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Abstract: The phase-field crystal (PFC) model is widely used to describe atomic-scale crystalline
patterns on diffusive time scales and to study the long-time evolution of microstructures. From the
viewpoint of computational fluid dynamics, the standard two-mode PFC formulation for face-centered
cubic ordering (PFC—FCC model) can be regarded as a high-order phase-field model for solid—liquid
phase transitions, in which the motion of diffuse solid-liquid and grain boundaries is encoded in the
evolution of a conserved order parameter. In this work, we constructed a linear, fully decoupled time-
discretization scheme for the PFC-FCC system based on the explicit Invariant Energy Quadratization
(EIEQ) approach. The scheme requires only the solution of constant-coefficient elliptic problems at
each time step, making it well suited for fast solvers in large-scale simulations. We proved unique
solvability, unconditional energy stability, and a rigorous optimal first-order a priori error estimate
under suitable regularity assumptions, relying on a uniform L*-bound for the discrete density to control
the nonlinear terms. Numerical tests with a manufactured solution confirmed the predicted convergence
rate, while two- and three-dimensional simulations of solidification and crystallization with moving
crystalline interfaces illustrated the stability, energy-dissipation property, and effectiveness of the
EIEQ-based scheme as a numerical tool for long-time simulations of FCC/BCC pattern selection.
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1. Introduction

Microstructure evolution in crystalline materials, such as grain growth, phase transformations
between competing crystal structures, and the formation and motion of defects, plays a central
role in determining macroscopic properties, including strength, ductility, and resistance to fracture.
Capturing these processes requires models that resolve atomic-scale periodicity while remaining
efficient on the much longer time scales over which microstructures coarsen. The phase-field
crystal (PFC) model, initially developed by Elder et al. in [1, 2], describes a coarse-grained atomic
number density and, through an appropriate free-energy functional, accounts for elastic and plastic
response, interfacial energy, and grain-boundary energetics. Because it resolves atomic length scales
but evolves on diffusive time scales, the PFC framework can follow slow microstructural processes
such as reconstructive phase transitions and spinodal decomposition that are essentially inaccessible
to conventional molecular dynamics simulations [3]. It has been applied to a variety of crystal
symmetries, such as body-centered cubic (BCC) and other simple lattices and tetragonal systems [4—8].

In this work, we are concerned with numerical schemes for close-packed structures, particularlly
face-centered cubic (FCC) ordering. We use the standard two-mode PFC formulation for FCC
structures (PFC-FCC model) [9], in which two sets of density waves are included in the free energy
so that the FCC lattice is built into the model. This PFC-FCC framework has been used to study, for
example, the competition between FCC and hexagonal close-packed (HCP) phases, the evolution of
FCC and BCC crystals, and quantitative properties of metallic systems near melting [10-15]. Among
common metallic crystal structures, FCC and HCP are prototypical close-packed arrangements, while
BCC is more open; the two-mode PFC-FCC model incorporates the dominant FCC/HCP density
modes and is therefore a natural tool for studying phase selection and microstructure evolution in
close-packed alloys. It provides a minimal continuum description that retains an atomistic resolution
of interfaces, stacking faults, and grain boundaries between competing crystalline phases. Furthermore,
the PFC-FCC model can be viewed as a high-order phase-field description of solid-liquid phase
transitions, in which moving solid-liquid interfaces and grain boundaries are represented in a diffuse
manner through the evolution of a conserved density-like order parameter.

From a numerical point of view, the PFC-FCC model leads to a high-order, stiff, and strongly
nonlinear gradient-flow system. The corresponding evolution equation can be regarded as a sixth-
order nonlinear parabolic-type equation driven by the H~'-gradient flow of a highly nonconvex
free energy, so that high-frequency modes relax very rapidly while low-frequency modes evolve on
much longer time scales. Straightforward explicit discretizations are subject to very severe time-
step restrictions, while fully implicit schemes require the solution of large nonlinear coupled systems
at each step. For long-time simulations of FCC ordering, one would therefore like time-stepping
schemes that are linear, energy-stable and, as far as possible, decoupled, with a rigorous error analysis
available. Various structure-preserving schemes have been proposed for PFC and related phase-
field models, such as convex-splitting methods [16, 17], nonlocal Lagrange multiplier methods [18],
higher-order implicit-explicit Runge-Kutta methods [19], and operator-splitting methods [20]. These
methods are designed to respect, at the discrete level, key qualitative features of the continuum model,
particularly energy dissipation and (in many cases) mass conservation, but the resulting algorithms
may involve nonlinear iterations or variable-coefficient linear solves that become costly in large three-
dimensional simulations.
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In addition, energy-quadratization ideas, in particular the invariant energy quadratization (IEQ) and
scalar auxiliary variable (SAV) approaches, have been extensively used to construct linear energy-
stable schemes for PFC-type and related gradient-flow models [21-23]. For the two-mode PFC-FCC
model considered here, SAV-based schemes with stabilization have been developed in [22], and an
adaptive SAV scheme based on a variable-step second-order backward differentiation formula has been
proposed together with an error estimate for the fully discrete method in [23]. These results confirm
that, for the two-mode PFC-FCC system, constructing linear energy-stable schemes within the SAV
framework is relatively standard and rigorous convergence analysis is achievable. By contrast, for
the same two-mode PFC-FCC model, quadratization-based schemes of IEQ type have so far been
studied mainly at the level of stability, and to the best of our knowledge, a systematic error analysis
is lacking. Hence, the main aim of this study is to establish rigorous error estimates for the IEQ-type
linear schemes developed in this work for this particular model. From a methodological point of view,
this fills a gap between the SAV-based convergence results and the growing body of IEQ-based schemes
that have so far been justified only by energy stability and numerical evidence.

The energy quadratization approach, provides a convenient framework for constructing linear
structure-preserving schemes for gradient-flow problems. In the IEQ approach the nonlinear free
energy is rewritten in terms of an auxiliary variable, which leads to linear schemes that satisfy a
modified energy dissipation law [22,24-28]. IEQ-type formulations have been used to design linear
energy-stable schemes for several PFC and PFC-type models. The explicit-IEQ (EIEQ) method further
adjusts the evolution of the auxiliary variable so that the resulting linear systems involve only constant-
coeflicient elliptic operators, while retaining an energy-dissipation structure at the discrete level; EIEQ
schemes have been applied to various phase-field and phase-field crystal models, in particular to
Allen-Cahn and Cahn-Hilliard-type equations [29]. Rigorous error analysis of EIEQ-based schemes
has been carried out for Allen—Cahn-type equations; see, for example, [30]. To the best of our
knowledge, however, EIEQ has not been combined with the standard two-mode PFC—FCC model,
and corresponding error estimates for this higher-order system are not available. In particular, the
presence of a high-order operator, multiple length scales, and strong nonlinearities makes it nontrivial
to derive uniform bounds on the discrete solution and to close optimal-order error estimates within the
EIEQ framework.

In this work, we apply the EIEQ time-discretization framework [30] to the standard two-mode
PFC-FCC model and analyze the convergence of the resulting schemes. On the numerical side, we
design linear schemes based on an EIEQ reformulation that are decoupled at each time step and
involve only constant-coefficient elliptic problems, which makes them convenient to implement with
fast solvers. On the analytical side, we prove that the proposed schemes are uniquely solvable, inherit a
discrete energy-dissipation law, and admit rigorous a priori error estimates. Numerical experiments are
presented to illustrate the accuracy and energy stability of the schemes for FCC-ordering dynamics. In
this way, we obtain an EIEQ-based convergence theory for the standard two-mode PFC-FCC model,
complementary to SAV-based results, and demonstrate that the proposed schemes can serve as efficient
and reliable tools for long-time simulations of FCC/BCC microstructures in two and three dimensions.

The remainder of the paper is organized as follows. In Section 2 we recall the two-mode PFC-FCC
model and its basic energy-dissipation structure. In Section 3, we introduce the EIEQ reformulation of
the model and derive the corresponding fully discrete linear schemes, together with a brief discussion
of their decoupled implementation. The stability and error analyses for the EIEQ-based schemes is
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carried out in Section 4, where a key step is to establish uniform bounds on the discrete solution and to
derive optimal-order error estimates. Numerical experiments for FCC-ordering problems are presented
in Section 5, including two- and three-dimensional solidification tests that illustrate the accuracy and
the robustness of the proposed schemes. Finally, Section 6 contains some concluding remarks and a
brief discussion of possible extensions of this work.

2. The governing model and numerical scheme

2.1. The PFC-FCC model
We begin by introducing the notation. Let Q C R be a periodic domain and denote
Li=A+1,L,=A+¢%, 2.1)

where g > 0 is a given constant. The phase-field variable is denoted by ¢(x, t), and the double-well
potential is given by

1
F(@)= 74" = 56%.f(@) = F (@), 22)

with positive constant € > 0. Throughout, (-,-) and | - | denote the L*(Q) inner product and norm,
respectively.
The free energy of the PFC-FCC model is defined by

E(¢) = fg %L%(L% + r*)pdx + F(¢)dx, (2.3)

where r is a positive constant. The associated gradient-flow dynamics with mobility M(¢) > 0 are
¢ =V - (M($)Vp), (2.4)
p=Li(L5 + )¢ + f(9). (2.5)

We next recall the energy dissipation law for (2.4) and (2.5) under periodic boundary conditions.
Taking the L? inner product of (2.4) with —u and integrating by parts, we obtain

~(b1 1) = ~(M($)V, Vi) = |V M($)Vpull. (2.6)

On the other hand, taking the L? inner product of (2.5) with ¢, gives

(u, @) = (L(L3 + )¢ + f($), )

_1d 20724 2 if
=5 etz P 5 [ s,

where we use integration by parts and the definitions of L; and L.
Combining (2.6) and (2.7), and using definition (2.3) of E(¢), we arrive at the energy-
dissipation identity

d
T E@) = =IlVM@)Vplf < 0. (2.7)
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2.2. The EIEQ scheme

To treat the nonlinear potential F(¢), within the explicit-IEQ (EIEQ) framework [30] and obtain
linear systems with constant coefficients, we introduce an auxiliary variable that quadratizes the
bulk energy.

Recall that the potential is given by F(¢). We take a stabilization parameter S > 0 and a constant
A > 0, such that F(x) — $x* + A > 0 for any x € (-0, o), and define

S
V(g) = \/F<¢) -SF A 2.8)
d -5
W) = 25:Vie) = 9 -3¢ 2.9)
JF@) - $¢2+ A

With this definition, one has F(¢) = V> + %(;52 —A, so that the energy (2.3) can be equivalently written as
_ ¢ 2,12 2 S 2 2
E@.V)= | SLI+ P)gdx + Sl +IVIF - AlQ.
Q

Now we further define another nonlocal auxilary variable B(r) such that B(r) satisfy the
following ODE
{B, = (WV.¢) ~ (Wo,.V), .10

B|l=0 = 17

which implies a solution B(f) = 1.
Hence, with the two variables V and B, we write the original systems (2.4) and (2.5) as follows:

¢ =V - (M(p)Vu), (2.11)
w=LXL:+ )¢+ S¢+ BVW, (2.12)
V, = %BWqS,, (2.13)
B, =(WV,¢) - (W¢,, V), (2.14)

with the initial conditions as follows:

@li=o = @0, V=0 = Vo = V(¢o), Bli=o = 1.

Note that, under the above initial conditions, the EIEQ reformulation (2.11)—(2.14) is equivalent to
the original systems (2.4) and (2.5). Indeed, with B(z) = 1, the chemical potential equation (2.12) reads

u=LI(L+r)p+Sp+ VW, (2.15)

and the evolution equation for V reduces to

1
Vi = EWQS; (2.16)

Integrating (2.16) with respect to ¢ and applying the initial conditions, one recovers V’s definition
in (2.8). Moreover, by (2.9), we have VW = f(¢)—S ¢. Substituting this identity into (2.15) yields (2.5).
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In parallel with the energy dissipation law for the original system, the modified EIEQ system also
satisfies an energy-dissipation law. By taking the L? inner product of (2.11) with —u, of (2.12) with —¢,,
and of (2.13) with 2V, and by multiplying (2.14) by B and adding the resulting identities, we obtain

d
L@ 8. V)= VM(@)Vull® <0, (2.17)

where
_ ? 2,72, 2 § 2 2 l 2 _ l
E($,B,V) = Li(Ls5 + r)¢dx + —lgllI” + ||[VII” + <|B]" — AlQ| — ~.
a2 2 2 2

Since B = 1, and V is recovered in the form (2.8) by integrating (2.16), substituting these expressions
into E(¢, B, V) reproduces the original energy functional (2.3).

Now, based on the EIEQ reformulation (2.11)—(2.14), we construct a time-discrete scheme. For a
given positive integer N, let 6t = T'/N be the time step and ¢,, = mot form = 0,1,...,N. A first-order
time-discrete scheme for (2.11)—(2.14) is defined as follows: Given (¢", ¢™', V", B™), we compute
(¢m+1’/lm+1’ Vm+1’ Bm+1) from

¢m+l _ ¢m

—— = V- (MM, (2.18)
,um+1 — L%(L% + r2)¢m+1 +S¢m+l +Bm+1Wme, (219)
Vm+1 —ym 1

— = EBmHWm@*a (2.20)
Bm+1 — Bm 1

T — E(Wmvm’¢r11+l _ ¢m) _ (Wmd):’ Vm+1), (221)

where ¢ = ¢m_6¢;m71, and W™ = W(¢™).

Remark 2.1. The first-order scheme (2.18)—(2.21) requires the starting values ¢', V', and B'. These
are computed by the following first-order initialization scheme:

1 _ 40
LoV (M), (2.22)
w =LA+ )¢ + S¢' + B'WOVO, (2.23)
Vl _ VO 1 0

= 2B W0¢ &‘1’ (2.24)
Bl — BO 0y/0 0 O¢ 0

= (W Vo' —¢%) — (W= VoY (2.25)

This startup step involves solving a coupled linear system for (¢', V', B"), but the coupling appears
only at this first time level and is therefore acceptable in practice. Once ¢', V', and B' have been
obtained from this initialization step, the scheme (2.18)—(2.21) is used for all subsequent time steps.

Theorem 2.1. The scheme (2.18)—(2.21) is unconditionally energy stable, i.e.,

g - " < st VM@V, (2.26)
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where

mel 1 112 r’ w2 S el y2
ISHANE §||L1L2</> I~ + 5||L1¢ I +5||¢ I
| 1 2.27)
+ Vm+l 2+_Bm+12_AQ - _.
I I 2| | Q] 3

Proof. Taking the L? inner product of (2.18) with —6tu™*! gives

—(¢" = ¢, ™) = ot M@V (2.28)
Taking the L-inner product of (2.19) with ¢"*' —¢™, and using 2a(a—b) = a* —b*+(a—b)?, we deduce
(um+1, ¢m+1 — ™) = (Lf(L% + r2)¢m+1 + S¢m+l + B Wy, ¢m+l — ™)
= (LiLo¢™", LiLy(@™" = ¢™) + rP(Lig™, Li(@"™" — ¢™)
# SR = S + S = g+ B, g gy
= DAL P = ML Lo 4 DL = 97 + g (229

2

2
r mp2 mel 2 L S am 2 S 2
2||L1¢ I~ + 2||L1(¢ I + 2||¢ [ 2||¢ l

S
+ §||¢m+1 _ ¢m”2 + Bm+1(Wme, ¢m+1 _ ¢m)
Taking the L2-inner product of (2.20) with 26:V"*! yields
||Vm+1||2 _ ||Vm||2 + ||Vm+l _ Vm||2 — 6th+1(Wm¢;\" Vm+l). (230)

Multiplying (2.21) with 6tB"*!, we obtain

1 1 1
Ele+1|2 _ 5|Bm|2 + 5|Bm+1 _ Bm|2

(2.31)
— Bm+1(Wme’¢m+l _ ¢m) _ 5th+l(Wm¢t*’ Vm+1).
By combining (2.28)—(2.31) and dropping the nonnegative terms on the left-hand side, we get
| 1 r? r?
—LL m+12__LL mi2 _L m+12__L mi2
L™ 1 = SHL1Lag™[1" + S 1L1g™ 1" = —IIL1g”
(2.32)

S +112 S 2 +1112 2 1 +112 1 2
+ —l¢p™ - —lp"|I* + ||[V" - [IV"II* + z|B™|* = =|B"
2|I¢ I 2|I¢ 1=+l [ % 2| | 2| |
< — St \ MgV P,

which implies (2.26).

2.3. Implementation

At first sight, the fully discrete system (2.18)—(2.21) couples the four unknowns
(@™, !t v+l By and could be interpreted as requiring the solution of a large block system at
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each time step. A key advantage of the EIEQ formulation is that this is not necessary. The scalar
auxiliary variable B™"! is spatially constant, and all elliptic operators in (2.18)—(2.21) have constant
coefficients. As a result, we can rewrite the scheme in a fully decoupled form: Only a few independent
constant-coefficient elliptic problems and scalar equations need to be solved at each time level. This
contrasts with classical IEQ formulations, which often involve variable-coefficient elliptic operators;
for the PFC-FCC model considered here, the EIEQ reformulation leads instead to constant-coefficient
elliptic solutions and a simple decoupled implementation.
The following five steps describe the implementation of the proposed EIEQ scheme.
Step 1: Affine decomposition with respect to B"*!,
We represent the dependence of ¢"*!, y"*! and V"**! on the scalar B"*! in the form
¢m+l — ¢T+l + Bm+1¢;n+l,
/Jm+1 — lJrln+1 + Bm+1/l§n+l’ (233)
Vm+1 — VIn+1 + BmHngH.
Step 2: Decoupled elliptic problems for ¢! and ¢;*'.
Substituting the first two relations in (2.33) into (2.18) and (2.19) gives
(¢11n+1 + Bm+1¢g1+l) _ ¢m
ot
utt e BYET = LI+ )@+ B ) (2.35)
+S (@7 + BT gyt + BT WY

V- (M@ + B ), (2.34)

Separating the coefficients of B! and the remaining terms, we obtain two independent linear systems:

gyt — 61V - (M(¢™Vs™") = 0,
mil _ 72072 L 2\ gmtl m+1 myym (2.36)
W = Li(Ly + )y + ST + WV,
and
$! =61V - (M@ = 9",
1 2,72 2 1 1 (237)
W= Li(Ly + )¢ + ST

Both systems are supplemented with periodic boundary conditions,

Moreover, since (2.36) and (2.37) are linear constant-coefficient elliptic problems, they can be
solved efficiently and independently (for example by FFT-based solvers), and standard arguments
guarantee the uniqueness of ¢”*! and ¢y*!.
Step 3: Explicit update for V;"*! and V,"*'.

Using the last relation in (2.33) in (2.20), we obtain
(Vin+1 + Bm+1V§1+1) —ym 1

= = EB’”“W’%,*, (2.38)
which can be decomposed as

vt =y

{v;"“ _ %W’"(ﬁ,*. (2.39)
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The right-hand side in (2.39) are known, so V/"*! and V;**! are obtained directly.

Step 4: Scalar equation for B"*!.

To determine B™*!, we substitute the first and third relations in (2.33) into (2.21) and obtain a scalar
linear equation of the form

mn

1 B
5 +x)B"! = 5 T (2.40)

where

{ X1 = =g (WY, gt + (W, Vi, 2.41)

Y2 = (%(Wmvm’ ¢r]n+1 _ ¢m) _ (Wm(ﬁt*’ V{n+1)_

To guarantee solvability, we need % + x1 # 0. This follows from (2.36) and (2.39). Indeed, taking the
L? inner product of (2.36) with 14! and with — < ¢! gives

1
S @5 = =M@V,
_l(¢m+l Mm+1) — _lHL L ¢m+1”2+ r_2||L ¢m+1”2 (242)
6t 2 M2 51_ 142 6t 1
S +112 1 +1
P aam _ Wmvm’ m )
SIHIE - S g

Combining these two equalities yields

1 1 r? S
=WV, ) =—IL g™ P + L™ 1P + Zllgs ™ P + 1 VM(@) Vi P 2 0. (2:43)
ot ot ot ot
Moreover, taking the L? inner product of the second relation in (2.39) with V;"*! gives

2
(W"gr, vty = EIIVS’“H2 > 0. (2.44)

Adding (2.43) and (2.44), we obtain

1
- (W, @5 + (Wrer, Vi > 0. (2.45)
so that y; > 0 therefore, é + x1 # 0. Thus, (2.40) has a unique solution.
Step 5: Recovery of (¢™*!, ),
Finally, ¢"*! and V"*! are reconstructed from (2.33) once ¢”*', V"*! and B"*! are obtained.

Remark 2.2. To summarize, although the original scheme (2.18)—(2.21) appears to couple all
unknowns, the presence of the scalar nonlocal variable B"*' enables us to reformulate it as a fully
decoupled procedure. At each time step, one only needs to solve a few independent constant-coefficient
elliptic problems for ¢T+1 and qbg”l and a scalar linear equation for B™!, followed by explicit updates
of V;”” and Vé”“. In particular, no variable-coefficient elliptic systems arise. This is one of the
major practical advantages of the EIEQ approach over the classical IEQ formulations,which places

its computational complexity on a par with that of SAV-type schemes.
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Remark 2.3. The EIEQ method proposed in our paper is constructed based on the “zero energy
contribution” principle, which differs from the SAV method. This approach not only yields a linear
and fully decoupled algorithm but is also applicable to constructing numerical schemes for multi-field
coupling problems, whereas the conventional SAV method is suitable only for cases involving a single
phase-field variable. For the model under consideration in this work, however, the EIEQ and SAV
methods yield linear and decoupled numerical schemes.

3. Error analysis

In this section, we derive temporal error estimates for the first-order scheme (2.18)—(2.21).
Throughout the analysis, we use the notation a < b to denote a < Cb with a positive constant C
independent of the time step 6¢ and the time index m.

We collect the regularity assumptions on the exact solution. Let ¢, V, u, ; = {¢;, Vi}, i = {du, Vi)
We assume that the exact solution (¢, V, i) satisfies

¢ € L0, T; HX(Q)) N L0, T; W>*(Q)),
Ve L0, T; W**(Q)), u € L0, T; HX(Q)),

G € L2(0.T: H'(Q)) 0 (0. T: L (), G-b
su € L*(0, T; L*()).
We define the error functions by
em: tm_m,em: tm_m’
o = Otn) — ¢, e, = ultn) —p (32)
ey = B(t,,) — B", ey = V(t,) - V".

The associated local truncation errors of the first-order time discretization are given by

R = G(tar) = 2(@(tmr1) — ),
R = Vityat) = 2(V(twsr) = V(L)) (3.3)
Ry = Bi(tys1) — 5 (B(tws1) — Bltw)).

Under the regularity assumptions (3.1), a Taylor expansion in time yields
IRT| < o1, IRy || < 61, IR < 6. (3.4)

To prepare for the global error analysis and to obtain uniform bounds on the discrete solution ¢", we
first establish the following lemma.

Lemma 3.1. Assume that the following conditions hold:
e (i) For all x € (—c0, ), F(x) — %xz +A > A —d; >0, where d; is a constant;
o (ii) F(x) € C*(~c0, c0);

e (iii) There exists a positive constant Cy, such that ||¢p(t;)||.~ < Co for any k, and

max(ll¢”||z) < Co. (3.5
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Then there exists a positive constant C, such that

W (@) = W < CllgEner) — 8", (3.6)
Proof. We apply the intermediate value Theorem to derive

IW(te1) = W7
J(@(tni1)) = S pltm1) f(@") —S¢"

PGt - 5P 4 JFon - 5@+ A
| @) = S@lt)) F@") - $672 + A
- JF@n) = S8 + A JF @) — S 4 A

(F@") = S 8™ \JF@ltns1)) = $8tnir) + A
 JF @) = 50t + AJF @) - 977 4 4 3.7)
(F@ltni1)) = S Pt ) @) = 5@ + A= JF(@ltn)) = $62(tni) + A)

VF@ (b)) = $82t0s1) + A JF (@) = $(87)7 + A

. V@) = $@" + AGF@(0e1) = S $lti) = F@7) + S 9™)

VF@i) = $62t) + A\JF @) = S(m)2 + A

< (C1 +SCo)(|f(EDI+ SCo) Ci(lf"E)l+S)
B (A—d)? A—d,

<|

|¢(tm+l) - ¢m| + |¢(tm+l) - ¢m|,

where & = ;0™ + (1 — a)¢(t,41) Withi = 1,2 and o, € [0, 1]. Note that (3.5) can ensure &, and &,
are both uniformed bounded, hence, there exist a constant C such that (3.6) is valid.

We next derive the error estimates by mathematical induction. To this end we introduce

G* = max||¢(0)||;= + 1. (3.8)
1€[0,T]
For notational convenience, we set € = M = 1. The following result on the uniform boundedness of
@™ for scheme (2.18)—(2.21) will be needed.

Lemma 3.2. Assume that (i) for x € (—00, ), F(x)— %x2+A > A—d, > 0; (ii) F(x) € C*(=00, 00); (iii)
the exact solution of (2.11)—(2.14) satisfies the regularity condition (2.33). Then there exists a constant
70 > 0 such that, if the time step ot < 1, the numerical solution {¢’”}Z _o of (2.18)—~(2.21) satisfies

||¢l,n||l4DO S G*’m = 0’1’2""’N' (3-9)

Proof. We proceed by mathematical induction. For the first step m = 0, the bound ||¢°||;~ < G* holds
by the definition of G*. Assume that for m with 0 < m < N — 1 we have ||¢"||;~ < G*. We will show
that ||¢"*!||;~ < G* also holds.
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By subtracting the time-discrete scheme (2.18)—(2.21) from the continuous system (2.11)—(2.14) at

tue1, WE Obtain

egH'l egl +Rm+1 — A€m+1,

ot
eyt = LILy + ey + S €™ + Bty )Wt )V (b)) — B" WV,
er‘f/H'l —€$ m+1 1 m+1yyym g%
T + R2 = EB(tm+1)W(tm+1)¢t(tm+l) - EB 4 ¢t )

1
S8 "B LR = (Wt )V (), bitmsr)) — S (WY g = g
FWPGE VY = (Wt ) biltsr), VEmsr))-

Taking the L2-inner products of (3.10)—(3.12) with w, v and ¢, respectively, we obtain

- e
(T’w) = (Ael! w) - (R, w),
(ezﬁl (LZ(LZ +7 )em+l V) + S(€m+], )
(B )W sV (t11) = B™ WV, ),
m+1 _ m
€V 1 1 m+1yxrym g x m+1
( 5 L @) = (EB(tm+1)W(tm+l)¢t(tm+l) - EB W5, o) — (R, ¢).

Then, by setting w = 25te’”+1 in (3.14), we obtain

2(6m+1 _ eg1’ eZHl) — 26I(Aez1+l’ €m+1) _ 25t(Rm+1 m+1)
= =26t||[Ve) ! |P — 260(RTH, €.
By setting w = 261L7(L5 + r*)e;*" in (3.14) again, we obtain
2(6’”” - ef;’,L%(L% + rz)eZ’”)
= 261(Aep ™! LI(L3 + r)el ™) = 260(RY LI(L3 + rP)el ™)
— 26t(A€m+l L2L2 m+l) + 26I(A€m+l L2 2 m+l) 25I(Rm+l LZ(LZ +r )em+l)
= = 26((L L,V LiL, Vel ™) = 2r°61(Ly Vel L Ve ™)
= 261(R LI(L5 + r)el ™)

= = 261|L Lo Vel P = 27 SH|Ly Ve P = 260(RY™, LY(LS + r)el ™).

By setting w = —26tAe);*! in (3.14), we obtain

—(eft! = e, 20et ) = “261(Ael ety + 261 R, Ael)
= =261l Ae) ! |17 + 261(RT, Ael .

By setting v = 26ze/*" in (3.15), we obtain

26t”€m+l” —26t(L2(L2 +r )em+l’ m+l) +26tS(€m+l, m+l)
+ 261(B(tys )W (b1 )V (ta1) = B" WV, "),

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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By setting v = —2L3(L3 + rz)(eg1+1 —e})) in (3.15), we get

2( m+1 LZ(L2 +r )(em+l _e:;l))
= —2(LY(L5 + eyt LIy + r)(ey ! — e)) = 28 (e, Li(L + r)(eyt! — €f))
= 2BUma )W (s )V (1) — B™ WV LY(LS + ) (e ™! — €}))
= —(ILI(L + ey P = ILTLS + ey + LIS + (e = eI (3.21)
= S(ILiLa€y ™ P = Ly Lo IP + Ly La(ely ™ — eI
+ P (ILie ™ P = Lyl + Ly (e = eIP))
= 2(Btns )Wt DV (te1) = B" WV, (L + 7)™ =€)
By setting v = —(2¢j*! - 2¢})) in (3.15), we get
m+1 m+1 m
—(ey™, 2e5" —2ey)
— —(L%(Lz +r )€¢+1 2€m+1 2€¢) _ S(egH—l 2em+l m)
= (Blts )Wty )V (b1) = B™ ' WV, 265! = 2671
— (L%L%egﬁ'], 2elt;1+1 Zem) —r (LZ m+1 2 m+1 26’") S(egﬁl 2€m+1 263’1)

— (Bt D)W (e D)V (tpi1) — B’”“W’"V’" 26p*" - 2el) (3.22)
= —(ILi L€y P = 1L LaeIP + IL1 Lo(e) ™ — €I
— (1L 1P = L€yl + 1L (e ™! — eI
= Sleg P = lleg 1P + lley ™ = epli)

Bl Wit V) ~ B WV 2¢5* =23,

By setting v = 2A(ej*! — €}y in (3.15), we get

(™!, 20" — )
= (L3 + eyt 20y — e + S (e 2A(e) ! - €))
+ (Bltus )Wty )V (tr1) = B™ W™V, 20" — e)
= = 2L LVe) ! LiLV(e)t — ) — 2P (L Ve ™ LiV(e) ! - €)))
- 28 (Ve V(e - e)))

. . (3.23)
+ (Btns D)Wt )V (tmi1) = B W™V, Aley™ — €))
= — (IL1 Lo Ve P = 1L Lo VeI + 1L LV ey ™ — el
= P(IL Ve P = IL VeS| + 1L V(eyt — eI
= S(IVe; 1P = IVeyIP + V()™ = eI)
+ 2Bt DW (e 1)V (1) — Bm+1Wme A(em+l — € )
By setting ¢ = 46z¢/7*! in (3.16), we obtain
2 m+1 + m+1 my2
(e 1P = llePI” + ey — eyl (3.24)

_25t(B(tm+l)W(tm+l)¢t(tm+l) BmHWm(ﬁt, @H) 45I(Rm+l m+1,
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Multiplying (3.13) with 267¢'i*!, we obtain

len|* + et — el

= =26te™ - R+ 26te - (V(t)W (t11), Gi(tns))
_ 2erg+l . (Wmvrn’¢m+1 ¢ )+ 26t€m+l (Wm¢z*’ Vm+l)
= 26t€" " - (Wt $i(ts1), Vtms)).

Combining (3.17)—(3.25), we obtain

|em+1| _

(3.25)

ILiLaey P = Ly Lo P + Ly La(ely ™ — eI + rP(ILiel ™ 1P = 1Ly 1P + ILi(ey ™ = eI
+S(ley 1P = eI + lley ™ = €31
+ILI(L3 + ey P = ILI(LS + r)efIP + 1LY + ) (e ™! — el
+ S (L1 Lo ™ I = Ly o€y | + Ly La(ely ™ — eI
+ P (ILiey ™ 1P = ILi€y 1> + (IL1(ely — ) ™MIP))
+ ||IL1 Lo Ve P = IL Lo Ve | + 1L LoV ey ™ — el
+ P(IL Ve P = IL Ve IP + 1L V(es™ — el
+ SV P = IVep I + IV (e — eI
+2(ley 1P = eyl + ey — vl
+lef ™ P = lepl + lep ! — ehl? + 261Vel P + 261|L Ly Ve 1P
+ 261l | + 27 6tl|Ly Ve P + 2611 Ael |
== 200(R}™ el ™) = 260(RY LI(L3 + rP)el™h) — 4ot Ry eth) — 26t - RY!
+261(RT™, Al + 261(LY (L5 + r)ey ™ el + 2618 (et el
= 2(B(tms )W (ls )V (1) — B WV it — €y (- term 1)
— 2(B(tys ) )Wty )V (tyi1) — BT WTV™, L2(L2 + ) (e —e))) (:termIy)
+ 261(B(tye )W (1)) V (1) — B" ' WV, €l 1) - (- term I3)
+ 261(B(tms )W (s )pilmsr) — B"H W gF e
+20tey ™ - (WX, V' — 25tent! (W(tm+1)¢,(tm+1), V(tne1)) ( term Ly)
+261€5 ™" - (V(tma )W (ti1)s §i(tnet)) — 2€57 - (W"V™, 6" = ¢™)  (: term Is)
+ 2(B(tna )W (ls ) V1) — B"™ WV A€y = €)))). (: term 1)

(3.26)

We estimate the terms on the right-hand side of (3.26) as follows. Using the Cauchy-Schwarz
inequality, we obtain

= 261(RT el ) < SR + stllel P, 3.27)
= 261(R™, LI(L3 + r)et") < Sil|L(L3 + PR + stllel P, (3.28)
—45t(RYH, ety < SHIREHP + otllen |, (3.29)
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— 26t - Ry < otlel P + otl|RY P,
m+1 m+1 m+12 m+112
261R*, Ael*h) < SUIVRYP + 61l[Ve ™|,

261(Li(L5 + et ety < sl P + SIS + r)el |1,
and
26tS (eg”], emh < 6t||e;;’+1||2 + otllel 7.
We further estimate term I;. Note that
B(tys1)V (s )W (tpst) — B" ' VW™

= Blt1)(Vtms )W (1) = V'W") + €57 VW™
= Vi) Wlts) = W) + (V(tr) = VOW™ + e VW™,

and
B(ts)W (e ) (ti1) — B W}
= Blts) (Wt tmer) = W8] ) + €5+ W]
= (W(tmer) = WGi(tmer) + W B,(ts1) — 87) + €57 W7,
where
) - ;= Ryt Bre) =) _ P) ~ ) % _5 :Z“
— R4 G(tns1) — 2¢6(;m) + ¢(tm-1) + AL - RY,

where w = O(6t), which is consistent with the results in [30].
Using Lemma 3.1 and (3.34), the term I; can be estimated as

L] = [2( BV s YW ti1) = B VW™, 5 — e
= 26t‘(V(tm+1)(W(tm+1) = W)+ (V(tyer) = VW™ + 5™ VW™, Al - Ry

< SV e DIl W ) = W+ I Vi) = V7
L IV s I ) (1A I+ 1R 1)

1
S OH(IWtsr) = WP+ IV (ter) = VPIP + 1657 P+ Sl8€) 1P + IRTIP)
1
S e+ 119tner) = ¢"1P + SlIAC P + IRYIP)

1
< 61(58° + e ' P + lle | + gllAe,’f’“llz),

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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where ||V"||z, IW™|| 1=, |AV"| =, ||AW™||.~ are bounded since ||¢™||;~, ||A¢™||;~ are bounded.
Similarly, applying Lemma 3.1 together with (3.35) and (3.36), we obtain analogous bounds for |I,|,
[I3l, (L4, [Is], and [Lg|, as follows:

ol = [2(Blt )Wt )V i) = B WV, L33 + (e = e))|
= 261|(Bltns )W (ts )V 1) = B WV LS + (A = R
= 261|(LH(L2 + P (Bl )W e )V (ts1) = B WV™), A (3.38)
= (Bl W)V (ti) = B WV, (L3 + P)RY™)|

< ot(0f + ey + llefll + LIS + r)efll + < ||Ae;"“||2),

T3] = 268|( Bt )Wty )V tit) = B WV, 1)

= 25t(IIW(tm+1)—W'"||+IIV(tm+1) V’"||+|e’"”|) lle "l (3.39)

< 61(6r + ey I + leg ™' + lle "I,

L = [261( Bt )W (b)) = B WgF,e)

+ 28ty (W, V) = 26815 (WCts )Bti), Vi)

< 261 (W (@ti) = 87) + (Witwir) = W) tir) + € W7o, )
+ ey (Wrgr V) = e (W, Vitwen) + e (WgF, V()

= & (Wt ) t), V(b))

< 261 (W (@t) = 87) + (Wtwir) = W")tir) + €7 W77, €3
+ eyt (= (W, ey ) + (WgF = Wit )i(tnen), Vitn))|

<261 (W (@ti) = 87 + (Wltwr) = W), ")
+ e (W8 = Wty )Bltmn), Vo))

< S1((IW 16 Cter) = G711+ W tr) = WGt Dl e
+ |em+1|(||W'"||Lm||¢, Iz = IW Dl I8 o Dl IV i)

sar(6t2+ ZlACTIP + 1P + e 1P + e P),

(3.40)
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)

5] = [201€5™ (Wt )Vt 1(t21)) = 20157 (W v, S

‘25tem+1 W (l‘m+1)L (tm+1) - W m, ¢t(tm+l))
¢m+1 - ¢m ¢(lm+ ) - ¢(tm) ¢(tm+ ) - ¢(tm)
+ 1 _ 1 )|

+ 25t€%1+1(Wme, ¢t(tm+1) -

ot ot ot
= [261€ ™ (Wt )V (ts) = V) + (Wlter) = WV, $10))
e —¢ 3.41
+ 25t€rg+l(Wme,R’1n+l + ¢ 5t [ )| ( )

= 261} (Wt DV (ti1) = V) + (Wlter) = WOV, Gyt
+ 26ty (W"V™, Aj)

< 61l (IV ) = V7 + W) = W71+ 1A

< ot(68 + ey + lleyI? + < ||Ae'"+‘||)

Il = [2(Blws )Wt )V (tret) = B WV, A =€)
= 261|(AGB(t )WtV (1) = B WV™), At = Ry (3.42)
1
S 8t(0r +leg™' P + e + 5llAe™! ).
Substituting the estimates (3.27)—(3.33) and (3.37)—(3.42) into (3.26), we obtain

1Ly Loe P = Ly La€|P + |ILy Lo(ef ™ = eI
+ P (ILie ™ P = ILi€y 1l + Ly (e = eI
+ Sl 1P = llegIl + llel ™' — eyl
+ LIS + e P = LS + ey I + IILT(LS + rP)(el ™! — eI
+ S (L1 Loy ™ I = Ly o€y | + (|ILy Lo(ely ™ — eI
+ P2(ILi€y P = Li€p 1 + 1Ly (e) — e DI))
+ L Lo Ve P = L L Ve | + (IL Ly V(e ™ — eI
+ P (1L Ve P = IIL VeI + 1L V(e} ™! — eIP) (3.43)
+S(IVey P = IIVeyI” + IV () — eI
+2(le 1P = el + lley! — evli)
+lep P = lepl + lept! — ehl? +261|Vel P + 261|L1 Ly Ve 1P

+261llely P + 27 6Hl|Ly Ve 1P + srllAe P

12 2 2 12 1,2
< ot(lleg |17 + lleg | +||A€$|| + ey 1" + e
4
+ ||€”’+]||2 + —IIAe’"”IIZ + —||A6m||2

+ Ve + ||L2(L2 +r )e’"*‘ll +|ILI(L3 + r)eyIP) + ot
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After dropping some nonessential positive terms on the left-hand side, we obtain
L1 Loy ™ 1P = WL Loef P + r*(ILael ™ P = 1IL1ef 1) + S (e IIP = lleg 1)
+2(lley 1P = Nleyl) + ILTL3 + r)ef ™ P = IILT(LS + rP)ef 1P
+ S (1L Laey P = ILiLoef P + P (ILref P = L1 € 1)
+ 1L L Ve P = IL L Veg P + r* (1L Ve ™ IP = IL Ve |?)
+S(IVey 1P = IVeyI) + e P = le? + 26t|Ver ! |IP
+ 261 LoV e | + 26tllel P + 27 6tl|Ly Vel P + 2611 Ae P

<5t(|le’"+lll +llegl? + IAe I + Ny I1P + le ™' 1P + llel I

(3.44)

m 1 m m m
+ —||A€,1+1||2 + —||A€,1 P+ IVl P + ILT(LS + r)ey ™I
+ LS + ey I1P) + or.
After collecting some terms and adding 67(||L Lo || + ||Lleg”1||2 + ||L1L2Ve'$Jrl I” + ||L1Ve$“||2 +

IIVeg’Jrl |I?) to the right-hand side, we obtain

(S + DL Loy = I Laef 1P + r*(ILief ™ IP = L1 1))
+Slle ™ IP = (S + Dllegl? + ILT(L; + r*)ey ™ P = 21ILY(L; + ey

+ 1L Lo Ve |P = L Lo VeyIP + (1L Ve P = 1L Vey 1)

+S(IVey 1P = VeI

+2(lley P = lleyIP) + e 1P = legl® + ol Vep ™|

+ 260\ Ly LoV e 1P + otlle | (3.45)

+ 27801, Ve | + srllae I + g(IIAeZ'“IIZ — lIAezIP)
< ot(lley™ I + lley™ P + ley ™ P + LS + ey |2
+ |\Li Lo ™ 1P + [|ILyef P + [IL Lo Ve P + (1L Ve |2
+ Ve II?) + ot
Summing the above equation over m = 1,--- ,n, we arrive at

(S + DILiLael™ [P + (S + DrILiel 1P + Slleh™ 1P + 1L (L3 + el P
+ L Lo Ve P + PIL Vel P + SIIVes 1P + 21l | + e P
- 5t2 (Ve 1P + IIL Lo Vel 1P + el 1P + 1L Vel | + (| A" )
m=1

(3.46)
<5tz ||€'"+1 + ey 1P + et P+ LTS + ey P + 1Ly Laey P

+ ||L1€¢+1||2 + 1L Lo Ve, P + 1L Ve, P + (1Ve 1P )
2 112
£ 6P+ §||Ae#|| .

Electronic Research Archive Volume 34, Issue 5, 3223-3250.



3241

Adding 61(||Ve,|I* +|ILi L, Ve, |I* + |le,|I* + 1L Ve, ][> + [|Ae}|*) to both sides of the above inequality yields
(S + DILiLaey ' IP + (S + DAL 1P + Sl 1P + ILTLS + et
+ L1 L Ve 1P + PIL Ve P + SIVe P + 2llel ! 1P + e

n
+ f”Z (Ve 1P + NLy Lo Vel P + lle ! P + 1Ly Vel I + [l aei!|12)

(3.47)
< 61_2 |em+l | + ||€m+1|| + |em+l| + ||L2(L2 +r )em+l||

112 112 112 112 1
F L Lo P+ Ly P + 1Ly L Ve ) +||LIVeg“ P+ Ve

+ S1(IVellP + 1L LaVe I + lle I + 1L Vel I + §||Ae,£||2) + 68,
For the first step (n = 0), we obtain a similar result as
(S + DILiLaeyl” + (S + Dr|ILiey | + Sllegll” + ILT(L3 + eyl
+ 2lley|l” + 1L Lo Vey|l” + rPILy Vey|l” + S[IVeyl* + legl®
+ 6t(IVeyl* + 1L Lo Ve P + llell” + 1L Ve, P + [lAe, )
< 6108 + |leyII* + legl).

(3.48)

To obtain a uniform bound for ¢', we split the above estimate into two parts: there exist constants
C, and C5 such that

(S + DIL Loeyl? + (S + DAL eyl + Sllebl? + IL3(L2 + el .49
+ L1 LaVeylP + rlIL Vey||* + S[IVeyll” < Cor,
and
IVe I + 1L Ly Vel P + llellP + IL; VellP + lAellP < C61. (3.50)
Then
16! 1z~ < lleblle + (D
< CalleI, llebliZ, + gl (3.51)
< Ca N6t + [tz
)3 it holds that

If Co VG012 < 1, ie., ot < (g

'l < 1+ llg(e)ll~ < G™. (3.52)
Combining (3.47) with the estimate (3.50) and applying the discrete Gronwall inequality, we obtain

that there exists positive constants Cy4, Cs, independent of 6¢, such that, when 6r < C4, we have
p p
(S + DILiLael ' IP + (S + DAL 1P + Sl P + LTS + et
+ L Lo Ve P + PIL Ve, P + SIVes P + 20l P + e P

+ 6tz (Ve P + Ly Lo Vel 1P + llep ' IP + 1Ly Ve |2 + [ Al )

m=0

< Cs67°.
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Hence, we have

1 1
1™ 1z < e oo + (o)l
1 1
1112 112
< Calley™ 12,015 17, + el

< Co VCs6t + l(tas )l (3.54)

If Co VCs6t < 1,1.e., 0t < Cgl\@, we can get

6" Ml < 1+ 1l¢(tus)ll> < G (3.55)

}, we get the conclusion.

2
By choosing 6t < 79 = min {C2, (ﬁy , Cy, CQ+@

Theorem 3.1. Under the assumptions of Lemma 3.2, the following temporal error estimate holds:
16as1) = ¢" M7 + IV (Ear) = VP +1B(trr) = B™'P < 67,
H

Proof. Given that ||¢"||;~ < G* is satisfied for all n = 0,---,T /6t — 1 the conclusion of the theorem
follows directly by applying the procedure outlined in Lemma 3.2.

4. Numerical examples

Following the theoretical results given in the previous section, we now present a set of numerical
examples to verify the predicted temporal accuracy, confirm the discrete energy-dissipation property,
and illustrate the performance of the proposed scheme for two- and three-dimensional crystallization
problems. All simulations are carried out on periodic domains of the form [0, L]¢ (with d = 2,3).
We use a Fourier spectral method for spatial discretization. In Fourier space, the constant-coefficient
elliptic operators become diagonal, so the linear systems at each time step can be solved efficiently by
direct division for each Fourier mode. In the tests below, the spatial mesh is chosen fine enough so that
the temporal error dominates, unless stated otherwise.

4.1. Temporal accuracy tests

We first consider a manufactured-solution test on a two-dimensional domain and set the model
parameters as
L=1,S=1,M=1,A=1,e=05,9 = \/i,r =3,1=0.001,

(we refer the parameters settings to [22, 30].) To assess the temporal accuracy, we prescribe the
exact solution
@d(x, t) = sin(mrx) cos(my) cos(?),

and add a suitable forcing term so that ¢ solves the modified PFC-FCC system exactly. The auxiliary
variables V and B are then defined consistently from ¢ via (2.8)—(2.10). In this test, we fix the spatial
mesh and vary only the time step 6¢, so that the observed errors mainly reflect the temporal accuracy
of the scheme.
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The errors are measured at 7 = 1 by comparing the numerical solutions of ¢, V , and B with their
corresponding exact values. Figure 1 shows the L? errors of ¢ and V, together with the absolute error
of B from its exact value 1, in a log-log plot as functions of the time step. All three variables exhibit a
first-order decay with respect to 6t, which agrees with the theoretical analysis.

107 HA ¢
-0-V
—%-B
ref-1st order

error

ot

Figure 1. L? errors of ¢ and V and absolute error of B, illustrating first-order temporal
convergence.

4.2. Sensitivity analysis

To investigate the sensitivity of the problem with respect to key parameters, we perform a sensitivity
analysis based on Section 4.1 and the control variable method. Figure 2(a) shows the L? errors of ¢ for
different values of M = 1, 10,40 with S = 1 fixed. Figure 2(b) presents the L? errors of ¢ for different
values of § =1, 10,40 with M =1 fixed.

=/ EIEQ —1st, M =1

-{- FIEQ — 1st,M =10
——EIEQ — 1st, M = 40
ref-1st order

- EIEQ —1st,S =1

10-1 L —Q- EIEQ — 1st,S =10
——FEIEQ — 1st,S =40
ref-1st order

-

107

102t

error
error

103

10

(a) For the parameter M. (b) For the parameter S.

Figure 2. Sensitivity analysis of (2.18)—(2.21) with respect to different values of M and S.
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4.3. 2D Phase transition

When a molten metal cools and solidifies, its atoms rearrange from a disordered liquid-like state
to ordered crystalline patterns. Different crystal packings, such as BCC and FCC, may nucleate and
compete during this process, and the mixture of these structures and the finally selected dominant
phase have a strong impact on the material’s mechanical properties. In particular, controlling whether
a material solidifies predominantly in a BCC or FCC structure is closely related to tuning its strength,
ductility, and resistance to deformation in alloy design. To mimic this kind of solidification and to show
that our scheme can resolve the associated microstructure formation and phase selection, we perform
a two-dimensional simulation of the PFC-FCC model.

The computational domain is Q = [0,256]? with spatial mesh size & = 1 and time step 6t = 0.1. As
an initial condition, we choose

@li=o = ¢o + 0.01rand(x, y), “4.1)

where rand(x,y) denotes a random number uniformly distributed in [0, 1] at each grid point. This
corresponds to an almost homogeneous state with small-amplitude random fluctuations. Physically,
one may think of a liquid or weakly ordered solid that has just been quenched into a parameter regime
where the uniform state is unstable with respect to the formation of close-packed density waves. The
random perturbation plays the role of thermal noise: it seeds crystallization at many locations and in
many orientations, without imposing any preferred lattice structure by hand, so that the subsequent
BCC/FCC pattern selection is determined by the model dynamics.

For the parameter set € = 0.195 and ¢y = 0.23, the simulation exhibits a clear sequence of pattern-
formation stages, as illustrated in Figure 3. At ¢ = 20, the field ¢ is close to its noisy initial state
and only small, irregular fluctuations are visible. By r = 100, numerous small crystalline nuclei have
formed throughout the domain. At ¢ = 400, these nuclei have grown into larger clusters, and patches
with locally ordered structures begin to emerge. At intermediate times ¢t = 700 and ¢t = 1000, domains
with BCC-like packing and domains with nearly FCC ordering coexist and compete, and a complex
network of grain boundaries separates these regions. By # = 2000, most of the domain has rearranged
into a well-ordered close-packed pattern in which FCC ordering dominates, with only a few residual
defects and grain boundaries remaining.

The corresponding time evolution of the free-energy functional, plotted in Figure 4(a), shows a rapid
drop during the early nucleation and growth stages, followed by a slower decay associated with domain
coarsening and grain-boundary motion. Overall, the free energy decreases monotonically in time,
which agrees with the theoretical energy-dissipation property of the PFC-FCC model and is consistent
with other studies [9,22]. This example indicates that the proposed scheme can stably capture long-
time solidification dynamics and the competition between different close-packed structures without
introducing numerical artifacts.

Finally, Figure 4(b) demonstrates that the proposed scheme strictly preserves mass conservation and
maintains a monotonically non-increasing discrete energy. The computational cost for a single time
step on a 256 X 256 mesh is approximately 0.35 seconds, as the method decouples into solving several
independent constant-coefficient bi-Laplace equations.
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0.225

Figure 3. 2D phase transition: Snapshots of the phase-field variable ¢ at times
t = 20,100,400,700,1000, and 2000 with 6+ = 0.1. The color represents the local
density modulation, whose peaks indicate likely atomic positions. The images show
how an initially disordered, liquid-like state gradually develops crystalline nuclei, passes
through mixed BCC/FCC microstructures, and evolves into a configuration dominated by
FCC ordering.
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Figure 4. Time history of the normalized energy and mass.
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4.4. 3D Crystallization

When a supercooled liquid contains a small crystalline seed, the surrounding atoms may gradually
rearrange so that the crystal grows into the melt. The geometry, orientation, and final shape of such
growing crystallites are closely related to the material’s microstructure and hence to its macroscopic
properties. Three-dimensional simulations that resolve this process are therefore an important test for
any numerical method intended for PFC-type models. In particular, they enable us to check whether
the scheme can handle fully 3D close-packed structures, capture the growth of an embedded crystal,
and remain stable over long time intervals on relatively fine grids.
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120 120
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40 - 40
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0
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140 ~ 140 ~

120 - 120 4
100 ~ 100 4
80 80
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20 150 20 4

0~
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0~
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Figure 5. 3D crystallization of a micro-crystal: Snapshots of the phase-field variable ¢ at
representative times ¢ = 600, 800, 1200, and 6000 with 6t = 0.1. The three orthogonal
cut-planes visualize the internal density modulation. The images illustrate the growth of an
initially localized crystallite embedded in a supercooled liquid into a fully developed three-
dimensional structure with pronounced FCC ordering.

We therefore consider the three-dimensional crystallization of a single micro-crystal embedded in
a supercooled liquid background. The computational domain is taken as Q = [0, 10013, discretized
by 129 x 129 x 129 Fourier modes. The initial condition is chosen as a small crystallite surrounded by
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a nearly uniform liquid state,
d(x, 9,2, =0 = ¢ + G(cos(byy) cos(ax) + cos(b,z) cos(ax) + cos(byy) cos(bz) — 0.5 cos(bry)), (4.2)

where ¢o = —0.015, G = 0.15, a = 0.66, b; = 0.38, and b, = 0.46. This modulation represents a
localized region with FCC-like ordering embedded in a liquid-like background. The model parameters
aresetas M =1, g = \/E, r =0, and § = 2, corresponding to a regime in which FCC order is
energetically favored.

Figure 5 shows the numerical solution at several representative times. The three mutually
orthogonal cut-planes visualize the density modulation ¢ inside the bulk. At early times (r = 600),
the crystalline seed is relatively small and is surrounded by a nearly uniform liquid. As time evolves
to t = 800 and ¢ = 1200, the crystal grows outward in all directions, with the density peaks arranging
themselves into a 3D close-packed pattern. At later times (r = 6000), the crystallite has expanded into
a much larger region and develops a well-defined 3D structure with pronounced FCC ordering; the
internal layers and stacking sequence become visible in the cross-sections. This example demonstrates
that the proposed scheme can robustly simulate the growth of a three-dimensional FCC crystal from
a small seed, while resolving the detailed atomic-scale morphology and orientation of the resulting
microstructure, which is essential for applications to microstructure evolution in metallic and soft-
matter systems. In practice, such “virtual solidification experiments” can be used as a cheap numerical
testbed to explore how changes in alloy parameters or cooling conditions affect the shape and internal
structure of growing crystals, and hence the strength and ductility of the final material.

5. Conclusions

In this work, we investigate a linear time-discretization scheme for solving the standard two-
mode phase-field crystal model describing FCC ordering. Within the EIEQ framework, we introduce
one auxiliary field and one scalar nonlocal variable to rewrite the original model into an equivalent
system that preserves an energy-dissipation law at the continuous level. On this basis, we design a
fully decoupled time-marching scheme that, at each time step, requires only the solution of constant-
coeflicient elliptic problems together with a scalar update. We prove unique solvability, unconditional
energy stability, and optimal first-order temporal error estimates under suitable regularity assumptions.
A key ingredient of the error analysis is a uniform L*-bound, obtained by combining the discrete
energy law with the structure of the quadratized free energy, which enables us to control the nonlinear
terms and close the Gronwall argument. Numerical tests confirm the theoretical convergence rate,
and 2D/3D simulations of FCC ordering and crystallization show monotone decay of the discrete free
energy as well as physically reasonable pattern-selection dynamics between BCC and FCC structures,
demonstrating robust and accurate behavior of the developed EIEQ scheme.

From a broader perspective, the proposed method can be viewed as efficient “numerical
laboratories” for studying long-time microstructure evolution in close-packed alloys. Future directions
include the design and analysis of higher-order EIEQ-based schemes (for example, second-order
BDF or Runge—Kautta variants), the derivation of fully discrete error estimates that incorporate spatial
discretization (e.g., Fourier spectral or finite element methods), and the extension of the framework to
multicomponent PFC-type models and more complex crystal symmetries.
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