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1. Introduction and main result

This paper investigates infinitely many solutions for a quasilinear Schrödinger-Poisson system
−M

(∫
Ω

|∇u|pdx
)
∆pu + ϕ|u|p−2u = |u|p

∗−2u + λ|u|q−2u, in Ω,

−∆ϕ = |u|p, in Ω,
u = ϕ = 0, on ∂Ω,

(1.1)

where Ω ⊂ R3 is a bounded smooth domain, ∆pu = div(|∇u|p−2∇u), 3
2 < q < p < 3, p∗ = 3p

3−p is the
critical Sobolev exponent, and λ > 0 is a real parameter.

(M∗) Assume that M(t) : [0,+∞) → (0,+∞) is continuous and increasing and there exists m0 > 0
such that M(t) ≥ m0 = M(0) for all t ∈ [0,+∞).

The Schrödinger-Poisson system−∆u + V(x)u + ηϕ f (u) = h(x, u), in R3,

−∆ϕ = 2F(u), in R3,
(1.2)
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a quantum mechanical model describing the interaction between an electron wave and its own
electrostatic field, was first proposed by Benci and Fortunato in [1]. For further background
information on (1.2), please refer to [2–4].

In [5, 6], the authors investigated the existence of ground state solutions for system (1.2). There
has been much research regarding the positive solutions of (1.2); we can see [7–9]. Moreover,
numerous researchers have investigated the existence of infinitely many solutions to system (1.2), for
example, [10–14].

Recently, the quasilinear Schrödinger-Poisson system has been studied by numerous scholars−∆pu + |u|p−2u + µϕ|u|q−2u = |u|r−2u, in R3,

−∆ϕ = |u|q, in R3,
(1.3)

where 1 < p < 3, p ≤ r < p∗ = 3p
3−p , and λ > 0 is a parameter. Through scaling transformation

and ingenious methods, Du et al. [15, 16] demonstrated that (1.3) admits nontrivial solutions. In the
case when r = 2, the existence of µ∗ > 0 was demonstrated by Xue and Wang [17], ensuring that
system (1.3) admits two positive solutions for any µ ∈ (0, µ∗). In particular, in [18], the following
quasilinear Schrödinger-Poisson system with critical growth was investigated:−∆pu + |u|p−2u + µϕ|u|p−2u = λ|u|q−2u + |u|p

∗−2u, in R3,

−∆ϕ = |u|p, in R3.
(1.4)

For system (1.4), different results are obtained under varying conditions for p, q, µ, and λ > 0; please
refer to [19–22].

Moreover, some researchers have taken an interest in the following elliptic problems with critical
Sobolev growth: −∆pu = |u|p

∗−2u + λ|u|q−2u, in Ω,
u = 0, on ∂Ω,

(1.5)

where Ω ⊂ RN is a bounded smooth domain, 1 < p < N, and ∆p is the p-Laplacian operator. By
using critical point methods, the authors obtained the existence of multiple nontrivial solutions of (1.5)
in [23]. The work of Azorero and Alonso [24] proved that Eq (1.5) has at least two positive solutions for
the parameter 2N

N+2 < p < 3 with 1 < q < p or p > 3 with p > q > p∗−2
p−1 . If q = p and N > p2 + p, Cao et

al. in [25] verified the existence of an infinite number of solutions to (1.5) using variational techniques.
In addition, in [26], the authors studied the existence of infinitely many solutions of nonlinear elliptic
problems of p&q-Laplacian type involving the critical Sobolev exponent.

Based on the above results, we consider the existence of infinitely many solutions of the
quasilinear Schrödinger-Poisson system with critical growth. One of the characteristics of this paper
is that this class of problems lacks compactness created by the critical term. This undoubtedly makes
it difficult to prove the existence of solutions to this system, so we overcome the compactness by
using the concentration compactness principle. Moreover, the emergence of the nonlocal term renders
the existence of infinitely many solutions considerably more challenging than is typically the
case (1.1). Furthermore, in Reference [23], quasilinear equations with critical and subcritical
types were considered. In our study, quasilinear equations with dual local types are examined, where
the variational functional becomes more complex and overcoming compactness issues becomes
more challenging.
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Next, we define the truncation function M. Since p < p∗, there exists κ ∈ (p, p∗). By (M∗), there
exists t0 > 0 such that m0 < M(t0) < κ

pm0. That is,

M0(t) :=

M(t), if 0 ≤ t ≤ t0,

M(t0), if t ≥ t0,
(1.6)

and we have
M0(t) ≤

κ

p
m0. (1.7)

Now, consider the following auxiliary problem:
−M0

(∫
Ω

|∇u|pdx
)
∆pu + ϕ|u|p−2u = |u|p

∗−2u + λ|u|q−2u, in Ω,

−∆ϕ = |u|p, in Ω,
u = ϕ = 0, on ∂Ω.

(1.8)

Then, we have the main result.

Theorem 1.1. If (M∗) and 3
2 < q < p < 3 hold, then, there exists λ∗ > 0, such that for all 0 < λ < λ∗,

system (1.1) has infinitely many nontrivial solutions.

From now on, we use Ci(i = 1, 2, · · · ) to denote (possibly different) positive constants. We denote
by S r (respectively, Br) the sphere (respectively, the closed ball) of center zero and radius r, i.e.,
S r = {u ∈ W1,p

0 (Ω) : ∥u∥ = r}, Br = {u ∈ W1,p
0 (Ω) : ∥u∥ ≤ r}. In addition, Du [27] proved the best

Sobolev constant

S := inf
u∈W1,p

0 (Ω)\{0}

∫
Ω

|∇u|pdx( ∫
Ω

|u|p
∗

dx
)p/p∗

.

We always use the notations ∥ · ∥ and | · |p to represent the norm ∥ · ∥W1,p
0 (Ω) and Lp(Ω) norm. Besides, let

D1,2(Ω) be equipped with the norm

∥u∥2D1,2(Ω) =

∫
Ω

|∇u|2dx.

2. Some preliminary results

In this section, we shall introduce some preparatory knowledge.
By the Lax-Milgram theorem, for all u ∈ W1,p

0 (Ω), the equation−∆ϕ = |u|p, in Ω,
ϕ = 0, on ∂Ω

has a unique solution ϕu ∈ D1,2(Ω), and by [15], we have ϕu ≥ 0 for x ∈ Ω and for each t > 0,
ϕtu = tpϕu, and

∥ϕu∥
2
D1,2(Ω) =

∫
Ω

ϕu|u|pdx ≤ ∥u∥p
L

6p
5 (Ω)
∥ϕu∥L6(Ω) ≤ C∥u∥p∥ϕu∥D1,2(Ω),
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for all u, v ∈ W1,p
0 (Ω), ∫

Ω

ϕu|v|pdx =
∫
Ω

ϕv|u|pdx.

Furthermore, we can reduce the system (1.8) to the following problem:−M0

(∫
Ω

|∇u|pdx
)
∆pu + ϕu|u|p−2u = |u|p

∗−2u + λ|u|q−2u, in Ω,

u = ϕ = 0, on ∂Ω.

(2.1)

For (2.1), define the functional

Iλ(u) =
1
p

M̂0(∥u∥p) +
1

2p

∫
Ω

ϕu|u|pdx −
1
p∗

∫
Ω

|u|p
∗

dx −
λ

q

∫
Ω

|u|qdx,

where M̂0(t) =
∫ t

0
M0(s)ds. If u ∈ W1,p

0 (Ω) is a weak solution of Eq (2.1), then u satisfies

M0(∥u∥p)
∫
Ω

|∇u|p−2∇u∇φdx +
∫
Ω

ϕu|u|p−2uφdx

=

∫
Ω

|u|p
∗−2uφdx + λ

∫
Ω

|u|q−2uφdx,

for all φ ∈ W1,p
0 (Ω).

Now, we define the Krasnoselskii genus in [28]:

γ(A) = min{k ∈ N|∃ϕ ∈ C(A,Rk \ {0}), ϕ(−x) = ϕ(x)}.

If such a mapping does not exist for any k > 0, we set γ(A) = ∞. Moreover, by definition, γ(∅) = 0.
Let Sk−1 be a k − 1 dimensional sphere in Rk, then γ(Sk−1) = k. We give the result due to

Clarke [29].

Lemma 2.1. Let X = Rk and ∂Ω be the boundary of an open, symmetric, and bounded subset Ω ⊂ Rk

with 0 ∈ Ω. Then, γ(∂Ω) = k.

Theorem 2.2. Suppose that the functional Iλ ∈ C1(W1,p
0 (Ω),R) satisfies the (PS )c condition and the

following conditions:
(i) Iλ is bounded from below and even;
(ii) There exists a compact, symmetric set K ⊂ Y such that γ(K) = k and

sup
u∈K

Iλ(u) < Iλ(0).

Then, Iλ possesses at least k distinct pairs of critical points with corresponding critical values less
than Iλ(0).

According to the Sobolev and Hölder inequalities, for u ∈ W1,p
0 (Ω), 3

2 < q < p < 3, and q < p∗,
one has ∫

Ω

|u|qdx ≤ S −
q
p |Ω|

p∗−q
p∗ ∥u∥q. (2.2)

Electronic Research Archive Volume 34, Issue 5, 2883–2896.
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By (2.2), we get

Iλ(u) ≥
m0

p
∥u∥p −

1
p∗

S −
p∗
p ∥u∥p

∗

−
λ

q
S −

q
p |Ω|

p∗−q
p∗ ∥u∥q = g(∥u∥p).

Let
g(t) =

m0

p
t −

1
p∗

S −
p∗
p t

p∗
p −

λ

q
S −

q
p |Ω|

p∗−q
p∗ t

q
p .

Then, there exists a sufficiently small λ0 > 0 such that for all λ ∈ (0, λ0), g attains a positive
maximum. Let T0(λ) < T1(λ) be the only roots of g. Then, g(t) < 0 for 0 < t < T0(λ), g(t) > 0 for
T0(λ) < t < T1(λ), and g(t) < 0 for T1(λ) < t.

From [23], we set ψ ∈ C∞0 ([0,+∞)) such that ψ(t) ∈ [0, 1] for any t ∈ [0,+∞) and

ψ(t) :=

1, t ∈ [0,T0],
0, t ∈ [T1,+∞).

Then, we consider the following truncated functional:

Jλ(u) =
1
p

M̂0(∥u∥p) +
1

2p

∫
Ω

ϕu|u|pdx −
1
p∗

∫
Ω

|u|p
∗

ψ(∥u∥p)dx −
λ

q

∫
Ω

|u|qdx.

Note that Jλ ∈ C1(W1,p
0 (Ω),R), Jλ(u) ≥ ḡ(∥u∥p), where

ḡ(t) =
m0

p
t −

1
p∗

S −
p∗
p t

p∗
p ψ(t) −

λ

q
S −

q
p |Ω|

p∗−q
p∗ t

q
p .

Therefore, assume that ∥u∥p ≤ T0, one has Jλ(u) = Iλ(u), and if ∥u∥p ≥ T1, we obtain

Jλ(u) =
1
p

M̂0(∥u∥p) +
1

2p

∫
Ω

ϕu|u|pdx −
λ

q

∫
Ω

|u|qdx.

Then, we deduce Jλ is coercive and bounded below.

Lemma 2.3. If 3
2 < q < p < 3 holds, the functional Iλ satisfies the (PS )c condition for

c < c∗ =
1
p

(
1 −

κ

p∗

)
(m0S )

3
p − Dλ

p
p−q ,

where D = 1
pqp∗

 (p∗−q)|Ω|
p∗−q

p∗

m
q
p

0 S
q
p (p∗−κ)

q
p

 p
p−q

.

Proof. Let {un} ⊂ W1,p
0 (Ω) be a (PS )c sequence such that

Iλ(un)→ c and I′λ(un)→ 0, as n→ ∞. (2.3)

From (2.2) and (2.3), we have

|c| + 1 + o(∥un∥) ≥ Iλ(un) −
1
p∗
⟨I′λ(un), un⟩

≥
m0

p

(
1 −

κ

p∗

)
∥un∥

p − λ

(
1
q
−

1
p∗

)
S −

q
p |Ω|

p∗−q
p∗ ∥un∥

q,

Electronic Research Archive Volume 34, Issue 5, 2883–2896.
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which implies that {un} ⊂ W1,p
0 (Ω) is a bounded sequence for all q < p < p∗. Hence, there exist a

subsequence (by denoted itself), and u ∈ W1,p
0 (Ω) as n→ ∞ such that

un ⇀ u, weakly in W1,p
0 (Ω),

un → u, strongly in Ls(Ω) (p ≤ s < p∗),
un(x)→ u(x), a.e. in Ω.

(2.4)

We proceed to confirm the strong convergence un → u in W1,p
0 (Ω). By the concentration compactness

principle (see [30]), we have

|un|
p∗dx ⇀ dν = |u|p

∗

dx +
∑
j∈J

ν jδx j ,

|∇un|
pdx ⇀ dµ ≥ |∇u|pdx +

∑
j∈J

µ jδx j , S ν
p

p∗

j ≤ µ j.
(2.5)

Now, define a smooth cut-off function φε, j(x), for ε > 0, such that 0 ≤ φε, j ≤ 1, |∇φε, j| ≤ 2
ε
,

φε, j(x) =

1, in B(x j, ε),
0, in Ω \ B(x j, 2ε).

Notice that {φε, jun} is bounded in W1,p
0 (Ω) by ⟨I′λ(un), φε, jun⟩ → 0 as n→ ∞.

M0(∥un∥
p)

∫
Ω

|∇un|
p−2∇un∇(φε, jun)dx +

∫
Ω

ϕun |un|
pφε, jdx

=

∫
Ω

|un|
p∗φε, jdx + λ

∫
Ω

|un|
qφε, jdx + o(1).

(2.6)

With the help of (2.4), we have

lim
ε→0

lim
n→∞

∫
Ω

ϕun |un|
pφε, jdx ≤ lim

ε→0
lim
n→∞

∫
B(x j,2ε)

ϕun |un|
pdx = 0,

lim
ε→0

lim
n→∞

∫
Ω

|un|
qφε, jdx ≤ lim

ε→0
lim
n→∞

∫
B(x j,2ε)

|un|
qdx = 0.

Since |∇ϕε, j| ≤ 2
ε
, by using the Hölder inequality and (2.4), we obtain

lim
ε→0

lim
n→∞

∣∣∣∣∣∫
Ω

|∇un|
p−2∇un∇φε, jundx

∣∣∣∣∣ ≤ lim
ε→0

lim
n→∞

∫
Ω

|∇un|
p−1|∇φε, j||un|dx

≤ lim
ε→0

lim
n→∞

(∫
Ω

|∇un|
pdx

) p−1
p

(∫
Ω

|un|
p|∇φε, j|

pdx
) 1

p

≤ C lim
ε→0

(∫
B(x j,2ε)

|u|p
∗

dx
) 1

p∗
(∫

B(x j,2ε)
|∇φε, j|

pp∗

p∗−p dx
) p∗−p

pp∗

≤ C lim
ε→0

(∫
B(x j,2ε)

|u|p
∗

dx
) 1

p∗
∫B(x j,2ε)

(
2
ε

) pp∗

p∗−p

dx


p∗−p
pp∗

≤ C1 lim
ε→0

(∫
B(x j,2ε)

|u|p
∗

dx
) 1

p∗

= 0,
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where C1 > 0, and we also derive that

lim
ε→0

lim
n→∞

∫
Ω

|∇un|
pφε, jdx ≥ lim

ε→0

∫
Ω

|∇u|pφε, jdx + µ j = µ j,

lim
ε→0

lim
n→∞

∫
Ω

|un|
p∗φε, jdx = lim

ε→0

∫
Ω

|u|p
∗

φε, jdx + ν j = ν j.

Consequently, taking function unφε, j in (2.3), from the above information, we have

0 = lim
ε→0

lim
n→∞
⟨I′λ(un), unφε, j⟩

= lim
ε→0

lim
n→∞

{
M0(∥un∥

p)
∫
Ω

|∇un|
p−2∇un∇(φε, jun)dx +

∫
Ω

ϕun |un|
pφε, jdx

−

∫
Ω

|un|
p∗φε, jdx − λ

∫
Ω

|un|
qφε, jdx

}
= lim

ε→0
lim
n→∞

{
m0

∫
Ω

(
|∇un|

pφε, j + |∇un|
p−2∇un∇φε, jun

)
dx −

∫
Ω

|un|
p∗φε, jdx

}
≥ lim

ε→0

{
m0

(∫
Ω

|∇u|pφε, jdx + µ j

)
−

∫
Ω

|u|p
∗

φε, jdx − ν j

}
≥ m0µ j − ν j.

Thus, we have ν j ≥ m0µ j. This together with (2.5) implies that either µ j = 0 or

µ j ≥ S
p∗

p∗−p m
p

p∗−p

0 . (2.7)

To proceed further, we prove that (2.7) is impossible. If there exists j0 ∈ J such that µ j0 ≥ S
p∗

p∗−p m
p

p∗−p

0
and x j0 ∈ Ω, by combining with (2.3) and (2.5), there holds

c = lim
n→∞

{
Iλ(un) −

1
p∗
⟨I′λ(un), un⟩

}
≥

m0

p

(
1 −

κ

p∗

)
(∥u∥p + µ j0) − λ

(
1
q
−

1
p∗

)
S −

q
p |Ω|

p∗−q
p∗ ∥u∥q

≥
1
p

(
1 −

κ

p∗

)
(m0S )

N
p +

m0

p

(
1 −

κ

p∗

)
∥u∥p

− λ

(
1
q
−

1
p∗

)
S −

q
p |Ω|

p∗−q
p∗ ∥u∥q.

Let

h(t) =
m0

p

(
1 −

κ

p∗

)
tp − λ

(
1
q
−

1
p∗

)
S −

q
p |Ω|

p∗−q
p∗ tq, t > 0,

then, we can deduce that mint>0 h(t) attains at t0 > 0 and

t0 =

λ(p∗ − q)|Ω|
p∗−q

p∗

m0(p∗ − κ)S
q
p


1

p−q

.
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Consequently, we obtain

c ≥
1
p

(
1 −

κ

p∗

)
(m0S )

3
p − Dλ

p
p−q ,

where D = 1
pqp∗ [

(p∗−q)|Ω|
p∗−q

p∗

m
q
p

0 S
q
p (p∗−κ)

q
p
]

p
p−q . Hence, we deduce c ≥ c∗. This is a contradiction, that is to say,

ν j = µ j = 0 for all j ∈ J, which implies that∫
Ω

|un|
p∗dx→

∫
Ω

|u|p
∗

dx as n→ ∞. (2.8)

Let φ ∈ W1,p
0 (Ω) be fixed, and let us define linear functional Bφ:

Bφ(v) =
∫
Ω

|∇φ|p−2∇φ∇vdx

for all v ∈ W1,p
0 (Ω). Using the Hölder inequality, one has

|Bφ(v)| ≤ ∥φ∥p−1∥v∥.

By I′λ(un)→ 0 in (W1,p
0 (Ω))∗, un ⇀ u in W1,p

0 (Ω), that is,

o(1) = ⟨I′λ(un) − I′λ(u), un − u⟩

= M0(∥un∥
p)

[
Bun(un − u) − Bu(un − u)

]
+ [M0(∥un∥

p) − M0(∥u∥p)]Bu(un − u)

+

∫
Ω

(ϕun |un|
p−2un − ϕu|u|p−2u)(un − u)dx −

∫
Ω

(|un|
p∗−2un − |u|p

∗−2u)(un − u)dx

− λ

∫
Ω

(|un|
q−2un − |u|q−2u)|un|

q−2un(un − u)dx.

(2.9)

According to {un} is bounded in W1,p
0 (Ω) and (2.4), we know that

lim
n→∞

M0(∥un∥
p)Bun(un − u) = 0 and lim

n→∞
M0(∥un∥

p)Bu(un − u) = 0,

lim
n→∞

∫
Ω

|un|
q−2un(un − u)dx = 0 and lim

n→∞

∫
Ω

|u|q−2u(un − u)dx = 0.
(2.10)

By [15] Proposition 1, the Hölder and Sobolev inequalities, there holds∣∣∣∣∣∫
Ω

(ϕun |un|
p−2un − ϕu|u|p−2u)(un − u)dx

∣∣∣∣∣
≤

∫
Ω

|ϕun |un|
p−2un(un − u)|dx +

∫
Ω

|ϕu|u|p−2u(un − u)|dx

≤

(∫
Ω

|ϕun |un|
p−2un|

2p
2p−1 dx

) 2p−1
2p

(∫
Ω

|un − u|2p

) 1
2p

×

(∫
Ω

|ϕu|u|p−2u|
2p

2p−1 dx
) 2p−1

2p
(∫
Ω

|un − u|2p

) 1
2p

≤ C

∥un∥
p

(∫
Ω

|un|
2pdx

) p−1
2p

+ ∥u∥p
(∫
Ω

|u|2pdx
) p−1

2p
 (∫

Ω

|un − u|2p

) 1
2p

≤ C
(∫
Ω

|un − u|2p

) 1
2p

→ 0, as n→ ∞.

(2.11)
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Moreover, with the help of (2.8) and the Brezis-Lieb lemma, one obtains that∫
Ω

|un − u|p
∗

dx =
∫
Ω

|un|
p∗dx −

∫
Ω

|u|p
∗

dx + o(1)→ 0, as n→ ∞. (2.12)

Combining with (2.12) and the Hölder inequality, we see that∫
Ω

(|un|
p∗−2un − |u|p

∗−2u)(un − u)dx→ 0, as n→ ∞.

Consequently, by (2.9), we can get that

lim
n→∞

M0(∥un∥
p)

[
Bun(un − u) − Bu(un − u)

]
= 0.

Notice that 0 < m0 ≤ M0(∥un∥
p), and we have

lim
n→∞

[Bun(un − u) − Bu(un − u)] = 0. (2.13)

For a, b ∈ R, we have Simon inequalities

|a − b|p ≤

cp(|a|p−2a − |b|p−2b)(a − b), for p ≥ 2,
Cp[(|a|p−2a − |b|p−2b)(a − b)]

p
2 (|a|p + |b|p)

2−p
2 , for 1 < p < 2.

(2.14)

Clearly, we have two cases:
Case (i): When 2 ≤ p < 3, by (2.13) and (2.14) as n→ ∞, we get

∥un − u∥p =
∫
Ω

|∇(un − u)|pdx

≤ cp

∫
Ω

(|∇un|
p−2∇un − |∇u|p−2∇u)(∇un − ∇u)dx

= cp[Bun(un − u) − Bu(un − u)]→ 0.

Case (ii): When 3
2 < p < 2, since ∥un∥

p and ∥u∥p are bounded in W1,p
0 (Ω), for all a, b ≥ 0 and 1 < p < 2,

we have the subadditivity inequality

(a + b)
2−p

2 ≤ a
2−p

2 + b
2−p

2 .

Letting a = ∇un and b = ∇u in (2.14) as n→ ∞, we have

∥un − u∥p ≤ Cp[Bun(un − u) − Bu(un − u)]
p
2 (∥un∥

p + ∥u∥p)
2−p

2

≤ Cp[Bun(un − u) − Bu(un − u)]
p
2 (∥un∥

p(2−p)
2 + ∥u∥

p(2−p)
2 )

≤ Cp[Bun(un − u) − Bu(un − u)]
p
2 → 0.

Hence, we deduce that un → u in W1,p
0 (Ω).
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Lemma 2.4. If Jλ(u) < 0, then ∥u∥p < T0 and Jλ(u) = Iλ(u). Moreover, there exists λ∗ > 0 such that for
all λ ∈ (0, λ∗), Jλ satisfies the (PS )c condition for c < 0.

Proof. From the definition of ḡ and Jλ(u) < 0, that is,

ḡ(∥u∥p) ≤ Jλ(u) < 0

for all λ ∈ (0, λ0), we have
∥u∥p < T0 and Jλ(u) = Iλ(u).

Therefore, if {un} ⊂ W1,p
0 (Ω) is a sequence such that Iλ(un)→ c < 0 and I′λ(un)→ 0, we get

Iλ(un) = Jλ(un)→ c < 0 and I′λ(un) = J′λ(un)→ 0, as n→ ∞.

Since Jλ is coercive, there holds that {un} is bounded in W1,p
0 (Ω). Moreover, there exists λ1 > 0 such

that for every 0 < λ < λ1, it holds that c∗ > 0. Hence, by Lemma 2.3, Jλ satisfies the (PS )c condition
for c < 0. Choosing λ∗ = min{λ0, λ1}, we conclude.

3. Proof of main results

Proof of Theorem 1.1. We prove Theorem 1.1 in three steps.

Step 1. Assume that k ∈ N is given, and there exists ε = ε(k) > 0 such that γ(J−ελ ) ≥ k, where
J−ελ = {u ∈ W1,p

0 (Ω) : Jλ(u) ≤ −ε}.
In fact, let k ∈ N and Ek ⊂ W1,p

0 (Ω) be a k-dimensional subspace. Since all norms are equivalent on
a finite dimensional Banach space, thus, for all u ∈ Ek, we have

C(k)∥u∥q ≤
∫
Ω

|u|qdx, (3.1)

where C(k) > 0 depending on k. By [15] Proposition 1 and (3.1), we get

Jλ(u) =
1
p

M̂0(∥u∥p) +
1

2p

∫
Ω

ϕu|u|pdx −
1
p∗

∫
Ω

|u|p
∗

ψ(∥u∥p)dx −
λ

q

∫
Ω

|u|qdx

≤
κm0

p2 ∥u∥
p +C∥u∥p −C(k)∥u∥q = ∥u∥q

(
C∥u∥p−q −C(k)

)
.

Let R > 0 be small enough. Hence, there exists ε = ε(R) > 0 for all u ∈ SR = {u ∈ Ek : ∥u∥ = R}, and
one has

Jλ(u) < −ε < 0.

Since Ek and Rk are isomorphic and SR and Sk−1 are homeomorphic, therefore, by Lemma 2.1, we can
see that γ(SR) = γ(Sk−1) = k. SR ⊂ J−ελ , J−ελ is symmetric and closed, that is,

γ(J−ελ ) ≥ γ(SR) = k.
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Now, we define

Γk = {A ⊂ W1,p
0 (Ω) \ {0} : A is closed, A = −A and γ(A) ≥ k},

Kc = {u ∈ W1,p
0 (Ω) \ {0} : Jλ(u) = c and J′λ(u) = 0},

and
ck = inf

A∈Γk
sup
u∈A

Jλ(u).

Step 2. Assume that c = ck = ck+1 = · · · = ck+τ for some τ ∈ N, then there exists λ∗ > 0 such that
γ(Kc) ≥ τ + 1 for all λ ∈ (0, λ∗).

In fact, by step 1, that is γ(J−ελ ) ≥ k. Moreover, J−ελ ∈ Γk and supu∈J−ελ
Jλ(u) ≤ −ε, so we obtain

−∞ < ck = inf
A∈Γk

sup
u∈A

Jλ(u) ≤ sup
u∈J−ελ

Jλ(u) ≤ −ε < 0.

Since ck < 0 for all λ ∈ (0, λ∗), by step 1, we know that Kc is a compact set. If γ(Kc) ≤ τ, then
there exists a closed and symmetric set U verifying Kc ⊂ U such that γ(U) ≤ τ. It follows from the
deformation lemma [31] that the homeomorphism η : W1,p

0 (Ω)→ W1,p
0 (Ω), then one has

η(Jc+δ
λ − U) ⊂ Jc−δ

λ

for some δ > 0 with 0 < δ < −c. Thus, we have Jc+δ
λ ⊂ J0

λ. By the definition of c = ck+τ =

infA∈Γk supu∈A Jλ(u), there exists B ∈ Γk+τ such that supu∈A Jλ(u) < c + δ, that is, B ∈ Jc+δ
λ and

η(B − U) ⊂ η(Jc+δ
λ − U) ⊂ Jc−δ

λ . (3.2)

Moreover, γ(B − U) ≥ γ(B) − γ(U) ≥ k and γ(η(B − U)) ≥ γ(B − U) ≥ k. Then, we conclude that
γ(B − U) ∈ Γk. This contradicts with (3.2).

Step 3. By the above arguments and Theorem 2.2, we have the following two cases:
Case (i): If −∞ < c1 < c2 < · · · < ck < · · · < 0, since every ck is a critical value of Jλ, then we have
infinitely many critical points of Jλ. Therefore, Eq (2.1) has infinitely many nontrivial solutions.
Case (ii): If there are two constants ck = ck+τ, then c = ck = ck+1 = · · · = ck+τ. From Theorem 2.2,
we obtain that Kc has infinitely many points. Consequently, Eq (2.1) has infinitely many nontrivial
solutions. In addition, if uλ is the nontrivial solution of Eq (2.1), then Jλ(uλ) = Iλ(uλ) < 0. Thus,

∥uλ∥p ≤ T0 ≤ t0. (3.3)

From (1.6), we have that
M0(∥uλ∥p) = M(∥uλ∥p),

that is to say, uλ is a solution to system (1.1).
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