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Abstract: Fishing moratoriums are vital for fishery management, restoring fish stocks, safeguarding
ecosystems, and ensuring sustainable development. In this study, we explored and studied a canonical
model with a Holling type-III functional response consisting of two sub-equations switching each other.
If the length of the closed season T̄ ≤ T ∗, the trivial steady state is globally asymptotically stable. For
T̄ > T ∗, we provided a complete analysis of the existence of a unique periodic solution and three exact
periodic solutions. We also provided sufficient conditions for the existence of a globally asymptotically
stable periodic solution. Finally, numerical examples were provided to illustrate the theoretical results.
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1. Introduction

In natural environments, the growth rates of biological populations, resource availability, and
environmental conditions (temperature, precipitation, and seasonal variations) typically fluctuate over
time. Traditional autonomous models (e.g., logistic models) assume constant parameters and cannot
reflect these dynamics. In contrast, non-autonomous models introduce time-varying parameters, such
as the growth rate r(t) , environmental carrying capacity K(t), making them more consistent with
the complexity of real-world ecosystems. Seasonality is a fundamental characteristic of the Earth’s
environment and is influenced by the tilt of the Earth’s axis and its revolution around the sun. Seasonal
changes lead to periodic fluctuations in environmental conditions, including the temperature and daylight
duration, precipitation, and resource availability, also called seasonal succession in the literature [1–7].

The growth of organisms requires specific environmental conditions and is not always suitable for the
growth of certain species. For instance, arctic plants grow only briefly during the summer, whereas low
winter temperatures force their metabolism to stagnate and enter a dormant state. In tropical rainforests,
tall trees dominate the upper canopy for sunlight, leaving under story herbaceous plants to rely on fleeting
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sun flecks during the rainy season for rapid growth. During the dry season, because insufficient light, they
enter dormancy. It can be modeled by a periodic switching system [8–10]. Time periodic mathematical
models have been developed to incorporate periodic environmental factors into the population growth,
disease transmission, and other life systems. Existing extensive studies [11–13] suggest that seasonality
plays a crucial role in the outbreak and evolution of epidemics and the transmission of diseases. Diseases
transmitted by mosquitoes, such as malaria, Zika virus, and dengue fever, severely impact human health,
the pulsed and periodic release of sterile mosquitoes carrying Wolbachia bacteria is an effective method
for controlling these mosquito-borne diseases. In 2018, Yu [14] proposed a novel modeling framework
that treats the release quantity of sterile mosquitoes as a predetermined function and subsequently
establishes a time-delay differential equation system based on this formulation. Further research on this
release strategy can be found in [15–19].

Fish populations can often exist in multiple stable states due to complex ecological interactions, such
as predation, resource availability, competition, and environmental disturbances. This phenomenon
not only highlights the intricacy of aquatic ecosystems but also offers important implications for their
management and conservation. A classical model [20–22] based on a Holling type III functional
response is commonly used to describe the dynamics of fish populations under predation pressure. This
type of functional response accounts for nonlinear changes in predation rate, providing insight into its
role in population stability. The governing equations are as follows:

dw
dt
= rw(1 −

w
k

) −
apw2

b2 + w2 , (1.1)

where w(t) is the population density at time t, r is the intrinsic growth rate, k is the carrying capacity, a
is the predator consumption rate, p is the constant predator density and b is the half-saturation level
of predation. Various differential equations with harvesting strategies have been proposed to describe
phenomena arising in population ecology [23–30]. Based on (1.1), Takashina and Mougi [31] introduced
a proportional harvesting term for model (1.1) as follows:

dw
dt
= rw(1 −

w
k

) −
apw2

b2 + w2 − qEw, (1.2)

where q is the catch ability coefficient and E is the fishing effort.
Fishery management strategies can be broadly categorized into input control and output control

mechanisms. Input control involves regulating the level of fishing effort, such as by imposing restrictions
on the number, size, and horsepower of vessels, as well as specifications for fishing gear dimensions
and mesh sizes. Output control, entails direct management of harvest quantities through measures like
seasonal closures, spatially designated no-take zones, and total allowable catch limits. A substantial
body of modeling work has been developed to analyze the effects of seasonal fishing closures [32–37].

Most harvesting models operate under the assumption of constant environmental condition. However,
the periodic alternation between the open and closed seasons [32–35] leads to a living environment for
populations that vary cyclically. This periodic variation has a profound influence on the dynamics of
population growth and likelihood of species invasion. In this paper, we consider the following system,
Our main objective is to understand the effect of seasonal harvesting on the survival of the population.
Therefore, we formulated the single species model with seasonal linear type sawtooth wave periodic
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harvesting as follows:
dw
dt = rw(1 − w

k ) − apw2

b2+w2 , t ∈ (nT, nT + T̄ ],

dw
dt = rw(1 − w

k ) − apw2

b2+w2 − qEw, t ∈ (nT + T̄ , (n + 1)T ],
(1.3)

where n = 0, 1, 2, · · · , T is the period of the seasonal fluctuation environment where the single species
population lives in. T̄ measures the length of the closed season (non-harvesting season); namely, T − T̄
is the length of the open season (harvesting season). For simplicity, let w̄ = w

b , t̄ = rt, Q = k
b , R = rb

ap ,
h = qE

r , by dropping the bars, we have

dw
dt
= w(1 −

w
Q

) −
1
R

w2

1 + w2 , t ∈ (nT, nT + T̄ ], (1.4)

and
dw
dt
= w(1 −

w
Q

) −
1
R

w2

1 + w2 − hw, t ∈ (nT + T̄ , (n + 1)T ], (1.5)

where h is a composite parameter reflecting the relative strength of fishing mortality versus natural
recruitment/growth (a measure of fishing intensity). Biologically, h > 1 indicates high fishing intensity
(fishing mortality dominates natural replenishment), threatening population survival.

The remainder of this paper is organized as follows. In Section 2, we present a stability analysis of
Eq (1.4) including the determination of equilibria and their stability. In Section 3, we provide a detailed
dynamic analysis of the existence and stability of periodic solutions. Several numerical examples
illustrating our theoretical results are provided in Section 4. We finally conclude our paper with a brief
discussion in Section 5.

2. Preliminaries

In this section, we first present the stability analysis of Eq (1.4), including the determination of the
equilibria and their stability. We then define a threshold value T ∗ for the seasonal fluctuation environment,
where some important lemmas play a crucial role in understanding the global asymptotically stability of
the system.

2.1. Stability analysis of Eq (1.4)

We rewrite Eq (1.4) as
dw
dt
= w f (w), (2.1)

where f (w) = (1 − w
Q) − 1

R
w

1+w2 . In addition, the trivial equilibrium w0 = 0, which is always unstable.
The remaining zeros of (2.1) satisfy f (w) = 0, which yields

R(1 −
w
Q

) =
w

1 + w2 . (2.2)

Let g1(w) = R(1 − w
Q) and g2(w) = w

1+w2 . Then, the zeros of f (w) are the points of g1(w) = g2(w).
Thus, a graphical solution to Eq (2.2) can be constructed following the approach established by [21]. As
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illustrated in Figure 1, although g1(w) also depends on Q, we have suppressed this dependence in the
notation, since our primary interest lies in analyzing the behavior of the roots when Q is held fixed (Q
represents a time-invariant or slowly varying ecological characteristic of the target fish population, such
as carrying capacity of the habitat and baseline survival rate independent of fishing pressure). In real
fisheries, such parameters are determined by long-term environmental conditions (e.g., water volume,
food availability, habitat quality) and do not fluctuate with the periodic fishing/closed season regime,
which is the core focus of this study and R is varied.
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Figure 1. The zeros of f (w) are the points of intersection of g1(w) and g2(w).

Figure 2. The graph of R(w) versus w for a sufficiently large value of Q.

For sufficiently large Q, there are two distinct values of R for the curve g2(w) admits two distinct
tangent lines of the form g1(w), and we call them R1(Q) and R2(Q) with R1(Q) > R2(Q). Denote the
w-coordinates of the respective tangency points by w̄1(Q) and w̄2(Q). For each w ∈ (0,Q), there exists a
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unique line g1(w) passing through the point (w, g2(w)) on g2(w), with associated parameter R(w). As
illustrated in Figure 2, the function R(w) exhibits the following monotonic behavior:

• R(w) increases from 0 to R1(Q) as w increases from 0 to w̄1(Q).
• R(w) decreases from R1(Q) to R2(Q) as w increases from w̄1(Q) to w̄2(Q).
• R(w) increases from R2(Q) to +∞ as w increases from w̄2(Q) to Q.

When Q is sufficiently small, the line g1(w) does not become tangent to the curve g2(w), and R
increases monotonically with w. To determine the critical value of Q that distinguishes these two
regimes, we observe that at w = w̄1(Q), the curve g2(w) must be concave downward, whereas at
w = w̄2(Q), it must be concave upward. By shifting Q to the left until the two tangents coincide,
that is, considering the value of Q such that w̄1(Q) = w̄2(Q). We note that w̄1(Q) corresponds to the
limit point where the second derivative g′′2 (w) is non-positive, and w̄2(Q) corresponds to the limit point
where g′′2 (w) is non-negative. Therefore, at w̄ = w̄1(Q) = w̄2(Q), we must have g′′2 (w) = 0. A brief
calculation yields w̄1(Q) = w̄2(Q) =

√
3. Constructing the tangent at this point, we obtain Q = 3

√
3,

with R1(Q) = R2(Q) = 3
√

3
8 . Hence, for Q ≤ 3

√
3, the function R(w) is monotonic in w. This leads to

the characterization of the behavior of f (w) = 0, a conclusion that is confirmed in Figure 3.
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Figure 3. For a fixed value of Q, the behavior of f (w) = 0 for different cases of R < Q
8 , R = Q

8
and R > Q

8 .

In summary, we have the following results for the existence and stability of the equilibria of Eq (2.1).

Theorem 2.1. Equation (2.1) has w0 = 0 as a trivial equilibrium, that is unstable. In addition,
(1) If Q ≤ 3

√
3, for each 0 < R < ∞, Eq (2.1) has one positive equilibrium, w1 < Q, which is locally

asymptotically stable and corresponds to a low equilibrium density.
(2) (i) If Q > 3

√
3, 0 < R < R2(Q), Eq (2.1) has one positive equilibrium, w1 < Q, which is locally

asymptotically stable.
(ii) If Q > 3

√
3, R = R2(Q), Eq (2.1) has two positive equilibria, w1 and w̄2(Q), where w1 is locally

asymptotically and w̄2(Q) is unstable.
(iii) If Q > 3

√
3, R2(Q) < R < R1(Q), Eq (2.1) has three positive equilibria, w1, w2, and w3, where

w1 is locally asymptotically stable, w2 is unstable and w3 is locally asymptotically stable.
(iv) If Q > 3

√
3, R = R1(Q), Eq (2.1) has two positive equilibria, w̄1(Q) and w3, where w̄1(Q) is

unstable and w3 is locally asymptotically stable.
(v) If Q > 3

√
3, R > R1(Q), Eq (2.1) has one positive equilibrium, w3, where w3 is locally

asymptotically stable.
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Proof. We only provide a stability analysis of case (1), and similar discussions can be applied to other
cases. When Q ≤ 3

√
3, for each 0 < R < ∞, it is easy to obtain w f (w) > 0 if 0 < w < w1 and

w f (w) < 0 if w1 < w. This implies that w1 is asymptotically localized. The proof is complete. □

Remark 2.1. Our graphical construction shows that as Q increases from 3
√

3 to +∞, R1(Q) decreases
from 3

√
3

8 to 1
2 , whereas R2(Q) decreases from 3

√
3

8 to 0. We can also see that as Q increases from 3
√

3
to +∞, w̄1(Q) decreases from

√
3 to 1, whereas w̄2(Q) increases from

√
3 to +∞.

Remark 2.2. From Figure 2, we observe that w1 < w̄1(Q) <
√

3. Therefore, w1 can be regarded as a
low-density persistent state. When Q > 3

√
3 and R2(Q) < R < R1(Q), we have 0 < w1 < w̄1(Q) < w2 <

w̄2(Q) < w3 < Q. We may interpret w1 as a low-density persistent state, w3 as a high-density persistent
state, and w2 as a threshold density. Thus, if 0 < w < w2 at the initial time t = 0, then w → w1 as
t → ∞. However, if w > w2 at t = 0, then w→ w3 as t → ∞.

2.2. Basic lemmas for (1.4) and (1.5)

Let w(t) = w(t; 0, u) denote the solution of models (1.4) and (1.5), with w(0) = u > 0. The solution
w(t) satisfying Eq (1.4) is determined with the initial value w(0) = u for t ∈ [0, T̄ ), and satisfying Eq (1.5)
is determined with the initial value w(T̄ ) = lim

t→T̄−
for t ∈ [T̄ ,T ). The solution can be defined in the same

manner at other intervals. Because the right side of models (1.4) and (1.5) are T-periodic, the solution
w(t) for t ∈ [0,T ] can be determined for all t > 0. To describe the periodic dynamics of the solution
w(t), we define:

𭟋(u) = w(T ; 0, u), 𭟋̄(u) = w(T̄ ; 0, u),

where 𭟋 is the Poincaré map of models (1.4) and (1.5). The solution w(t; 0, u) of (1.4) and (1.5) is
T-periodic if and only if 𭟋(u) = u. For convenience, we set

H(u) = 𭟋(u) − u, H̄(u) = 𭟋̄(u) − u.

Therefore, the existence of the T-periodic solutions of models (1.4) and (1.5) is equivalent to the existence
of the positive roots of H(u) = 0. Furthermore, we denote sequences {Hn(u)} and {H̄n(u)} as follows:

Hn(u) = w(nT ; 0, u) − u, H̄n(u) = w(nT + T̄ ; 0, u) − u, n = 0, 1, 2, · · · .

By induction, we obtain

H0(u) = 0, Hn+1(u) = Hn(u) + H(Hn(u) + u), n = 0, 1, 2, · · · .

H̄0(u) = w(T̄ ; 0, u) − u, H̄n+1(u) = H̄n(u) + H̄(H̄n(u) + u), n = 0, 1, 2, · · · .

Lemma 2.1. The following results hold for any given initial value u > 0 and n = 0, 1, 2, · · · .

(i) Sequences {Hn(u)} and
{
H̄n(u)

}
are both strictly increasing if H(u) > 0.

(ii) Hn(u) ≡ 0 if H(u) = 0.
(iii) Sequences {Hn(u)} and

{
H̄n(u)

}
are both strictly decreasing if H(u) < 0.
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We rewrite (1.4) and (1.5) as dw
dt = w f (w) = F(w), t ∈ (nT, nT + T̄ ],
dw
dt = wg(w) = G(w), t ∈ (nT + T̄ , (n + 1)T ],

(2.3)

where f (w) = 1 − w
Q −

1
R

w
1+w2 and g(w) = 1 − h − w

Q −
1
R

w
1+w2 .

To further determine the signs of H(u), we must analyze the qualitative properties of H(u). We
solved the initial value problem (2.3) with w(0) = u for t ∈ [0, T̄ ) and w(T̄ ) = 𭟋̄(u) for t ∈ [T̄ ,T ). For
convenience, let us assume F(w) , 0 and G(w) , 0. Thus

dw
w f (w)

=

(
α1

w
+

J1(w)
f (w)

)
dw = dt, t ∈ (0, T̄ ] (2.4)

dw
wg(w)

=

(
α2

w
+

J2(w)
g(w)

)
dw = dt, t ∈ (T̄ ,T ] (2.5)

where J1(w) and J2(w) are polynomial.
Set

Y1(w) = wα1 F1(w), Y2(w) = wα2G1(w), (2.6)

where

F1(w) = exp
(∫

J1(w)
f (w)

dw
)
, G1(w) = exp

(∫
J2(w)
g(w)

dw
)
.

Thus,
Y ′1(w)
Y1(w)

=
α1

w
+

J1(w)
f (w)

=
1

w f (w)
, (2.7)

and
Y ′2(w)
Y2(w)

=
α2

w
+

J2(w)
g(w)

=
1

wg(w)
, (2.8)

we have ln Y1(w) =
∫

1
w f (w)dw, ln Y2(w) =

∫
1

wg(w)dw.
Integrating (2.4) from 0 to T̄ yields

Y1(w(T̄ )) = eT̄ Y1(w(0)),

and we obtain
Y1(𭟋̄(u)) = eT̄ Y1(u). (2.9)

Taking the derivative on both sides of Eq (2.9) with respect to u yields

Y ′1(𭟋̄(u))𭟋̄′(u) = eT̄ Y ′1(u). (2.10)

From (2.7) and (2.9), we have

𭟋̄′(u) =
f (𭟋̄(u))

f (u)
×
𭟋̄(u)

u
=

F(𭟋̄(u))
F(u)

. (2.11)

Similarly, integrating (2.5) from T̄ to T , we get

Y2(𭟋(u)) = e(T−T̄ )Y2(𭟋̄(u)). (2.12)
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In analogy with (2.10), we arrive at

Y ′2(𭟋(u))𭟋′(u) = e(T−T̄ )Y ′2(𭟋̄(u))𭟋̄′(u)

In fact, from Eqs (2.6), (2.8), and (2.12),

𭟋′(u)
𭟋̄′(u)

=
𭟋(u)
𭟋̄(u)

×
g(𭟋(u))
g(𭟋̄(u))

. (2.13)

Therefore,

𭟋′(u) =
G(𭟋(u))
G(𭟋̄(u))

×
F(𭟋̄(u))

F(u)
(2.14)

=
F(𭟋̄(u))/G(𭟋̄(u))

F(u)/G(𭟋(u))

Because u > 0, we cannot derive the expression for 𭟋′(0). Substituting (2.6) into (2.9) and (2.12) yields

𭟋̄(u)
u
=

[
F1(u)

F1(𭟋̄(u))

] 1
α1

e
T̄
α1

and
𭟋(u)
𭟋̄(u)

=

[
G1(𭟋̄(u))
G1(𭟋(u))

] 1
α2

e
(T−T̄ )
α2 ,

which implies that

𭟋(u)
u
=
𭟋(u)
𭟋̄(u)

×
𭟋̄(u)

u
=

[
G1(𭟋̄(u))
G1(𭟋(u))

] 1
α2

[
F1(u)

F1(𭟋̄(u))

] 1
α1

e( T̄
α1
+

(T−T̄ )
α2

)
. (2.15)

It follows from 𭟋(u)→ 0, 𭟋̄(u)→ 0 as u→ 0 that

𭟋′(0) = e( T̄
α1
+

(T−T̄ )
α2

)
.

Starting from the identity
α1

w
+

J1(w)
f (w)

=
1

w f (w)
,

multiplying both sides by w f (w) yields

α1 f (w) + wJ1(w) = 1.

Taking the limit as w→ 0, and noting that wJ1(w)→ 0 (since J1(w) is bounded near zero), we obtain

α1 f (0) = 1.

Similarly, for α2, we derive α2 =
1

g(0) from the corresponding identity. Substituting these results into the
expression for 𭟋′(0), we arrive at

𭟋′(0) = e( f (0)T̄+g(0)(T−T̄ )). (2.16)
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By direct computations, f (0) = 1 and g(0) = 1 − h, we have

𭟋′(0) = eh(T̄−T ∗), (2.17)

where T ∗ = h−1
h T , which is the critical minimum closed season duration required to ensure population

persistence. If the actual closed season duration T̄ > T ∗, we have 𭟋′(0) > 1, the population can persist.
If T̄ ≤ T ∗, then the closed season is too short to allow sufficient recovery, leading to population decline
or collapse. Specifically, h−1

h = 1 − 1
h shows that as fishing intensity h increases (approaching infinity),

T ∗ → T meaning the closed season must cover nearly the entire year to sustain the fish population under
extreme overfishing. This reveals a clear trade-off: higher fishing intensity demands a longer closed
season to maintain the population’s viability.

Next, we focus on the qualitative properties of H(u) at u satisfying H(u) = 0, so

H′(u) =

 B(𭟋̄(u))
B(u) − 1, u > 0,

eh(T̄−T ∗) − 1, u = 0,
(2.18)

where
B(u) =

F(u)
G(u)

.

Taking the derivative of B(u) yields

B′(u) =
R(1 + u2)2 + Q(1 − u2)

QR(1 + u2)2g2(u)
h =

p(u)
QR(1 + u2)2g2(u)

h, (2.19)

where p(u) = Ru4 + (2R − Q)u2 + R + Q.

Set ∆ = Q(Q − 8R), if Q ≥ 8R, we have u2
1 =

(Q−2R)−
√

Q2−8QR
2R > 1 and u2

2 =
(Q−2R)+

√
Q2−8QR

2R .

Remark 2.3. After a simple calculation, we have w̄1(Q) = u1, w̄2(Q) = u2.

Lemma 2.2. The periodic solution w̄(t) is asymptotically stable if and only if there is δ > 0 such that
H(u)(u − ū) < 0 for 0 < |u − ū| < δ.

Proof. Clearly the presence of δ was sufficient. To prove the necessity, we start by proving w̄(t) is stable.
By contradiction, assume that there exists ε > 0 and t0 ≥ 0 such that for any 0 < δ1 < min{δ, ε}, there

exists a u ∈ (ū − δ1, ū)
⋃

(ū, ū + δ1) and a t1 > t0 such that

|w(t1) − w̄(t1)| = ε, and |w(t) − w̄(t)| < ε, for t ∈ [t0, t1).

Without loss of generality, we assume that w̄(t1) − w(t1) = ε, we have H(u) > 0 for 0 < ū − u < δ1,
implying that {Hn(u)} and {H̄n(u)} are both strictly increasing. There must be a nonnegative integer p
such that either t1 = pT , or t1 = pT + T1, or t1 ∈ (pT, pT + T1)

⋃
(pT + T1, (p + 1)T ). We assume that

t0 ≤ (p − 1)T ; otherwise, we may reverse the solutions w(t) and w̄(t) to point t = (p − 1)T .
Suppose t1 = pT , then we have

w(pT ) + ε = w̄(pT ) and w̄(t) − w(t) < ε for t ∈ [t0, pT ).

Which implies that

w(pT ) + ε = w̄(pT ) = w̄((p − 1)T ) < w((p − 1)T ) + ε.
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Hence, from Lemma 2.1, {Hn(u)} is decreases strictly, which is a contradiction.
Suppose t1 = pT + T1. Then, we have

w̄(pT + T1) = w(pT + T1) + ε and w̄(t) < w(t) + ε for t ∈ [t0, pT + T1),

we reach

w(pT + T1) + ε = w̄(pT + T1)
= w̄((p − 1)T + T1)
< w((p − 1)T + T1) + ε,

which means by Lemma 2.1 that series {H̄n(u)} is strictly decreasing, again a contradiction.
If t1 ∈ (pT, pT + T1), integrating (2.4) from pT to t1, we have

Y1(w(t1)) = Y1(w(pT ))e(t1−pT ),

or, equivalently,
Y1(w̄(t1 − T ) − ε) = Y1(w(pT ))e(t1−pT ). (2.20)

Similarly, integrating (2.4) from (p − 1)T to t1 − T , we obtain

Y1(w(t1 − T )) = Y1(w((p − 1)T ))e(t1−pT ). (2.21)

However, Y ′1(w) = Y1(w)
F(w) indicates that Y1(w) is a locally monotonous function if F(w) does not change

its signs. Thus, by combining with w̄(t1 − T ) − ε < w(t1 − T ), (2.20) and (2.21) imply that w(pT ) <
w((p − 1)T ), which leads to the same contradiction.

If t2 ∈ (pT + T1, (p + 1)T ), integrating (2.4) from pT + T1 to t1, we have

Y2(w(t1)) = Y2(w(pT + T1))e(t1−pT−T1),

or, equivalently,
Y2(w̄(t1 − T ) − ε) = Y2(w(pT + T1))e(t1−pT−T1). (2.22)

Similarly, integrating (2.4) from (p − 1)T + T1 to t1 − T , we obtain

Y2(w(t1 − T )) = Y2(w((p − 1)T + T1))e(t1−pT−T1). (2.23)

Because w̄(t1 −T )− ε < w(t1 −T ) with (2.22) and (2.23) imply that w(pT +T1) < w((p− 1)T +T1). This
also means that series {H̄n(u)} is strictly decreasing, again a contradiction. Therefore, w̄(t) was stable.

We then give the proof of attractive for w̄(t). We claim

lim
t→∞

(w(t) − w̄(t)) = 0, for 0 < |u − ū| < δ.

Otherwise, we have lim
t→∞

w(t) , ū, which contradicts to H(u)(u − ū) < 0 for 0 < |u − ū| < δ. Thus,
periodic solution w̄(t) is locally asymptotically stable. The proof is complete. □

Corollary 2.1. The periodic solution w̄(t) is asymptotically stable if and only if there is δ > 0 such that
H(u)(u − ū) < 0 for u ∈ (0, ū)

⋃
(ū,∞).
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3. Periodic dynamics analysis of (1.4) and (1.5)

In this section, we establish the main results concerning the persistence properties of the solutions to
system (1.4) and (1.5). Because the model of (1.4) and (1.5) exhibits different dynamic properties in
response to varying fishing intensities, we consider the following two cases.
Case 1: h > 1. In this case, we have

Theorem 3.1. If T̄ > T ∗ holds. Thus, the system in (2.3) has at least one positive T-periodic solution.
Furthermore, (2.3) has a unique T-periodic solution if either Q ≤ 3

√
3 or Q > 3

√
3 together with one

of the following conditions:
1) R ≤ R2(Q),
2) R > Q

8 ,
and the unique T-periodic solution is globally asymptotically stable.

Proof. (a) When Q ≤ 3
√

3, for any R ≥ 0, F(w) has only one small positive root w1 < u1 and B′(u) > 0
for u ∈ [0,∞). If u ∈ [w1,∞), we have dw

dt ≤ 0 for t ∈ (0, T̄ ], which leads to u ≥ 𭟋̄(u). Since dw
dt < 0 for

t ∈ (T̄ ,T ], then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w1,∞).
If T̄ > T ∗, it follows from (2.18) that H′(0) > 0. H(0) = 0 implies that there is a sufficiently small

ε > 0 such that H(u) > 0 for u ∈ [0, ε). Therefore, there must be ū ∈ (ε,w1) such that H(ū) = 0.
When Q > 3

√
3, for different values of R, there are five cases, and due to similarity, we only prove

R = R2(Q). In this case, F(w) has two positive root w1 < u1 and w̄2(Q).
When u ∈ [w̄2(Q),∞), we have dw

dt ≤ 0 for t ∈ [0, T̄ ). When u ∈ [w1, w̄2(Q)), we have dw
dt ≤ 0 for

t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw
dt < 0 for t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1,

we have H(u) < 0 for u ∈ [w1,∞).
If T̄ > T ∗, it follows from (2.18) that H′(0) > 0. Since H(0) = 0 implies that there is sufficiently

small ε > 0 such that H(u) > 0 for u ∈ [0, ε). Therefore, there must be ū ∈ (ε,w1) such that H(ū) = 0.
From the above, it can be concluded that, when T̄ > T ∗, the system in (2.3) has at least one positive

T-periodic solution.
(b) We now prove that H(u) has a unique positive zero point ū ∈ (ε,w1).
When Q ≤ 3

√
3, it is obvious that u < 𭟋̄(u), B′(u) > 0, and B(u) < 0 for u ∈ (0,w1), and thus we obtain

H′(ū) =
B(𭟋̄(ū))

B(ū)
− 1 < 0,

which suffices to show the uniqueness of ū. Furthermore, we have H(u) > 0 for u ∈ [0, ū) and H(u) < 0
for u ∈ [ū,∞), by Corollay 2.1, the T-periodic solution is globally asymptotically.

When Q > 3
√

3, because of the similarity, we only prove R = R2(Q). It is obvious that u < 𭟋̄(u),
B′(u) > 0, and B(u) < 0 for u ∈ (0,w1), and we obtain

H′(ū) =
B(𭟋̄(ū))

B(ū)
− 1 < 0,

which suffices to show the uniqueness of ū. Furthermore, we have H(u) > 0 for u ∈ [0, ū) and H(u) < 0
for u ∈ [ū,∞), and by Corollay 2.1, the T-periodic solution is globally asymptotically stable. □

Theorem 3.2. If T̄ > T ∗, Q > 3
√

3 and R2(Q) < R ≤ Q
8 hold. Thus, model (2.3) has at most three

periodic solutions.
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Proof. Because of this similarity, we only prove R2(Q) < R < R1(Q), where F(w) has three positive
roots 0 < w1 < w̄1(Q) < w2 < w̄2(Q) < w3 < Q.

When u ∈ [w1,w2], we have dw
dt ≤ 0 for t ∈ (0, T̄ ], which leads to u ≥ 𭟋̄(u). Since dw

dt < 0 for
t ∈ (T̄ ,T ], then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w1,w2].

When u ∈ [w3,∞), we have dw
dt ≤ 0 for t ∈ (0, T̄ ], which leads to u ≥ 𭟋̄(u). Since dw

dt < 0 for
t ∈ (T̄ ,T ], then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w3,∞).

If w2 ≤ u2
1, we have B′(u) > 0 for u ∈ (w2, u2

1), B′(u) < 0 for u ∈ (u2
1,w3) and B′(u) = 0 for u = u2

1. Thus,
H′(u) = B(𭟋̄(u))

B(u) − 1 < 0 for u ∈ (w2, u2
1), H′(u) = B(𭟋̄(u))

B(u) − 1 > 0 for u ∈ (u2
1, u

2
2) and H′(u) = B(𭟋̄(u))

B(u) − 1 < 0
for u ∈ (u2

2,w3). If T̄ > T ∗, it follows from (2.18) that H′(0) > 0. Since H(0) = 0 implies that there is
a sufficiently small ε > 0 such that H(u) > 0 for u ∈ [0, ε). Therefore, there must be ū ∈ (ε,w1) must
exist, such that H(ū) = 0. Thus, system (2.3) has a maximum of three T-periodic solutions.

If w2 > u2
1, we have B′(u) < 0 for u ∈ (w2, u2

2), which implies that H′(u) = B(𭟋̄(u))
B(u) − 1 > 0. We have

B′(u) > 0 for u ∈ (u2
2,w3), which implies that H′(u) = B(𭟋̄(u))

B(u) − 1 < 0. If T̄ > T ∗, it follows from (2.18)
that H′(0) > 0. H(0) = 0 implies that there is a sufficiently small ε > 0 such that H(u) > 0 for u ∈ [0, ε).
Therefore, there must be ū ∈ (ε,w1) must exist, such that H(ū) = 0. Thus, system (2.3) has a maximum
of three T-periodic solutions. □

Theorem 3.3. If T̄ ≤ T ∗ holds, and then the origin w0 of (2.3) is globally asymptotically stable.

Proof. The linearization of system (2.3) at 0 is{ dw
dt = w f (0), t ∈ (0, T̄ ],
dw
dt = wg(0), t ∈ (T̄ ,T ].

Thus, any fundamental solution of Eq (2.3) admits the Floquet representation w(t) = e−λtψ(t), where
λ ∈ C is the characteristic exponent and ψ(t + T ) = ψ(t) for all t ∈ R, which leads to the following
eigenvalue problem: 

dψ
dt = ψ f (0) + λψ, t ∈ (0, T̄ ],
dψ
dt = ψg(0) + λψ, t ∈ (T̄ ,T ],
ψ(0) = ψ(T ).

Integrating the first equation with respect to t from 0 to T̄ , and the second equation from T̄ to T , we obtain

λT +
∫ T̄

0
f (0)dt +

∫ T

T̄
g(0)dt = 0.

We first show that there is no positive T-periodic solution to system (2.3), and by contradiction, that
there exists w̄(t) > 0 satisfying 

dw̄
dt = w̄ f (w̄), t ∈ (0, T̄ ],
dw̄
dt = w̄g(w̄), t ∈ (T̄ ,T ],
w̄(0) = w̄(T ).

or, equivalently 
dw̄
w̄ = f (w̄)dt, t ∈ (0, T̄ ],

dw̄
w̄ = g(w̄)dt, t ∈ (T̄ ,T ],

w̄(0) = w̄(T ).
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It follows that ∫ T̄

0
f (w̄)dt +

∫ T̄

0
g(w̄)dt = 0,

and thus we have

λT =
∫ T̄

0
( f (w̄) − f (0))dt +

∫ T̄

0
(g(w̄) − g(0))dt = 0,

since f (w̄) < f (0), g(w̄) < g(0), we obtain λ < 0. However, since T ≤ T ∗, we have λ ≥ 0. This leads to
a contradiction; hence, Eq (2.3) has no T-periodic solution. Using a standard monotone iteration scheme
and the nonexistence of a positive T- periodic solution of system (2.3), the trivial equilibrium point 0 of
system (2.3) is globally asymptotically stable. This completes this proof. □

Case 2: h ≤ 1. In this case, we have the following:

Theorem 3.4. If one of the following conditions holds:
1) Q ≤ 3

√
3,

2) Q > 3
√

3, and R ≤ R2(Q),
3) Q > 3

√
3 and R > Q

8 ,
then system (2.3) has a unique T-periodic solution, which is globally asymptotically stable.

Proof. Due to similarity, we only prove the case Q < 3
√

3. When Q < 3
√

3, for any R ≤ Q
8 , F(w) has

only one small positive root w1 < u2
1. If R > Q

8 , F(w) has only one small positive root w1 and B′(u) > 0
for u ∈ [0,∞). G(w) has only one small positive root w̃1 < w1. When u ∈ (0, w̃1], we have dw

dt > 0 for
t ∈ [0, T̄ ), which leads to u < 𭟋̄(u). Since dw

dt ≥ 0 for t ∈ [T̄ ,T ), then 𭟋(u) ≥ 𭟋̄(u) > u. By Lemma 2.1,
we have H(u) > 0 for u ∈ (0, w̃1]. When u ∈ [w1,∞), we have dw

dt ≤ 0 for t ∈ [0, T̄ ), which leads to
u ≥ 𭟋̄(u). Since dw

dt < 0 for t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for
u ∈ [w1,∞). Thus, there must exist a point u0 ∈ (w̃1,w1) such that H(u0) = 0.

We now prove that H(u) has a unique positive zero point ū ∈ (w̃1,w1). It is obvious that u < 𭟋̄(u),
B′(u) > 0 and B(u) < 0 for u ∈ (w̃1,w1), and we obtain

H′(u) =
B(𭟋̄(u))

B(u)
− 1 < 0,

which suffices to show the uniqueness of ū. Furthermore, we have H(u) > 0 for u ∈ [0, ū) and
H(u) < 0 for u ∈ [ū,∞), and by Corollay 2.1, the T-periodic solution is globally asymptotically. The
proof is complete. □

Theorem 3.5. If Q > 3
√

3, R2(Q) < R ≤ R1(Q) and R(1 − h) ≤ R2(Q) hold. System (2.3) has at most
three periodic solutions.

Proof. It is easy to see that F(w) has three positive roots; if R(1 − h) < R2(Q), G(w) has one positive
root w̃1; and if R(1− h) = R2(Q), G(w) has two positive roots w̃1 and w̃2. Now, we discuss the case G(w)
has one positive root.

When u ∈ (0, w̃1), we have dw
dt > 0 for t ∈ [0, T̄ ), which leads to u ≤ 𭟋̄(u). Since dw

dt > 0 for t ∈ [T̄ ,T ),
then 𭟋(u) > 𭟋̄(u) ≥ u. By Lemma 2.1, we have H(u) > 0 for u ∈ (0, w̃1).

When u ∈ [w1,w2), we have dw
dt ≤ 0 for t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw

dt < 0 for
t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w1,w2).
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When u ∈ [w3,∞), we have dw
dt ≤ 0 for t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw

dt < 0 for
t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w3,∞).

If w2 ≤ u2
1, we have B′(u) > 0 for u ∈ (w2, u2

1), thus, H′(u) = B(𭟋̄(u))
B(u) − 1 < 0. B′(u) < 0 ,

H′(u) = B(𭟋̄(u))
B(u) − 1 > 0 for u ∈ (u2

1, u
2
2). B′(u) > 0 , H′(u) = B(𭟋̄(u))

B(u) − 1 < 0 for u ∈ (u2
2,w3).

If w2 > u2
1, we have B′(u) < 0 , H′(u) = B(𭟋̄(u))

B(u) − 1 > 0 for u ∈ (w2, u2
2). B′(u) > 0 , H′(u) =

B(𭟋̄(u))
B(u) − 1 < 0 for u ∈ (u2

2,w3).
As another case is similar, we omit it here, and the proof is complete. □

Theorem 3.6. If Q > 3
√

3, R2(Q) < R < R1(Q), F(w) has three positive real roots w1,w2,w3, G(w)
has three positive roots w̃1, w̃2, w̃3 satisfying w̃1 < w1 < w2 < w̃2 < w̃3 < w3, if one of the following
conditions holds:

(a) u2
1 < w2 < u2

2 < w̃2,
(b) u2

1 < w2 < w̃2 < u2
2 < w̃3

(c) u2
1 < w2 < w̃2 < w̃3 < u2

2 < w3

(d) w2 < u2
1 < u2

2 < w̃2

(e) w2 < u2
1 < w̃2 < u2

2 < w̃3

(h) w2 < u2
1 < w̃2 < w̃3 < u2

2 < w3

then system (2.3) contains three periodic solutions.

Proof. We only provide the details for case (a), as the other cases can be dealt with in a similar manner.
When u ∈ (0, w̃1], we have dw

dt > 0 for t ∈ [0, T̄ ), which leads to u < 𭟋̄(u). Since dw
dt ≥ 0 for t ∈ [T̄ ,T ),

then h(u) ≥ 𭟋̄(u) > u. By Lemma 2.1, we have H(u) > 0 for u ∈ (0, w̃1).
When u ∈ [w1,w2], we have dw

dt ≤ 0 for t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw
dt < 0 for

t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w1,w2].
When u ∈ [w̃1, w̃2], we have dw

dt 0 for t ∈ [0, T̄ ), which leads to u < 𭟋̄(u). Since dw
dt ≥ 0 for t ∈ [T̄ ,T ),

then 𭟋(u) ≥ 𭟋̄(u) > u. By Lemma 2.1, we have H(u) > 0 for u ∈ [w̃1, w̃2].
When u ∈ [w3,∞), we have dw

dt ≤ 0 for t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw
dt < 0 for

t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w3,∞).
Now, we prove that H(u) has a unique positive zero point ū1 ∈ (w̃1,w1). It is obvious that u < 𭟋̄(u),

B′(u) > 0 and B(u) < 0 for u ∈ (w̃1,w1), and we obtain

H′(u) =
B(𭟋̄(u))

B(u)
− 1 < 0,

which suffices to show the uniqueness of ū1.
When u ∈ (w2, u2

2), we have B′(u) < 0, B(u) < 0, u < 𭟋̄(u), H′(u) = B(𭟋̄(u))
B(u) − 1 > 0. Thus, H(u) has a

unique positive zero point ū2 ∈ (w2, u2
2).

When u ∈ (w̃3,w3), we have B′(u) > 0, B(u) < 0, u < 𭟋̄(u), H′(u) = B(𭟋̄(u))
B(u) − 1 < 0. Thus, H(u) has a

unique positive zero point ū3 ∈ (w̃3,w3). The proof is complete. □

Theorem 3.7. If Q > 3
√

3, R = R1(Q), the equation F(w) = 0 has positive real roots w1,w3, G(w) has
three positive roots w̃1, w̃2, w̃3 satisfying w̃1 < w1 < w̃2 < w̃3 < w3, if one of the following conditions holds:

(a) w1 < u2
1 < u2

2 < w̃2

(b) w1 < u2
1 < w̃2 < u2

2 < w̃3

(c) w1 < u2
1 < w̃2 < w̃3 < u2

2 < w3
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then system (2.3) has exactly three distinct periodic solutions.

Proof. We only provide the details for case (a), as the other cases can be dealt with in a similar manner.
When u ∈ (0, w̃1], we have dw

dt > 0 for t ∈ [0, T̄ ), which leads to u < 𭟋̄(u). Since dw
dt ≥ 0 for t ∈ [T̄ ,T ),

then 𭟋(u) ≥ 𭟋̄(u) > u. By Lemma 2.1, we have H(u) > 0 for u ∈ (0, w̃1).
When u ∈ [w̃1, w̃2], we have dw

dt > 0 for t ∈ [0, T̄ ), which leads to u < 𭟋̄(u). Since dw
dt ≥ 0 for

t ∈ [T̄ ,T ), then 𭟋(u) ≥ 𭟋̄(u) > u. By Lemma 2.1, we have H(u) > 0 for u ∈ [w̃1, w̃2].
When u ∈ [w3,∞), we have dw

dt ≤ 0 for t ∈ [0, T̄ ), which leads to u ≥ 𭟋̄(u). Since dw
dt < 0 for

t ∈ [T̄ ,T ), then 𭟋(u) < 𭟋̄(u) ≤ u. By Lemma 2.1, we have H(u) < 0 for u ∈ [w3,∞).
Now, we prove that H(u) has a unique positive zero point ū1 ∈ (w̃1,w1). It is obvious that u < 𭟋̄(u),

B′(u) > 0 and B(u) < 0 for u ∈ (w̃1,w1),H(w1) < 0 we obtain

H′(u) =
B(𭟋̄(u))

B(u)
− 1 < 0,

which sufficient to demonstrate the uniqueness of ū1.
When u ∈ (u2

1, u
2
2), we have B′(u) < 0, B(u) < 0, u < 𭟋̄(u), H′(u) = B(𭟋̄(u))

B(u) − 1 > 0. Thus, H(u) has a
unique positive zero point ū2 ∈ (u2

1, u
2
2).

When u ∈ (w̃3,w3), we have B′(u) > 0, B(u) < 0, u < 𭟋̄(u), H′(u) = B(𭟋̄(u))
B(u) − 1 < 0. Thus, H(u) has a

unique positive zero point ū3 ∈ (w̃3,w3). The proof is complete. □

4. Numerical examples

We now present several numerical simulations to validate the analytical findings established above.

Examlpe 4.1. Given parameters

Q = 4, h = 1.5, T̄ = 3, T = 6, (4.1)

we have T ∗ = h−1
h T = 2.

Since Q = 4 < 3
√

3 and Q
8 = 0.5, we chose R = 0.4, 0.5, and 0.6, respectively. According to

Theorem 3.1, there exists a unique globally asymptotically stable T-periodic solution as shown in
Figure 4(a)–(c).

Figure 4. The solution graphs of system of (2.3) for different values of R satisfying conditions
in Theorem 3.1. It shows that there exists a unique globally asymptotically stable T-periodic
solution.
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Examlpe 4.2. Given parameters

Q = 9, h = 1.5, T̄ = 5, T = 6, (4.2)

we have T ∗ = h−1
h T = 2.

Since Q = 9 > 3
√

3 and Q
8 = 1.125, we choose R = 0.2, 0.43, and 1.13, respectively, and there exists

a unique globally asymptotically stable T-periodic solution as shown in Figure 5(a),(b).

Figure 5. The solution graphs of system of (2.3) for different values of R satisfying conditions
in Theorem 3.1. It shows that there exists a unique globally asymptotically stable T-periodic
solution.

Examlpe 4.3. Given parameters

R = 0.44, h = 1.5, T̄ = 5, T = 6, (4.3)

we have T ∗ = h−1
h T = 2.

We set Q = 9. According to Theorem 3.2, there exists a unique T-Periodic solution as shown in
Figure 6(a). We set Q = 20, and there exists three T-Periodic solution as shown in Figure 6(b).

Figure 6. The solution graphs of system of (2.3) for different values of Q satisfying conditions
in Theorem 3.2. It shows that there are three T-periodic solutions, the largest and smallest
periodic solutions are stable, and the intermediate periodic solution is unstable.
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Examlpe 4.4. Given parameters

(a) Q = 4, R = 0.4, h = 1.5, T̄ = 1.5, T = 6,

(b) Q = 9, R = 0.43, h = 1.5, T̄ = 1.5, T = 6,

(c) Q = 20, R = 0.44, h = 1.5, T̄ = 2, T = 6,

we have T ∗ = h−1
h T = 2.

For the case of T̄ ≤ T ∗, by Theorem 3.3, w0 is globally asymptotically stable, which is show in
Figure 7(a)–(c).

Figure 7. The solution graphs of system of (2.3) for the values of R satisfying conditions in
Theorem 3.3. All panels show that origin w0 is globally asymptotically stable.

Examlpe 4.5. Given parameters

(a) Q = 4, R = 0.4, h = 0.5, T̄ = 3, T = 6,

(b) Q = 9, R = 0.2, h = 0.5, T̄ = 3, T = 6,

(d) Q = 9, R = 1.13, h = 0.5, T̄ = 3, T = 6.

when Q = 4, we have Q < 3
√

3; when Q = 9, R = 0.2, we have Q > 3
√

3 and R < R2(Q);
when Q = 9, R = 1.13 we have R > Q

8 . According to Theorem 3.4, there exists a unique globally
asymptotically stable T-periodic solution, which is show in Figure 8(a)–(c).

Figure 8. The solution graphs of system of (2.3) for different values satisfying conditions in
Theorem 3.4. It shows that there exists a unique globally asymptotically stable T-periodic
solution.
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Examlpe 4.6. Given parameters h = 0.5, T̄ = 3, T = 6.

We set Q = 9 > 3
√

3, R = 0.4, then R2(Q) < R ≤ R1(Q) holds. According to Theorem 3.5, there
exists a unique T-Periodic solution as shown the left part of Figure 9. We set Q = 20, R = 0.44, and
there exists three T-Periodic solution, as shown in the right part of Figure 9.

Figure 9. The solution graphs of system of (2.3) for the values of R satisfying conditions
in Theorem 3.5. It shows that there are three T-periodic solutions, the largest and smallest
periodic solutions are stable, and the intermediate periodic solution is unstable.

5. Conclusions and discussion

Under natural conditions, the combined effects of various ecological mechanisms, such as predation,
resource limitation, competition, environmental disturbances, and feedback mechanisms, can lead to
multiple stable states in a population.

In this paper, we propose and analyze a fish population model, that consists of two subsystem
equations describing the alternating dynamics of the closed season and the fishing period. Specifically,
the classical model with multiple stable characteristics was used during the closed season phase and a
linear fishing term was introduced during the fishing period to reflect the impact of fishery production
activities. Under high fishing pressure (h > 1), from Theorems 3.1 and 3.2, we find that when the duration
of the closed fishing season exceeds a certain threshold (T̄ > T ∗), we can prove that system (2.3) has at
least one positive T-periodic solution. Furthermore, system (2.3) has a unique globally asymptotically
stable positive T-periodic solution under additional conditions. When T̄ ≤ T ∗, we conclude that fish
populations will die out, and the trivial equilibrium point 0 of system (2.3) is globally asymptotically
stable. Under weak fishing intensity conditions (h ≤ 1), from Theorems 3.4–3.7, we find that system
(2.3) always admits periodic solutions. Under certain conditions, there exists a unique asymptotically
stable periodic solution, whereas under other conditions, the system may exhibit up to three periodic
solutions or exactly three periodic solutions.

Due to the complexity of the equations, we are unable to derive explicit analytical expressions for
their roots. Therefore, when Q > 3

√
3, R2(Q) < R ≤ Q

8 , we cannot definitively determine whether
the condition w3 > u2

2 is satisfied, and under this condition, we conjecture that the system may exhibit
multiple stable states and display multiple periodic solutions. System (2.3) may have three periodic
solutions . The largest and smallest periodic solutions were stable, whereas the intermediate periodic
solution appeared to be unstable.
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