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Abstract: This paper proposes a novel stochastic two-patch model that incorporates a Beverton—Holt-
type nonlinear birth rate and dispersal driven by an Ornstein—Uhlenbeck process. We first establish the
existence and uniqueness of a global positive solution, thereby ensuring the biological well-posedness
of the model. By constructing appropriate Lyapunov functions and applying 1t6’s formula, we further
demonstrate the existence of a stationary distribution, which characterizes the long-term statistical
behavior of the system. Sufficient conditions for population extinction are then derived, providing
criteria for predicting when the population is destined to disappear. We perform numerical simulations
using the Euler—Maruyama method to validate the main theoretical results. Finally, as an empirical
application, the stochastic model achieves a good fit to zooplankton data, confirming its practical validity
and offering important insights for mathematical ecology, as well as for species conservation, population
regulation, and resource management in fragmented habitats.
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1. Introduction

Habitat fragmentation is a primary driver of global biodiversity loss. As human activities increas-
ingly disrupt natural ecosystems, once-contiguous habitats are being subdivided into spatially isolated
patches of varying sizes [1]. This fragmentation elevates the risk of local population extinctions, posing a
serious threat to species’ long-term persistence and the stability of community structures. Consequently,
investigating the dynamics of populations in patchy environments—specifically, how species sustain
themselves through dispersal in fragmented landscapes—has become a central topic of shared interest
in mathematical ecology and conservation biology [1-3]. In particular, [1] provided a systematic review
of the effects of habitat fragmentation on populations and elucidated the patterns by which these effects
vary with the proportion of suitable habitat; [2] established a theoretical framework for aggregate
population ecology, laying the groundwork for research on discrete habitat models; [3] compared the


https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026142

3146

effects of diffusion on population size in discrete- and continuous-time settings for a two-patch model,
identified four response patterns, and deepened our quantitative understanding of diffusion effects.

At the local habitat scale, population dynamics are typically coregulated by multiple density-
dependent factors, including resource limitations, intraspecific competition, and the Allee effect. Al-
though traditional linear or constant birth rate assumptions facilitate theoretical analysis, they fall
short in reflecting how population birth rates respond to density changes in actual ecological processes.
Therefore, a nonlinear birth rate is more ecologically reasonable. As a key ecological process linking
spatially separated patches, dispersal serves as a fundamental strategy for species to cope with habi-
tat fragmentation, mitigate local environmental risks, and maintain the stability of metapopulations.
Individual movement between patches not only regulates local population sizes but also profoundly
influences the persistence and stability of the entire coupled system. As a result, research on population
dispersal models is receiving increasing attention from researchers.

In reality, the evolutionary process of populations in real-world environments is often disrupted by
various random factors such as temperature, atmospheric oxygen levels, humidity, and light exposure. As
May [4] noted, the environmental carrying capacity, intrinsic growth rate, and other system parameters
of a population inevitably undergo fluctuations due to environmental noise. Therefore, establishing
corresponding mathematical models using stochastic differential equations may represent a more
realistic approach. The Ornstein—Uhlenbeck process is a mean-reverting stochastic process, meaning
that random fluctuations oscillate around a long-term mean and gradually revert to that baseline level
over time. This characteristic closely aligns with ecological reality. It has been extensively studied
in the context of stochastic dynamical systems [5, 6]. For instance, Wei [5] analyzed the population
dynamics of a two-species Lotka—Volterra competition system by introducing an Ornstein—Uhlenbeck
process, and Nie [6] examined the dynamics of a stochastic epidemic model using a similar approach.
However, studies on two-patch models that incorporate Ornstein—Uhlenbeck processes remain scarce.
To address this gap, our paper constructs a two-patch single species population model driven by an
Ornstein—Uhlenbeck process and characterized by nonlinear birth rates and dispersal. It systematically
investigates and reveals the synergistic effects of these three factors on the model, thereby contributing
to the theoretical understanding of multiple complex interactions in stochastic two-patch systems. The
dynamic properties studied fall within the scope of classical research directions , and the findings provide
important theoretical references for understanding interspecific interaction mechanisms in ecology and
conservation biology.

The remainder of this paper is organized as follows. Section 2 describes the formulation of the
model. Section 3 establishes the existence and uniqueness of a global positive solution. Section 4
analyzes the existence of a stationary distribution for the system. Section 5 derives sufficient conditions
for population extinction. Section 6 clarifies numerical methods and theoretical justification. Section 7
presents numerical simulations to verify the theoretical results. Section 8 concludes the paper.

2. Model formulation

Population dispersal between patches significantly impacts the survival and development of popula-
tions. In recent years, researchers have increasingly focused on studying population dispersal models,
with substantial progress made in research on a two-patch single species population with dispersal
models [7,8]. In particular, [7] further examined source—sink population structure, elucidating the multi-
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faceted effects of asymmetric dispersal on population size, and establishing the principle that moderate
asymmetry promotes population survival, whereas extreme asymmetry tends to lead to extinction. [8]
proposed a two-patch single species population model with dispersal incorporating an additive Allee
effect, formulated as follows:

2.1)

dP(t) = [-(1 + D))P(t) + D,M()] dt,
dM(r) = [M(z) (1 — M(t) - -2 ) + D P(t) - DzM(t)] dr,

M(t)+a

where D; (D) is the dispersal rate from patch-1(2) to patch-2(1), m and a are Allee effect constants, and
P(t) and M(¥) represent the population densities of species in patch-1 and patch-2. Their research findings
indicate that additive Allee effect and the dispersal rate can lead to either the persistence or extinction of a
population. The total population density across both patches increases with higher values of @ and Dy, but
decreases with higher values of m and D,. This system exhibits a saddle-node bifurcation.

In ecology, it is well-recognized that the birth rate of a population is influenced by its density.
Numerous scholars have argued that incorporating a nonlinear birth rate offers a more realistic repre-
sentation of population dynamics than other models, and this topic has been the subject of extensive
research [9, 10]. Motivated by Model (2.1), we introduce a nonlinear birth rate for the population in
the first patch, formulated using the Beverton—Holt function. Specifically, the birth rate is given by
a/(A + P(t)), which captures the density-dependent regulation of reproduction, where the parameter a
denotes the birth rate of patch-1, and A modulates the strength of density dependence. This leads to the
following revised model:

A+P(1)

dP(t) = [ aPO_ p()P(t) — bPX(t) — D, P(f) + DzM(t)] dr, 02
dM(t) = [-d.(O)M(t) + D1 P(t) — D, M(1)] dt. '

Here, the interaction between the two patches manifests as bidirectional linear diffusion. Specifically,
individuals can migrate freely between the two patches at constant rates D; and D,.

Table 1. The meaning of parameters in system (2.2).

Parameter Description

a Birth rate of patch-1

A Density-dependent coeflicient of the nonlinear birth rate of patch-1 population
k Natural mortality rate of patch-1

d, Natural mortality rate of patch-2

b Intraspecific competition rate of patch-1

D, Dispersal rate from patch-1 to patch-2

D, Dispersal rate from patch-2 to patch-1

P(t) The number of population in patch-1 at time ¢

M(t) The number of population in patch-2 at time ¢

Model (2.2) is formulated as a system of ordinary differential equations, assuming all input variables
are deterministic functions of time and disregarding the influence of environmental disturbances on these
variables. To simulate parameters in a changing environment, two common methods are employed. One
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assumes that parameters are subject to perturbations from linear functions of Gaussian white noise. Here,
we assume that population birth rates or mortality rates are affected by linear white noise, expressed as
__ dB(1)
a(t) =a+ CL’T,

where a, which can be obtained by direct calculation, represents the average value of a over the long
term. B(¢) is the independent standard Brownian motion defined on a complete probability space
{Q, F ,{F}»0, P} with the o-filtration {F;};5¢ satisfying the usual conditions [11], and a denotes the
noise density of B(f). From a biological standpoint, this linear white noise is somewhat flawed. This
flaw has been mildly criticized by Zhang et al. [12] . Next, we will explain this unreasonable part from
both biological and mathematical perspectives. We assume that for any time interval [0, 7], {a(?)) is the
time average of a(f). According to direct calculation, we obtain

2
7

{a(t)) := lf a(s)ds = a +

where N(a, a*/f) is a one-dimensional Gaussian distribution. It is evident that the average state {(a(t))
on [0, 7] has a variance of @/t, which approaches infinity as + — 0*. This leads to an unreasonable
outcome where the stochastic fluctuation of the growth rate or mortality rate a(t) becomes very large for
a small time interval.

Therefore, we considered another alternative method to simulate random disturbances, namely
employing a mean-reverting Ornstein—Uhlenbeck process to model environmental fluctuations. We
assume that k() and d.(¢) satisfy the Ornstein—Uhlenbeck process; then, we have

dk(t) = [al(l_c - k(t))] dt + o dB,(8), dd.(t) = [az(J* - d*(t))] dt + o, dBy(?), (2.3)

where k and d, represent the average levels of k(¢) and d.(¢), respectively; o; (i = 1,2) are the intensities
of volatility; ; (i = 1, 2) are the speeds of reversion; and o7; and «; are all positive constants. B;(f) are
mutually independent standard Brownian motions on the complete probability space (Q, 7, {F;}is0, P).
Integrating Eq (2.3) over the interval [0, ¢] yields the following corresponding explicit solution:

t f
k(t) =k + (ko - l_c) e+ o f e GB,(s),d.(1) = d, + (d*o - J*) e + 0, f eI dB,(s),
0 0

where kK = k(0) and d° = d,(0) are the initial values of k(f) and d. (). Their expectations and variances are:

Elk(t)] =k + (K - k) e E[d.(0] = d. + (d° - d.) e™",
Var [k(t)] = o1(1 — e7*'")/2a, Var [d.(1)] = o5(1 — e7>")/2a,.

From the properties of Brownian motion, it is readily derived that o fot e~ 1=9dB, (s) follows
a normal distribution N(0, 03(1 — e*")/(2a)), and k(¢) follows a normal distribution N(k + (k° —
k)e™™!,o3(1 — 720" /(2a;)), where t — oo, k(7) follows a normal distribution N(k°, 0). Similarly, d*(7)
shares the same properties as k(t).

Therefore, within a certain time interval, the fluctuations of k(#) and d*(#) remain within a
relatively small range, consistent with the continuous disturbance characteristics of environmental
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noise. This indicates that employing the Ornstein—Uhlenbeck process to model random disturbances
is reasonable [13]. By combining Eqs (2.2) and (2.3) and setting g, (¢) = k(t) — k, g»(t) = d.(t) — d., we
thus obtain the following single species two-patch model with nonlinear birth rates and dispersal driven
by Ornstein—Uhlenbeck processes:

dP(t) = [ {80 — (q1(t) + k)P(t) = bPX(t) — Dy P(t) + DyM(1) | dt,
dM(#) = | ~(qa(t) + d)M(r) + D, P(t) - DyM(2) | dt,
dg(1) = —a1q:1()dt + 01dB1 (1),

dg2(?) = —a2q2(D)dt + 02d By (2).

(2.4)

3. Existence and uniqueness of the global solution

To investigate the long-term dynamic behavior of a single species two-patch model system, it is first
necessary to ensure that Model (2.4) possesses a unique global solution. Therefore, we will present the
existence and uniqueness theorem for the global solution of the Model (2.4).

Theorem 3.1. For any given initial value (P(0), M(0), ¢1(0), ¢2(0))" € R2 x R, when t > 0, the Model
(2.4) possesses a unique global solution, and this solution will exist with probability 1.

Proof. First, we verify that System (2.4) satisfies the local Lipschitz condition and linear growth
condition on R? x R%. By the classical existence and uniqueness theorem for stochastic differential
equations, there exists a unique local solution (P(t), M(¢), q,(t), g»(t)) defined on [0, 7,), where 7, is the
explosion time. It suffices to show that 7, = co.

Let n be sufficiently large such that P(0), M(0) € (¢™", "), and ¢,(0), g2(0) € (—n, n). Define the
stopping time

7, =inf{tr € [0,7,] : In P(¢) ¢ (—n,n) or In M(t) ¢ (—n,n) or q,(t) ¢ (—n,n) or q,(¢t) ¢ (—n,n)},

which is monotonically increasing as n — oo. Set 7, = lim,_,, 7,; then, 7, < 7,. We only need to
prove 7., = co. Suppose for contradiction that 7., < co; then, there exist 7 > 0 and € € (0, 1) such that
P{r., < T} > &. Thus, there exists an integer n; > n, such that

Plr,<T}>e, Vn2>=n,.

Define a C? function Vy(P, M, q., g») of the following form:

1 1
Vo(P,M,q1,q5)=P-1-InP+M~-1-1nM + Zq‘l‘ + Zq;*. (3.1)

Applying It6’s formula to Vj yields:
dVo = LVo(P. M, q1, q2)dt + qi01dBy (1) + q302d By(1),

where
aP

A+P

a

_ DM
—kP —qg,P - bP* -
o A+ P

LV, = 2

+k+q +bP+D; -

_ D,P - 3 3
—sz—d*M—ﬁ+D2+q2+d*—ozlq‘f—azq§+EO'%CﬁﬁLEU%Cl%-
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Applying Young’s inequality gives
2 5 1 5
—q1P < Plgi| < §P2 + §|611| :

Noting that ;M + d.M = d,M, we obtain

251 _ _
LVo< 2P kP+ZP 4 i —bP — —2 4k +q +bP + D, —2/DiDs — d.M — :M
A 3073 A+P
_ 3 3
+ Dy % o +d, — gy — gy + SNGL + 5050,
2 ] o 3.2
< sup [—bP2+—P3+EP—kP+bP—L—d*M+k+d*+D1+D2—2 5D, O
AR 30 A A+P

1 3 3
+ sup (—cxlq‘l1 + §|q1|3 + Eoqu +q — 01261‘21 + 50’%6]% +q, | <G,
(91,92)€R?

where G is a positive constant.
Integrating both sides of the inequality dVy < Gdr + qio1dB(f) + g302dBy(t) from 0 to 7, A T and
taking expectations, we get

E[Vo(P(ru AT), M(t, AT), qi(tu AT), q2(t0 A T))] < Vo(P(0), M(0), ¢1(0), g2(0)) + GT.

Let Q, = {r, < T}. Then, P(Q,) > &. Notice that for any w € Q,, there exists at least one component
touching the boundary, so

4
Vo(P(Ty, w), M(Ty, W), q1(Ty, ), g2(T,, w)) > £ min {e" —1-ne"-1+n, %} :

Taking expectations yields

4
E[1g,(w)Vo(P(Ty, w), M(T,, w), q1(Tn, ), ¢2(T,, w))] > € min {e” —1-n,e"=1+n, %} .

As n — oo, the right-hand side tends to infinity, whereas the left-hand side is bounded by
Vo(P(0), M(0), q1(0), g2(0)) + GT < oo, which leads to a contradiction. Therefore, 7., = co, which
implies 7, = oo.

Hence, Model (2.4) has a unique global solution for any initial value (P(0), M(0), g¢,1(0), g2(0)) €
R2 x R?, and this solution will exist with probability 1. m

4. Existence of a stationary distribution
The existence of a stationary distribution implies the long-term coexistence of the population. To
further investigate the survival of this system, the existence of a stationary distribution for Model (2.4)

will be discussed. Let X(f) denote a given homogeneous Markov process in RY. Consider the following
stochastic differential equation:

k
dX(t) = {X(@)dr + ) 9i(X(D)dBi(1), 4.1)
i=1
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Lemma 4.1. [14] Suppose the vectors {(X), }(X), ..., %(X) (t > ty, X € RY) are continuous functions
of X(t), which satisfy the following conditions:

(1) There exists a constant p such that

k k
IC(X1) = {(X)| + Z [9:(X1) = 9:/(Xo)l < plX1 = X5, [{(X)] + Z [3:(X)| < p(1 +|X]).

i=1 i=1

(2) If there exists a non-negative C? function U(x) C R? such that LU(x) < —1 holds outside a bounded
closed set, then the solution X(t) of Eq (4.1) is a stationary Markov process.

Because the rates of local processes (births, deaths, and intraspecific competition) are much faster
than spatial dispersal, the population rapidly reaches a transient equilibrium, effectively erasing historical
information. This forms the basis for the ecologically plausible Markovian nature of this model (see [15]
for details).

Theorem 4.1. If2 DD, — k—d.—o ] \ma; — o2/ \ra; > 0, then there exists a stationary distribution
n(-) for Model (2.4) in Ri x R2.

Proof. As noted in [16], Annotation 5 confirms that Theorem 3.1 holds, meaning that Condition (1) is
satisfied. Below, we will verify in three steps that Condition (2) is also satisfied.
Step 1. Define a C? function V(P, M, q1, ¢>) : R2 X R? — R as follows:

V(P,M,q1,q,) = V(P,M,q1,q) — V(Po, My, 10, ¢20) =

Vo(P, M, q1,q2) + V3(P, M, q1, q2) — V(Po, Mo, 410, G20),

where

1 1
Va(PM,q,qp) = €[-nP-nM - L - L) viP M g.g) =P+ M+ g+ -4

(03] an 4 4
O
Note that V(P, M, q1,q>) is continuous, and as (P, M, g1, g,)" approaches the boundary of R.,? x R2,

V(P,M, qi,q>) tends to oo, where V(Py, My, q10,g20) is the lower bound of V(P, M, g1, ¢,). Applying
1t6’s formula to V5,

a DIM
V,=¢|- -
L g[ A+P P
f(D1+D2—2 D1D2+I_c+47*+bP+2q1+2q2)s
— ¢+ & (P + Dy + D)) +£[2(q1 vV 0) + 2(q2 vV 0)],

_ DP
+k+bP——A2:I +d.+ D+ Dy +2(q +q2)| <

where @ = 2 VD, D, — k — d,, we recall the ergodicity of g; and ¢, from Section 5,

2 2 2
N ~qyE - o A (N o
: V0)wi(g)dg = — ¢ "idg= %) d = _ 4.2
I m(q Jwi(q)dg v N fo e o Wi (4.2)
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we then obtain

2 2 *
LVz§—§J)+.§-‘(bP+D1+D2)+§(2\;171+2\;272)+2§ (qlv0)—f (qVO)wl(q)dq]

+2¢&

(q2V0)— f (g V 0)wa(q)dg
> 4.3)
< —éw; +EBP + Dy + D) +2¢

(@1 v 0) - f (qv0>w1<q)dq]

+2&

2

(g2 v 0) f (g v O)wn(q) dg

where @, = 2VD,D, —k — d, — \/a%/(ﬂal) - \/0'%/(71&2) > 0. Then, applying It6’s formula and
Young’s inequality to V; gives

—P A -
LV; = [ ar (q1 + k)P — bP* _D1P+D2M] + [—(Q2 +a’*)M+D1P—D2M] —aiqt - g’

A+ P
+§22+§22<EP+| |P— kP — bP* —d.M — a,q} — TONEJE JE S Y Y
2‘]10'1 26120'2 = q1 . a1q; — axq, 2‘]10'1 2‘]20'2
2 1 - 3 3
< %P + §P% + §|611|3 — kP - bP* —d.M - a\q} — aarq; + Eq%of + Eqioﬁ.
4.4)
Reviewing Eqs (4.3) and (4.4), we derive
LV < —£@, + 01 +EBP + Dy + D) + 2| (q1 v 0) - f (¢ v 0w (g)dg| +
. _°°1 4.5)
261(q2 vV 0) - f (g vV O)wy(q)dg| — EbPZ - 501161411 - iazqé,
where
1 2 5 a - 1 1 1 3 3
= —=bP*+ ZP2 + —P — kP — —a\q} + =|q\]’ — zaaqhs + P 0% + =it .
O (RM’q]’S;;I;MXRz{ > 3 1 2“1611 3|611| 20’2‘]2 26110'1 2‘]20'2

Next, selecting a sufficiently large constant & > 0 such that —¢w; + Q; < -2, from Eq (4.5), we obtain

LV < —éwy + Q1 + P + Dy + D)) + 2£ +

(¢1 v 0) - f (g v O)wr(g)dg

1 1 1
2¢ — EbP2 -d.M - —alq}‘ - —ozchzL <

(g2 Vv 0) - f (g V 0)wy(g)dg 7 >

—2+&bBP+ Dy + Dy) +2¢ +

(g1 VO0)— f (g VvV 0)w,(g)dg

! ! ] (4.6)
- EbP2 —dM - —a\q} — ~args =

2
¢ 2 2

(g2 v 0) f (¢ v O)wn(g)dg

Fl(P’ M’ ql’qZ) + Zé:

(¢ vV O0) - f (gVv O)wl(q)dq] +

2

(g2 v 0) - f gV O)wz(q)dq] ,
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where

1 1 1
Fi=-2 +§(bP+ D, + Dz) - EbP2 —-d.M - Ealq? - Eazqg.

Step 2: Considering a closed set H,, the form
T 2 2,1 1 2 1 1
He ={(PM,q1,q2) €ERIXR | -2P2e, s 2M=¢e" g1l < -, lgal < - :=
e & e e
1 1] 1 1]
T X I B
g e g e

where H, = {(P, M,q1,q,)" € R2 xR? | é >P>eg, giz >M > 82} .Let & € (0, 1) be a sufficiently small
number, such that the following inequalities hold:

H, %

1

~24 b+ Q< -, 4.7)

—2+ 0 —a /4t < -1, (4.8)

-2+ 05— /et < -1, (4.9)
1

—2+Q2—Zb32§—1. (4.10)

Here, O, and Q3 will be determined in the subsequent proof. Decompose R? x R? \ H, into six subsets
Dfm. (i=1,...,6)as follows:

HS, ={P<e}, H,={M<&), H,={ql>1/s,
H, = {lgol > 1/e), Hey={P>1/g), Hc=(M>1/s).

Next, we verify that F(P, M, q;,¢,) < —1 holds in R2 x R? \ H, by considering six cases separately.
Case 1. If (P, M, g;) is located in the set defined by H, ), then one can obtain the corresponding results
by combining Eqs (4.6) and (4.7).
Fi(P,M,q,q) < -2+ 0y —d.M - —bP" — —a,q| — —a2q,
4 4 4
| 1 4.11)
$—2+Q2+Zbst—2+Q2+stzs—1.

where
1 1 1
0, = sup {g(bP + D, + Dy) — ~bP* — —a\q} — —azq;!} < 0.
(P’quth)TER%XRZ\HS 4 4 4
Case 2. If (P, M, g;) is located in the set defined by Hfz’s), consequently, from Eqs (4.6) and (4.7), we
can obtain the relevant result:
1

1 1
Fi(PM,q1,q2) < -2+ Qr—d.M — ZbPz - Zalq‘l‘ - Zazqg

) 4.12)
s—2+Q2—d*Ms—2+Q2+stzs—1.
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Case 3. For any (P, M, g;), which is located in the set defined in HY, , , according to Eqgs (4.6) and (4.8),

, &3)
we obtain . . |
Fi(P,M,q1,q5) £ -2+ Q03— prz - 4—‘0116141L - Zazqé
1 o 4.13)
4 1
S—2+Q3—Za1q1 < _2+Q3_4_84 < _1,
where
0; = sup EWBP + Dy + Dy)—d.M — —bP" — —a1q; — —a2q, ¢ < .
(P.M,q1,q2) T €RIXR?\H, 4 4 4
Case 4. In the event that (P, M, g;) is situated within the set defined by H&’s), the associated findings can
be calculated by Eqs (4.6) and (4.9).
Fi(P,M,q1,q>) £ -2+ Q03— —bP" — —a1q| — ca2q,
. 4 . 4 4 (4.14)
4 2
S—2+Q3—Za2q2§—2+Q3—@ <-1.
Case 5. If (P, M, g;) is situated within the set defined by Hfs,g), it follows from Eqs (4.6) and (4.10).
Fi(P,M Y<-2+0 le2 Lot = Langt < 2+Q b oo (4.15)
b 9 b = = - - _a - _a = =TT, = . M
1 q1,9>2 277 it AL 27 12

Case 6. If (P, M, g;) lies within the set demarcated by H, ¢ , the relevant conclusion is deduced through
Eqs (4.6) and (4.7).

1 1 1

ZbPQ - Zalq‘f - Z“z‘fzt

| (4.16)
<-2+0,-dM< —2+Q2+st2 <-l

Fl(PaMaql’qZ) < _2+Q2_d*M_

Based on the above six scenarios, it follows that for any(P, M, q,,q>)" € Ri x R? \ H,, there exists a
sufficiently small & such that

Fi(P,M,q,9,) < —1. 4.17)
Let
1, 1 g 1 4
G, = sup -2+ S(bP + D+ Dz) - EbP - Ealql - Eazqz . (418)
(P,M.q1,q2)eR2 xR?
so that we can obtain
Fi(P,M,q1,q) < Gy < +00, Y(P,M,q1,¢>)" € R% xR (4.19)

Reviewing Eq (4.6) yields

LV < Fi(P,M,q1,q2) +2&[(q1 vV 0) - f (g V 0)wi(q)dg] +2£(q2 vV 0) - f (g V 0)wz(q)dg. (4.20)
Step 3: Existence
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For any initial value (P(0), M(0), q1(0), g2(0))" € Ri x R? and the interval [0, 7], applying Itd’s
formula and expectation to V(P, M, g1, g,) results in

0 < EV(P(®), M(®), q1(1), 2(1)) _ EV(P(0), M(O),qn(O),qz(O))Jr
B t t

L EV(P(0), M(0), ¢,(0), ¢>(0
7 fo BLV(P@), M(2), 41(0), a(o)r < — O O

4.21)
+

1 A 1 ! 00
: fo E(F«P(r),M<r>,q](r>,q2<r>>>dr+2515[; fo (@(7) v 0)dr f (g v O (9)dg

1 (" «
2%E [; [ @mvour- [ qv 0)0)2(61)(1‘]] .
0 —00
Then, using the ergodicity and the strong law of large numbers for ¢;(¢) (i = 1,2), we obtain

Iim E

t—+00

1 t 00 00 00

+ [a@vou- [ qv O)a)i(q)dq] -E [ [ qwxq)dq] - [ qwtarg=0as. @2
0 —o0 0 0

As t — +oo, taking the lower limit on both sides of Eq (4.21) and combining it with Eq (4.22) yields

0 < liminf =V PO, M(0),4:0), ¢ O0) | (oo T f E[F,(P(t), M(7), (), g2(7))] dr+
0

t—+0c0 t t—+c0

1 [ *
lim {2§E [; f (g1(7) v 0)dr — f (g vV O)wi(g)dg
0 —0c0

+

t—+00

- i (4.23)
25]5[; fo (g2(1) v 0)dr — I (qVO)wz(Q)dQ]}:

lim inf l f E[F1(P(1), M(7), q1(1), g2(7))] d7 a.s.
0

t—>+00 f

Subsequently, combining Eqgs (4.19) and (4.20) gives

1 A
liminf — fo E (F1(P(t), M(7), q1(7), q2(7))) dr =

t—+o0

e A
liminf — f E[Fi(P(1), M(1), 1 (1), @2(T)] Lipe) M2).q1 (0,900, AT+
0

t—+o00

e e
lim inf — f E[Fi(P(7), M(7), q1(7), q2(7))] 1{(P(T),M(T),ql(r),qz(r))e(RixW\Hg)}dT < (4.24)
0

t—+00 [

t—+00 t f—+co |

e A e A
G liminf — f Lipo, M(r).q1 (0.0 (0er 1 dT — lim inf — f Lip(o), Mo (m0gn0e@2 xe\E, AT <
0 0
1 !
-1+ (G + 1)liminf — f Lipoy, M(.g1(),g0(1)em AT
t—+o00 [ 0

From Eqgs (4.23) and (4.24), we obtain

S e
lim inf ; f 1{(P(T),M(T),(ﬂ(T),qz(T))EHg}dT > > 0 a.s. (425)
0

t—+00

G1+1
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According to the definition of probabilistic events and Fatou’s lemma [17], Eq (4.25) is equivalent to

> 0 a.s., (4.26)

t—+00 t G +1
where P(t, P, M, q1, g2, H,) is the transition probability of (P(¢), M(t), q:(1), ¢»(t)) belonging to set H,.
In summary, Condition (2) holds. Combined with Lemma 4.1, it follows that Model (2.4) has at least

one stationary distribution on R, % x R2.

lim inflf P(z, P(1), M(7), q1(7), ¢2(7), H,) dt >
0

Remark 4.1. Theorem 4.1 reveals the critical conditions under which a population reaches a stationary
distribution, offering important ecological insights. Analysis shows that as the patch connectivity
parameters Dy and D, increase, 2\/D\D; — k — d, — o1 \Jma| — 02/ \Jma; > 0, becomes easier to
satisfy; the ecological implications of this result are consistent with the conclusion of Theorem 5.1.

Remark 4.2. To further analyze the impact of environmental fluctuations on species survival, the
results show that when the intensity of environmental disturbances (o;,i = 1,2) decreases or the rate of
environmental recovery (a;,i = 1,2) increases, condition 2D Dy —k—d,.— o | \JAa; =02/ \Jma; > 0, is
more easily satisfied, indicating that the population is more likely to converge to a stationary distribution.
This quantitative relationship reveals, from the opposite perspective, the adverse effects of environmental
fluctuations on species survival: Increase in disturbances weaken a population’s ability to cope with
environmental pressures, thereby raising the risk of local extinction. Therefore, in conservation practice,
in addition to improving habitat quality and connectivity between habitat patches, efforts should also
focus on enhancing the system’s capacity to buffer against environmental fluctuations—for example,
through measures such as maintaining habitat heterogeneity and reducing human disturbance—in order
to increase populations’ resilience to disturbances and their long-term survival probability.

5. Extinction

Theorem 5.1. For any given initial value (P(0), M(0), ¢1(0), ¢2(0))T € R2 x R?, if
o o) o o
2y 2 W} " Vaa | Vo
then both P and M will become extinct, where r = max{a/A, D,}, u = min{k, d.}.

Proof. Define Vi(P,M,q1,q2) = In(P + M) + ¢1¢3/(2ay) + c2q3/(2a2). Applying 1t6’s formula to
Vi(P, M, q1, q2) yields,

<0 a.s.,

H:r—,u+max{

A — (k+q1)P — bP* — D\P + D;M — (d. + g¢:)M + D\P - D;M
av, = [ Sy 1dr
ci10°2 CrO2
+ 2+ 224t — 1Pt — ergpdt + 4B (1) + 2222 4B,
2a 0%} ai 0%
&p+ D-M—-kP—-d.M — q,P— g-M c10°2 Cr02
<[4 2 D27 P g 2024, 4 Q9 g )+ 27224 (4
P+M 2a 2a, 03} (0%
7P + M) — u(P + M) + max{(~=q; V 0), (=q> V O)}(P + M)
<[ |dt
P+ M
C 0'2 C 0'2
g 22, Q9 g oy 28292 B (),
2a 102 g 10%)

5.1
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where r = max{a/A, D,}, u = min{k,d.,}. Next, we review the last two equations of Model (2.4):
dg;(t) = —a;q;dt + o dB(t) (i = 1,2). As t — o0, g; is ergodic [18]. Similar to the proof method in [19],
q; will weakly converge to the invariant density function

a; —Zig?
vai T geRi=1,2).
Vro

Combining the ergodic theorem [18], we have
00 ] qu 00 - \2 2
— al % f _ Va@iq al f
f (=q: V O)wi(q)dq = f ﬂe o dg = g f e ( 7i ) d( \/_q) — . (5.2)
oo w0 Ao 2\ma; Jo o 2 \ra;

Let ¢; = V2a/0,c; = V2a,/0,. Integrating both sides of Eq (5.1) simultaneously over [0, t] and
dividing by ¢ ,we have

wi(q) =

"2
Vi(P(), M(2), q1(2), g2(1))]t < V1(P(0), M(0), g1(0), g2(0))/t + \72171 +( fo \%ld&(s»m

Pep fo %d&(@)/x +( fo max(~qi(s) v 0, ~qa(s) v 0)ds)/1.

Combining In(P + M) < V(P, M, q, q>) and the strong law of large numbers, we know

" V2 " V2
,EEIOIO(L \/\/;_qlldBl(s)) /t=0, IEEI:O(L \/\/;_q;de(s)) /t=0.

As t — +oo, taking the upper limit on both sides of Eq (5.3) gives

(5.3)

) In(P+ M) . In(P+ M) + clq%/2a1 + czqg/Zaz
lim sup ——— < lim sup <
—+00 t —+00 t
max { f (—q V 0w (g)dg, f (—qV 0)w2<q>dq} bropt—y T2 -
—oo —oo 20{1 2(1’2
+ { il o2 } + g + 72 <0
r— max , .
K 2VEa 2vRa | NPar Vi

Thus, lim,_, .., P(¢) = 0 and lim,_, ., M(#) = 0 hold almost everywhere. Consequently, both P and M
will become extinct.

Remark 5.1. Theorem 5.1 reveals the essential conditions for the continued survival of a population and
offers important ecological implications. The analysis indicates that an increase in either the intrinsic
growth potential (a/A) or the degree of patch connectivity (D,) reduces the likelihood that condition
H < 0 will be met, thereby lowering the population’s risk of extinction. Therefore, conservation
strategies should focus on two primary aspects: First, enhance the population’s intrinsic growth
capacity by improving habitat quality and increasing resource availability to boost the parameter a/A.
Second, enhance connectivity between patches—for example, by establishing ecological corridors—to
increase the D, parameter, thereby promoting individual migration and gene flow and enhancing
population stability.

O
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6. Numerical methods and theoretical justification

As numerical simulation has become a standard method for verifying theoretical results, related
advanced algorithms have also developed rapidly [20]. The stochastic differential equation model
studied in this paper strictly satisfies the global Lipschitz condition and the linear growth constraint
in Lemma 4.1, and meets the corresponding Lyapunov-type stability conditions. This model structure
provides a comprehensive theoretical foundation for the standard Euler—Maruyama numerical method.
First, the global Lipschitz continuity and linear growth properties of the drift and diffusion terms form
the core prerequisites for the strong convergence of the classical Euler—Maruyama method, ensuring
that the numerical solution converges strongly to the true solution at a rate of order 1/2 as the step size
approaches zero. Second, Lyapunov-type conditions ensure that the moments of the stochastic process
are bounded and that the process is path-stable, effectively avoiding the divergence or blow-up issues
that may arise during long-term iterations in numerical simulations [21]. Compared to complex formats
such as truncated EM [22], which are designed to address superlinear coefficients, the standard EM
method not only offers a more concise and computationally efficient approach in the context of this
system, but also benefits from a more mature and comprehensive theory of convergence and stability.
Therefore, selecting the standard EM method for numerical simulation—which combines theoretical
rigor with computational practicality—is a reasonable and reliable technical approach for verifying the
theory derived in this paper.

All numerical simulation results are directly generated using the Euler—Maruyama method. By
applying the Euler—Maruyama method , we derive the discretized form of Model (2.4) as follows:

q{“ = q{ - alq{At + 0 \/A_twj,

@ = q) — gy At + oy VALE,

Pi*l = Pi+ |25 — (q] + k) P/ = b(P') = D\ P! + D,M?| At,
M = MJ + [~ (g} +d.) M’ + D\PI — D,MY| At,

6.1)

Where At > 0 represents the time increment; w;, &; are independent stochastic variables following
the standard Gaussian distribution N(0, 1); (q{ , qé, P’, M/) corresponds to the values obtained at the
jth iteration; and the non-negativity constraint is set as P/*! = max(P/*!,0), M/*! = max(M’/*!,0)
to ensure biological rationality. We will use different combinations of the biological parameters in
Tables 2 and 3 for simulation.

Example 6.1. Set the initial values for Model (2.4) as P(0) = 1.0, M(0) = 0.5, ¢;(0) = 0, and
q>(0) = 0. Select the combination (A;)—(Aj) as the parameter values for Model (2.4), and perform
numerical simulations using R to obtain Figure 1. The results of the numerical simulations indicate
that the stochastic two-patch system (2.4) has a global solution, thereby verifying Theorem 3.1. The
red and blue lines in Figure 1 represent the trends of P(f) and M(¢), respectively, whose mortality rates
are subject to disturbances from an Ornstein—Uhlenbeck process. These results further confirm the
conclusion of Theorem 3.1.

Example 6.2. In Figure 2, the 100 simulation paths are displayed as gray lines, and the green solid
line represents their average trajectory. It is observable that varying coeflicient combinations result in
distinct solutions, and each solution exists uniquely. This confirms the conclusion of Theorem 3.1 .
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Example 6.3. Set the initial values for Model (2.4) as P(0) = 1.0, M(0) = 0.5, ¢;(0) = 0, and
q>(0) = 0. Select combination (Ay) as the parameter values for Model (2.4), and perform a numerical
simulation using R to obtain Figure 3. The four figures in Figure 3 show the histograms of the
solutions for P(t), M(t), q:(t), and g,(¢), respectively. Numerical simulation results indicate that when
2VD\D;,—k—-d.— 0o/ \ra; — o2/ \Jma; > 0, P(t) and M(t) approximately follow a normal distribution,
that is, Model (2.4) has a stationary distribution , and Theorem 4.1 holds.

As can be seen in Figure 3, the frequency distributions of the populations P(f) and M(t) exhibit
a peak in the middle and tails that taper off at both ends, approximating a normal distribution.
Biologically speaking, this indicates the long-term trend in the species dispersal systems of the two
patches, suggesting that P(f) and M(t) can persist. In other words, assuming Lemma 4.1 holds and
that 2D D, — k — d. — o1/ \ma; — 02/ \/ma; > 0, the two populations will continue to grow and
eventually reach a stationary state. This result confirms the conclusion of Theorem 4.1.
Example 6.4. In Figure 4, the 100 simulation paths are displayed as gray lines, and the green solid line
represents their average trajectory. This confirms the conclusion of Theorem 4.1 .
Example 6.5. Set the initial values for Model (2.4) to P(0) = 1.0, M@O) = 0.5,
q1(0) = 0, and ¢,(0) = 0. Select combination (As) as the parameter values for Model
(2.4), and perform a numerical simulation using R to obtain Figure 5. Upon calculation,
H = r - p+ max {0 /(2 yaa), o2/ 2 Fao)| + o1/ V2ay + 02/ V2a;y = —0.0043 < 0. According to
Theorem 5.1, the populations P(#) and M(¢) will tend toward extinction. The first figure in Figure 5
shows that the population P(f) goes extinct at ¢t = 20 , and the population M(¢) goes extinct at ¢ = 26;
this result confirms the conclusion of Theorem 5.1.

7. Numerical simulations

Table 2. List of biological parameters in the two-patch system.

Parameter Description

@) Reversion speed of g;(¢)

s Reversion speed of g;(f)

o Intensity of volatility of q,(f)

o Intensity of volatility of g, ()

a Birth rate of patch-1

A Density-dependent coefficient of the nonlinear birth rate of patch-1 population

k Average natural mortality rate of patch-1
d, Average natural mortality rate of patch-2
b Intraspecific competition rate of patch-1
D, Dispersal rate from patch-1 to patch-2
D, Dispersal rate from patch-2 to patch-1
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Table 3. Several combinations of biological parameters of the two-patch system.

Combinations Value

(A a1 =12,a,=2,k=05,d.=06, oy =0.05, 0 =0.05, a=3.0, A=20, b=1, D; =0.05, D =0.1

(A2) ) =151, ap =161, k=046, d, =0.22, 0y =0.05, 02 =0.05, a=1.0, A=05,b=1, D; =0.15, D, =0.3

(A3) @ =2,a,=12,k=01,d.=03,01=0.1,02,=0.1,a=10, A=05, b=1, D; =0.05, D, =0.1

(Asg) @1 =21,a,=21,k=03,d.=02, 01 =05, 02=0.1,a=20, A=1.0, b=0.1, D; =0.5, D, = 0.51

(As) @) = 2.885, ap = 3.6165, k = 0.25, d. = 0.155, o = 0.0025, 05 = 0.268, a = 1.0, A =20, b=0.1, D; = 1.0, D, = 0.05

Based on the biological significance of the parameters in Table 2 and the actual ecological data
set [23], we select zooplankton as an example. First,we determined the value ranges for each system
parameter of (2.4). For example, the values of fluctuation intensity o, (i = 1, 2) fall within [0, 5]; the
values of the mortality rate fall within [0.1, 0.6]; the values of the birth rate fall within [0.042, 0.76]
; and the dispersal rate values fall within [0.14, 4.80]. All parameter combinations in Table 3 are set
within the ecologically viable range defined above and further validated against theoretical thresholds.
Specifically, parameter combinations (Ay) and (As) correspond respectively to the existence condition
for a stationary distribution (2 DD, — k — d, — o/ \Jra; — 02/ \ra; > 0,) in Theorem 4.1 and the
extinction condition (H < 0 ) in Theorem 5.1, aiming to systematically verify the accuracy and validity
of the theoretical boundaries.

Remark 7.1. The parameter ranges cited above are derived from the ecological data set in [23].
Specifically, the fluctuation intensity range is informed by typical values in stochastic ecological
models [19], the mortality rate range is based on zooplankton mortality data in Table A458 of [23],
the birth rate range is based on zooplankton fecundity data in Table A444 of [23], and the dispersal
rate range is based on zooplankton dispersal data in Table A476 of [23]. It should be noted that the
mortality rate range [0.1, 0.6] integrates data from Table A458 of [23] with the specific characteristics
of our model, ensuring biological realism while maintaining consistency with the model’s theoretical
framework.
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Figure 1. Numerical simulations of the dynamical behavior of patch-1 and patch-2 are
performed using parameter combinations (A;) to (Aj3). The simulation results are consistent
with Theorem 3.1, confirming the existence and uniqueness of the global solution to the
model.

Remark 7.2. By setting the maximum number of iterations to T, = 1000, the results shown in Figure 1
are obtained. The figure shows that the mortality rates of P and M fluctuate around their mean values,
reflecting the mean-reverting nature of the Ornstein—-Uhlenbeck process. Moreover; different coefficient
combinations yield distinct solutions, all of which are existing and unique. These results support the
conclusion of Theorem 3.1.

w
w IS o

P(t)(1/DAY)

M(t)(1/DAY)

o
o

1500 0 000 1500

500 1000 500 1
Time t(DAY) Time t(DAY)

ai(t)

1500 0 50 000 1500

500 1000 0 1
Time t(DAY) Time t(DAY)

Figure 2. 100-path simulation figures. We perform 100 numerical simulations based on
Theorem 3.1. All 100 trajectories are generated with identical initial conditions, parameter
settings, and minor random perturbations, where the simulation horizon is set to Ty,,x = 1500.
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Figure 3. For Model (2.4), parameter combination (A4) is adopted to define its biological
parameters (Table 3), and numerical simulations of its stationary distribution are performed.
Theorem 4.1 theoretically ensures the existence of the stationary distribution of the model’s
solution. Setting the iteration duration to 7' = 2000, the simulation results are presented.

Remark 7.3. The frequency histograms of P(t), M(t), q|(t), and q,(t) exhibit a mode with a high value
in the middle and low values at both ends, approximating a normal distribution. Numerical simulations
are conducted to study the stationary distribution of Model (2.4), as shown in Figure 3. The total P(t)
primarily varies between 2.03 and 2.11, q,(¢) varies between —0.03 and +0.03, M(t) varies between 1.43
and 1.50, and q,(t) varies between —0.03 and +0.03; all variables are concentrated in their respective

central ranges. This indicates that, despite random environmental disturbances, the system’s dynamics
will stabilize.

44
3+
3-
ool = 24
’ 11
0 500 1000 1500 2000 0 500 1000 1500 2000
Time t Time t

Figure 4. 100-path simulation figures for Theorem 4.1. To further verify Theorem 4.1 , we
conduct 100 path simulations using the same methods as in the verification of Theorem 3.1.
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Population Dynamics of P and M
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Figure 5. Numerical simulation results indicate that when the condition H < 0 is satisfied,
the model exhibits extinction behavior: Both the P and M populations tend toward extinction.
The parameters adopted in this simulation are determined by combination (As) (see Table 3).

8. Conclusions

This paper primarily investigates the mathematical properties of a two-patch model with nonlinear
birth rate and dispersal driven by the Ornstein—Uhlenbeck process. First, the existence and uniqueness
of the global solution of the model are established. Second, by constructing a Lyapunov function and
applying It6’s formula, the existence of the model’s stationary distribution is proven.Third, we conclude
that the population will go extinct when the condition H < 0 is meet where H integrates core parameters,
including the patch effective growth rate, dispersal coefficient, intensity of stochastic perturbation, and
regulatory parameter of nonlinear birth rate. Finally, numerical simulations are conducted to verify the
theoretical results and confirm the validity of the conclusions.

Using zooplankton in aquatic ecosystems as an example, we explain how interpatch diffusion
effects, nonlinear birth rates, and Ornstein—Uhlenbeck processes with stochastic mortality fluctuations
influence zooplankton survival in real-world ecological settings. From an ecological perspective,
selecting zooplankton as a model organism is of great importance. Zooplankton are highly sensitive to
environmental changes and can serve as early indicators of ecosystem health. By fitting our stochastic
model to the zooplankton data, we have both validated the accuracy of its theoretical predictions and
demonstrated its practical applicability.

Finally, this paper explores the ecological implications of these theoretical conditions, offering
insights into how habitat fragmentation and environmental noise jointly shape the long-term survival of
populations. The model more accurately reflects the random fluctuations and interspecies interactions
within ecosystems; the extinction threshold H < 0 provides a quantifiable criterion for identifying
populations at risk, which can guide early-warning strategies in conservation practice. In summary, this
study provides a new theoretical framework for ecological conservation and species management.
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