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1. Introduction and main result

This paper investigates infinitely many solutions for a quasilinear Schrodinger-Poisson system

—M( f IVul”dx) Apu + lulP~2u = [ul” u + Aul??u, in Q,
Q

~A¢ = lul”, in Q, (1.1)
u=¢=0, on 0Q,

where Q C R? is a bounded smooth domain, A,u = div(|VulP>Vu), 3 < g < p < 3, p* = 3‘% is the
critical Sobolev exponent, and A > 0 is a real parameter.
(M*) Assume that M(?) : [0, +00) — (0, +0c0) is continuous and increasing and there exists my > 0
such that M(r) > mg = M(0) for all ¢ € [0, +o0).
The Schrodinger-Poisson system
{—Au + V()u +n¢f(u) = h(x,u), in R3,

1.2
—A¢ = 2F (u), in R3, (12
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a quantum mechanical model describing the interaction between an electron wave and its own
electrostatic field, was first proposed by Benci and Fortunato in [1]. For further background
information on (1.2), please refer to [2—4].

In [5, 6], the authors investigated the existence of ground state solutions for system (1.2). There
has been much research regarding the positive solutions of (1.2); we can see [7-9]. Moreover,
numerous researchers have investigated the existence of infinitely many solutions to system (1.2), for
example, [10-14].

Recently, the quasilinear Schrodinger-Poisson system has been studied by numerous scholars

—Apu + ulP~?u + pglul?u = lu2u, in R’ (1.3)
—A¢ = [ul?, in R, .
where l < p <3, p<r<p = 33_—pp, and A4 > 0 is a parameter. Through scaling transformation

and ingenious methods, Du et al. [15, 16] demonstrated that (1.3) admits nontrivial solutions. In the
case when r = 2, the existence of u* > 0 was demonstrated by Xue and Wang [17], ensuring that
system (1.3) admits two positive solutions for any u € (0,u*). In particular, in [18], the following
quasilinear Schrodinger-Poisson system with critical growth was investigated:

(1.4)

—Apu + ulPu + pdlul’u = Aul"u + |ul” *u, in R’
—-A¢ = |ul?, in R3.

For system (1.4), different results are obtained under varying conditions for p, g, i, and A > 0; please
refer to [19-22].
Moreover, some researchers have taken an interest in the following elliptic problems with critical
Sobolev growth:
—Ayu = [ul” “2u + Aul?%u, in Q,
(1.5)
u=0, on 0Q,

where Q c RY is a bounded smooth domain, 1 < p < N, and A, is the p-Laplacian operator. By
using critical point methods, the authors obtained the existence of multiple nontrivial solutions of (1.5)
in [23]. The work of Azorero and Alonso [24] proved that Eq (1.5) has at least two positive solutions for
theparameter% <p<3withl <g<porp>3withp>qg> ’;7—__12 Ifg=pand N > p*+ p, Caoet
al. in [25] verified the existence of an infinite number of solutions to (1.5) using variational techniques.
In addition, in [26], the authors studied the existence of infinitely many solutions of nonlinear elliptic
problems of p&q-Laplacian type involving the critical Sobolev exponent.

Based on the above results, we consider the existence of infinitely many solutions of the
quasilinear Schrédinger-Poisson system with critical growth. One of the characteristics of this paper
is that this class of problems lacks compactness created by the critical term. This undoubtedly makes
it difficult to prove the existence of solutions to this system, so we overcome the compactness by
using the concentration compactness principle. Moreover, the emergence of the nonlocal term renders
the existence of infinitely many solutions considerably more challenging than is typically the
case (1.1). Furthermore, in Reference [23], quasilinear equations with critical and subcritical
types were considered. In our study, quasilinear equations with dual local types are examined, where
the variational functional becomes more complex and overcoming compactness issues becomes
more challenging.
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Next, we define the truncation function M. Since p < p*, there exists « € (p, p*). By (M*), there
exists 7y > 0 such that my < M(ty) < ﬁmo. That is,

M), if0<t<t,
My(2) := ) (1.6)
M(ty), ift>1,
and we have B
Mo(t) < —my. (17)
p
Now, consider the following auxiliary problem:
-M, (f IVulpdx) Ayu + AlulPu = [ul” "2u + Au|?%u, in Q,
© 1.8
A = lul?, in Q, (1.8)
u=¢=0, on 0Q.

Then, we have the main result.

Theorem 1.1. If (M*) and % < g < p < 3 hold, then, there exists 1* > 0, such that for all 0 < A < A%,
system (1.1) has infinitely many nontrivial solutions.

From now on, we use C;(i = 1,2, ---) to denote (possibly different) positive constants. We denote

by S, (respectively, B,) the sphere (respectively, the closed ball) of center zero and radius r, i.e.,
S, =1{u € Wé’p(Q) cull = r},B, = {u € WS”’(Q) : |lul] < r}. In addition, Du [27] proved the best

Sobolev constant
f |VulPdx
S = inf >

Wpo 0 17/1’
ue ()\: fllpdx

We always use the notations || - || and | - |, to represent the norm || - ||W1 »@) and L?(Q) norm. Besides, let

D"?(Q) be equipped with the norm

2
”u”DlZ(Q) fg |Vl/l| dx~

2. Some preliminary results

In this section, we shall introduce some preparatory knowledge.
By the Lax-Milgram theorem, for all u € Wé’p (Q), the equation

—A¢ = [ul’, in Q,
¢ =0, on 0Q

has a unique solution ¢, € D"*(Q), and by [15], we have ¢, > O for x € Q and for each t > 0,
¢ = t"¢,, and

lul 1. 2@ = f¢u|u|pdx < IIMIIP IBullis@) < Cllull”llgullpraa),
@
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for all u, v € Wy (<),

f duvlPdx = f oylulPdx.
Q Q

Furthermore, we can reduce the system (1.8) to the following problem:

-M, (f |Vu|pdx) Apu + GululP?u = lul” “2u + Aul?%u, in Q,
Q 2.1

u=¢=0, on 0Q.

For (2.1), define the functional

1 ~ 1 1 . 1
L(u) = =Mo(llull”) + — f GululPdx — — f ul” dx — — f ul?dx,
p 2p Ja P Jo q Jo

where Mo(t) = fot My(s)ds. If u € WS’F(Q) is a weak solution of Eq (2.1), then u satisfies

Mo(llull”)fIVul”_ZVuVQDdX+f(ﬁulul”_zusodx
Q Q

=fIulp*_zu(pdx+/lfIul"_zu(pdx,
Q Q
for all ¢ € W, (Q).

Now, we define the Krasnoselskii genus in [28]:
¥(A) = min{k € N|3¢ € C(A,R"\ {0}), ¢(—x) = $(x)}.

If such a mapping does not exist for any £ > 0, we set y(A) = co. Moreover, by definition, y(0) = 0.
Let S*! be a k — 1 dimensional sphere in R¥, then y(S*') = k. We give the result due to
Clarke [29].

Lemma 2.1. Let X = R* and 9Q be the boundary of an open, symmetric, and bounded subset Q C RF
with 0 € Q. Then, y(0Q) = k.

Theorem 2.2. Suppose that the functional I, € C l(Wol’p (Q),R) satisfies the (PS). condition and the
following conditions:

(1) I, is bounded from below and even;

(i1) There exists a compact, symmetric set K C Y such that y(K) = k and

sup I(u) < 1,(0).

uek

Then, I, possesses at least k distinct pairs of critical points with corresponding critical values less
than 1,(0).

According to the Sobolev and Holder inequalities, for u € Wé’p (Q), % <g<p<3,andg < p’,
one has

f lul?dx < SF1QT lullf. (2.2)
Q
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By (2.2), we get
my p 1 _r P A _4q L;‘I q p
L) = —|lull” = =S 7 |lull” = =S 7|Q[ 7 [[ull” = g(lle|")
p p q
Let
1 A
p* q
Then, there exists a sufficiently small 4y, > 0 such that for all 1 € (0, 4y), g attains a positive

maximum. Let T(1) < T(4) be the only roots of g. Then, g(r) < 0 for 0 < ¢ < Ty(), g(¢) > 0 for
To(A) <t < Ti(Q), and g(r) < 0 for T () < t.

m _rr I i ')
()= —t— —S 717 = ZSTHQ T 1.
p

From [23], we set ¢ € C([0, +00)) such that y/(7) € [0, 1] for any ¢ € [0, +0c0) and

1, refo, 1),
vl = {o, t € [T, +0).

Then, we consider the following truncated functional:
1~ » 1 » 1 » p A g
Jau) = =Mo(lull”) + 5= | Gulul’dx — — | lul” y(llull”)dx — = | |ul’dx.
p 2p Ja P Ja q Jo
Note that J; € Cl(Wé’p(Q), R), Jy(u) > g(||u||”), where
1 ot A Pi=q
20 = 22— —S T Ty - SSTHQT
p p q
Therefore, assume that ||u||” < Ty, one has J,(u) = I;(u), and if ||u||” > T, we obtain
¥y, p 1 p A q
Sa) = —Mo(lull”) + 5= | ¢ulul’dx—— [ |ul’dx.
p 2p Ja q Jo
Then, we deduce J, is coercive and bounded below.

Lemma 2.3. If % < q < p < 3 holds, the functional 1, satisfies the (PS). condition for

1 .
c<c = —(1 - i*)(mOS)Z _ DA,
p\ p

1
pap* | %

P
i Vo
P =9I *

7 q q :
my S P (p*—K)P

Proof. Let {u,} C Wé’p (QQ) be a (PS). sequence such that
L(u,) — c and I (4,) = 0, as n — oo. 2.3)

From (2.2) and (2.3), we have

*

1
lel + 1+ o(llunll) > Ta(u) — ;(U(Mn), Un)

*

1 1 q =g
> 201 e - a5 - ) s e
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which implies that {u,} C Wé”’ (Q) is a bounded sequence for all ¢ < p < p*. Hence, there exist a
subsequence (by denoted itself), and u € Wé”’ (Q) as n — oo such that
u, — u, weakly in W,”(€),
u, = u, stronglyin L°(Q) (p < s < p*), (2.4)
u,(x) = u(x), a.e.inQ.

We proceed to confirm the strong convergence u,, — u in Wé”’ (Q). By the concentration compactness
principle (see [30]), we have

|un|1’*dx —dyv = |u|p*dx + Z Vjéxj,

et (2.5)
Vi, Pdx — dy > [Vuldx + )" po, SVI < p;.
jeJ
Now, define a smooth cut-off function ¢, j(x), for £ > 0, such that 0 < ¢, ; < 1, [V | < 2
1, in B(x;,¢&),
Qos,j(x) = . /
0, inQ\ B(x;,2¢).
Notice that {¢, ju,} is bounded in Wé’p(Q) by (I (un), ¢g jity) — 0 asn — oo.
MO(”un”p)f |Vun|p_zvunv(‘;08,jun)dx + f‘punlunlp‘pa,jdx
@ @ (2.6)

= f |un|”*(pg’jdx + /lf s, jdx + o(1).
Q Q
With the help of (2.4), we have

lim lim fqbunlu,,l @ jdx < lim lim Ou,luy|"dx =0

e—0 n—oo e—0 n—oo B(Xj,Zs)

lim lim f e, jdx < l1m lim |lu,|7dx = 0.

e—0 n—oo e—0 n—ooo B(X' 26)

Since |V, | <2 =, by using the Holder inequality and (2.4), we obtain

lim lim

e—0 n—ooo

< lim lim |Vun|p 1IVgogjllunla’x

e—0 n—ooo

< lir% lim (f |Vun|”dx) (f Iunlplv%jlpdx)
‘ ” e
< Chm(f |u|? dx) (f |V(’psj|1) pdx)
e=0\UB(x;.2¢) B(x;.2¢)

1 pp* EF
. L\ A
< Clim lul? dx - dx
e20\UB(x;.2¢) B(x;2¢) \ &€

<C lim( f |u|P*dx) =0,
e20 \JB(x;.2¢)
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where C; > 0, and we also derive that

e—0 n—oo

lim lim f IVu,|P o jdx > lin(l)f [VulP o, jdx + p; = u;,
Q 0 Jo

£—0 n—oo

lim lim f 4 |” @5 jdx = lim f ul” @ jdx +vj = v,.
Q &0 Jo

Consequently, taking function u,¢, ; in (2.3), from the above information, we have
0= lin(l) Hm (7 (uy), un e, ;)

=1ing lim {Mo(llunll”) f Vit |2 V14, V(i jity ) x + f Bu, |tnl” e jd x
£—0 n—oo Q Q

- f al?” s jdlx — A f |un|qsog,,~dx}
Q Q

- 1im lim {mo f (V6,170 + IVt P>V, Vg ) dx - f |u,1|l’*<pg,jdx}
Q Q

e—0 n—oo

> lim {mo (f [Vul’ o, jdx + uj) — f Iul”*cpg,,-dx - vj}

= Moll; — V.

Thus, we have v; > mou;. This together with (2.5) implies that either u; = 0 or

P

;> Staml 2.7)

P
p*-p

To proceed further, we prove that (2.7) is impossible. If there exists j, € J such that y;, > § f’%ﬂmo
and x;, € Q, by combining with (2.3) and (2.5), there holds

1
Cc = nh—>r£10 {Iﬂ(un) - E(I:I(un)’ un>}

*

my 1 4

K 1 g q
— (1 - —*)<Ilull” + W) = ﬁ(— - —*)S P1QI 7 [|ull?
P P q D

1
X (1 - é)(moS)’zY + 2 (1 - é) el
p p p p

1 1 _q P=q
- /1(— - —)S P17 ([l
q D

\%

v

*

Let

then, we can deduce that min,. 4(7) attains at 7, > 0 and

_L
P4\
[

o [A(p* o]
0= q
mo(p* — K)S 7
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Consequently, we obtain

1 : .
c> = (1 - i)(mOS)p — DA,
p\ pr

P9
where D = ﬁ[%]ﬁ. Hence, we deduce ¢ > ¢*. This is a contradiction, that is to say,
mé’S P (p*—k)P
v; = pj = 0for all j € J, which implies that

f lu P dx — f lulP dx as n — co. (2.8)
Q Q

Letyp € Wé 7 (Q) be fixed, and let us define linear functional B,,:
B,(v) = f IVo|P2VoVvdx
Q

forall v e Wé”’ (Q). Using the Holder inequality, one has
1B, < Il [Vl
By I'(u,) — 0 in (W,"(Q))*, u, — u in W, (Q), that is,
o(1) = (L) (uy) — I} (), uy — u)
= Mo(llu|1”) [Bu, (= u) = Bu(u, — w)] + [Mo(lunll”) — Mo(lluell”)] Bu(uty, — u)

" f (Do 1?11, — Pl 10)(ut,, — t)dx — f (letal” =21t =l "u)(u,, — u)dx (2.9)
Q Q

-A f(lunlq_zun - |u|q_2u)|un|q_2un(un - u)dx
Q

According to {u,} is bounded in Wé’p (Q) and (2.4), we know that
lim MO(”un”p)Bun(un - Lt) =0and lim MO(Hun”p)Bu(un - I/l) =0,

. - ) 5 (2.10)
lim | |u,|?“u,(u, — u)dx = 0 and lim f || “u(u,, — u)dx = 0.
n—00 Q n—oo Q
By [15] Proposition 1, the Holder and Sobolev inequalities, there holds
[ @il 2, = i 210, -
o)
< f |¢un|un|p_2un(un - u)ldx + f |¢u|u|p_2u(un - M)ldx
o) o)
2p-1 1
2p 2p 2p
: (f |¢un|un|f"2un|2”1dx) (f n = ”'2p)
Q Q
2.11)

1
-2 2p_ 2 2
X ||l ~u| T dx |u, — |
Q Q

p—

- p-1
2p 2p
<cC ||un||f’( f |un|21’dx) +||u||f’( f |u|2f’dx)
Q Q

b
SCqun—ulzf’) — 0, asn — oo.
Q

2p—-1
2p
1

1

)
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Moreover, with the help of (2.8) and the Brezis-Lieb lemma, one obtains that

flun —ul"dx = f|un|1’*dx - f lul” dx + o(1) — 0, as n — o, (2.12)
Q Q Q
Combining with (2.12) and the Holder inequality, we see that
f (letal” 21, = lul” u)(u, — uydx — 0, as n — oo.
Q
Consequently, by (2.9), we can get that
lim MO(”un”p) [Bu,l(un - u) - Bu(un - u)] =0.

Notice that 0 < mg < My(||u,||”), and we have

lim[8B,, (u, —u) - B,(u, —u)] = 0. (2.13)

For a, b € R, we have Simon inequalities

(2.14)

a—bP < c,(lal”2a - |b]P~2b)(a - b), for p > 2,
a-blP < , .
Cp[(lall"za — |bP7%b)(a — b)]Z (la)’ + Iblp)sz, forl < p<?2.

Clearly, we have two cases:
Case (i): When 2 < p <3, by (2.13) and (2.14) as n — oo, we get

ety — ull” = f \V(u, — u)|Pdx
Q
<c, f (V|2 Vu, — [VulP>Vu)(Vu, — Vu)dx
Q
= Cp[Bun(un - M) - Bu(un - Lt)] — 0.

Case (ii): When % < p < 2, since ||u,||” and ||u||” are bounded in WS’”(Q), foralla,b>0and 1 < p < 2,
we have the subadditivity inequality

@+b)™ <a® +b7.
Letting a = Vu, and b = Vu in (2.14) as n — oo, we have

P 2-p
”un - u”p < Cp[Bu,,(un - I/l) - Bu(un - u)]j(Hun”p + ”u”p) 2
14 p2-p) p2-p)
< Cp[Bu,,(un - I/l) - Bu(un - M)]j(HI/ln” : o+ ||Lt|| 2

< Cpl By, (uy — u) = B (u, — W] = 0.

)

Hence, we deduce that 1, — u in Wé’p Q).
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Lemma 2.4. If J,(u) < 0, then ||ul|’ < Ty and J,(u) = I,(u). Moreover, there exists A* > O such that for
all 1 € (0, 2%), J, satisfies the (PS)c condition for ¢ < 0.

Proof. From the definition of g and J,(u) < 0, that is,
g(llull”) < Jau) <0

for all A € (0, Ap), we have
llullP < Ty and Jy(u) = L (u).

Therefore, if {u,} C Wé’p (€2) is a sequence such that I;(u,) — ¢ < 0 and I',(u,) — 0, we get
L(u,) = Jy(u,) = ¢ < 0and I'(u,) = J)(u,) = 0, as n — oo.

Since J, is coercive, there holds that {u,} is bounded in WS”’ (2). Moreover, there exists 4; > 0 such
that for every 0 < A < A4y, it holds that ¢* > 0. Hence, by Lemma 2.3, J, satisfies the (PS)c condition
for ¢ < 0. Choosing 4" = min{4,, 4}, we conclude.

3. Proof of main results
Proof of Theorem 1.1. We prove Theorem 1.1 in three steps.

Step 1. Assume that k € N is given, and there exists € = &(k) > 0 such that y(J;*) > k, where
T2 = {ue WyP(Q) : Ja(u) < —&).

In fact, let k € N and E; C Wé"’ (Q) be a k-dimensional subspace. Since all norms are equivalent on
a finite dimensional Banach space, thus, for all u € E;, we have

C(k)llull”’sflul"dx, (3.1)
Q

where C(k) > 0 depending on k. By [15] Proposition 1 and (3.1), we get

1 — 1 1 . A
Ja(u) = —Mo(llull”)+—f¢ulul"dx——*flul” tﬁ(llull”)dx——flulqu
p 2p Jo P Ja q Ja

Kmy

< ?Ilull” + Cllull” = CCONlull? = lluell? (Cllull”™ = C(K)).

Let R > 0 be small enough. Hence, there exists € = &(R) > O for all u € Sg = {u € E; : ||u|| = R}, and
one has

Ji(u) < —e < 0.

Since E; and R¥ are isomorphic and Sk and Sk1 are homeomorphic, therefore, by Lemma 2.1, we can
see that ¥(Sg) = y(S¥1) = k. Sg  J;%, J;* is symmetric and closed, that is,

Y(J7°) = ¥(Sp) = k.
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Now, we define
I'n={AcC WS”’(Q) \ {0} : Aisclosed, A = —A and y(A) > k},

K. = {ue W, (@) \ {0} : Jy(u) = c and J'(u) = 0},

and
¢y = inf sup J(u).
k AT, uef A(u)
Step 2. Assume that ¢ = ¢, = ¢x1 =+ - - = Crar fOor some 7 € N, then there exists 4* > 0 such that

v(K.) > 71+ 1forall 4 € (0,1%).
In fact, by step 1, that is y(J;*) > k. Moreover, J,® € I'; and sup,, I Ja(u) < —¢, so we obtain

—oo < ¢ = inf sup J(u) < sup J(u) < - <0.
Ael“k ueA MGJ;E

Since ¢, < O for all 4 € (0,41%), by step 1, we know that K, is a compact set. If y(K.) < 7, then
there exists a closed and symmetric set U verifying K. C U such that y(U) < 7. It follows from the
deformation lemma [31] that the homeomorphism 7 : Wé’p Q) — Wé’p (Q), then one has

nJst -uycJ?

for some § > 0 with 0 < 6§ < —c¢. Thus, we have Jj*‘s C Jg. By the definition of ¢ = ¢yr =
inf ser, sup,4 Ja(u), there exists B € I',, such that sup,., J,(u) < ¢+ 9, that is, B € J;*‘S and

n(B-U) cnUJs?-U)cJ. (3.2)

Moreover, y(B—U) > y(B) — y(U) = k and y(n(B — U)) > y(B—U) > k. Then, we conclude that
v(B — U) € I'y. This contradicts with (3.2).
Step 3. By the above arguments and Theorem 2.2, we have the following two cases:

Case (i): If —oo < c) <y <--- < ¢ <--- <0, since every ¢y is a critical value of J,, then we have
infinitely many critical points of J,. Therefore, Eq (2.1) has infinitely many nontrivial solutions.
Case (ii): If there are two constants ¢, = ¢j.r, then ¢ = ¢, = C41 = - -+ = Cp4r. From Theorem 2.2,

we obtain that K, has infinitely many points. Consequently, Eq (2.1) has infinitely many nontrivial
solutions. In addition, if u, is the nontrivial solution of Eq (2.1), then J,(u,) = I,(u,) < 0. Thus,

luall” < To < 1. (3.3)

From (1.6), we have that
Mo(lluall”) = M(lluall”),

that is to say, u, is a solution to system (1.1).
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