kb3),
u3 and (∂ib1, ∂ jb2, ∂kb3), or ∂lu3 and (b1, b2, b3). Furthermore, a comprehensive regularity condition
is obtained via (ξu3, ηb1, ζb2, σb3) and (ξ′∂lu3, η

′∂ib1, ζ
′∂ jb2, σ

′∂kb3) with ξ + ξ′ = η + η′ = ζ + ζ′ =
σ + σ′ = 1 and ξ, η, ζ, σ, ξ′, η′, ζ′, σ′ ∈ {0, 1}.
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1. Introduction

This paper is concerned with the 3D generalized magnetohydrodynamic (MHD) equations

∂tu + u · ∇u − b · ∇b + ∇P + (−∆)αu = 0,

∂tb + u · ∇b − b · ∇u + (−∆)βb = 0,

div u = div b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x),

(1.1)

where u = (u1, u2, u3) is the fluid velocity, b = (b1, b2, b3) the magnetic field, and P(x, t) a scalar pressure.
α, β ≥ 1 are real parameters, and the operator (−∆)κ(κ > 0) is defined by [1]

(̂−∆)κ f (ξ) =| ξ |2κ f̂ ,
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where f̂ denotes the Fourier transform of f . For convenience, we write (−∆)1/2 as Λ.
The investigation of the generalized MHD equations (1.1) holds profound significance in both the

fields of physics and mathematics. These equations are fundamental to understanding the large-scale
behavior of electrically conductive, incompressible fluids under the influence of magnetic fields. In their
versatile form, they not only capture the core principles of MHD but also seamlessly transform into
the renowned Navier-Stokes equations under certain conditions, showcasing a harmonious connection
between what may appear to be distinct physical laws. When α = β = 1, the generalized MHD
equations (1.1) reduce to the classic MHD equations. Likewise, by setting α = 1 and b = 0, the
equations transform into the esteemed Navier-Stokes equations. Furthermore, these three systems—the
generalized MHD, the classic MHD, and the Navier-Stokes—share a profound similarity in their scaling
properties and energy estimations. Consequently, the research on generalized MHD equations (1.1) can
enhance and deepen our comprehension of the MHD equations and the Navier-Stokes equations.

For the 3D generalized MHD equations (1.1), Wu [2] established the global existence of a weak
solution for any given initial data (u0, b0) ∈ L2(R3) and proved that the weak solution is actually a
classical solution when α, β ≥ 5

4 and the initial data is sufficiently smooth. Furthermore, Wu [3, 4]
obtained some regularity criteria only relying on the velocity u when α, β > 1

2 +
3
4 . In [5], Zhou studied

the following Serrin-type criteria involving the velocity u:

u ∈ Lp(0,T ; Lq(R3)) with
2α
p
+

3
q
≤ 2α − 1,

3
2α − 1

< q ≤ ∞, 1 ≤ α = β ≤
3
2
. (1.2)

In [6], Yuan extended the condition (1.2) to the case

u ∈ Lp(0,T ; Bs
q,∞), with

2α
p
+

3
q
≤ 2α − 1 + s,

3
2α − 1 + s

≤ q ≤ ∞,

− 1 < s < 1, (q, s) , (∞, 1), 1 ≤ α = β ≤
5
4
. (1.3)

In [7], Jia considered the conditions on a mixed 3 × 3 velocity-magnetic gradient tensor (Mi j)3×3, that is,

(Mi j)3×3 ∈ Lp(0,T ; Lq(R3)), with
2α
p
+

3
q
≤ 2α,

3
2α
≤ q ≤ ∞, 1 ≤ α = β ≤

5
4
. (1.4)

Recently, Wang et al. [8] improved the condition (1.2) to the one involving partial components of the
velocity and the magnetic field:

u3, b ∈ Lp(0,T ; Lq(R3)), with
2α
p
+

3
q
≤

3
4

(2α− 1)+
3(1 − ϵ)

4q
,

3 + ϵ
2α − 1

< q ≤ ∞, 0 < ϵ ≤
1
3
. (1.5)

In addition, readers are referred to a range of regularity criteria for more related models and richer
function spaces, for instance the Fourier-Herz space [9], Lei-Lin-Gevrey and Lei-Lin spaces [10], and
Besov spaces [11, 12], as well as the related literature [13–15].

The research methods employed in the study of MHD equations and generalized MHD equations
exhibit a remarkable degree of similarity. In the extensive body of past research dedicated to MHD
equations, the regularity conditions have typically encompassed a wide range of elements. These include
the velocity, the partial derivatives of the velocity, and the partial derivatives of partial components of
the velocity. Similarly, the magnetic field, which is an essential aspect of the MHD framework, along
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with its partial derivatives and the partial derivatives of its partial components, have been the focus of
numerous studies. In some cases, the partial components of the velocity and the magnetic field have
been jointly considered, as their interaction and combined effects are of particular interest.

Extensive studies on this topic can be found in the literature. Specifically, [16–18] establish regularity
criteria for the MHD equations via one-directional derivatives of velocity or pressure; [19] considers
partial components of velocity and magnetic fields; [20] provides criteria involving the velocity gradient,
which is improved in [21] to mixed velocity-magnetic gradient combinations; and [22] obtains a
regularity condition in anisotropic spaces for a single directional derivative of velocity. These works
have contributed significantly to the understanding and development of the field. Motivated by the
valuable findings and insights presented in these studies, especially those in [17, 18], the current
paper undertakes an in-depth investigation into the regularity criteria for the 3D generalized MHD
equations (1.1). Specifically, the focus is placed on the partial components of the velocity, and
the magnetic field. Additionally, various combinations of their partial derivatives are carefully
examined, as they are expected to yield important information regarding the regularity and behavior of
the equations. For further results and a broader perspective on related topics, readers may refer to [23]
on regularity criteria for the 3D magneto-micropolar fluid equations with fractional dissipation, [24, 25]
for the 2D MHD equations, [26–28] for the 3D MHD equations, and [29] for the compressible 3D MHD
equations, with more relevant studies available in [30, 31].

To understand the significance of the conclusions in this paper, we elaborate on the deeper motivation
of the present research from both mathematical and physical perspectives. From a mathematical
perspective, the key difference between the generalized MHD equations and the classical MHD equations
lies in that their dissipative terms are fractional Laplacians ((−∆)α and (−∆)β), which results in more
complex coupling behavior between the velocity field and the magnetic field. Choosing specific
component combinations (such as the vertical component of the velocity field and certain components of
the magnetic field) to perform regularity estimates allows a more refined exploitation of the cancellation
effects among different components in the nonlinear terms. Compared with classical MHD equations,
such refined analysis is more difficult to achieve in generalized MHD equations. From a physical
perspective, the generalized MHD equations have important applications in fields such as plasma
physics and astrophysics. In practical physical processes, the velocity or magnetic field often exhibits
anisotropic structures (see [32, 33] for more studies on anisotropy). Therefore, the regularity criteria
for specific components carry clear physical significance. In particular, regularity criteria based on
combined partial derivatives of the velocity and magnetic fields precisely capture the coupling laws
in the deformation and rotation behaviors of the velocity and magnetic fields. They reveal that the
regularity of generalized MHD flows is determined by their mutual deformation-rotation interaction; for
a more detailed discussion, we refer to [21]. Therefore, the regularity criteria for specific components
proposed in this paper not only possess rigor in mathematical theory but also have clear practical
application value.

Below, we present the main conclusions of this paper, which are the culmination of our extensive
research and analysis.

Theorem 1.1 Let 1 ≤ α = β ≤
3
2

. Assume that (u, b) is the local strong solution to (1.1) with initial
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data (u0, b0) ∈ H3(R3) and div u0 = div b0 = 0. For any l, i, j, k ∈ {1, 2, 3},

(∂lu3, ∂ib1, ∂ jb2, ∂kb3) ∈ Lw(0,T ; Ls(R3)), with
2α
w
+

3
s
≤ (1−

1
4α

)(6α−5)+
1
s

(6−4α−
1

2α
), 2 < s ≤ ∞,

(1.6)
then the solution remains smooth on [0,T ].

Since the results below depend on Theorem 1.1 in [8], we restate it here for convenience.

Theorem 1.2 [8, Theorem 1.1] Let 1 ≤ α = β ≤
3
2

. Assume that (u, b) is the local strong solution to

(1.1) with initial data (u0, b0) ∈ H3(R3) and div u0 = div b0 = 0. If

u3, b ∈ Lw(0,T ; Lq(R3)), with
2α
w
+

3
q
≤

3
4

(2α− 1)+
3(1 − ϵ)

4q
,

3 + ϵ
2α − 1

< q ≤ ∞, 0 < ϵ ≤
1
3
, (1.7)

then the solution remains smooth on [0,T ].
Combining Theorems 1.1 and 1.2, we obtain the following two results.

Theorem 1.3 Let 1 ≤ α = β ≤
3
2

. Assume that (u, b) is the local strong solution to (1.1) with initial

data (u0, b0) ∈ H3(R3) and div u0 = div b0 = 0. If

u3 ∈ Lw(0,T ; Ls(R3)), with
2α
w
+

3
s
≤

3
4

(2α − 1) +
3(1 − ϵ)

4s
,

3 + ϵ
2α − 1

< s ≤ ∞, 0 < ϵ ≤
1
3
, (1.8)

and for any i, j, k ∈ {1, 2, 3},

(∂ib1, ∂ jb2, ∂kb3) ∈ Lw′(0,T ; Ls′(R3)), with
2α
w′
+

3
s′
≤ (1−

1
4α

)(6α− 5)+
1
s′

(6− 4α−
1

2α
), 2 < s′ ≤ ∞,

(1.9)
then the solution remains smooth on [0,T ].

Theorem 1.4 Let 1 ≤ α = β ≤
3
2

. Assume that (u, b) is the local strong solution to (1.1) with initial

data (u0, b0) ∈ H3(R3) and div u0 = div b0 = 0. For any l ∈ {1, 2, 3},

∂lu3 ∈ Lw(0,T ; Ls(R3)), with
2α
w
+

3
s
≤ (1 −

1
4α

)(6α − 5) +
1
s

(6 − 4α −
1

2α
), 2 < s ≤ ∞, (1.10)

and

b ∈ Lw′(0,T ; Ls′(R3)), with
2α
w′
+

3
s′
≤

3
4

(2α−1)+
3(1 − ϵ)

4s′
,

3 + ϵ
2α − 1

< s′ ≤ ∞, 0 < ϵ ≤
1
3
, (1.11)

then the solution remains smooth on [0,T ].
Furthermore, using Theorems 1.1–1.4, we derive the following comprehensive result.

Theorem 1.5 Let 1 ≤ α = β ≤
3
2

. Assume that (u, b) is the local strong solution to (1.1) with initial

data (u0, b0) ∈ H3(R3) and div u0 = div b0 = 0. If for any l, i, j, k ∈ {1, 2, 3}, the following two conditions
are satisfied:

(i) Aξ,η,ζ,σ ∈ Lw(0,T ; Ls(R3)), with
2α
w
+

3
s
≤

3
4

(2α − 1) +
3(1 − ϵ)

4s
,

3 + ϵ
2α − 1

< s ≤ ∞, 0 < ϵ ≤
1
3

;

(ii) Bξ
′,η′,ζ′,σ′ ∈ Lw′(0,T ; Ls′(R3)), with

2α
w′
+

3
s′
≤ (1 −

1
4α

)(6α − 5) +
1
s′

(6 − 4α −
1

2α
), 2 < s′ ≤ ∞,

(1.12)
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where
Aξ,η,ζ,σ = (ξu3, ηb1, ζb2, σb3), Bξ

′,η′,ζ′,σ′ = (ξ′∂lu3, η
′∂ib1, ζ

′∂ jb2, σ
′∂kb3), (1.13)

and ξ + ξ′ = η + η′ = ζ + ζ′ = σ + σ′ = 1, (ξ, η, ζ, σ, ξ′, η′, ζ′, σ′ ∈ {0, 1}). Then the solution remains
smooth on [0,T ].

Remark 1.6 In Theorem 1.5, when ξ = η = ζ = σ = 1, ξ′ = η′ = ζ′ = σ′ = 0, this case corresponds
to the main conclusion, Theorem 1.1, in [8]. In other words, the conclusion in [8] is a special case of
Theorem 1.5, and Theorem 1.5 generalizes the result of [8].

Remark 1.7 In Theorems 1.1–1.5, the results remain valid if u3 is replaced by either u1 or u2 due to
the rotation invariance of the MHD system. The choice of u3 is only for simplicity of presentation and
does not affect the generality of the results.

2. Proofs

In this section, we prove Theorems 1.1, and 1.3–1.5. For convenience, we first provide some notations:

∇h = (∂1, ∂2), ∆h = ∂
2
1 + ∂

2
2,

and

Π2(t) = sup
0≤τ≤t

(∥∇hu(τ)∥2L2 + ∥∇hb(τ)∥2L2) +
∫ t

0
(∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2)dτ. (2.1)

In addition, we present two inequalities required for the subsequent proof:
1) 3D multiplicative Sobolev inequality [34]:

∥∇u∥L6 ≤ C∥∂1∇u∥
1
3

L2∥∂2∇u∥
1
3

L2∥∂3∇u∥
1
3

L2 . (2.2)

2) Interpolation inequality [35–37]: For f , g, h ∈ C∞c (R3), we have

|

∫
R3

f gh| ≤ c∥ f ∥
γ−1
γ

Lq ∥∂i f ∥
1
γ

Ls∥g∥
γ−2
γ

L2 ∥∂ jg∥
1
γ

L2∥∂kg∥
1
γ

L2∥h∥L2 , (2.3)

where
γ > 2, 1 ≤ q, s ≤ ∞,

γ − 1
q
+

1
s
= 1, (2.4)

and i, j, k ∈ {1, 2, 3}.

2.1. Proof of Theorem 1.1

We first consider the case s < ∞ and prove Theorem 1.1 in two steps.
Step 1. We first estimate Π2(t), which plays an important role in the proof of the main theorem.
Multiplying the first two equations of (1.1) by ∆hu and ∆hb, respectively, adding them together, then

using integration by parts and noticing the divergence-free condition, we get

1
2

d
dt
(
∥∇hu∥2L2 + ∥∇hb∥2L2

)
+ ∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2

=

∫
R3

[(u · ∇u) · ∆hu − (b · ∇b) · ∆hu + (u · ∇b) · ∆hb − (b · ∇u) · ∆hb] dx
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=K1 + K2 + K3 + K4. (2.5)

Then we estimate Ki(i = 1, 2, 3, 4) one by one. From [8], we have

|K1| ≤ C
∫

R3
|u3| · |∇u| · |∇h∇u| dx, (2.6)

and

|K2 + K3 + K4| ≤ C
∫

R3
|b| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx. (2.7)

For K1, we can obtain

|K1| ≤C
∫

R3
|u3| · |∇u| · |∇h∇u| dx

≤C∥u3∥
2s−2
3s−2

L2 ∥∂lu3∥
s

3s−2
Ls ∥∇u∥

s−2
3s−2

L2 ∥∂ j∇u∥
s

3s−2

L2 ∥∂k∇u∥
s

3s−2

L2 ∥∇h∇u∥L2

(Interpolation inequality (2.3):
3s−2

s −1
2 + 1

s = 1, l ∈ {1, 2, 3}, and j, k ∈ {1, 2})

≤C∥∂lu3∥
s

3s−2
Ls ∥∇u∥

s−2
3s−2

L2 ∥∇h∇u∥
5s−2
3s−2

L2

≤C∥∂lu3∥
s

3s−2
Ls ∥∇u∥

s−2
3s−2

L2 ∥∇u∥
(α−1)(5s−2)
α(3s−2)

L2 ∥∇hΛ
αu∥

5s−2
α(3s−2)

L2

(the Gagliardo-Nirenberg inequality: 2 − 3
2 = (1 − 3

2 )α−1
α
+ ((1 + α) − 3

2 ) 1
α
)

≤C∥∂lu3∥
s

3s−2
Ls ∥∇u∥

2α(3s−2)−(5s−2)
α(3s−2)

L2 ∥∇hΛ
αu∥

5s−2
α(3s−2)

L2

≤C∥∂lu3∥
2αs

2α(3s−2)−(5s−2)
Ls ∥∇u∥2L2 +

1
4
∥∇hΛ

αu∥2L2 (2.8)

(Young’s inequality: 1
2/( 2α(3s−2)−(5s−2)

α(3s−2) )
+ 1

2/( 5s−2
α(3s−2) )

= 1).

For K2 + K3 + K4, we divide it into three terms to estimate and obtain that

|K2 + K3 + K4|

≤C
∫

R3
|b| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx

≤C
∫

R3
(|b1| + |b2| + |b3|) · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx

≤C
∫

R3
|b1| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx +C

∫
R3
|b2| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx

+C
∫

R3
|b3| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx

≜I + II + III. (2.9)
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We calculate I and get that

|I| =C
∫

R3
|b1| · (|∇u| + |∇b|) · (|∇h∇u| + |∇h∇b|) dx

≤C∥b1∥
2s−2
3s−2

L2 ∥∂ib1∥
s

3s−2
Ls ∥|∇u| + |∇b|∥

s−2
3s−2

L2 ∥∂ j(|∇u| + |∇b|)∥
s

3s−2

L2 ∥∂k(|∇u| + |∇b|)∥
s

3s−2

L2

× ∥|∇h∇u| + |∇h∇b|∥L2

(Interpolation inequality (2.3):
3s−2

s −1
2 + 1

s = 1, i ∈ {1, 2, 3}, and j, k ∈ {1, 2})

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∇h∇u∥L2 + ∥∇h∇b∥L2)

5s−2
3s−2

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∇u∥1−

1
α

L2 ∥∇hΛ
αu∥

1
α

L2 + ∥∇b∥1−
1
α

L2 ∥∇hΛ
αb∥

1
α

L2)
5s−2
3s−2

(the Gagliardo-Nirenberg inequality: 2 − 3
2 = (1 − 3

2 )α−1
α
+ ((1 + α) − 3

2 ) 1
α
)

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∇u∥L2 + ∥∇b∥L2)

(α−1)(5s−2)
α(3s−2) (∥∇hΛ

αu∥L2 + ∥∇hΛ
αb∥L2)

5s−2
α(3s−2)

=C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

2α(3s−2)−(5s−2)
α(3s−2) (∥∇hΛ

αu∥L2 + ∥∇hΛ
αb∥L2)

5s−2
α(3s−2)

≤C∥∂ib1∥
2αs

2α(3s−2)−(5s−2)
Ls (∥∇u∥L2 + ∥∇b∥L2)2 +

1
12

(∥∇hΛ
αu∥L2 + ∥∇hΛ

αb∥L2)2 (2.10)

(Young’s inequality: 1
2/( 2α(3s−2)−(5s−2)

α(3s−2) )
+ 1

2/( 5s−2
α(3s−2) )

= 1).

Similarly, it can be concluded that

|II| ≤ C∥∂ jb2∥
2αs

2α(3s−2)−(5s−2)
Ls (∥∇u∥L2 + ∥∇b∥L2)2 +

1
12

(∥∇hΛ
αu∥L2 + ∥∇hΛ

αb∥L2)2, ( j ∈ {1, 2, 3}), (2.11)

and

|III| ≤ C∥∂kb3∥
2αs

2α(3s−2)−(5s−2)
Ls (∥∇u∥L2 + ∥∇b∥L2)2 +

1
12

(∥∇hΛ
αu∥L2 + ∥∇hΛ

αb∥L2)2, (k ∈ {1, 2, 3}). (2.12)

We first substitute (2.10)–(2.12) into (2.9), and then substitute them with (2.8) into (2.5) to obtain that

d
dt
(
∥∇hu∥2L2 + ∥∇hb∥2L2

)
+ ∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2

≤C(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)
2αs

2α(3s−2)−(5s−2) (∥∇u∥L2 + ∥∇b∥L2)2. (2.13)

Using Grönwall’s inequality, we get

Π2(t) = sup
0≤τ≤t

(∥∇hu(τ)∥2L2 + ∥∇hb(τ)∥2L2) +
∫ t

0
(∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2)dτ

≤CJ0 +C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.14)

where J0 = ∥∇u(0)∥2L2 + ∥∇b(0)∥2L2 .
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Step 2. We prove that the H1 norm of the local strong solution (u, b) is uniformly bounded on [0,T ].
We multiply the first two equations of (1.1) by ∆u and ∆b, respectively, and then integrate by parts,

noticing the divergence-free condition, to get

1
2

d
dt
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+ ∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2

=

∫
R3

[(u · ∇u) · ∆u − (b · ∇b) · ∆u + (u · ∇b) · ∆b − (b · ∇u) · ∆b] dx

=K′1 + K′2 + K′3 + K′4. (2.15)

Then we estimate K′i (i = 1, 2, 3, 4) one by one. According to the conclusion in [8], it is obvious to
obtain that

|K′1| ≤
∫

R3
|∇hu| · |∇u|2 dx

≤C∥∇hu∥L2∥∇u∥2L4 (Hölder’s inequality: 1
2 +

1
4 +

1
4 = 1)

≤C∥∇hu∥L2∥∇u∥2−
3

2α

L2 ∥Λ
αu∥

3
2α

L6

(the Gagliardo-Nirenberg inequality: (1 − 3
4 ) × 2 = (1 − 3

2 ) × (2 − 3
2α ) + (α − 3

6 ) × 3
2α )

≤C∥∇hu∥L2∥∇u∥2−
3

2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 (2.16)

(the multiplicative Sobolev inequality (2.2): 1
3 ×

3
2α +

2
3 ×

3
2α =

3
2α ).

Further, similar with (2.9), we obtain

|K′2 + K′3 + K′4|

≤C
∫

R3
|b| · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx

≤C
∫

R3
(|b1| + |b2| + |b3|) · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx

≤C
∫

R3
(|b1|) · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx +C

∫
R3
|b2| · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx

+C
∫

R3
|b3| · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx

≜I′ + II′ + III′. (2.17)

For I′, we estimate it as the following:

|I′| =C
∫

R3
|b1| · (|∇u| + |∇b|) · (|∆u| + |∆b|) dx

≤C∥b1∥
2s−2
3s−2

L2 ∥∂ib1∥
s

3s−2
Ls ∥|∇u| + |∇b|∥

s−2
3s−2

L2 ∥∂ j(|∇u| + |∇b|)∥
s

3s−2

L2
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× ∥∂k(|∇u| + |∇b|)∥
s

3s−2

L2 ∥|∆u| + |∆b|∥L2

(Interpolation inequality (2.3):
3s−2

s −1
2 + 1

s = 1, i, j, k ∈ {1, 2, 3})

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∆u∥L2 + ∥∆b∥L2)

5s−2
3s−2

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∇u∥1−

1
α

L2 ∥Λ
α+1u∥

1
α

L2

+ ∥∇b∥1−
1
α

L2 ∥Λ
α+1b∥

1
α

L2)
5s−2
3s−2

(the Gagliardo-Nirenberg inequality: 2 − 3
2 = (1 − 3

2 )α−1
α
+ ((1 + α) − 3

2 ) 1
α
)

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

s−2
3s−2 (∥∇u∥L2 + ∥∇b∥L2)

(α−1)(5s−2)
α(3s−2)

× (∥Λα+1u∥L2 + ∥Λα+1b∥L2)
5s−2
α(3s−2)

≤C∥∂ib1∥
s

3s−2
Ls (∥∇u∥L2 + ∥∇b∥L2)

2α(3s−2)−(5s−2)
α(3s−2) (∥Λα+1u∥L2 + ∥Λα+1b∥L2)

5s−2
α(3s−2)

≤C∥∂ib1∥
2αs

2α(3s−2)−(5s−2)
Ls (∥∇u∥L2 + ∥∇b∥L2)2 +

1
12

(∥Λα+1u∥L2 + ∥Λα+1b∥L2)2 (2.18)

(Young’s inequality: 1
2/( 2α(3s−2)−(5s−2)

α(3s−2) )
+ 1

2/( 5s−2
α(3s−2) )

= 1).

In the same way, we can estimate II′ and III′, and then obtain that

|K′2 + K′3 + K′4| ≤ C(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)
2αs

2α(3s−2)−(5s−2) (∥∇u∥L2 + ∥∇b∥L2)2

+
1
4

(∥Λα+1u∥L2 + ∥Λα+1b∥L2)2, (i, j, k ∈ {1, 2, 3}). (2.19)

Substituting (2.16) and (2.19) into (2.15) yields

1
2

d
dt
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

(∥Λα+1u∥2L2 + ∥Λ
α+1b∥2L2)

≤C(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)
2αs

2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2)

+C∥∇hu∥L2∥∇u∥2−
3

2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 . (2.20)

Integrating (2.20) over the interval (0, t) can get

1
2
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+C
∫ t

0
∥∇hu∥L2∥∇u∥2−

3
2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 dτ

≤C +C
∫ t

0
(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2) dτ
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+C sup
0≤τ≤t
∥∇hu∥L2

∫ t

0
∥∇u∥2−

3
2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 dτ

≤C +C
∫ t

0
(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+C sup
0≤τ≤t
∥∇hu∥L2

[ ∫ t

0
∥∇hΛ

αu∥2L2 dτ
] 1

2α
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α (2.21)

(Hölder’s inequality:
(

2
2− 3

2α

)−1
+
(

2
1
α

)−1
+
(

2
1

2α

)−1
= 1),

where

C sup
0≤τ≤t
∥∇hu∥L2

[ ∫ t

0
∥∇hΛ

αu∥2L2 dτ
] 1

2α
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

≤C sup
0≤τ≤t
∥∇hu∥L2

[( ∫ t

0
∥∇hΛ

αu∥2L2 dτ
) 1

2
+ 1
][ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

(Young’s inequality: a
1

2α · 1 ≤ C1a
1
2 +C2 · 1)

≤CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C sup

0≤τ≤t
∥∇hu∥L2

[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

≤CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C( sup

0≤τ≤t
∥∇hu∥2L2 + 1)

[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

(Young’s inequality: a · 1 ≤ C1a2 +C2 · 1)

≤CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
. (2.22)

Thus, we have

1
2
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
. (2.23)

Together with (2.14), we obtain

CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

≤C
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2)
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× (∥∇u∥L2 + ∥∇b∥L2)2 dτ
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

≤C
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C
[ ∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2))

× (∥∇u∥L2 + ∥∇b∥L2)2 dτ
] 4α−1

4α
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

(Since
∫

apb2 =
∫

apbqb2−q ≤| apbq |Lm | b2−q |Lm′ satisfies qm = 2, (2 − q)m
′

= 2 and 1
m +

1
m′
= 1,

it holds that q = 2 − 1
2α , m = 4α

4α−1 . Here, p = 2αs
2α(3s−2)−(5s−2) .)

≤C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2)) (∥∇u∥L2 + ∥∇b∥L2)2 dτ

+
1
8

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ (Young’s inequality:
(

1
4α−1

4α

)−1
+
(

1
1

4α

)−1
= 1). (2.24)

We substitute (2.24) into (2.23) and get that

1
2
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

2αs
2α(3s−2)−(5s−2) (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2))

× (∥∇u∥L2 + ∥∇b∥L2)2 dτ +
1
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2))

× (∥∇u∥L2 + ∥∇b∥L2)2 dτ +
1
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

(Young’s inequality: a
2αs

2α(3s−2)−(5s−2) · 1 ≤ C1a
8α2 s

(4α−1)(2α(3s−2)−(5s−2)) +C2 · 1,
(2.25)

with 8α2 s
(4α−1)(2α(3s−2)−(5s−2)) ÷

2αs
2α(3s−2)−(5s−2) =

4α
4α−1 > 1).

Thus, we obtain

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2)) (∥∇u∥L2 + ∥∇b∥L2)2 dτ. (2.26)
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Employing Grönwall’s inequality and noticing the condition (1.6), we finally get

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C exp
[
C
∫ t

0
(∥∂lu3∥Ls + ∥∂ib1∥Ls + ∥∂ jb2∥Ls + ∥∂kb3∥Ls)

8α2 s
(4α−1)(2α(3s−2)−(5s−2)) dτ

]
<∞. (2.27)

If s = ∞, we still employ the same approach as in the case s < ∞ and carry out the proof in two steps.
Step 1. We estimate (2.5), and by the same method, we obtain that

|K1| ≤ C∥∂lu3∥
2α

6α−5
L∞ ∥∇u∥2L2 +

1
4
∥∇hΛ

αu∥2L2 , (2.28)

and

|K2 + K3 + K4|

≤C(∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)
2α

6α−5 (∥∇u∥L2 + ∥∇b∥L2)2

+
1
4

(∥∇hΛ
αu∥L2 + ∥∇hΛ

αb∥L2)2, (i, j, k ∈ {1, 2, 3}). (2.29)

Then we can get that

d
dt
(
∥∇hu∥2L2 + ∥∇hb∥2L2

)
+ ∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2

≤C(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)
2α

6α−5 (∥∇u∥L2 + ∥∇b∥L2)2. (2.30)

From Grönwall’s inequality, it follows that

Π2(t) ≤ CJ0 +C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

2α
6α−5 (∥∇u∥L2 + ∥∇b∥L2)2dτ. (2.31)

Step 2. Estimating (2.15) and repeating the procedure in the case s < ∞ yields

|K′1| ≤ C∥∇hu∥L2∥∇u∥2−
3

2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 , (2.32)

and

|K′2 + K′3 + K′4|

≤C(∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)
2α

6α−5 (∥∇u∥L2 + ∥∇b∥L2)2

+
1
4

(∥Λα+1u∥L2 + ∥Λα+1b∥L2)2, (i, j, k ∈ {1, 2, 3}). (2.33)

Substituting (2.32) and (2.33) into (2.15), we have

1
2

d
dt
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

(∥Λα+1u∥2L2 + ∥Λ
α+1b∥2L2)
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≤C(∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)
2α

6α−5 (∥∇u∥2L2 + ∥∇b∥2L2)

+C∥∇hu∥L2∥∇u∥2−
3

2α

L2 ∥∇hΛ
αu∥

1
α

L2∥Λ
α+1u∥

1
2α

L2 . (2.34)

By employing the same approach as in (2.21) and (2.22), we arrive at

1
2
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

2α
6α−5 (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
+C
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α
, (2.35)

where

CΠ2(t)
[ ∫ t

0
∥Λα+1u∥2L2 dτ

] 1
4α

≤C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5) (∥∇u∥L2 + ∥∇b∥L2)2 dτ

+
1
8

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ. (2.36)

Combining (2.36) with (2.35), we obtain that

1
2
(
∥∇u∥2L2 + ∥∇b∥2L2

)
+

3
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

2α
6α−5 (∥∇u∥2L2 + ∥∇b∥2L2) dτ

+C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5)

× (∥∇u∥L2 + ∥∇b∥L2)2 dτ +
1
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C +C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5)

× (∥∇u∥L2 + ∥∇b∥L2)2 dτ +
1
4

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ. (2.37)

Consequently, we have

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ
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≤C +C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5) (∥∇u∥L2 + ∥∇b∥L2)2 dτ. (2.38)

Therefore, using Grönwall’s inequality yields

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C exp
[
C
∫ t

0
(∥∂lu3∥L∞ + ∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5) dτ

]
<∞. (2.39)

Thus, the proof of Theorem 1.1 is finished.

2.2. Proof of Theorem 1.3

Theorem 1.3 is a combination of Theorems 1.1 and 1.2. In this case, we repeat the steps in [8] for u3

and the above steps of Theorem 1.1 for b. For s, s′ < ∞, we get that

Π2(t) = sup
0≤τ≤t

(∥∇hu(τ)∥2L2 + ∥∇hb(τ)∥2L2) +
∫ t

0
(∥∇hΛ

αu∥2L2 + ∥∇hΛ
αb∥2L2)dτ

≤CJ0 +C
∫ t

0
∥u3∥

2αs
(2α−1)s−3(1−ϵ)
Ls (∥∇u∥L2 + ∥∇b∥L2)

2[(2α−1)s−3]
(2α−1)s−3(1−ϵ)

× (∥Λα+1u∥L2 + ∥Λα+1b∥L2)
6ϵ

(2α−1)s−3(1−ϵ) dτ

+C
∫ t

0
(∥∂ib1∥Ls′ + ∥∂ jb2∥Ls′ + ∥∂kb3∥Ls′ )

2αs′
2α(3s′−2)−(5s′−2)

× (∥∇u∥L2 + ∥∇b∥L2)2dτ. (2.40)

Then we finally obtain that

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤ C exp
[
C
∫ t

0
(∥u3∥

8αs
3(2α−1)s+3(1−ϵ)−12
Ls + (∥∂ib1∥Ls′ + ∥∂ jb2∥Ls′ + ∥∂kb3∥Ls′ )

8α2 s′
(4α−1)(2α(3s′−2)−(5s′−2)) )dτ

]
< ∞. (2.41)

Further, for the case s, s′ = ∞, it is easy to prove that

Π2(t) ≤ CJ0 +C
∫ t

0
(∥u3∥

2α
2α−1
L∞ + (∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

2α
6α−5 )(∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.42)

and then

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ
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≤C exp
[
C
∫ t

0
∥u3∥

8α
3(2α−1)
L∞ + (∥∂ib1∥L∞ + ∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5) dτ

]
<∞. (2.43)

This completes the proof of Theorem 1.3.

2.3. Proof of Theorem 1.4

The proof of Theorem 1.4 is similar to that of Theorem 1.3. In this case, we estimate b with the
method in [8] and estimate u3 using the method of Theorem 1.1, and then obtain that, for s, s′ < ∞,

Π2(t) ≤CJ0 +C
∫ t

0
∥b∥

2αs′
(2α−1)s′−3(1−ϵ)

Ls′ (∥∇u∥L2 + ∥∇b∥L2)
2[(2α−1)s′−3]

(2α−1)s′−3(1−ϵ)

× (∥Λα+1u∥L2 + ∥Λα+1b∥L2)
6ϵ

(2α−1)s′−3(1−ϵ) dτ

+C
∫ t

0
∥∂lu3∥

2αs
2α(3s−2)−(5s−2)
Ls (∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.44)

and then

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C exp
[
C
∫ t

0
(∥b∥

8αs′
3(2α−1)s′+3(1−ϵ)−12

Ls′ + ∥∂lu3∥
8α2 s

(4α−1)(2α(3s−2)−(5s−2))
Ls )dτ

]
< ∞. (2.45)

For s, s′ = ∞, we get that

Π2(t) ≤ CJ0 +C
∫ t

0
(∥b∥

2α
2α−1
L∞ + ∥∂lu3∥

2α
6α−5
L∞ )(∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.46)

and then

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C exp
[
C
∫ t

0
∥b∥

8α
3(2α−1)
L∞ + ∥∂lu3∥

8α2
(4α−1)(6α−5)
L∞ dτ

]
< ∞. (2.47)

This finishes the proof of Theorem 1.4.

2.4. Proof of Theorem 1.5

In combination with Theorems 1.1–1.4, without loss of generality, we only prove the case where
ξ = η = ζ′ = σ′ = 1 and ξ′ = η′ = ζ = σ = 0. Then condition (1.12) turns to be, for any j, k ∈ {1, 2, 3},

(i)(u3, b1) ∈ Lw(0,T ; Ls(R3)), with
2α
w
+

3
s
≤

3
4

(2α − 1) +
3(1 − ϵ)

4s
,

3 + ϵ
2α − 1

< s ≤ ∞, 0 < ϵ ≤
1
3

;
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(ii)(∂ jb2, ∂kb3) ∈ Lw′(0,T ; Ls′(R3)), with
2α
w′
+

3
s′
≤ (1 −

1
4α

)(6α − 5) +
1
s′

(6 − 4α −
1

2α
), 2 < s′ ≤ ∞.

(2.48)

For this case, we estimate u3 and b1 by using the method in [8], and deal with b2 and b3 by applying
the method in Theorem 1.1. So, we can directly get that, for s, s′ < ∞,

Π2(t) ≤CJ0 +C
∫ t

0
(∥u3∥Ls + ∥b1∥Ls)

2αs
(2α−1)s−3(1−ϵ) (∥∇u∥L2 + ∥∇b∥L2)

2[(2α−1)s−3]
(2α−1)s−3(1−ϵ)

× (∥Λα+1u∥L2 + ∥Λα+1b∥L2)
6ϵ

(2α−1)s−3(1−ϵ) dτ

+C
∫ t

0
(∥∂ jb2∥Ls′ + ∥∂kb3∥Ls′ )

2αs′
2α(3s′−2)−(5s′−2) (∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.49)

and then

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤ C exp
[
C
∫ t

0
((∥u3∥Ls + ∥b1∥Ls)

8αs
3(2α−1)s+3(1−ϵ)−12 + (∥∂ jb2∥Ls′ + ∥∂kb3∥Ls′ )

8α2 s′
(4α−1)(2α(3s′−2)−(5s′−2)) )dτ

]
< ∞. (2.50)

Further, for the case s, s′ = ∞, it is easy to prove that

Π2(t) ≤ CJ0 +C
∫ t

0
((∥u3∥L∞ + ∥b1∥L∞)

2α
2α−1 + (∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

2α
6α−5 )(∥∇u∥L2 + ∥∇b∥L2)2dτ, (2.51)

and then

∥∇u∥2L2 + ∥∇b∥2L2 +

∫ t

0
(∥Λα+1u∥2L2 + ∥Λ

α+1b∥2L2)dτ

≤C exp
[
C
∫ t

0
(∥u3∥L∞ + ∥b1∥L∞)

8α
3(2α−1) + (∥∂ jb2∥L∞ + ∥∂kb3∥L∞)

8α2
(4α−1)(6α−5) dτ

]
<∞. (2.52)

Thus, we complete the proof of Theorem 1.5.

3. Conclusions

In this paper, we study the regularity criteria for the 3D generalized MHD equations involving the
partial components of the velocity u3 and the magnetic field (b1, b2, b3). In subsequent research, we will
commit to finding regularity criteria with fewer components involved, and even to investigating those
relying only on a single component.
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