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Abstract: A fractional-order model (FOM) was developed to investigate plant disease transmission
(PDT) through a system of dimensionally consistent fractional differential equations (FDEs) with the
Caputo derivative. The model’s well-posedness was established by proving existence and uniqueness
of solutions via a fixed-point theory and the contraction mapping principle. Positivity, boundedness,
and the equilibrium points (EPs) of the system were then characterized, followed by an analysis of
their local and global stability using the Routh-Hurwitz criteria and LaSalle’s invariance principle.
The control reproduction number (R.) was derived using the next-generation matrix method, and a
sensitivity analysis highlighted the parameters most influential to disease spread. A fractional optimal
control problem (FOCP) incorporating preventive and curative time-dependent interventions was
formulated, and necessary optimality conditions (NOCs) were obtained through a kind of Pontryagin’s
maximum principle (PMP). The resulting optimality system was solved numerically using a forward-
backward sweep method (FBSM) based on the fractional Euler scheme, enabling the evaluation
of control strategies. Three optimal intervention strategies emerged, each shaping the epidemic
trajectory differently depending on the distinguishing parameter € in the two-stage transmission
process. Numerical simulations depicted the behavior of R, across different & and fractional order
a, while tabulated objective functional values exhibited the efficacy of the proposed controls. Overall,
the framework offered practical insights for mitigating and potentially eliminating plant epidemics
under diverse control strategies.

Keywords: plant-disease dynamics; mathematical models; fractional optimal control problems;
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1. Introduction

Plant disease epidemiology systematically studies the evolution and determinants of plant diseases
within populations over time. Overall, the epidemiology of plant diseases plays a critical role in
maintaining global food security [1, 2] by providing a scientific basis for developing strategies to
reduce the transmission of such diseases in plants. Plants use natural immunity to defend against
pests, pathogens, and insects [3,4]. Other strategies used by farmers to prevent crop losses caused by
plant epidemics include pruning and replanting. This approach offers several benefits: it eliminates
diseased plants, reduces the spread of infection, and removes plants that have died or experienced
reduced productivity. Planting healthy specimens, rather than damaged ones, can help compensate for
crop losses.

Several models of PDT have been developed to illustrate how diseases spread and to identify
contributing factors. Sisterson and Stenger [5] performed a sensitivity analysis on two spatial plant
models and evaluated the effect of eliminating disease by reducing host-pathogen interactions.
Nakasuji et al. [6] considered the PDT model as a system of ordinary differential equations (ODEs)
by dividing the total population and vectors into three compartments each (healthy, latent infected,
and infectious). Anggriani et al. [7] investigated the effect of preventive and curative fungicides on
PDT. Their simulation results revealed the benefit of fungicides in reducing infected plants.
Anggriani et al. [8] considered a mathematical model of PDT incorporating both curative and
preventive interventions; they observed that the application of these treatments resulted in a
deceleration of disease spread. In subsequent work, Anggriani et al. [9] developed a two-stage
infection model, wherein both the latent and infectious plant compartments contribute to disease
transmission within the population. This mechanism can accelerate the pace of PDT, as latent plants
act as an additional source of infection alongside infectious plants [10]. In [11] the authors presented
a FOM to describe plant epidemic dynamics, incorporating two control measures aimed at mitigating
infection prevalence.

Fractional calculus was proposed in 1695 by Leibniz and has since developed into one of the very
active topics of mathematics (see, e.g., [12—14]). Various definitions of fractional derivatives exist
such as Griinwald-Letnikov, Riemann—Liouville, Caputo, Caputo—Fabrizio, and Atangana-Baleanu,
which are widely used in applications of FDEs. Other definitions can be found in [15, 16] which
do not generally match. In biological systems, the fractional order captures hereditary properties
and memory effect that is gained from the non-locality of the fractional operator [17, 18], which
offers a bridge between mathematical formalism and biological processes. Consequently, many
researchers have attempted to describe real-world processes using different operators of fractional
derivatives [19-24].

Fractional optimal control problems are another branch of mathematics that seeks to find optimal
control trajectories and state variables that maximize or minimize a performance index (objective
function). This index is typically represented by a fractional integral involving state variables and
control trajectories, subject to constraint paths defined by a system of FDEs that describe the model’s
dynamics. To effectively solve FOCPs, certain NOCs should be satisfied. These conditions are
established by a form of PMP, originally developed by the Russian mathematician Pontryagin [25].
In [26], authors used pathogen interaction factor with a pest invasion in a maize plant in the
formulation of FOM and the influence of three controls on the transmission of this disease. In [27],
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authors used quarantine, prevention, and insecticide chemical control efforts to eliminate the
transmission dynamics of the maize streak virus. The authors in [28] proposed an advanced model of
pine wilt disease and suggested three control efforts to minimize the infected pine trees and prevent
disease transmission. There are many applications of FOCPs in various fields, as detailed in
references (see, e.g., [29-31]) and related citations.

The main objective of the present study is to clarify the behavior of solutions to the plant disease
model by implementing effective strategies for curative and preventive controls, and to bridge some
gaps in the literature. Despite recent advancements in modeling plant disease dynamics using
fractional calculus, critical gaps remain in the literature. First, prior fractional-order plant disease
models, including those incorporating two-stage transmission [32], have overlooked the fundamental
principle of dimensional consistency, where @ introduces a time dimension that must be balanced
across all parameters. Second, while the concept of two-stage transmission-where both latent and
infectious plants contribute to disease spread-has been explored in integer-order contexts [9], its
rigorous formulation and optimal control within a fractionally consistent framework have not been
addressed. Third, no existing study has systematically investigated the combined effect of preventive
and curative time-dependent controls within such a model, nor examined how the distinguishing
transmission parameter € influences optimal intervention strategies under varying memory effects. To
bridge these gaps, this work introduces a novel fractional-order plant disease model that integrates
three key contributions: (i) a dimensionally consistent formulation using the Caputo derivative, where
all parameters are scaled by a to ensure physical and biological plausibility; (ii) a mathematical
analysis, including existence, uniqueness, positivity, boundedness, and both local and global stability
of equilibria, with R, derived and analyzed for sensitivity; and (iii) FOCP that incorporates preventive
and curative measures, solved numerically using FBSM based on a fractional Euler scheme. We
examine the impact of the parameter € € (0, 1)-which distinguishes the infectiousness of latent versus
symptomatic plants-and @ on disease dynamics and control efficacy.

The structure of this paper is as follows: The necessary concepts and definitions of fractional
calculus are provided in Section 2. Section 3 describes the proposed FOM and discusses its
qualitative analysis. Existence of solutions and their positivity and boundedness are mentioned in
Subsection 3.1. Moreover, the stability and sensitivity analysis of the FOM are discussed in
Subsections 3.2 and 3.3, respectively. The FOCP of the PDT is formulated based on a kind of PMP in
Section 4. A numerical simulation of the obtained results for FOCP using FBSM is displayed in
Section 5. Finally, the paper concludes in Section 6.

2. Preliminaries

Here, notations and definitions of fractional calculus are presented [33, 34]. Let R, be a
nonnegative real number set, then the Riemann-Liouville fractional integral (R-LFI) and
Riemann-Liouville fractional derivative (RLFD) can be given as:

Definition 2.1. Let g : R, — R be piecewise continuous on R,, then the R-LFI of order @ > 0 with ¢
is described as

1 !
(Lef) 1780 = f (i - g,
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(Right) ,1,g(r) =

Definition 2.2. The RLFD is given as follows:

f (r =0 g(r)dr.

a\" "
)(E) f (1= 7y gy,
1 d " n—a—1
T —a) (_E) f,(T_t) g()dnr,

Definition 2.3. The Caputo fractional derivative (CFD) for the function g : R, — R is expressed as

T(a)

(Lefty D;g(®) = ( I7™g(n) =

dt”

(Right) ,Djg(r) = (—E)" (1, "g(n) =

where « € (n—1,n); n € N.

(Lefty D7g(r) = -7y g"(n)dr,

(— )"

(Right) “D¢g(r) = f (-0 " ()dr; ae(m-1,n);neN.

I'(n-a)
Theorem 2.1. The RLFD and CFD are related by the following formulas:
n-1 @)
g’(a) -
o(f) = CDa f f— 0] fl)’
tg(r) = ,g<>+JZ:;r(j_a+ -
Dig(t) = ‘Dig(t)+ 2 L(b - t>0,0€(n—1,n);neN.

’ I'(j-a+1)

The relation between the left and rlght of CFD is given by the following lemma.

Lemma 2.1. Fort € [a,b] and a € (0, 1], the left and right CFD of fractional order « satisfies
Dyg(t) = SDIg(b —1).

A detailed proof of Lemma 2.1 can be found in [31, 35].

Definition 2.4. If £{g(7), s} = G(s), then the Laplace transform (LT) for CFD of fractional order « is
given as

n—1

D g(1), 5} = °Gs) = D5 1g(0), (n-1<a<n);neN,
i=0
Definition 2.5. ( [36]) Mittag-Leffler function M,,,(x); x € R, [ > 0, m > 0, is defined by

= X"
Ml,m(x) = ; m,

and the LT of #"~! M,,,,(xAt) is as follows:

I-m

L M) = ——. 2.1)
stFA
Also,
1
Mi(x) = = + x My (). (2.2)

L'(m)
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Definition 2.6. ( [37]) The constant point x7; i = 1,2, ...,n, is an equilibrium point of the following
nonlinear system of Caputo FDE:

SDIx(t) = fi(x1, X250 Xy 1), O<a@ <1, (2.3)
x:(0)

Ci,
if, and only if, fi(¢,x7) =0

Lemma 2.2. ( [38]) The positive EPs of the system (2.3) are locally asymptotically stable (LAS) if all
eigenvalues A; of its Jacobian matrix (JM) satisfy the following condition

larg(A)] > % i=12 ..n. (2.4)
Lemma 2.3. The following formula is satisfied for the differentiable function y(t) € R,

l *
CD?()’ -y ln&*) —y*) < (1 G )) Dy(1), y* €R,, forallt>0anda € (0,1).
y
3. Formulation of the FOM and its qualitative analysis

The formulation of the FOM is presented, followed by a description of the transition dynamics
among its compartments S(¢), P(t), L(t), I(¢), and R(¢). The total plant population is given N(t) =
S@) + P(t) + L(t) + I(t) + R(t). This formulation establishes the foundation for a comprehensive
qualitative analysis. Subsequently, the EPs are evaluated, R, is derived, and the theorems governing
the local and global stability of these EPs are established.

Generally, the dynamics of PDT among these five compartments are interpreted based on standard
epidemiological assumptions (see, e.g., [9, 32, 39]) to ensure the reliability of (3.1), as shown in

Figure 1.
Cr:z S\ Xga + '()ﬂ)c
T - .y I _a T
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Figure 1. Flow chart diagram of the FOM (3.1).
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The description of all parameters and remaining variables for the FOM are mentioned in Tables 1

and 2.
Table 1. Meanings of state variables with their initial values.

Variable Definition Initial value [9, 32, 39]
S@) Susceptible plants at a time ¢ S0) =8, =100

P(1) Protected plants at a time ¢ P0) =Py =30

L) Latent plants at a time ¢ L) =Ly =30

I(t) Infected plants at a time ¢ I(0)=17=060

R(1) Removed plants at a time ¢ R(0) =Ry = 60

Table 2. Interpretation of dynamic transformation and values of the parameters in FOM.

Parameter  Description Value Reference
A“ Replanting rate of S(¢) (0.013) [40]

fout Roguing rate of 7(¢) (0.087)~ [40,41]
B Rate of PDT from 7 (7) to S(r) (0.3) [7]

/s Conversion rate from 7 (¢) to R(r) (0.02)~ [9,39]

L Natural mortality rate of S(¢) (0.0008)*  [40]

u Conversion rate from £(¢) to 7 () 0.17) [8]

v Effect cumulative death rates for R(7) (0.01)~ [9,39]

df Measure efficacy of preventive treatment u, (0.5)« Assumed
dy Measure efficacy of curative treatment u, (0.5)* Assumed
o Damage rate caused of u, (0.048)* [9,39]

K Total capacity of plants 1000 [40]

€ Distinguishing factor in two-stage transmission; € € (0,1)  Varying Assumed

Following all the above assumptions, the framework of two-stage disease transmission dynamics in
plants is considered as:

A0 Eﬂ(,li(t)
K K

DrS() = A (K — N) — (,3 )S(r) — (" + dTu)S() + 5P,

(DIP) = djunS(t) = (67 + {MP(0),

0 . Lo

DrL0) = (= 4 epr =] G-D

)S(r) S (L P+ ) L(2),
SDYI(1) = p L(t) — (£ + p* + ¢ + d2ux) I (1),

DIR() = W + dun) (1) — ({7 + YR + d§ur L(1),

subject to the initial conditions (ICs) mentioned in Table 1. Now, the model is formulated as a system
of FDEs, which effectively means the dynamics have “memory” as opposed to being driven solely by
the current state as in an ODE formulation. This formalism (usually with @ — 1) is used primarily

Electronic Research Archive Volume 34, Issue 5, 3112-3144.



3118

because the classical order PDT epidemic (that is, @ = 1) does not provide any information regarding
the memory impact and the learning process of the disease that influences its spread [42].

3.1. Solution existence, positivity, and boundedness

Based on the idea of converting the FOM (3.1) with the nonnegative ICs into fractional integral
equations, the fixed point theory is used to prove that a unique solution of the FOM (3.1) exists. As
Lemma 5.2 in [36], the equivalent fractional integral forms of (3.1) are

S0 = S0+ s f (t = 1 fi(r, SO,
Pl1) = Py + % (t = " (PO,
L= Lo+ s f (t - DL fy(r, L), (32)
I(t)=1y+ mf(t—‘r)“ 1f4(7’ I(1))dr,
RO =R + 1o f (t - D" i, RO,

where

I
fi6:S@) = A (K = N) - % + et ))S(r) (£ + d®u)S() + 6"P(0),
BEPW) = dw S@) - (C* + 5)P),
fi L) = (=2 10 | cpo L(’))Sa)—({“p "+ dSun) L(D),

Jat, 1(1)) = “£(t) = +p" Y + dur)I(D),
[ R@®) = 0 + dyur) (1) = ({* + ¥R + d5us L(1),

(3.3)

and fi, £, f5, f1, and f5 are continuous nonlinear functions. In the following theorem, the kernel f; is
defined, where all parameters are positive and 0 < a < 1.

Theorem 3.1. If ('%(lu +€b3) + (" + d‘l’ul) < 1, and assuming that the state variables of FOM (3.1)

are bounded, then f, satisfies the Lipschitz condition and contraction.

Proof. Let (S,P, L,1,R) € E be the set of solution, where E = [C(I,R,)]’; I = [0,T] is a Banach
space together with the norm induced metric ||.||z and S, S, satisfy Eq (3.1) and its initial value, giving

Ifi(1,S) = fit, Sl “ f@ £())

(S) - S1(1) - (€ + du )X(S() - S‘(’”H
&

IA

L(t)H“S(I) SO+ (" + diu)lIS@) — Si (D]

A

< (—||I<r)|| ¥ e—||£(t)|| F 0+ d"ul)nS(t) — S0l
(%

IA

be + eﬁ—bg e +d“u1)||3(t> Si0l.
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where || (?)|| < by, || L(?)|| < bz are bounded functions; and let 4, = (ﬁ%(b4 + €b3) + {* + d?uy), then

1112, S) = fi(t, SOIl < ml|S(@) = Si@I. (3.4)

Thus, f; satisfies Lipschitz, and if 0 < h; < 1, then f; is a contraction.

By the same way, f;; i = 2,3,4,5, can be written as

1£2(1,P) = fo(t, POl < hao|lP(1) — P1 (Dl
155, L) = 5, LI < hal| L&) = Li 0],
1fa(t, ) = fa(t, IO < hallZ() = L1 (D),

152, R) = f5(1, RO < hs|IR(1) = Ri (DI,

(3.5)

where h, = 6 + %, hsy = (i;bl + "+ P+ Ut + dJuy), hy = (Y + p" + YT+ dJus, hs = Y+
and ||S(#)|| < b; is bounded function. Now, the kernels f;; i = 2,3,4,5 are a contraction, whenever
O<h;<l1foralli=2,3,4,5.

Theorem 3.2. There exists a unique solution to the FOM (3.1), whenever (1-=%) > 0;i=1,2,3,4,5.

F()

Proof. According to the system (3.2), the following recurrence forms are obtained:

01() = S,(0) = 110 = 1o f (=D (T, Sut) = Fi( o)),

O2(t) = Pp(t) = P (1) = —f (t = D (a1, Puct) — o(1, Pua))dT,
r(la) 0,
O3,(1) = L,(1) = L,1(0) = mf (t =) (a1, Lu1) — f3(1, Li))d, (3.6)
Oun(t) = 1,(t) — 1 ,,1(1) = Fa )f(f—T)a Y fa(r, Lio)) — fa(t, Laon))dr,
Osu(1) = Ro(1) = Ro1 (1) = —f (t = 1) N (fs(1,Rauz1) — f5(1, Rum2))d,
(@) Jo

with the positive ICs. For the first equation,

191, [Sn(®) = Su-1 @]

" e )”f(fl(T Si1) = fit, i) (t = 1) |

IA

@f; (AT, Sut) — fi(T, Sl (2 — 1) dr.

From Lipschitz condition (3.4), thus

h t
IIan(t)IISﬁ;)fO 1Q1-1y(Dlld. (3.7
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In the same way, it gives

h A
102 ()]l < TZ) f Q21 (Dd,
105Dl < f Q31D

[(a)

1Qun (D < mf”Qun H(lld,
105,(DIl < =——

T )f”QS(n 1)(T)||dT

Terms of the projected solution can be given as

(3.8)

Su(t) = Z Q1i(1), Pu(t) = Z Qai(), L(1) = Z 0si(0), I,(1) = Z Qui(t), Ru(1) = Z Osi(1).

i=0

i=0

From the iterative technique and Eqs (3.7) and (3.8), it leads to

19Ol <

Q3. (DIl <
1Qan(Il <

h
105, < (

(%
102,00 <
e
(F

IS (O,

g 2

= -
N—"

™UR

1L, (O,

”\

I, (O),

5
G
)
5

o )) 1ROl

Now, it is established that the system has a continuous solution. To clarify that the above functions

construct a solution of (3.2), assume that

S(@) -
P(t) -
L(1) -
It~
R(1) -

Thus,

1810l = |Im

S0) = Su(1) - Bi, (D),
P0) = Pu(r) = Ba(),
L(0) = L,(1) = B3u(),
1(0) = 1,(t) = Ban(1),
R(0) = Ru(1) = Bsu(0).

f(fl(T S) ~ filr, S-)(t — 1) dr

< f 1A S) = fi(e, Su)t = 7 idr

1"()

<

1“( )
Repeating this technique gives (at ¢ = #1)

n— 1||t

t n+l1
1Bl < (o) mk

Electronic Research Archive

I'(a)

(3.9)
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The limit of Eq (3.9) at n — 0 tends to ||B,,(¢)|| — 0. This yields ||B;,(?)]| — 0; i = 2,3,4,5. This
means completing the proof of existence. To show the solution is unique, let
(S1(0), P1(1), Li(1), I1(t), R(¢)) be another solution set of the FOM (3.1), which yields

NOEMNIOE e )f(fl(T S) - filr, SOt - 1) dr.

The norm of the above equation with Lipschitz condition (3.4) gives

hyt

IS0 - S0 = FSIS© - Si0)
Thus,
hit
1S() - Slmn(l—ﬁl)) < 0= ISO-Si0I=0 = S1) =S

By the same way, get P(r) = P1(t), L(t) = L1(2), I(¢) = 1,(¢t), and R(¢) = R, ().

Theorem 3.3. The set of solution (S(t), P(t), L(1), L (1), R(t)) is nonnegative for all t > 0, if the set of
ICs (S8(0), P(0), L(0), 1(0), R(0)) are positive values.

Proof. From the susceptible equation:

6DrS(0) (K-N)A* - BIS(1) = (&% + diu))S(®) + 6 P(0),

> (" +diu)S(1). (3.10)

(I [((t) £(t))

Applying LT on both sides of Eq (3.10) and from Eq (2.1), we get
S = So Moy (—(" +d{u)t*) >0, V t>0.

The inequalities below confirmed that the remaining state variables are positive.

P = Mo 1 (6" + ") 2 0,

L) > Lo Moy (= +p® +u® + d%u)t¥) >0, Y t>0.
I(@t) = To Moi(=({" +p" +¢* + djup)t”) 2 0,

R = Mo (=" +y)1") 2 0.

Theorem 3.4. The solution of (3.1) is bounded and remains in ® = {(S,P, L,71,R) e R3;0 < N <
Ky

Proof. Let the set ® = {(S,P,L,I,R) € Ri} be any solution of the FOM (3.1) with the initial
population N(0) = Sy + Py + Lo + Lo + Ry > 0. The FDE of N(¢) can be obtained by addition of
Eq (3.1), as follows:

Electronic Research Archive Volume 34, Issue 5, 3112-3144.
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A'K = (& + AN(@) = p* (L (1) + L(1) — y*R(1)
A“K — (& + AMN(). 3.11)

SDIN(1)

IA

Using LT on both sides of Eq (3.11),

_ A°K
sTN(s) — s 'N(0)

IA

— (" + AON(s)
_ AYK Sa—l
NO < e e VO (3.12)

Applying inverse LT on Eq (3.12) and from Eqs (2.2) and (2.1), leads to

N(@1) < A*K1" Eqqi1(=(" + ADY) + Eq 1 (=(£" + A1) N(0).

From the properties of the Mittag-Leffler function [33], we have lim,_,., N(?) < (f,\ f{, Thus, 0 < N <

which means that © is the largest set in which S(¢), P(r), L(1), Z(t), and R(¢) are bounded.

u +A“’

3.2. Local and global stability

To analyze the stability of FOM (3.1), all possible EPs are identified and R, is computed as follows:
Disease-free equilibrium (DFE) point E* = (S, ,%;,, £;,, ;.. R;,): in this point, no infection was
detected (i.e., 7 = 0), then substituting in Eq (3.1) leads to

[1]

AaK (01 (0% ACYKdOf
*:( @+ M o.00) 3.13)
(C* + A*)(L@ + 0% + duy) ({* + A*)(L* + 6 + dfuy)

Using the the next-generation matrix approach (see, e.g., [43,44]), R, is given by

. AB UL+ )
. = .(3.14)
(£ + p" + 4+ d§up)[(L° + AL+ p* + o+ d§un)({* + 6% + duy) — eBTANL + 67)]

Endemic equilibrium point (EEP) =% = (SZ;, Pros LZ;, I eq® R**) in the endemic steady state (i.e.,

I # 0), its corresponding equilibrium point can be written as follows

o _ K"+ )" +b)
eq ﬁalu(z + Eﬁa(é‘a + b)’

P Kdu,({* + a)({* + b)
O B+ B+ B)E )

_ATBT + (07 + D)(K — N)(™ +6%) — KI*((" + a)({" + b)({* + d)

et Bowe + B @+ D)+ o+ ) G
Lo BB+ B+ K ~ NI + %) — KRG+ O + DG+ d)

“ Bou + B (C + D + 0L + N + )
o B A+ 7 4 DK = NIE 40 = KEQ + a)& + D +d)]

eq

(BT + (L™ + D)™ + 6U)(™ + a)(u® + b)({* +y*) ’
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where, a = p* + u* + duy, b = p* + " + dju,, and d = 6* + du;.
Local stability: The investigation of LAS for Z* (3.13) and =" (3.15) is stated and proved by the
following theorems:

Theorem 3.5. The DFE E* of (3.1) is LAS whenever R, < 1, otherwise, it is unstable.
Proof. The JM at Z* is given by
_EACVBQ(éVU + 5(1/) —AQ,BQ(Z;Q + 6@)

“rdim) o @ + AN +d) C iAo+
duy =7+ 5% 0 0 0
J:* — EA(l’ﬁa((a’ +6a’) Aaﬁa({a_i_éa)
By, 0 0 _(ra 0
EHrO A +d) @+ AN+ d)
0 0 e (" + b) 0
0 0 dgl/lz v+ dguz - +vY) |

By calculating the eigenvalues of J=;,0 thus y; = —(* + y*) < 0, satisfied the condition |arg(y;)| = 7 >
7 (Lemma 2.2). The following quadratic equations give the remaining eigenvalues:

X+ Q7+ 6"+ du)y + (&% + 8 + dSuy) — 8%dSu, =0, (3.16)

and

eNBH(LT +67) W+ (" + D" + A")(L* + )" +d) — B"A"((" + 5")](1 -R)=0. (3.17)

2 @ (3 _
P (@0 0 - e D "+ AN 1 d)

From Eqgs (3.16) and (3.17), observe that

e For LAS, it must be R. < 1; this means that all coeflicients of the quadratic polynomials (3.16)
and (3.17) have the same signal, then the eigenvalues have negative real part [45].

Theorem 3.6. The FOM (3.1) at the EEP E' is LAS under some conditions obtained from Routh-

By
Hurwitz criteria, for a particular set of parameter values (as given in Table 2).

Proof. The JM of (3.1) evaluated at the EEP Z2” is given by:

eq

' 'S, BSi
-K o0 S— En—— 0
! K K
diu; —({* +0%) 0 0 0
Jere = eB'S;, B'S;,
e %K 0 (" +a)+ 0 ’
2 (" +a) X X
0 0 u® —(l* +b) 0
0 0 dgl/tz lﬁa + dguz —({a + ’)/a) ]
QI:* 6 (IL:* (II:* E (Y‘E:*
where K| = £ + dju; + 'BK 14 ﬁK 109, = Fleq + a 1. One eigenvalue of Jzz IS A =

—(¢" +¥") < 0, which satisfies the condition |arg(A;)| = 7 > % (Lemma 2.2). The remaining four
eigenvalues are the roots of the following characteristic polynomial:

A+ AN + AN + AN + A, =0, (3.18)
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where the coefficients A; (i = 1,2,3,4) are:

Eﬁ“SZ;
A=K +3"+6"+a+b- i

B B
ﬂ2:7(1(3§“+(5“+a+b— ﬁK q)+({“+b)(2§“+6“+a—h)

=+ e+ 8= K)) + (T + SN+ @) — 6,

K
aS** (IS**
? L) = T 0N + (7 + 5O+ a)

Az =Ky [({“ + b)(2§” +0"+a-

K 575" (3.19)
D[+ 0N + @) = 8+ — (K~ (¢ + 5]
H I = (@ + 6T + (€7 + 5T + 6 w)| = 8 (€ + ),
As = F[ (L + 6+ +b) = =1+ 8" + e + D))

+ (T + 6%) + 6%duy))(u® + (L + b)) — 6°dui({* + a)({™ + b).

K

For the parameter values specified in Table 2, we compute the coefficients A, A,, Az, Ay given in
Eq (3.19) (see Appendix A). All coeflicients are found to be positive, and the inequality A A, Az >
ﬂ% + ﬂ%fh whenever R, > 1 is satisfied. Consequently, according to the Routh-Hurwitz stability
criteria [45], the characteristic polynomial (3.18) has roots with negative real parts, implying that the
EEP =77 is LAS when R, > 1 for this parameter configuration. It should be noted that this verification
is performed for the specific parameter set used in our numerical simulations.

Global stability: The global stability of E,, (3.13) and E* (3.15) for the FOM (3.1) discusses
as follows:

Theorem 3.7. The DFE E;, of (3.1) is global asymptotically stable (GAS).

Proof. Consider the following positive Lyapunov function on ®

S P
Li(S.P. L. I.R) = (s -8, - S;,In S—) + (50 -7, - P, 1“77)'

eq eq

and from Eq (3.1) and Lemma (2.3), we get

S-S P — P
s ()

SDILi(S, P, LI, R) < S
_ ( S ")[A (K—N)—(,BE+eﬁ E)S—(g Fdou)S + 5P
PP
+ ( )[dj’mS—(6“+§")P].
P
ALE", thus,

eq’
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DILS.P.LIR) < (S-S )(M + 5 (§“+di’u1))+<?’—¢’:q>(d GRS
— (S S )(A (K- N)+ﬁ_,\0g§q}v)_ﬂ)+(¢) P )(duls dPuz;S)
= (-8~ S-S - FE(S-S))+ PP ) - F e - P
Thus,
A" (K- N) . 0P diu
CD(I _ _ % 2_ % £ .
0 tLl(S9P"£’Z’R) < SS:q (S Seq) SS* (S S ) PP* (? p )

For each solution (S, P, L, I,R) € 0O, conclude that OCD;’LI < 0. Furthermore, D"Ll = 0 implies that
S§=S8,,P=P,, L=L,, 1 =1,,and R = R;. Hence, E;, is the only invariant subset of @
such that CD;’Ll = 0 and from fractional LaSalle’s invariance principle [46,47], the EEP EZq is GAS

on O.
Theorem 3.8. The unique positive EEP E; of (3.1) is GAS.

Proof. The Lyapunov function can be considered as:

LSPLIR = (S-S;-S;n i) +(P =P - P P) (L= L= Lo £)
S P z
(11T )+ (R-R;, - R, In R**)

eq

From Lemma (2.3) and Eq (3.1), one obtains

DLAS, P, LT, R) < (ﬁ)[Aa (K- N) - (,8"% repr)s ) — (% + du))S + 6°P] + (? it )

[d“ulS " + {")P] (L Lw)[( oLy et )S (% +p% + o + d"uz)L]
I- R — R

+ ( )[ aor— ({"+p"+1,//’+d‘2’u2)f]+( R q)

X [(;u L&) — (YR + dgu2£]. (3.20)

Eq (3.20) can be written as

d S

DILASPLIR < (S-S 524 82— @+ dju) + P - PG - 07+ 17)

+ (L~ LZZ)(BLK — (P dguz)) - IZZ)(}% B dguz))
N (R—ﬂ:;; (% + dg;?] N ds uzL — (" +,ya)) (3.21)

Rearranging Eq (3.21) and performing simple calculations yields:
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BeST

DILAS.PLIR) < NS = Sf =~ §5(S - 8P =5 P = PP = g

Lo oLy

u'L e (((//a + dgug).z— d2 Lt2.£) o)
- I-17) - + R-R).
Ir ;fj]( eq) RR: RR: ( )
Thus, DL, < 0, for all (S,7,P, L, I,R) € O. Furthermore, DL, = 0 means that S = S, P =
P I =15, L=L, T =1, andR =R Asaresult, utilizing fractional LaSalle’s invariance

principle, then Z;7 is GAS on ©.

3.3. Sensitivity indicator

To determine which of the parameters listed in Eq (3.14) impact R, (in the absence of control) and
consequently influence disease transmission, a sensitivity analysis is conducted. This is achieved using
the following sensitivity index [48,49]:

(9R0 w

ERo =
@ ﬁw RO

where @ are the parameters in Ry. For example, sensitivity index for parameters A and p is given by

o _ oL (@7 + 1 + )
A T o o o o 20 4 pa o a o
2(A (=B + 1 +p) + O + L (A" + i +p)
ap® (AT (—€B7 + u + 20 +Y) + 202 + £ QAT + u® + 20" + y"))
P 2(4’0 +pa + wa) (Aa (_eﬂa +,ua +pa) + {2& + é’a (Aa +’uoz +pa))

it is straightforward to calculate the rest of the remaining parameters similarly. Note that, the positive
(negative) value for the sensitivity index has an expulsive (reverse) effect on R, which means that a
positive (negative) index reveals that any change in these parameter values leads to an increase
(decrease) of Ry. Consequently, the propagation of the disease in plants increases (decreases). The
values of EX for the model parameters are displayed in Figure 2(a). From the presented results, the
most directly sensitive parameter is 5, followed by €, then A, and the most inversely sensitive
parameter is p, followed by u, then ¢ and £. This indicates that, for example, if both 3, € and A were
to increase or (decrease) by 10%, then the value of Ry, would increase or (decrease) by 11.0648%,
6.06479%, and 0.641437%, respectively. In contrast, if both p, u, ¢, and { were to increase or
(decrease) by 10%, then the value of R, would decrease or (increase) by 7.7693%, 2.29641%,
0.927644%, and 0.712879%, respectively.

Figure 2(c),(d) shows the influence of A and p on Ry, any decrease in A and increase in p, followed
by a decrease in the value of Ry. Moreover, the effect of changing A and p on 7(¢) is presented in
Figure 2(b) with different values of a. It becomes clear that as the value of A and a decreases and the
value of p increases, the infected plants are reduced. From the explanations provided, it is necessary to
use control strategies and suggest optimal control elements that can effectively reduce the possibility
of disease transmission and its spread in plants.
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Figure 2. (a) Sensitivity analysis of Ry. (b)—(d) Influence of A,p, and « in sensitivity

indicator.
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4. Control problem formulation

Minimize J(uy, uy) = ol37Y(S, P, L, I, R, uy, up, 1), 4.1)

where
2, C
W(S. P LI R, 1) = A L) + A L) + ) =),
k=1

ol7 is the R-LFI of order 0 < @ < 1, Ay and A, are the weight factors for Z(¢) and .L(7), respectively,
and Cy; k = 1,2 are weights for u(f), which can be adjusted based on sensitivity results to prioritize
control efforts on the most influential compartments (Z(¢) and £(#)). Subject to the dynamic constraints

SDE() = Y(S, P, L, T, R, uy, uy, 1), 4.2)
where
S Y,
P Y,
=E=\7 and Y=1|Y;3|;
L Y,
R Ys
7
Y, = A"(K-N)- (ﬁ“% + eﬁa%)sa) — (@ + dTu)S() + 6P,
Y, = diuiS(t) — (6" + {MP(D),
I(t L

Vo= (BT 4 e B )0 - @ 4+ + du L0,
Yy = p" L) - " +p" +¢* +djuy)I(1),
Ys = " +dyu)I(t) — (" + {MR(E) + dyus L(1),

subject to nonnegative ICs in Table 1. The set of admissible controls is specified by:

U = {u(t);i = 1,2 and uy, u, are Lebesgue measurable with 0 < u;(r) < 1,¢ € I}.
Depending on the kind of PMP for FOCPs [25, 50], the Hamiltonian H can be formulated as:

H(S,P, L, I,R ui,uy, Pt) =Y(S,P, L, I, R u,ut)+ POY(S,P, L, I, R up,ut), (4.3)
where P(t) is the adjoint vector defined by

P(1) = (p1(0), p2(1), p3(1), pa(D), ps(1)). (4.4)

The required NOCs of this FOCP are offered in the next theorem.
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Theorem 4.1. For given optimal controls (uj, u;) and optimal solutions (S*,P*, L*, I",R") of the state
dynamical system (4.2). Consequently, there exists P(t) (4.4), which satisfies:

Drpie) = (st = pia0) ) )+ @) (p) = i) = a0,

@%mﬁmﬂmwrmmﬂ—fmwx 4.5)

*

K“m@%ﬁﬂﬂ+ﬁﬁMﬁ—mﬁﬂ+%mWﬁﬂﬁ—m@ﬂ
(" + pM)ps(t),

a * a/S(t
SDIp3(t") = Ay + €8

S(t)
K

DEpulr) = Ay + (m@ﬂ—pdfﬂ+(W“HﬁmUﬂKmUﬂ—pdfﬂ—Q?+p%nwﬂ,

0Dy ps(t) = (" + y")ps(r"),
where t* = T —t, with the transversality conditions
P(T) = 0. (4.6)
Furthermore, for u;;i = 1,2 minimizing proposed FOCP over U, thus

H(S*,P*’ L*’[*’R*’ MT’ u;’ I)’ t) = min H(S*’P*’ L*’[*’R*’ Ml’ MZ’ I)’ t)’

0<uyp,up<l1

such that

W) = min{max{0, (P l(t)_pé(lt))d?s*(t)},l}

b

4.7)

Wt = minmax{0, (p3(t) — ps(0))d5 L7 (1) CJ; (pa(t) = ps(0)d5 1 *(t)} 1.

b

Proof. According to Eq (4.3), the Hamiltonian with optimal variables can be written as:

2
C
H(S P, LT, R uj,uy, Pt) = A I(1) + A L(t) + Z Ekui(t) + I OYI(S P LT R i 1)
k=1

+p2(t)Y2(S*’ P*’ -L*a -Z-*’ R*’ M’{, u;’ t) + p3(t)Y3(S*7 P*’ L*’ -Z-*’ R*, MT’ I/l;, Z)
+p4(t)Y4(S*, P*v ‘E*’ I*’ R*a MT, MZ’ t) + pS(Z)YS(S*’ P*a £*7 I*v R*’ MT, M;a t)
Based on the kind of PMP [25], if u}, u5 € U, then it is optimal for the FOCP (4.1) and (4.2) with ICs.
This leads to
aH(S*’ 7)*? £*7 I*’ R*’ MT’ u;’ P’ t)
oS+

I*
(mm—mm@“éﬂ

ID;prl ()

L)
K

+ e =)+ T (O(pa(t) — pr(0) = i),
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aH(S*9 P*’ L*’ I*’ R*9 MT’ M;, P9 t)

D pa(t) = - = 5" (pr(1) = o) = £ palt), .8)
) GH(S*, P*, L, I, R u’ , 15, P, 1)
tthp3(t) = 0L*
S*
= A+ B = a0 pra) + U aD) = ps(0) + D) = ps(D) = €+ p")ps(D),
OH(S*, P, L5, T, R, ut,ul, Pt
thfp4(f) _ ( - Uy, U, )
S*(t) @ @ @ a
= A +p° e (p3(2) = p1() + W + d5u5(1)(ps(t) — pa(t)) — (" + p¥)pa(D),
OH(S*, P, L5, T, R, ut,u;, Pt
Dfps(t) = ( R ot B = —({" +y")ps(),

with the transversality conditions

pi(T) =0, p2(T) =0, p3(T) =0, pa(T) =0, ps(T) =0,

where Dy is right RLFD. Employing Theorem 2.1 gives Eq (4.8) in the right CFD of fractional order
a, and after applying Lemma 2.1 the adjoint equations (4.5) are satisfied.
For optimality conditions,
OH(S*, P, L, 1", R, uj,u;5, P, 1)
0= ou;
0 OH(S*, P, L, 1", R, uj,u5, P, 1)

*
6u2

= (p1(®) = p2(1)d{S* (1) = Cyu; (1),

= (p3(1) = ps(D)d5 L7 (1) + (pa(t) — ps(0)dy I7(1) — Couz (D).

Applying the upper and lower bounds for the controls u; and u,, the optimal value of the objective
functional J(uy, u,) is acquired. This completes the proof of NOCs.

5. Simulation results of two-stage infection

The impact of u; and u, controls, by solving FOCP numerically, is investigated. In fact, there are
two fundamental approaches to solving FOCPs: direct and indirect approaches. In direct methods, the
FOCP is discretized and transformed into a nonlinear programming problem as illustrated in
references [51, 52], but indirect methods are based on PMP so they are considered more
suitable [53,54]. In order to implement the indirect approach, it is necessary to derive the co-state,
optimum controls, and all transversality constraints (such as those described in Theorem 4.1).
Subsequently, a numerical scheme known as FBSM is constructed. The FBSM has many applications
in the treatment of FOCPs, as evidenced by the literature [26,27,30,55]. Herein, a brief outline of the
procedures for implementing this method through the following algorithm:

Step 0 Begin the process by inputting ICs, parameter values, and an initial value of u;; & = 1,2 for
I1=1[0,T].

Step 1 Partition [ into N subintervals, where the step-size h = %, ti=jh,j=0,1,..,N.

Step 2 Utilize current values of u; with the given ICs

t;) — pa(t;)d*S(t;
u(t) = min{maX{O, (P} pé(lj))l (J)},l},

j=0,1,..,N,
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1)) = pst )2 L)) + (palt)) — ps(t)d2T(t;
Ltz(l]) _ mm{max {0’ (p3( j) pS( j)) Z‘L( ]) (P4( ]) pS( j)) 2 (])}’ 1},
&)
in order to solve Eq (3.1) as a forward approach.
o I L(t
St) = S+ ziie ,,k[Aw (K - N) - (ﬁ% + e,m%)saj) — (" + A (S + 5”%]-)],
ha < [ (04 (04 (04
PO) = Pot oy 2 Ouldi()S0) - @ 44 ().
[ L) L) @, @, a, qa
£0) = Lo+ )0 (575 + e =2 )S () - (@ 4 0 4+t + (1) L6t
pe kb
100 = Tot gy 2 Oulpr L) =@ g 0 ) ()|
po k! ]
R(tx) = Ro+ T+ 1) Ok »(l//a + dyur (1)1 (2)) — (" +y)R(t)) + dguz(lj)lz(fj)],

fork=1,2,...,N, where

O = k- —(k—j— 1" (5.1
Step 3 Employ the values of i, terminal condition (4.6), and S, P, L, 7, and R to get the solution of
adjoint system (4.5) as a backward approach. For ¢ = r,_., leading to

a k
ﬁ Zo I ) e R S R

x (p2®) - pi®) - )]

P1 (tjv_k_l ) =

o k
) = s 200 (@ - @) - o)
=0

h

k
« _ “ S
3ty ) = 1) ;:0 ®j,k+1[A2 +€f

o 2 (ps@® = @) + (@) - ps(®)

+ a5 ps@ - p@) - @ + s )|

‘ S()

. k
Plie) = ey 2O |41+ 8= 2 (3@ = @) + @ + (@)

% (ps®) - pu®) - @ + P8,

R

p5(t1*v_k—l) = F(a' n 1) £ ®j,k+1[ - ((“ + ya)ps(ﬂ)],
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Step 4 Update the controls values u; by incorporating the obtained values of S, P, £, I, R (Step 2) and
P1, P2, 3, P4, ps (Step 3) in Eq (4.7).

Step 5 Evaluate convergence: if the differences between values of state and adjoint variables at the
current and previous iteration are very small amounts, it means that the required results have
been given and stopped the iteration. Otherwise, go back to Step 2 to continue the process.

a)a=1 ¢=05 b) a=0.98, ¢=0.5
220 ‘ (o) 1 €=05 250 ‘ ) 2 ‘ ‘ -
Strategy B, C>=1,200,500 X127
180 200
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<5 X12
140 S Y: 1565 5 150

°
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Susceptible Plant
Susceptible Plant
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20 . . . . 0 . . . . .
6 a4 6
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Figure 3. Dynamical behavior of S(r) without and with control strategies (in Strategy A:

C, = 1,5,10, in Strategy B: C, = 1,200,500, and in Strategy C: C; = 1,C, = 1,5,10)
where sub-figures (a)—(c) at € = 0.5 and sub-figures (d)—(f) at e = 0.9 with « = 1,0.98, 0.95.
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Therefore, numerical simulations are presented in the following figures to display the influence
of curative (#;) and preventive (u;) control measures on the behavior of the FOM (3.1). Moreover,
the effect of the transmission factor € on this two-stage plant disease model is examined, along with
the influence of @ on the proposed model. To proceed, the convenient parameter values provided in
Table 2 and ICs in Table 1 are employed, with weight values A; = A, = 1. The control weight values
are presented in the figures, where variations in C; and C, influence the optimal solution of this FOM.
The findings are summarized in the following strategies.

Strategy A (Blue lines): Using only preventive treatment control (i.e., #; # 0 and u, = 0).

Strategy B (Red lines): Using only a curative treatment control (i.e., u, # 0 and u; = 0).

Strategy C (Black lines): Using the incorporation of preventive and curative controls (i.e., u, uy # 0).
The next figures compare the effects of the proposed control strategies with uncontrolled cases on
the FOCP results (4.1). In addition, the impact of € and @ on the behavior of solutions for plant
compartments is explained.

Figure 3(a),(d) shows the behavior of the three suggested strategies on S(f) when @ = 1 with various
values of weight factors at € = 0.5 and € = 0.9. In the rest of the sub-figures in Figure 3, the impact of
a with the presence of controls and in their absence at the two values of € and various weight factors
is presented. Note that S(f) is generally sensitive to changes in the parameter € in the case without
control, but when the controls are active the effect of € on it is very weak because the controls suppress
the disease.

Figures 4 and 5 display the influence of the strategies A, B and C on Z(f) and L(2).
Sub-figures 4(a),(d) and 5(a),(d) present the influence of varying € and weight factors when @ = 1. In
the remaining sub-figures, the effect of @ on the behavior of the solution is demonstrated. Observe
that all strategies are effective in reducing infected plants, but Strategy C is the best in terms of
controlling disease. Also note that increasing the value of € does not have a significant effect in the
case of the presence of controls, because the PDT is controlled.

In Figure 6, the control behavior of each strategy is shown (where C; = C, = 1), taking into account
the effect of . It is observed that the maximum efforts of u; and u, controls decrease when @ — 1
(e.g., @ = 0.98,0.95). Moreover, as evident in Figure 6(d)—(f), all strategies when € = 0.9 require that
the efforts of u; and u, must kept at the maximum for longer in the control period time when compared
to the case € = 0.5 as in Figure 6(a)—(c). This observation confirms the critical impact of € on the
dynamics of control measures u; and u, for the proposed strategies.

From Figure 7, depicting R, yields confirmation that the distinguishing factor € belongs to the
interval (0, 1) for several reasons. Notably, if € = 1, this means that £(¢) transmits the disease at
the same rate of infection as 7 (), resulting in R., and (3.14) in this case is imaginary value. This
characteristic is the main reason for choosing € € (0, 1). Further insights can be drawn from Figure 7,
specifically at € = 0.9, where a noticeable and rapid decrease in R, is observed when « takes values
of 0.98 and 0.95, compared to the case when a = 1.
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Figure 8. Objective function versus a
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where (a) J(uj,u;) in

Strategies A, B, and C with C; = C; = 1,A; = A, = 1, and € = 0.5, (b) J(uj,u;) in
Strategies A, B, and CwithC; =C, = 1,A; = A, = 1,and € = 0.9.

Figure 8 illustrates the influence of @ on J(uy, u,) for all control strategies. Significantly, J(u;, u)
shows a steady decrease when « is less than 1. The findings in Table 3 include the values of J(u;, u,)
and Z7(T) + L(T) at the final time, for varying values of « in each strategy, also encompassing the
uncontrolled case. Furthermore, in Strategy C, the values of J(u;,u,) and Z(T) + L(T) are lower
compared to Strategies A and B for the different values of @. Additionally, in all strategies, the values
of J(u1,u,) and I(T) + L(T) consistently decrease when a values are less than one, highlighting the
distinguishable effect of fractional order.

Table 3. Comparison of J(uj, u3) and Z(T') + L(T) for all presented control strategies.

Strategy A Strategy B Strategy C Uncontrolled case
a J I+L J I+L J I+.L J I+L

€=05 €=09 €=05 €=09 €=05 €=09 €=05 €=09 €=05 €=09 €=05 €=09 €=05 €=09 €=05 €=09
1 359.435 363.813 29.953 30.318 4.089 4.226 0.341 0352 3.641 3.685 0303 0308 503.194 527.487 41.933 43.957
0.98 270.816 274.517 23.521 23.843 2319 2414 0201 0211 2042 2074 0.177 0.180 421.903 448.042 36.644 38914
095 161.406 164.102 14924 15173 1.047 1.113 0.097 0.103 0.899 0.925 0.083 0.086 317.340 347.779 29.341 32.155
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6. Conclusions

This article developed and analyzed a FOM to understand and control PDT within a two-stage
infection mathematical framework. The well-posedness of the model by proving the existence,
uniqueness, nonnegativity, and boundedness of solutions was established. The R. was derived and
shown to determine the local and global stability of both the DFE point and EEP. Sensitivity analysis
identified the parameters with the most significant direct and inverse influence on R, as presented in
Figure 2, highlighting key targets for intervention. Moreover, a FOCP was constructed to minimize
disease prevalence by applying two control measures: preventive treatment and curative treatment.
Using a kind of PMP, the fractional necessary optimality conditions were derived in order to solve this
FOCP numerically, provide appropriate explanations for the proposed strategies, compare them, and
identify the most effective one in reducing the disease. Numerical simulations, solved via an FBSM
based on the fractional Euler method, demonstrated the substantial efficacy of these controls in
reducing the infected plant population, as shown in Figures 3—-7. The simulations also revealed the
significant impact of the € in addition to @, which incorporates memory effects, offering a novel
perspective on how past epidemiological states influence future disease dynamics. Also, the
elimination of the plant infection can be established through the suggested strategies, a crucial insight
for plant epidemiology. While the model provides valuable theoretical insights, its applicability is
subject to several limitations.

A fundamental limitation is the lack of direct comparison of the numerical results with real-world
epidemiological field data. This is primarily due to the practical difficulty in obtaining comprehensive,
accurate longitudinal datasets for plant disease transmission that precisely measure the model’s state
variables (e.g., latent and infected plants) and parameters (e.g., transmission, progression, and mortality
rates) over time. This constraint limits the direct empirical validation of the model.

Future work may extend the model with delays, stochasticity, alternative fractional operators, or
incorporate additional variables, besides proposing new effective control measures. Also, future work
must urgently focus on bridging the gap between theoretical results and real-world data by seeking out
the datasets necessary for this.
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Appendix

Verify the positivity of coefficients A, A,, Az, Ay given in Eq (3.19) and holding the inequality

A A A > ﬂ% + ﬂ%ﬂ;;
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Table A1. Numerical verification of stability conditions for the EEP ="

eq’

when R, > 1.

[0 € RC A1 \7(2 ﬂ3 ﬂ4 ﬂlﬂz.?h ﬂ% + ﬂ%?&
1 0.9 11.3622 0.3368 0.0199 7.0933e-04 2.0766e-05 4.7480e-06 2.8593e-06
1 0.5 1.9559 0.3643 0.0197 5.2276e-04 1.5184e-05 3.7586e-06 2.2889¢-06
098 09 55925 03692 0.0246 9.8534e-04 3.2251e-05 8.9458e-06 5.3659e-06
098 0.5 1.8389 03992 0.0244 7.2470e-04 2.3500e-05 7.0595e-06 4.2700e-06
095 09 3.6721 04227 0.0336 0.0016 6.1390e-05  2.2663e-05 1.3508e-05
095 05 1.6811 04569 0.0333 0.0012 4.4467e-05 1.7797e-05 1.0647e-05
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