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Abstract: Learning conditional dependence structure among latent concepts from unstructured text
can provide an interpretable graph prior for downstream models. Existing methods estimate such
a concept graph by modeling GloVe-style concept embeddings as matrix-normal observations with
sparse row/column precision matrices, but its Gaussian assumption is usually not satisfied for modern
neural embeddings. In this paper, we extend this framework to a nonparanormal matrix-normal
graphical model, allowing monotone marginal transformations while preserving the conditional-
independence interpretation of the row/column precision matrix. We construct matrix-valued concept
embeddings from language model representations and estimate sparse row/column precision matrices
via a penalized likelihood that replaces sample covariances with rank-based correlation estimates,
improving the robustness in cases with skewness and heavy tails. The resulting concept graph is
defined by the support of the row precision matrix and is used as a structural prior for downstream
prediction. Experiments on a salary-prediction task show that the proposed nonparanormal precision
graph consistently reduces absolute-error risk and improves stability over competitors. Ablations
further indicate that performance gains stem from meaningful conditional-dependence structure, rather
than merely from increased model capacity.

Keywords: concept graph; graphical neural network; language representation; matrix normal
graphical model; nonparanormal transformation

1. Introduction

Pretrained language models (LMs) have become a default tool for turning unstructured text into
high-dimensional representations, powering a wide range of downstream analyses and decision-support
tasks. Recent instruction-tuned and open foundation models (e.g., InstructGPT, LLaMA, and Qwen
series) further strengthen the semantic fidelity of such representations and make it practical to extract
concept-level signals at scale [1-4].
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Despite their empirical success, most LM-based pipelines remain “vector-first”: Concepts are
embedded as high-dimensional vectors, while the dependence structure among concepts is left
implicit. In many scientific and policy settings, however, the key question is not only how to represent
concepts, but also which concepts remain directly related after conditioning on the others. Such
conditional-dependence information naturally supports transparent scientific hypotheses, reusable
structural priors, and more stable downstream learning [5, 6].

Graphical modeling offers a principled language to represent conditional independence through
sparsity in precision matrices. However, directly applying Gaussian graphical models to modern LM
embeddings is statistically questionable, because neural representations are often far from Gaussian
distributed and may exhibit anisotropy or heavy-tailed behavior [7-9]. A standard remedy is to move
from a fully parametric Gaussian assumption to nonparanormal modeling, which preserves the
conditional-independence interpretation while allowing unknown monotone marginal distortions [10].
Recent work has further extended rank-based Gaussian-copula ideas to more structured settings,
underscoring the practical value of semiparametric dependence estimation beyond the
Gaussian case [11].

A recent step toward concept-graph learning from text representations is a matrix-normal
framework that models matrix-valued concept embeddings with sparse row/column precision matrices
to recover an interpretable conditional-dependence concept graph [12]. However, that framework is
tied to a Gaussian assumption and empirically focuses on GloVe-style embeddings that are closer to
Gaussianity. More broadly, semiparametric graph-estimation methods provide robustness beyond
Gaussian assumptions [10, 11, 13, 14], while graph-based downstream learning methods, including
graph neural network (GNN)-based and multiview graph approaches, demonstrate the practical value
of incorporating structured relational information into prediction [15-18]. Related ideas on explicit
structure learning and regularization have also proved useful in other structured prediction settings,
such as spatiotemporal tensor modeling with missing data [19]. Nevertheless, these lines of work have
not been integrated to estimate an interpretable conditional-dependence concept graph from modern
LM-derived embeddings under a matrix-normal framework. This leaves open a central
methodological question: Can we perform principled conditional-dependence graph estimation for
concept embeddings produced by modern LMs, where Gaussianity is typically violated?

In this paper, we address this question by extending the Matrix-GloVe framework to a
nonparanormal matrix-normal setting. Concretely, we treat each corpus (and its bootstrap variants) as
producing a matrix-valued observation ¥ € R”*Y, where each row corresponds to a concept and each
column corresponds to an embedding dimension. Under a nonparanormal graphical model, we retain
the conditional-dependence interpretation of the row precision matrix A while gaining robustness to
skewness and heavy tails via rank-based dependence estimation. This yields an interpretable graph
prior that can be injected into downstream predictors and evaluated through predictive risk
and stability.

The main contributions of this work are listed below:

e We extend matrix-normal concept graph learning from the Gaussian setting to a nonparanormal
framework, enabling conditional-dependence graph estimation from modern LM embeddings
under weaker distributional assumptions.

e We develop a scalable rank-based plug-in estimator for matrix-valued LM concept embeddings
and integrate it into penalized precision learning. Rather than operating on the pg X pq
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dimensional R in (2.2), we decompose the computation through two reduced matrices (R4, Rg) of
sizes p X p and g X g, substantially improving computational and memory efficiency for large p
and gq.

e We evaluate the learned concept graph not only by predictive performance but also by stability,
measured by variability Std(MSE). We further include a matched-sparsity random-graph control,
that differs only in the adjacency used for message passing, to verify that the gains are attributable
to the learned conditional-dependence structure.

2. Preliminaries

To make the paper self-contained, this section briefly introduces the main methodological
background underlying our framework. @ We review the matrix normal graphical model, its
nonparanormal extension for handling non-Gaussian data, and the graph neural network machinery
used in the downstream prediction stage.

2.1. Matrix normal graphical models

We briefly review matrix normal graphical models (MNGM) [20], as they provide the statistical
foundation for our framework. The presentation here is standard and included only to make the
paper self-contained.

Definition 2.1 (Matrix normal distribution). Assume Y € R”*? is a matrix-valued random variable. We
say Y follows a matrix normal distribution, denoted by Y ~ MN, ,(M; U, V), if it has density

1
p(Y | M,U, V) = Qr) P42\U 2|y P2 exp(—5 tr[(Y - M) U (Y - M)v-l]) ,

where M is the mean matrix, and U and V are the row and column covariance matrices, respectively.
Equivalently, vec(Y) ~ N,,(vec(M), V®U). We write the corresponding precision matrices as A = U -
and B= V!,

A key property of MNGM is that sparsity in the precision matrices A = U~' and B = V™! admits
a conditional-independence interpretation [20]: For v # u, by, = 0 implies that the y-th and u-th
columns of Y are conditionally independent given the remaining columns; similarly, for 6 # 1, as, = 0
implies conditional independence between the 6-th and 7n-th rows given the remaining rows. In our
setting, rows of Y index concepts and columns index embedding dimensions; therefore, the concept
conditional-dependence graph is induced by the off-diagonal support of the row precision matrix A.
For notational simplicity, we work with centered observations and reuse Y to denote Y; — Y, so we set
M = 0 in what follows.

In practice, A and B are typically estimated by penalized likelihood to encourage sparsity (e.g.,
¢, penalties). Given matrix observations {¥;}_,, one common formulation minimizes the penalized
negative log-likelihood:

1 n
$(A, B) = —qlog|A| - plog|Bl + — > t(AY,BY]) + 4 ) laijl+p > by, 2.1)
I it i)
where A and p control the sparsity levels of A and B, respectively (e.g., via an edge budget

or validation).
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2.2. Nonparanormal MNGM

To accommodate non-Gaussian LM embeddings, we adopt a nonparanormal matrix normal
graphical model [13], which assumes that the matrix-valued observations admit a structured
semiparametric approximation: There exist entry-wise strictly monotone transformations f = {f;;}
such that

vec(f(Y)) ~ Npfvec(M), Ve U).

Here, the monotone transformation relaxes marginal Gaussianity, whereas the Kronecker-separable
covariance V ® U is an additional modeling assumption used to parsimoniously encode row-wise and
column-wise dependence. We do not claim that entry-wise monotonicity alone implies matrix
normality; rather, this assumption defines the model family adopted in this work. This approximation
is appealing in our setting because concept embeddings are naturally organized as matrices with
concept and embedding-dimension axes, and the separable covariance form provides a tractable way
to recover the row precision structure that defines the concept graph while treating column
dependence as a nuisance component.

Instead of estimating f, we directly estimate the latent correlation matrix of vec(f(Y)) using rank-
based plug-in estimators. Given samples {Y,};_,, let x; = vec(¥;) € R??. In our implementation,
the sample size n denotes the total number of matrix observations, and we index these observations
by k = 1,...,n. For each pair of coordinates (s,u) of x where s # u, we compute the sample rank
correlation (Spearman’s pg, or Kendall’s 7, [13]) and set

= _ Zsin(gﬁsu), (Spearman’s p)
" |sin(3%,).  (Kendall's 7).

We then replace the sample covariance term in (2.1) by the rank-based plug-in matrix R, yielding the
penalized objective

$(A, B) = —qlog |A| - plog |B| + tr((B® AR) + > palai) + Y polbi), 2.2)

i£] i#j

where p, and p, are sparsity-inducing penalties (we use £; in experiments). Optimization follows the
same alternating/iterative scheme as the Gaussian case, with R in place of the sample covariance,
preserving computational efficiency while improving robustness to skewness and heavy tails. Beyond
the classical nonparanormal graph estimation literature, recent semiparametric Gaussian-copula
graphical model work also considers richer observation structures (e.g., multi-attribute measurements)
while retaining interpretable conditional-dependence graphs [14].

2.3. Graph neural networks

Graph neural networks (GNNs) have emerged as a powerful class of models for learning
representations from graph-structured data. Given a graph G = (V, &) with node features {x,},cy,
GNNs aim to learn node, edge, or graph-level embeddings by iteratively aggregating information
from local neighborhoods. A general message-passing framework can be written as

4= 9 40, ACGW 00,0 0 € KO, @
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where h(vl) denotes the representation of node v at layer /, N'(v) is the neighborhood of v, AGG(-) is a
permutation-invariant aggregation operator, ¢ and y are learnable functions, and e, represents edge
attributes, which are omitted in our implementation.

Early GNN variants, such as graph convolutional networks (GCNs) [15] and GraphSAGE [16],
instantiate this framework using linear transformations and mean or sum aggregation, while attention-
based models, such as graph attention networks (GATs) [17], introduce adaptive importance weights
over neighbors. These models have been successfully applied to a wide range of tasks, including node
classification [21], fraud detection [22], and 3D segmentation [23].

From a modeling perspective, GNNs use the input graph as a carrier of relational information and
propagate neighborhood signals through message passing. In our setting, the graph is not treated as
an arbitrary similarity graph; instead, it is supplied by the estimated concept conditional-dependence
structure from the graphical model. The resulting graph therefore serves as a structured prior for
downstream representation learning.

3. Methods

We propose the nonparanormal graph via language model (npGraph-LM), a statistically grounded
approach to recover concept-level conditional dependence structure from text representations
produced by modern language models. The target is not merely to improve prediction, but to obtain a
sparse and interpretable concept graph that can serve as a reusable structural prior. The approach
proceeds through paragraph bootstrap for stabilizing rank-based dependence estimation,
matrix-valued concept embedding construction, nonparanormal matrix graphical modeling to estimate
sparse precision structure, and finally document-specific concept-induced subgraph extraction whose
graph representations are concatenated with text representations for downstream prediction. An
overview of the npGraph-LM pipeline is shown in Figure 1.
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Figure 1. Overview of npGraph-LM. We generate multiple augmented views of each
document via paragraph bootstrap, encode concepts into matrix-valued embeddings, build
a sparse concept conditional-dependence graph using a nonparanormal matrix graphical
model (via rank-based dependence estimation and penalized precision learning), and
extract document-specific concept-induced subgraphs, concatenate the resulting subgraph
representation with the text representation, and perform downstream prediction.
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3.1. Paragraph bootstrap for corpus augmentation

Following [12], we use paragraph bootstrap to create T corpus-level augmented views. Let the
corpus be D = {d,-}l/.idl"“. At bootstrap round ¢, we apply paragraph-level sentence shuffling within each
document d; to obtain a bootstrapped corpus:

DD _ 7O Naoc —
DY ={d )}, t=1,...,T.
We then encode the entire bootstrapped corpus D to construct a single matrix-valued

concept embedding
Y(t) = Rpxq,

whose rows correspond to concepts in the global vocabulary C = {c,...,c,} and columns correspond
to embedding dimensions. Therefore, {Y(’)}tT:1 constitutes n := T matrix observations for subsequent
dependence estimation.

After training/encoding on these bootstrap corpus variants, we obtain multiple realizations of the
concept-embedding matrix, effectively increasing the sample size for dependence estimation and
stabilizing  subsequent rank-based correlation corpus estimates without introducing
parametric assumptions.

Because modern LMs are pretrained on large-scale heterogeneous corpora and our target is
concept-level representation rather than discourse generation, we expect the resulting embeddings to
be relatively robust to such mild paragraph-local reordering. Empirical evidence on embedding
stability under paragraph bootstrap is provided in Appendix A.4.

3.2. Concept extraction and embedding tensor construction

For each augmented document d~§’), we employ a large language model (LLM) to identify a set
of salient concepts C = {c,...,c,} shared across the corpus. Each concept c; is encoded into a g-
dimensional embedding vector using the LLLM after unsupervised training on these bootstrap document
variants. Collecting all concept embeddings yields a matrix-valued observation:

Y(t) = Rpxq’

where rows correspond to concepts and columns correspond to embedding dimensions.

The collection {Y®} can thus be viewed as samples of a matrix-valued random variable, naturally
aligning with the matrix normal and nonparanormal graphical modeling framework introduced in
Section 2. In practice, we construct a global concept vocabulary by aggregating concept candidates
across the corpus, standardizing synonymous expressions, and aligning each document to the
resulting vocabulary when forming Y.

When a concept set is not prespecified by the corpus, we construct a global concept vocabulary in
three stages: concept candidate generation, concept standardization and synonym merging, and final
vocabulary formation.

We collect candidate concepts from three complementary sources.

First, we extract textbook index terms from the statistics, data science, computer science,
biostatistics, and economics textbooks included in the corpus. These index entries provide relatively
curated domain concepts.
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Second, we collect skill keywords explicitly appearing in job postings. Many recruitment texts list
required skills, software tools, or knowledge areas in a structured or semi-structured form, and these
keywords are also treated as concept candidates.

Third, to capture additional concept expressions appearing in free text, we use Qwen2 to extract
concept-like keywords from documents. The model is prompted to identify short noun phrases
corresponding to knowledge points or professional skills. A typical prompt template is as follows:

You are a professional information extraction assistant.

Your tasks are:

1) Identify the most appropriate category of the text
(choose exactly one from a predefined list).

2) Extract several keywords or key phrases that represent
knowledge concepts or skills appearing in the text.

Requirements:

- Keywords should be concise (preferably 2-10 characters in Chinese).
- Prefer noun phrases that represent concepts or skills.

- Avoid stop words, filler words, or informal expressions.

- Avoid duplicate terms.

- The output must be strictly formatted as JSON.

- Do not output any explanations or additional text.

These constraints help the model produce standard concept-level phrases instead of arbitrary
text spans.

After collecting candidate concepts from the above sources, we perform deduplication and synonym
merging with an LLLM-assisted procedure. We use Qwen?2 to judge whether two candidate terms refer
to the same concept or skill.

For each candidate pair (a, b), the model decides whether they should be merged. If so, it outputs a
canonical concept name. The prompt used in this step is:

You are a terminology normalization assistant.

Given a pair of terms (a, b), determine whether they represent the same
concept or skill.

If they should be merged into the same concept cluster, output the pair
and a canonical concept name.

If they should NOT be merged, output nothing.

Requirements:

- The canonical name should be a more standard or widely used term.
- Prefer concise Chinese terminology when possible.

- Keep widely used English abbreviations if appropriate.

Electronic Research Archive Volume 34, Issue 5, 2947-2973.



2954

- The output must be strictly formatted as JSON.
- Do not provide explanations.

The resulting canonical terms are used to merge synonymous concepts and remove duplicates, so
that concept mentions with similar semantics are mapped consistently to the same global concept entry.

After synonym merging and deduplication, the remaining canonical concepts form the final
vocabulary C. Each document is then aligned to this global vocabulary, and the matched concept
indices are wused in subsequent matrix-valued embedding construction and downstream
document-specific concept activation.

3.3. Concept graph estimation via nonparanormal matrix normal graphical models

To capture conditional dependency relationships among concepts while allowing for non-Gaussian
embedding distributions, we adopt a nonparanormal matrix normal graphical model. We assume that
there exist monotonic transformations such that vec(f(Y)) ~ N,,(vec(M), V®U), where U € R”? and
V € R?9 are the row and column covariance matrices, respectively.

Instead of explicitly estimating the transformation functions, we employ rank-based estimators to
obtain a plug-in estimate R of the latent correlation structure of vec(f(Y)). The corresponding row
and column precision matrices A = U~! and B = V™! are obtained by minimizing the penalized
objective in (2.2). The sparsity pattern of the row precision matrix A defines a concept-level conditional
independence graph G. = (C, &), where an edge indicates direct dependency between two concepts.

This statistically-grounded graph provides an interpretable and robust representation of concept
relationships, which is subsequently used as structured prior knowledge for neural message passing.

Proposition 3.1 (Concept dependency interpretation). Assume that the matrix-valued concept
embedding Y € R”*? follows a nonparanormal matrix graphical model, i.e., there exist entry-wise
strictly monotone transformations f = {f;;} such that vec(f(Y)) ~ N, (vec(M),V® U). LetA = U -1
be the row precision matrix. Let A = {1,..., p} be the row index set. Then, for any two concepts ¢
and ¢, (rows 0 # 1),

as; =0 < YOY"|yH\en,
and hence the support of A encodes the concept conditional-dependence graph.

Intuition. The nonparanormal model assumes that an entry-wise strictly monotone transformation f
maps Y to a matrix-normal variable Y = f(Y). Since such coordinate-wise bijections do not mix
entries, conditional independence relations among row-blocks are preserved under f. For the matrix-
normal ¥ ~ MN ».q(M; U, V), zeros in the row precision A = U~' correspond exactly to conditional
independences between pairs of rows of Y. Combining these two facts yields the claim that the support
of A encodes the concept conditional-dependence graph.

Proof. See Appendix A.1.
The full graph estimation process is illustrated in Figure 2.
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Figure 2. Concept graph estimation. Given the matrix-valued concept embeddings, we apply
the nonparanormal graphical model to obtain a robust correlation structure and then fit a
sparse row precision matrix A = U~!. Nonzero off-diagonal entries in A indicate conditional
dependencies between concepts, which are converted into the concept graph G. used by the
subsequent GNN encoder.

3.4. Rank-based plug-in construction of R and efficient parallel computation

To handle unknown entry-wise strictly monotone distortions, we construct a rank-based plug-in
estimate of the latent correlation structure and avoid explicit estimation of the marginal
transformations. Following the semiparametric bigraphical-model treatment of [13, Proposition 3.2],
although the conceptual target is a pg X pg plug-in matrix R for vec(f(Y)), the matrix-normal
parameterization implies that the objective depends on R only through two reduced matrices, denoted
R4 € RP*? and Ry € R?, which can be formed by structured aggregation of entries of R with respect
to the current (A, B) iterates.

Let {Y}] | be matrix observations with Y € R4, and define x’ = vec(Y"”) € R”. For each
coordinate pair (s, u) € {1,..., pg}?, we need to compute the sample Spearman rank correlation p,, and
apply the standard sine calibration:

R =2 sin(%ﬁm). 3.1)

This plug-in construction preserves robustness induced by ranking, while the sine mapping calibrates
the rank correlation onto a correlation scale suitable for subsequent precision estimation.

We then construct two reduced matrices from R. Following [13, Proposition 3.2], define the
selection matrices {K(} _, with K, € R?"? whose (£ + p(j — 1), j)-th entry equals 1, and 0 otherwise
(j = 1,...,9), so that K, extracts the g coordinates corresponding to the ¢-th row of Y under

x = vec(Y). Then, given the current iterate B®, the (£, m)-th entry of the reduced matrix ﬁ ) can be
written as
[RY],, = r(KBYKIR)=te( K RK, BY),  tmefl,....ph (3.2)
———

aqxqblockofk\

where the second equality follows from cyclicity of the trace. Importantly, K,;EKK € R? is exactly the
sub block of R mdexed by the coordinates {(m, 1), . (m q)} (rows) and {(¢, 1), ..., (£, q)} (columns),
[K RK(] i R(m io(6.j- Thus, each entry of R ', can be obtained by extractmg this g X g block

from R and taking a weighted trace against B® without performing the explicit matrix multiplication
on the full pg X pg matrix.

Similarly, let {L,}f:l with L, € RP*P? denote the selection matrices whose r-th p X p block equals /,,,
and 0 otherwise, so that L, extracts the p coordinates corresponding to the r-th column of Y in vec(Y).
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Given A**D, define R%*" entry-wise by

[Ry™),, = w(LJAPLR) =ue( L,RL A™V),  rsefl,....qh (3.3)
——

apoblockofﬁ

again by cyclicity. Here LJ!TL,T € RP is the sub-block of R indexed by column groups s and r
under the vectorization order. Consequently, each alternating update depends on R only through the
two reduced matrices (I/Q\(:), I/Q\(If”)). In particular, the alternating optimization proceeds in a two-step
fashion: At iteration k, we first fix B® and update A**" using R'; we then fix A% and update B*+"
using R¥*V,

In practice, we reshape the tensor observations to a feature-by-sample matrix X € RP9*" with
feature index corresponding to the pair (i,£). We then explicitly compute the full Spearman
rank-correlation matrix p € RP?9*(P9 using GPU parallelism to accelerate the dominant all-pairs
rank-correlation cost. Concretely, we launch GPU threads over feature pairs (s, ), where each thread
computes the rank correlation py, (and writes the symmetric entry p,;), thereby parallelizing the
O((pg)?) pairwise dependence calculations.

The calibrated plug-in matrix R is then viewed as the element-wise sine transform of p according
to (3.1). However, in implementation, we do not separately materialize R as another dense (pq) x (pq)
matrix. Instead, when constructing the reduced matrices R4 and Rp, we extract the required sub-
blocks from p according to the vectorization order and apply the sine calibration to those sub-blocks
on demand.

The subsequent formation of R4 and Rj is further parallelized via multithreading. Specifically, we
evaluate (3.2) and (3.3) row-wise (or column-wise) and dispatch independent index blocks to parallel
workers, so that each worker constructs one row of R4 (or Rg) by repeatedly extracting the
corresponding p sub-blocks and accumulating the weighted traces with respect to the current iterate
B (or A). In practice, the proposed implementation yields measurable wall-clock gains over a naive
baseline, and the benefit becomes clearer as the graph size increases.

To further support the efficiency claim above, we conducted a small-scale runtime study on
subsampled concept sets with p € {80, 120, 160} and a fixed sample size n = 50. We compared a naive
implementation, which uses CPU-based Spearman correlation computation and serial construction of
the reduced matrices, against our implementation used in practice, which combines GPU-based
rank-correlation estimation with parallel reduced-matrix construction. The reported wall-clock time
measures the graph-learning pipeline, including rank-based correlation estimation and alternating
precision-matrix updates.

As shown in Table 1, our implementation consistently reduced the end-to-end runtime for moderate
subsampled problem sizes. Averaged over three runs, the total runtime decreased from 3.67 s to 2.55s
at p = 120 and from 8.12s to 6.05s at p = 160, corresponding to speedups of approximately 1.44x
and 1.34x, respectively. For the smallest setting p = 80, the average speedup was more modest (1.18x)
and exhibited larger variability across runs, suggesting that fixed implementation overhead is relatively
more pronounced at very small scales.

Overall, these results indicate that the proposed implementation provides practical wall-clock
improvements over a naive baseline, with clearer gains emerging as the graph size increases.
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Table 1. Runtime comparison between a naive implementation and our implementation on
subsampled concept sets.

#Concepts Naive Total (s) Ours Total (s) Speedup
80 1.73 £ 0.07 1.53 +0.38 1.18%
120 3.67 = 0.06 2.55 +0.06 1.44x
160 8.12 £ 0.43 6.05 + 0.41 1.34%

Note: Reported time is wall-clock seconds (mean + standard deviation (std) over 3 runs). Speedup is computed as Naive/Ours.

3.5. Graph-enhanced representation learning for downstream tasks

The estimated nonparanormal MNGM yields a concept-level row precision matrix A = U~! € RP*?,
We define the global binary concept graph G, = (C, &,) by the off-diagonal support of A. Specifically,
its adjacency matrix is Ae {0, 1}7*P with ﬁ,-j = 1{A;; # 0} for i # j and flii = (0. We use this graph
as a structural prior in downstream prediction by performing message passing on the global graph and
extracting document-level graph features via activated-node pooling.

For each document d; (or bootstrap view dl@), we align its extracted concepts to the global
vocabulary C = {cy,...,c,} and obtain an activated concept index set §; C {I,..., p}, where j € §;
indicates that concept c¢; appears in the document.

Node features are given by the g-dimensional concept embeddings. Let X € R”*? denote the global
node feature matrix stacking embeddings for all concepts in C. We apply an L-layer GNN on the global
graph G, to obtain graph-refined concept representations H'¥ € RP¢, where d denotes hidden size:

HED O_(D’—I/Z AD 2 H(f)W(f)), t=0,...,L-1, (3.4)

where HO = X, A = A + I adds self-loops, D is the corresponding degree matrix, and {W©} are
learnable weights. Since Ais binary, we use an unweighted topology, and edge influence is determined
by normalized adjacency. This global propagation allows each concept representation to incorporate
information from its conditional-dependence neighborhood in G..

Let HD = Oy, (ﬁ X) denote the L-layer message passing output on the global graph. Rather
than running message passing on a document-induced subgraph, we compute a document-level graph
feature by pooling the refined representations of the activated concepts after L layers:

22" = Pool({ H:jes:)), (3.5)

where Pool(-) is a permutation-invariant operator (mean pooling in our implementation). Intuitively,
H'D captures global relational context from G., while S; selects the subset of concepts mentioned in the
document, yielding a document-specific graph summary. The empirical distribution of the document-
specific concept set size |S;| is reported in Appendix A.3, which provides additional evidence that the
mean-pooling step is stable in practice.

Let 2™ be the document representation from the text branch. More generally, if the raw text encoder
output has dimension d.,., we optionally map it through a learnable adapter to a downstream text-
feature dimension d., so that

dext e Rd[exl.
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Similarly, after L layers of message passing, we have
H(L) c Rdegraph

and the pooled graph feature satisfies

Zgraph c Rdgmph_
4
We then fuse the two views by concatenation:
h A
z; = Concat (™, z5™") € R et

In our implementation, the frozen Qwen2 encoder first produces a 3584-dimensional sentence
embedding, which is mapped by a linear adapter to dx; = 256; the GNN hidden/output dimension is
dgraph = 128. Hence,

h 4
ZEeXt € R256, zlgrap € Rlzg, 21 € R38 .

h
z = Concat (™, z7™")

and predict the target as y; = g(z;), where g(-) denotes the neural network used in downstream tasks,
such as an multilayer perceptron (MLP).

Downstream training keeps the estimated graph A fixed and learns the parameters of the GNN and
the prediction head (optionally keeping the text encoder fixed). The final prediction is

9 = ggg(Concat(zﬁe’“, Z® h))

Under the loss function £(-) , we solve

IR o .
min f(ggg(Concat(d L Pool({Hj.L) [ j€ Si}))), yz'),

where N denotes the number of labeled documents used in the downstream prediction task (e.g., job
postings in a given training split), and @y, is defined in (3.4). This separation preserves the statistical

interpretation of A as a recovered conditional-dependence structure while enabling its reuse as a
structural prior in downstream prediction.

Algorithm 1 summarizes the proposed framework, highlighting the interaction between statistical
graph estimation and neural representation learning.
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Algorithm 1: Graph-structured representation learning algorithm

Input: Corpus D = {d[-}?f’l“; bootstrap times 7'; global concept vocabulary C(size p); penalty

parameters A, p (or edge budget); GNN layers L.
Output: Concept graph G,; trained downstream predictor g(-).

Bootstrap and concept embedding:;
forr=1toT do
fori=1to Ny, do
L Generate bootstrap document ‘7,@ by shuffling sentences in paragraphs from d;;

Use an LLM to extract concepts C and obtain a matrix-valued embedding Y € R4,

Concept graph estimation:;

Estimate rank-based correlation R from {vec(Y N s

Estimate row and column precision matrices (A, B) via penalized nonparanormal likelihood,
optimization via alternating updates using reduced matrices (R4, Rp) (Section 3.4);

Construct concept graph G, from the support of A.

(Here, B captures dependence across embedding dimensions and is treated as a nuisance
component for graph construction.)

Graph-enhanced prediction:;

Apply a GNN on G. to obtain refined concept representations HV;

For each document, obtain the activated concept set S; and pool HE.L) : j €S, toform zfraph;
Concatenate graph-based and text-based document features and train a task-specific predictor
8();

return G, and g(-);

4. Real data analysis

4.1. Experimental setup and evaluation metrics

We use salary prediction as a controlled proxy task to probe whether the recovered concept graph
provides measurable statistical benefits (risk and stability), rather than treating prediction as the
end goal.

The data used in this study consist of a dual-source text corpus. Specifically, we collect 45 core
textbooks from statistics, data science, computer science, biostatistics, and economics and finance to
represent structured academic knowledge. In addition, we gather 10,114 data-science-related job
posting texts released in 2025 from major Chinese recruitment platforms, including Boss Zhipin,
Zhaopin, and Liepin, covering five job categories: data analysis, software and algorithm, biomedical,
economics and finance, and large language model algorithm positions (details shown in Table 2).
Together, these two sources provide a unified text corpus that reflects both educational knowledge
structures and labor market skill demands. In the current experiments, the concept-vocabulary
construction and graph-construction stages are performed at the corpus level using unlabeled texts
from the full corpus. Therefore, the downstream evaluation should be interpreted as transductive with
respect to text-structure construction, although no test labels are used in any stage of predictor
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training or model selection. This dataset has been uploaded to GitHub repository
(https://github.com/Rayair019/Job-posting-data).

Table 2. Summary of the text corpus and concept sets.

Data source Domain / Category #Documents Text length

Textbooks Statistics, Data Science, Computer Science, Biostatistics, Economics and Finance 45 ~9.6M words

Job postings Data Analysis 2650 885,821
Software & Algorithm 1898 636,585
Biomedical 1939 632,898
Economics & Finance 2095 646,820
LLM Algorithm 1532 538,107

Prediction performance is evaluated by mean squared error (MSE) and mean absolute error (MAE)
on the held-out test split of each fold, defined as

Miest Niest

D=3 MAE=— ly; =3,

- n ”
test T3 test 3

MSE =

where y; and §; denote the ground-truth and predicted targets, respectively, and 7, is the number of
test samples in the fold. To assess stability across data splits, we additionally report the
cross-validation variability of MSE, summarized by Std(MSE) (defined in Section 4.2). All metrics
are computed per fold and then aggregated across the five folds. For downstream prediction, we
include city metadata by concatenating a city embedding as an auxiliary feature; this does not affect
the downstream prediction stage.

4.2. Cross-validation stability of downstream risk

Beyond average predictive accuracy, we quantify estimation stability across data splits using the
variability of test risk under K-fold cross-validation. We use cross-validation variability of predictive
risk as an empirical stability diagnostic, which is directly relevant to downstream reliability.

Concretely, under K-fold cross-validation, let R denote the test risk (e.g., MSE or MAE) on fold
f, f=1,2,..., K. We summarize stability by the standard deviation across folds:

R — _ 1 &
Std(R) = -1 Z (RO = R)?, R = e Z R,
f=1 =1

A smaller Std(R) indicates that performance is less sensitive to the particular train—test split, suggesting
improved estimation stability. In the experiments reported, we consistently observe that the graph-
enhanced models achieve lower fold-to-fold variability than text-only baselines, in addition to lower
average MAE/MSE. This supports the view that the learned concept conditional-dependence structure
acts as a stabilizing structural prior rather than a brittle source of extra model capacity.

Table 3 reports Std(MSE) together with mean MSE/MAE for each model.
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Table 3. Prediction performance across text encoders and graph-learning baselines.

Model MSE MAE Std(MSE)
GloVe (Text-only) 1.3861 0.8038 0.1084
LLaMAZ2 (Text-only) 0.9912 0.6814 0.0909
DeepSeek (Text-only) 0.9545 0.6548 0.0797
Qwen?2 (Text-only) 0.8545 0.6508 0.0562
Matrix-GloVe (MNGM Graph) 1.3159 0.7797 0.1271
Qwen2 + ProGNN Graph 0.8354 0.6338 0.0480
Qwen2 + IDGL Graph 0.8370 0.6332 0.0462
npGraph-LM (Ours) 0.8197 0.6290 0.0396

Note: MSE and MAE are reported on the independent test set, while Std(MSE) denotes the cross-fold variability from 5-fold
cross-validation on the training set.

4.3. Prediction performance across text encoders

We compare npGraph-LM with both text-only baselines under different pretrained text
encoders (GloVe, Qwen2, LLaMA?2, and DeepSeek) and graph-enhanced baselines using the same
Qwen?2 text encoder. Besides Matrix-GloVe, which estimates a concept conditional-dependence graph
under a Gaussian MNGM assumption and incorporates it into the downstream predictor, we
additionally consider two representative graph-learning baselines: Qwen2 + ProGNN graph and
Qwen2 + IDGL graph. ProGNN refines graph structure through task-coupled graph denoising and
regularization, while iterative dual graph learning (IDGL) learns task-adaptive graph connectivity
directly from node features. By comparison, npGraph-LM estimates the graph under a nonparanormal
MNGM via rank-based plug-in correlations and leverages LLM-derived concept embeddings. All
methods share the same downstream prediction head and training protocol.

Table 3 summarizes five-fold cross-validation results. Among all compared methods, npGraph-LM
achieves the lowest average MSE and MAE, outperforming not only all text-only baselines but also
the two graph-learning baselines based on ProGNN and IDGL. Compared with Qwen2 (text only), the
additional gains indicate that explicitly modeling concept-level conditional dependence provides
complementary predictive value beyond stronger text representations alone. Compared with
Matrix-GloVe, the improvement is consistent with the intended robustness benefit of relaxing the
Gaussian assumption in graph estimation and replacing static GloVe-based concept representations
with LLM-derived embeddings. Notably, npGraph-LM also yields the smallest cross-fold variability,
with a lower Std(MSE) than both Qwen2 + ProGNN graph and Qwen2 + IDGL graph, suggesting
that the performance gain is not obtained at the cost of higher split sensitivity and that the learned
graph is comparatively more stable across folds. Additional sensitivity analysis with respect to the
sparsity-controlling graph parameters is provided in Appendix A.2.

4.4. Category-wise analysis of structural effects

To understand where concept structure helps most and to verify that the observed gains are
attributable to the learned dependency pattern rather than the mere presence of a graph encoder, we
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report category-wise prediction errors under a controlled comparison between the learned concept
graph and a random-graph baseline with matched sparsity.

For the main model, let A € {0, 1}7*P denote the learned binary concept adjacency, where an edge
indicates conditional dependence between two concepts. We use A for message passing in the GNN
encoder, and combine the resulting graph representation with the text representation for
final prediction.

We further consider a random-graph control with matched sparsity. Specifically, we construct a
random binary graph A,nq € {0, 1}7*? by uniformly sampling the same number of off-diagonal edges
as in A and symmetrizing, so that |[Edge(Aana)| = IEdge(ﬁ)l. This preserves overall sparsity while
destroying the learned conditional-dependence pattern. All other components (text encoder, concept
vocabulary and node features, GNN architecture, and training protocol) are kept identical; only the
adjacency used for message passing is changed.

To contextualize these structural effects, we also report a text-only baseline that removes message
passing entirely. Table 4 shows that introducing a graph encoder is generally helpful: Both the
random graph and the learned graph reduce MSE relative to text-only across nearly all job categories.
However, the learned graph achieves the best overall performance relative to the matched-sparsity
random control, indicating that improvements are not solely due to adding a sparse adjacency for
aggregation. At the category level, the learned graph yields consistent gains in data analysis, software
& algorithm, biomedical, and LLM algorithm, while economics & finance is the only case where the
text-only baseline is slightly better. This pattern suggests that meaningful conditional-dependence
structure contributes to performance beyond generic smoothing, although the margin can vary
by domain.

Table 4. Category-wise performance (MSE).

Job category Text-only Random graph Learned graph (ours)
Data Analysis 0.8949 0.8875 0.8864
Software & Algorithm 0.5275 0.5279 0.5044
Biomedical 0.3449 0.3560 0.3392
Economics & Finance 1.1479 1.1931 1.1790
LLM Algorithm 1.3059 1.1892 1.1659
Total 0.8422 0.8341 0.8197

Note: The random-graph control matches edge density and differs only in the adjacency used for message passing.

4.5. Qualitative analysis of learned concept structures

To provide further qualitative intuition for the learned concept conditional-dependence structure,
we visualize a relatively sparse local subgraph extracted from the learned concept graph, as shown in
Figure 3. Unlike a densely connected clique, this subgraph shows a modular but connected
organization. In particular, discrete outcome serves as a bridge between a biostatistics-related group
(biostatistics, biological data, bio data variability), a Bayesian modeling group (Bayesian, Bayesian
network, Bayesian school), and a methodological group (orthogonal design, regularization,
orthogonal polynomial regression).
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This pattern suggests that the learned graph captures selective conditional-dependence relations
among concept groups, rather than simply forming a dense co-occurrence network. The resulting local
structure remains interpretable while being visibly sparser than a fully connected neighborhood, which
is consistent with the sparsity induced by the graphical model.

Figure 3. A relatively sparse local subgraph from the learned concept graph.
The displayed subgraph contains ten connected concepts and exhibits a modular but
non-fully-connected structure. The discrete outcome acts as a bridge linking a
biostatistics-related group (biostatistics, biological data, bio data variability), a Bayesian
modeling group (Bayesian, Bayesian Network, Bayesian School), and a methodological
group (Orthogonal Design, Regularization, Orthogonal Polynomial Regression), illustrating
an interpretable local conditional-dependence pattern.

To complement the subgraph visualization, we further compare the global connectivity implied by
marginal correlations and by conditional dependencies under our model. Specifically, we compute the
concept-concept Pearson correlation matrix from the learned concept embeddings and threshold it at a
high level (|corr| > 0.9) to obtain a binary thresholded correlation pattern. As shown in Figure 4(a),
the resulting pattern remains highly dense, indicating widespread marginal associations across
concepts and offering limited interpretability as a sparse dependency structure. In contrast, we inspect
the estimated row precision matrix A = U~!, whose off-diagonal support encodes conditional
dependencies among concepts in the nonparanormal matrix graphical model. Figure 4(b) visualizes
the binary support of the entries of A, i.e., the nonzero pattern returned by the penalized estimator
under the regularization parameter A selected by cross-validation, revealing a markedly sparser pattern
than the correlation baseline. This stark difference highlights that many marginal correlations are
mediated by other concepts and disappear once we condition on the full concept set, whereas the
precision-based graph retains only a small subset of concept pairs with direct conditional dependence.
Consequently, the learned precision support provides a compact and more interpretable global
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summary of the concept graph.

Correlation sparsity (|corr| = 0.9) Precision matrix (|A_ij| > 0)

(a) Marginal correlation (thresholded). (b) Precision support (nonzeros).

Figure 4. Global sparsity patterns from marginal correlation and conditional dependence.
(a) Binary support of the concept—concept Pearson correlation matrix computed from the
row embeddings of Y. For visualization, an entry is set to 1 if |corr(c;, ¢;)| > 0.9 and to O
otherwise, so “thresholded correlation” refers to this binary thresholding step. (b) Binary
support of the estimated row precision matrix A = U~! from the nonparanormal matrix
graphical model. An entry is set to 1 when the corresponding estimated precision coeflicient
satisfies the thresholding rule used in the visualization (in our main figure, nonzero under the
selected regularization level 1), and to O otherwise. Thus, the displayed pattern represents
the support induced by the penalized estimator under the cross-validated choice of A.

4.6. Discussion

We use salary prediction as a proxy task to assess whether a concept-level conditional-dependence
graph learned from LM embeddings yields measurable benefits beyond text-only representations.
Empirically, the graph-enhanced model attains lower average risk (MSE/MAE) and smaller
fold-to-fold variability (Std(MSE)) under five-fold cross-validation, suggesting improved
downstream robustness.

The category-wise results show that the graph-enhanced model yields consistent improvements
across job categories. While the magnitude of gains varies slightly by domain, the overall trend
supports the benefit of incorporating the learned concept structure in downstream prediction.

The matched-sparsity random-graph control helps isolate the role of the learned dependency
pattern. Keeping the encoder, node features, GNN architecture, and training protocol fixed, replacing
the learned adjacency with a random adjacency increases prediction error. This suggests that the
observed gains are driven by the recovered conditional-dependence structure, rather than simply by
adding a graph encoder.

Qualitative visualizations provide complementary context. The local subgraph suggests sparse and
interpretable connections among related concepts, and the precision-matrix sparsity pattern reflects
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conditional-independence structure induced by the graphical model. These analyses are descriptive
and serve primarily to illustrate typical structures learned by the method.

Overall, the results provide evidence that learning and utilizing a sparse concept
conditional-dependence graph under a nonparanormal matrix graphical model can improve both
predictive risk and cross-validation stability relative to text-only baselines and matched-sparsity
random-graph controls.

5. Conclusions

This paper addresses the problem of learning an interpretable and reusable concept-level
conditional-dependence graph from modern language representations. While matrix-normal graphical
modeling provides a principled route to recover sparse row/column precision structure, modern
LM-derived embeddings often deviate from Gaussianity, which can undermine both estimation
robustness and downstream reuse. To bridge this gap, we proposed npGraph-LM, a nonparanormal
matrix-normal graphical modeling framework for matrix-valued concept embeddings that preserves
the conditional-independence interpretation of the row precision matrix while allowing unknown
monotone marginal distortions.

Methodologically, npGraph-LM replaces covariance-based likelihood terms with rank-based plug-
in correlations, avoiding explicit estimation of the marginal transformations and improving robustness
to skewness and heavy tails. To make this estimation scalable in the matrix-normal setting, we further
showed that the optimization depends on the high-dimensional plug-in matrix R only through two
reduced matrices (R4, Rp), enabling efficient alternating updates and practical parallel implementations
without materializing the full pg X pg object. The resulting concept graph, defined by the off-diagonal
support of the estimated row precision matrix, provides a statistically grounded structural prior that can
be integrated into downstream prediction via global message passing and activated-node pooling.

Empirically, we demonstrated that the learned concept graph can improve predictive risk and
cross-validation stability on a salary-prediction task, and that the gains are attributable to meaningful
conditional-dependence structure rather than a sparsity-matched random-graph control. Qualitative
inspections further provided complementary evidence that the learned structure is sparse
and interpretable.

A related modeling consideration is that the learned concept graph may contain heterophilic edges,
since conditional-dependence relations can connect semantically different but statistically
complementary concepts rather than only similar concepts. Prior work has shown that standard
message passing can be less effective on heterophilic graphs, especially in node-classification
settings [24, 25]. Therefore, our current use of standard message passing should be viewed as a
baseline integration of the learned graph prior, rather than a claim that it is optimal for all possible
concept-graph topologies. Exploring adaptive or heterophily-aware GNN architectures may further
improve downstream encoding and is an important direction for future work.

Overall, npGraph-LM offers a principled and robust route to concept-structure learning from LM
embeddings and enables the learned graph to be reused as an interpretable prior for downstream
models. In essence, npGraph-LM relies on the existence of such a bijection to justify the monotonic
transformation. How to handle cases in which this assumption fails remains an open problem and
deserves further study.
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A. Appendix

A.1. Proof of Proposition 3.1

Proof (detailed sketch). Let Y := f(Y) denote the entry-wise transformation, i.e., ?ij = fij(Yip.
By assumption,
vec(Y) ~ Ny, (vec(M), V@ U),

s0Y ~ MN, ,(M; U, V), and its row precision matrix is A = U -1

Assume that a joint density pxzw exists, and each entry-wise transform f;; is strictly monotone
and almost-everywhere differentiable (hence, the change-of-variables formula applies). Since f acts
coordinate-wise and does not mix the coordinates across (X, Z, W), the induced map 7' : (X,Z, W) —
(f , Z , VT/) is a measurable bijection whose inverse is also coordinate-wise; moreover, its Jacobian matrix
is block diagonal almost everywhere, so its determinant factorizes accordingly.

We justify the equivalence

YOLLYT | YA e YOy | YAV
using the density-based definition of conditional independence. For readability, write
X:=Y'eRI, Z:=Y'eRI W:=y"ol RV

and similarly
X:=Y, Z:=Y" W:=yNen

Since f is entry-wise strictly monotone, it induces a coordinate-wise bijection
X.Z,W) = T(X,Z,W),

with inverse (X, Z, W) = T‘l()? , Z V~V). Assume the joint density pyzw exists (the nonparanormal model
is typically stated in the absolutely continuous setting). Then, by the change-of-variables formula,

piZﬁ/(x7 Z, VT}) = pXZW(-xa e W) |det JT'I (.)’Z, z, W)l > (A 1)

where (x,z, w) = T7'(%,%, W) and J;-1 is the Jacobian of T7'.
Because T acts entry-wise (separately on coordinates of X, Z, and W), the Jacobian
determinant factorizes
[det J7-1(%, Z, W)| = Jx(X) Jz(2) Jw(W) (A.2)

for some nonnegative functions Jy, Jz, Jy (products of coordinate-wise derivatives of f).
Integrating (A.1) over (X, Z) yields the marginal density

(W) = pw(w) Jw(Ww),
and similarly
Pxw (X, W) = pxw(x, w) Ix(X)Jw(W), D7 (% W) = pzw(z, w) J2(2)Jw(W).
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Therefore, the conditional densities satisfy

Pz (X, W) _ Pxw(x, w) Jx(X)Jw (W)
Pi(W) pw(w) Jw(w)

Pxiw(X | w) = = pxw(x | w) Jx (%),

Pz @ W) = pzw(z | w) Jz(2),
Pxziw(X, 2, W) pxzw(xa z,w) Jx(X)Jz(2)Jw (W)
Piw(W) pw(w) Jw(w)
= pxzw(x, z | w) Jx()JZ(2).

Przw(%Z|I W) =

Now, recall the density-based definition:
XUZ|W & pxzgwxz|w)=pxw(x|w)pzw(z|w) forae. (x,z,w).
Using the above transformation identities, we have, for a.e. (%, Z, W),

Pxziw(% 21 W) = pxzw(x, z | w) Jx(0)Jz(2)

LY e | Wpzw(z | w) Jx (D)

= pxw(X | W) pzwE | W),
which shows X11Z | W. The reverse direction follows by applying the same argument to the inverse
transform 7-!. Hence, conditional independence among row blocks is invariant under entry-wise

strictly monotone transformations.
Next, under Y ~ MN,, ,(M; U, V), we have

vec(Y) ~ N,{vec(M), V@ U)
Hence, its precision matrix is
Q=VeU)'=V'eU'=B®A, whereA=U"' B=V",

We group the coordinates of vec(Y ) by rows of Y: Foreach § € {1,..., p}, define the row-block vector
Y% € RY as the 6-th row of Y (transposed to a column vector). Then Vec(Y ) can be written as a
concatenation of p blocks of length ¢:

vec(Y) = ((YHT,..., ("),
With this block partition, the (6, 77) block of the Kronecker precision 2 = B ® A (each block is g X ¢q)
satisfies the standard Kronecker block identity:

Qs = [(BOA);, = an B, 6nefl,....ph (A.3)

Indeed, by the definition of Kronecker product, each block is the scalar as;, multiplying the full
matrix B.

Now, recall a basic Gaussian Markov property for block-partitioned Gaussian vectors: For a
Gaussian vector G = (G, ...,G,) whose precision matrix admits the block partition Q = [Q(;,,]f;n:l,
we have

GsllG, | Gy, ppioy = Qs =0 (the g X g zero matrix).
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Applying this to G5 = Y° yields
YUY | YA — Q= 0.
Using (A.3), Qs, = as,B. Since V > 0, we have B = V=1 > 0, and hence B is invertible. Therefore,
Q=0 & ayuB=0 < a;=0.

Consequently, for 6 # n,

')76ﬂ777 | ?A\{&']} = ay = 0,

which establishes the row-graph interpretation for the matrix-normal model.
Combining the invariance in Step 1 with the Gaussian/matrix-normal property in Step 2 yields

YUY | YN e YUY | YA = g, =0,
which proves the claim.

A.2. Sensitivity analysis of graph sparsity parameters

To examine the sensitivity of the learned concept graph and downstream prediction performance to
the sparsity-controlling parameters, we conducted a grid search over candidate graph configurations
estimated under different parameter settings. These parameters directly affect the sparsity pattern of
the learned precision matrices and therefore determine the number of edges and the overall density of
the resulting concept graph.

For each candidate parameters pair, model selection was performed exclusively on the training set
using 5-fold cross-validation. Candidate graphs were compared according to the mean validation MSE
across folds. Importantly, the held-out test set was not used at any stage of parameter tuning.

In addition to predictive performance, we also recorded graph sparsity statistics, including the
number of undirected edges and graph density, in order to assess the trade-off between structural
parsimony and downstream utility.  Table Al summarizes the full results for all candidate
graph configurations.

Overall, the results show that downstream performance varies with graph sparsity, but the
best-performing configurations are concentrated in a moderate sparsity regime. Graphs that are
substantially denser or substantially sparser tend to yield weaker performance, suggesting that both
excessive connectivity and excessive pruning can be suboptimal. The final graph used in the main
experiments was selected solely based on cross-validated training performance, and it lies in a
parameter region that provides a favorable trade-off between predictive accuracy and graph sparsity.
These results support the robustness of the proposed framework with respect to the
sparsity-controlling parameters and justify the final parameter choice adopted in the
main experiments.
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Table A1. Sensitivity analysis over candidate graph configurations.

Param-1 Param-2 #Edges Density CV MSE] CV MAE|]
1.15 25 46456 0.0250 0.8674 + 0.0539 0.6245
1.15 30 46804 0.0252 0.8670 + 0.0537 0.6250
1.15 35 46804 0.0252 0.8690 + 0.0506 0.6258
1.15 40 46804 0.0252 0.8682 + 0.0520 0.6269
1.15 45 46804 0.0252 0.8793 + 0.0531 0.6289
1.20 25 4432 0.0024 0.8682 + 0.0536 0.6258
1.20 30 21276 0.0115 0.8664 + 0.0501 0.6232
1.20 32 21276 0.0115 0.8709 + 0.0524 0.6280
1.20 35 21276 0.0115 0.8815 + 0.0534 0.6314
1.20 45 21276 0.0115 0.8623 + 0.0517 0.6251
1.25 25 11228 0.0060 0.8683 + 0.0513 0.6256
1.25 30 5232 0.0028 0.8579 + 0.0514 0.6230
1.25 35 8076 0.0043 0.8607 + 0.0473 0.6236
1.25 40 8076 0.0043 0.8612 + 0.0541 0.6233
1.25 45 8076 0.0043 0.8689 + 0.0462 0.6258
1.30 25 4116 0.0022 0.8781 + 0.0541 0.6293
1.30 30 1036 0.0006 0.8740 + 0.0509 0.6275
1.30 35 2916 0.0016 0.8648 + 0.0543 0.6243
1.30 40 2916 0.0016 0.8775 = 0.0575 0.6289
1.30 45 2916 0.0016 0.8733 + 0.0500 0.6266

Note: For each candidate graph, we report the sparsity-related parameters, the number of undirected edges, graph density, and the mean
5-fold cross-validated downstream prediction performance on the training set. The final selected graph is highlighted in bold.

A.3. Empirical distribution of the concept set size |S |

To examine whether mean pooling over the document-specific concept set §; could become unstable
when the number of matched concepts varies widely across documents, we computed the size of S; for
every document in the dataset. Here, |S ;| denotes the number of matched concepts in document i.

The resulting distribution shows that the variation in |S,| is present but not extreme. Across 10,114
documents, the mean and standard deviation of |S;| are 9.97 and 7.00, respectively, while the median
1s 9. The first and third quartiles are 5 and 14, indicating that the middle 50% of documents contain
between 5 and 14 matched concepts. The upper tail remains moderate: The 90th, 95th, and 99th
percentiles are 19, 23, and 31, respectively, and the maximum value is 58. In addition, only 236
documents (2.33%) have no matched concept. See Table A2 for details.

Overall, these results indicate that the size of §; is not concentrated in highly sparse or highly
extreme regimes for most documents. Instead, the majority of samples fall into a moderate range of
concept counts. This empirical distribution suggests that the mean pooling step is reasonably stable
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in practice and is unlikely to be dominated by a small number of documents with unusually small or
unusually large concept sets.

Table A2. Distribution summary of the document-specific concept-set size |5 |

Statistic Value
Number of documents 10,114
Mean 9.97
Standard deviation 7.00
Median 9

Q1 5

Q3 14
90th percentile 19
95th percentile 23
99th percentile 31
Maximum 58

# documents with |S;| =0 236 (2.33%)

A.4. Embedding stability under paragraph bootstrap

To examine whether paragraph bootstrap substantially degrades the quality of the matrix-valued
concept embeddings, we analyzed the stability of the same concept embedding across different
bootstrap realizations.

Recall that each bootstrap round ¢ = 1, ..., T produces a matrix-valued concept embedding

Y(t) = Rpxq,
where p is the number of concepts and g is the embedding dimension. For a fixed concept c;, let
y?) e R?

denote its embedding vector in bootstrap realization r. We measured cross-bootstrap stability by
computing the cosine similarity between the same concept embedding under different
bootstrap realizations:

<y§ll)’ y512)>

(t2)

T 1<t <t <n.
Il 1y

sim(y['", y{) =
We then aggregated these similarities over all concepts and all bootstrap pairs.

In our data, the concept embedding tensor has shape p X g X n = 1928 x 3584 x 50, yielding (520) =
1225 bootstrap pairs per concept and a total of 2,361,800 same-concept cross-bootstrap similarity
values. Table A3 summarizes the resulting distribution.

The results show that the same concept remains highly stable across bootstrap realizations: The

average cosine similarity is 0.9895, and the median is 0.9919. Moreover, even the lower tail remains
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high, with the first quartile at 0.9888 and the minimum still above 0.85. This indicates that the
paragraph bootstrap introduces only mild perturbations to concept-level embeddings, rather than

fundamentally altering their semantics.

Table A3. Summary of cosine similarities for the same concept embedding across different

bootstrap realizations

Statistic Value
Number of pairs 2,361,800
Mean 0.9895
Standard deviation 0.0086
Minimum 0.8585
Q1 0.9888
Median 0.9919
Q3 0.9940
90th percentile 0.9964
95th percentile 0.9971
Maximum 0.9992
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