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Abstract: The main goal of this paper was to develop new skills to investigate the blow-up properties
of solutions to an initial-boundary value problem for a p-Laplacian-type pseudo-parabolic equation
with singular potential and logarithmic source. By establishing a crucial reverse Sobolev inequality,
we derived that the solutions blow up in finite time under a new blow-up criterion and we estimated
the lifespan of the weak solutions from both above and below. It is worthy to point out that our blow-
up criterion implies that this problem admits finite time blow-up solutions at an arbitrarily high initial
energy level. From methods to results, we partially extended some results obtained in recent literatures.
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1. Introduction

This work is concerned with the following initial-boundary value problem for a p-Laplacian-type
pseudo-parabolic equation involving singular potential and logarithmic nonlinearity:

IJL:_IIX — Apu—Au, = lul"?ulnul, xe€Q,t>0,

u(x,t) =0, x€o0Q,t>0, (1.1)
I/l(x, O) = u()()C), X € Q,

where Q C R"(n > 2) is a bounded open domain with smooth boundary 9Q, for x = (xy, x5, ..., x,) € R”,

x| = \/xf + X5+ .+ X2, Uy € Wé’p(Q) \ {0}, the p-Laplace operator A,u = div(|Vu|P"*Vu) and the
parameter s, p, g satisfy the following assumptions:

-2 +o00, n<p,
0£s<min{M,2}, d<p<q<p =" P (12)
4 %, n>p.
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Due to
m% lul*2uln|u| = 0, (1.3)

when u = 0, we let [u|7%uln |u| = 0.

When the compressible fluid flows in a homogeneous isotropic and rigid porous medium, then the
relationship between the volumetric moisture content 6(x), the fluid density p, and the macroscopic
velocity V can be characterized by the following model [1]

P )
e(x)a—’t’ + div(pV) = f(p), (1.4)

where f(p) is the source, and the momentum velocity p\7 satisfies
pV = =AVpl"*Vp.

According to parameter @, the media can be classified. If 1 < @ < 2, the media are called pseudo-
plastics; if @ = 2, they are called Newtonian fluids; and those with @ > 2 are called dilatant fluids.

In recent years, a huge amount of literature has been devoted to the investigation of qualitative
properties of solutions to problem (1.4) with 6(x) = l):T’ called a singular potential. For instance, Hao
and Zhou [2] considered the following parabolic equation with a singular potential

2 Au= . (1.5)

|x|*
They derived the threshold results for the solutions to exist globally or to blow up in finite time by using
the potential well method [3], when the initial energy is subcritical. With the help of a new functional,
they obtained some finite-time blow-up sufficient conditions that include the possibility of the critical
and supercritical initial energy. Deng and Zhou [4] studied a semilinear heat equation with singular
potential and logarithmic nonlinearity that can be used to describe many phenomena in the viscoelastic
mechanics, and quantum mechanics theory [5-7]:

. Au = ulog(Jul). (1.6)
|x[*
With the help of the modified potential well method [8,9], they obtained, among many other interesting
results, some sufficient conditions on the initial data with lower energy such that the weak solutions
blow up at co. Deng and Zhou [10] also researched a fast diffusion p-Laplace evolution equation with

singular potential
Uy

[}
They proved that the solution of (1.7) exists globally and obtained the conditions of extinction and non-

extinction. Lian et al. [11] investigated the following pseudo-parabolic equation with strong damped
and singular potential

— Apu = |ul"u. (1.7)

|Z_|tf — Au— Au, = | 2u. (1.8)

They obtained global existence, asymptotic behavior, and blow-up of the solutions for subcritical and
critical initial energy, and proved the finite-time blow-up for the high energy level by introducing an
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invariant manifold.  Xie et al. [12] dealt with a fractional pseudo-parabolic equation with

singular potential:
U
|x|2s

+(=A)u, + (=A)’u = [ul”u. (1.9)

They established the local existence and uniqueness of the weak solutions to (1.9) by means of the
Galerkin method and contraction mapping principle. Yuan et al. [13] studied local and global
well-posedness to problem (1.1). Under appropriate conditions, they revealed the existence and decay
estimate of the global solutions and the blow-up phenomena of solutions to problem (1.1) at
subcritical or critical initial energy level.

Motivated by the results in [11, 13], it is natural to ask whether problem (1.1) admits finite-time
blow-up solutions with arbitrarily high initial energy. However, for supercritical initial energy, the
potential well method and the invariance of the unstable set may be no longer valid, and some new
techniques and methods need to be invented to overcome this difficulty. For this, by constructing an
appropriate auxiliary functional, we first obtain that the unstable set N_ (defined in (2.3)) is invariant
under the semiflow of problem (1.1). With the help of the invariance of the set N_ and Gagliardo-
Nirenberg’s interpolation inequality, we derive a reverse Sobolev inequality, i.e., ||u||Z can be bounded
from below by ||Vu||§ up to a multiplicative constant (see (3.12)). Based on this relationship between
||u||Z and ||Vul|2, we provide a concavity inequality that guarantees finite-time blow-up for problem (1.1)
and gives an upper bound for the blow-up time. Further, by employing the Fountain Theorem, we show
that for some initial data, finite-time blow-up of solutions to problem (1.1) will occur with high initial
energy. Finally, the blow-up time is estimated from below. These results extend and improve the
blow-up results obtained in [13].

The rest of this paper is organized as follows: in Section 2, we present some notations, definitions
and lemmas that will be used in the sequel. The main results will be stated and proved in Section 3.

2. Preliminaries

We shall present some notations, definitions and lemmas, in order to state our main results more
clearly. Throughout this paper, we use ||- ||, (+ > 1) and (-, -) to denote the norm in L"(Q) and the L*(Q)-
inner product, respectively. When ¢ > 1, the Sobolev space is denoted by Wé’q(Q), which means both
u and |Vu| belong to L(Q) for any u € Wé’q(Q). The space Wé’q(Q) is endowed with the norm

”ullwéfq(g) = ”Vu”q,

which is equivalent to the standard norm by Poincaré’s inequality, in particular, when g = 2, Wé’q(Q)
18 written as Hé (). In addition, we define

uy 5 u? 5
(u,v), = —dx+ | Vu-Vvdx, ||ull; = (u,u), = —dx + ||Vulf5.
Q Q

|x|* a lxl*
The solution u(x, t) to problem (1.1) is studied in the weak sense as follows:

Definition 2.1. (Weak Solution [13]) Function u = u(x, t) is called a weak solution to problem (1.1)
on Qx[0,T), ifuec L0,T; Wé’p(Q)) with u, € L*(0, T; Hy(Q)) satisfies
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(1)

(ﬁ ¢) + (Vity, VB + (IVulP 2V, Vo) = (lul’uIn |ul, ¢),
forany ¢ € Wé’p(Q) and a.e. t € [0,T].
(2) u(0) = uy € W, () \ {0}.

Local existence and uniqueness of the weak solution can be derived via Galerkin’s method and the
method of a priori estimates (see [13] for the details), i.e., let uy € Wé’p Q) \ {0}, p,q, s satisfy (1.2),
then there exists a 7* > 0, such that problem (1.1) admits a unique weak solution u on [0, 7*].

Definition 2.2. (Maximal existence time) Let u = u(x,t) be a weak solution to problem (1.1). We
define the maximal existence time Ty,.x of u as follows:

(1) If u exists for all 0 < t < oo, then T, = 00;

(2) If there exists a ty € (0, 00) such that u exists for O < t < ty, but does not exist at t = t,, then
Tnax = to.

Definition 2.3. (Finite-time blow-up) Let u(x, t) be a weak solution to problem (1.1). We call u(x, t)
blowing up in finite time if the maximal existence time T, < o and

lim {JuC, DIf2 = co.

— L max

In order to investigate the blow-up properties of solutions, we introduce the energy functional J(u),
its Fréchet derivative J'(u), and the Nehari’s functional /(«) associated with problem (1.1) as follow:
For u € Wé’p (Q), we set

1 1 1
Jw) = —[|Vull) — = f |l In fuldx + — [lul . (2.1)
14 qJa q

Furthermore, for any u, v € Wé’p Q),

(J'(w),v) = f IVulP2Vu - Vvdx — f | 2w In |ulvdx.
Q Q

I(w) = {J' (u),u) = IVulll - f |ee|? In |u|dx. (2.2)

Q

Using Gagliardo-Nirenberg multiplicative embedding inequality (see [14, 15]), it is easily verified that
J(u) and I(u) are C' functionals in W(;’p (Q). Besides, we define the unstable set

N_={uce WS’”(Q) | I(u) < 0}. (2.3)

The following lemmas are essential tools to establish our main results. The first one is the energy
inequality for problem (1.1), which has been given in [13]. The second is the Hardy-Sobolev
inequality, the third is an inequality involving the logarithmic function, and the fourth is a special
form of Gagliardo-Nirenberg’s interpolation inequality, which, combined with the third lemma, will
be utilized to deal with the logarithmic source. The final one is Levine’s concavity lemma.
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Lemma 2.1. ([13]) Let uy € Wé’p (Q), T,,ux be the maximal existence time of the solution u = u(x, t)
to problem (1.1). Then we have

!
J(M) + f ”u‘r”sz < J(M()), ae.te [0, Tmax)-
0

Lemma 2.2. ( [13,16]) Let R" = R* x R" ¥, with2 < k < n, and x = (X', z) € RE x R"*, for given
real number q, s satisfying 1 < g <n,0< s < qgands <k, setq.(s,n,q) = "(nnf_;), there exists a positive
constant Cy = C(s, g, n, k) such that

n-s

n—q
dx < Cy ( f IVulqu) , Yu e WyI(R"). (2.4)

|u|q*(s)

R |x/|s

Remark 2.1. In (2.4), when q.(s) = 2, then ¢ = -2 and p =542 Since 0 < s < 2,n > 2, we

n—s+2
2n

have 1 < —==

< 2. In accordance with Holder’s inequality and (2.4), we derive

n—s+2

2 n _s
fu—dx <Cy (f |vu|ni”+zdx) < CylQ | Vul2.
o Ixl* Q

Lemma 2.3. For any p > 0, x > 0, there holds

1
Inx < —x°.

ep

Inx
xP ?

Proof. For any p > 0, set f(x) = Vx > 0. By direct differentiation, we obtain f’(x) > 0 for

x € (0, er );l f'(x) < Oforxe (ef%, +00). Then, f(x) attains its maximum at x = er%, which means that
f) < fler) = 5, Vx> 0. O

Lemma 2.4. ( [17]) Assume that y < g + o < p*. Then for any u € WS”’(Q), it holds that

+ 1-
llullfre < ColIVully @ lull§ =+,
gro=yl 4 1

where a € (0, 1) is determined by a = Yg o'y Tn

n,p,q,o andvy.

- YY"V and C;., > 0 is a constant depending on
P Y P 8

Lemma 2.5. ( [18, 19]) Assume that a positive, twice-differentiable function W(t) satisfies
the inequality

W OW(n) — (1 + ) (1) > 0,
where 6 > 0. If y(0) > 0 and '(0) > 0, then y(t) — oo as

. _ YO
20

t— 1. <t
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3. Main results

In this section, we focus on the blow-up properties of solutions to problem (1.1) with supercritical
initial energy. Prior to proving the main theorem, we establish two crucial lemmas, which aim to prove
that the unstable set NV_ is invariant under the semi-flow of problem (1.1). By virtue of them, a new
finite-time blow-up criterion for problem (1.1) can be established. For simplicity, u(x, t) will be written
as u(t) unless confusion arises.

Lemma 3.1. Let ug € Wé’p(Q) and u = u(t) be a weak solution to problem (1.1) such that u(t) € N_
on [0, T,ux). Then

{t = @I}
is strictly increasing on (0, T ,..).

Proof. Define
U@ = llu@l?, t € [0, Tax)- 3.1

By computing its derivative and recalling (1.1) and (2.3), this yields

u

U'(1) =2(W, u) +2(Vu, Vu,)
X N
=2( - IVully + f |u|? In |ue|dx) 3.2)
Q
=—-2I(u) >0,
and it is clear to see that U(?) is strictly increasing on (0, 7,,,,). The proof is complete. |

Lemma 3.2. (Invariance of N_) Assume that uy € N_ satisfies

*

0 < J(up) < lluoll? £ Colluoll?, (3.3)

F(CHlQIF +1)
) np+2£7—2n 5

where C* = (%) 7 |Q|» . Then the solution u(f) to problem (1.1) belongs to N_ for all

t E [O’ Tmax)' ’

Proof. We claim that u(t) € N_ for all ¢ € [0, T},,.). Otherwise, by the continuity of /(u), there would
exist a 7y € (0, T),,) such that
I(u(r)) <0, te]0,1), (3.4

and
I(u(ty)) = 0. 3.5

On one hand, according to (3.4) and Lemma 3.1, we know that U(¢) = ||u(?)||? is strictly increasing on
[0, #p), which, combined with the assumption (3.3), leads to

0 < J(up) < Colluolly < Collu(I2, 1 € (0,1).
Due to the continuity of ||u(f)||?, we arrive at

0 < J(up) < Colluoll? < Collu(to)II3- (3.6)

Electronic Research Archive Volume 34, Issue 5, 2868—2882.



2874

On the other hand, from (3.5), Lemma 2.3, and Lemma 2.4, we obtain
IVu(o)ll) = f |u(t0)|? In |u(zo)|dx
Q

1
<— )14 (3.7)
eo

qt+o
Coyq
, .
S_eo' ||Vu(t0)”;(q+(r)”u(to)”; a/)(q+a').

Here,
1
1 1 1
we (_+___) , (3.8)
gq+o)\g n p
% (which ensures that g + o < p*). In accordance with (3.6), it is seen
that u(ty) # 0, i.e., [|Vu(t)|l, # 0. Then, dividing both sides of (3.7) by IIVu(tO)IIZ(qW) yields that

and we choose o =

Co
IVl < =2 jur)lf =,
e

and taking both sides to the power of m and letting
p—alg+o)

- “g=2 3.9
I-a)Ng+o) G

(in fact, substituting « into this formula yields o), it shows that

p:z(rﬁgr) CG, W
Vo)l = [Vut)l2 < (—q) lluCzo)II3- (3.10)
eo
In view of Holder’s inequality, we know that
_2
IVu(io)ll; < 1917 [IVu(to)Il;. (3.11)
Therefore, by (3.10) and (3.11), we have
C, \Toas
2 G, —a)(q+o
Q1 Vuto)ll; < IVuo)ll; < (—q) lluto)II3,
eo
and then, substituting @ and o, we give the following crucial reverse Sobolev inequality:
np+2p-2n
e(p—2)(np + pg—nq)\ » 2 2 a 2
to)|l? > Q> || Vult)lls = CHI[Vu@)ll5, 3.12
llue(to)llg = ( Coatnp +2p —2m) Q> {[Vu(to)ll; IVau(to)ll> (3.12)
where the exponent is determined as follows:
q 3 2 3 2
_ T, - -1
(I-a)g+0) p-alg+o) p_%(éJr%_%?)
3 2 _np+2p-2n
- (P=D(np+pg-ng) __npg 2 '
p- q(np+2p—2n) np+pg-nq p
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It follows from Remark 2.1 that )

Va3 > . (3.13)
CulQ ™ x> |l
With the help of Lemma 2.1, (3.5), (3.12), and (3.13), we get
1
J(uo) = J(u(to)) = — llulto)ll
q
C*
> ?nwmné
C*CHlQ™ c C*CHlQ™
= e ||Vu<to)||§+( - - e JHVu(to)n%
P(CHlQI™ + 1) T g (ChlQI +1)
z — ———llu)I2 = Collu(o)I2,
F(ChlQIT + 1)
which contradicts (3.6). The proof is complete. O

In what follows, we shall demonstrate that the solutions to problem (1.1) blow up in finite time,
when positive initial energy is bounded from above by C||uo|*> for some Cy > 0. During this process,
an upper bound for the blow-up time is estimated.

Theorem 3.1. Let both assumptions in Lemma 3.2 hold. Then the solution u(t) to problem (1.1)
blows up in finite time. Moreover, T, can be estimated from above as follows:

. 8ol
max — 2 2 >
(g =27 (ColluolP = T (o))

where Cy > 0 is the constant given in Lemma 3.2.

(3.14)

Proof. The proof employs Levine’s concavity argument with a specific choice of parameters. We argue
by contradiction: assume that u(¢) is a global weak solution to problem (1.1), which implies 7, = oo.
Forany T > 0, b > 0 and, > 0, define a nonnegative auxiliary function

!
F(r) = f lu(DldT + (T = Olluoll? + Bt + €)*, 1 € [0,T1. (3.15)
0
Direct computation gives

F' (1) =llu@I2 = luoll? + 28t + &)

' (3.16)
=2 j; (u, u.)dr + 28t + &), t€[0,T],
and
F"(t) =2(u, u,), + 23
=2(u, Apu + [l *uln |ul) + 28
=—2I(u) + 28 (3.17)

! 2(q — 2
>~ 2qJ (o) + 24 f e Pt + ("Tp)nwnz + Zlullj+ 28 110,71,
0

Electronic Research Archive Volume 34, Issue 5, 2868—2882.



2876

From the Cauchy-Schwarz and Holder’s inequalities, it follows that

t ! 4 1 1
[ e < [l < ([ uigar)'( f luclPdr)’,
0 0 0

which together with (3.16) and Cauchy’s inequality, yields

(F'(1))*

<4 fo lull2dr fo lucl2dt + 28( + £)( fo lull2dr)( fo luclZd)” + B2t + £)°

[ ! t ! t
<4 fIIMIIflefIIMTIIfG'lT+ﬁf||bt||§dT+ﬂ(t+é")2fIIMTIIidT+/32(t+§)2
| VO 0 0 0

_4 f ulldr + B +§)2) ( f [nufnidrw).
0 0

By similar calculations to (3.7)—(3.12), the reverse Sobolev inequality remains valid, namely,

(3.18)

np+2p-2n

e(p—2)np+ pg — ng) 2_ ;
||u||q>( ’(’:G (np’j . ;’f zn)q) QL IVul = C[Vull. (3.19)
»q

By (3.15), (3.17)—(3.19), and the fact that ¢ > 2 we see that
FOF" (1) - —(F'(t))

> F(1) [—ZCIJ(MO) +(q— 2)[ Nl |2dT + (qp P)
0

IVully + qIIMIIZ—q,B

2C"
2 F(1) [ 7 = 2qJ(uo) - 61,3] (3.20)

*

> 2gF (1) [ Nl = J (o) — g]

P(CHIQT + 1)

*

> 24F (1) [ ol = J(utp) — §] .

P(CHIQ™ + 1)

Since F(t) > 0 on [0, T'], we deduce from (3.20) that

F(F" (1) - (F (0)* =0, (3.21)

forany ¢ € [0, T] and 8 € (o 2( — ol - J(uo))]. Choose

2(CHIQI

2 2
g% )

which is independent of 7', then
F(0) = Tlluoll? +p&* > 0,
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F'(0) = 2B¢ > 0,

and
4FO)  _ 2(Tluoll? + BE)
(g —2)F"(0) Bé(g—2)

for T large enough. Recalling Lemma 2.5, there exists a 7, > 0 satisfying

4F(0)
fe S ———
(g -2)F(0)

<T,

(<7)

such that
F(t) > oast—f,.

(3.23)

(3.24)

This is a contradiction to the assumption of u(7) being global. At this point, we have proved that

Tmax < 09,

Note that the above argument itself can not provide an upper bound estimation for blow-up time,
since it is obtained under the false assumption that the solution u(¢) is global. To estimate 7, from

above, we define F () similarly to (3.15), for any T € (0, Tax),

F(n = f w27 + (Tyax = Dlluolly + Bt + €, 1€ [0, T].
Based on the foregoing arguments, we can still derive

< 2(Tma)c”uO“z +ﬁ§2)
- BE@q-2)

where 8 € (O 2(
¢*(Cy IQI
of T < T, it follows that

Tmax < 2(Tmax||u0||5 +ﬁ§2),

(g —2)p¢

which is equivalent to
2p¢*
BE(q = 2) = 2lluoll>

Tmax S T(ﬁ’ é‘:) é

Fixape (O, ( 2(cH|Q| || oll2 = J(uo))] Then, minimizing 7'(¢,5) on (2i|uo||2), +00), we have
16]luo]2
Tnin(&,B) = T(é0,8) = ——5>
where &) = gllq"flf).
Minimizing 7'(&,3) on (0, 2( 70 IQ\ ||u0|| -J (uo))] we further obtain
H
8]lutol 2
Toin(é0,B) = (€0, Bo) = — ,
— 22— o2
4= 2 (Sl = Jao)

||u0||f - J (uo))] and ¢ is still required to satisfy (3.22). By the arbitrariness

(3.25)

(3.26)
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where :Z(C—*_S uoll> = J(u )
Bo q2(cH|Q|ZT+1)” ol = J(uo)

In conclusion,

Tar < Sllol _ 8ol
e (q—2)* (+I|u0||§ - J(uo)) (q = 2)* (Colluoll> = J (o))

ACHIQ T +1

The proof of Theorem 3.1 is complete. O

It is noteworthy that Theorem 3.1 implies that the solution to problem (1.1) blows up in finite time
at arbitrarily high initial energy level.

Remark 3.1. For any positive initial energy, there always exists an appropriate function uy such
that the solution u(x, t) to problem (1.1) with initial datum uy will blow up in finite time.

More concretely, for any M > 0, we can construct a function uy such that J(uy) = M, while also
satisfying uy € N_ and J(ug) < Colluol|?, which meets both the assumptions in Theorem 3.1. Therefore,
the corresponding solution u(x, t) to problem (1.1) with such ug as initial datum blows up in finite time.

To explain this, we recall a well-known result that can be proved by using the Fountain Theorem
[20, 21], i.e., for any bounded smooth domain Q in R"(n > 2) and p < q < p*, the energy functional
J(u) defined on Wé’p () has a sequence of critical points {w}; | C Wé’p () such that

1 1 1
J(@y) = — IVl - - f loil? In|wldx + —|l@illj — +oo, k — co. (3.27)
p q Ja q

Let Q, and €, be two arbitrary disjoint smooth subdomains of Q. From (3.27), there exists a sequence
(@), € WP (Q)) such that

1 1 1
—f |V |Pdx — —f | |? In |y |dx + _2f | |?dx — +00, k — oo. (3.28)
p Q] q Q] q Ql

On the other hand, choose v to be any nontrivial function in Wé’p () C Hé (Qy). Then, for any M > 0,
there exists a y; > 0 such that

I,

Combining q > p with monotonicity theory, it is not difficult to verify that

p a1
Zyy=m-1L f Voldy + L2 f lu]9dx
P Q Q)

2 2
M
+ |y Vulfdx = 3 f ol + |VuPdx > — (3.29)

o, [xI* Co

Yiv
|x|2

q

q q
+ L f [Vl Infuldx — & f [ul?dx — +oo,
q Qz q QZ

as y — +oo. By virtue of (3.28) and (3.30), there exists ky € N and yy > vy, both sufficiently large,

(3.30)
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such that

1 1

|V, |Pdx — — Iwkol In |@y, |dx + — Iwkolqu
P Jo q
M - yl |Vv|"dx LY yo f ll9dux (3.31)
[v|?In Ju|ldx — —f lv|?dx,
Q

and

f|V7Fk0|de—f |, |7 In |y, |dx
Q| Q]

<—=v" [VulPdx + yo? Iny, f lu|?dx + o1 f [v]? 1n |v|dx.
Q) Q 97

(3.32)

Extend @y, and v to be 0 in Q\ Q, and Q\ Q,, respectively, and denote them, respectively, by @ and
v. Thus, @w,v € Wé’p(Q). Let uy = w+7yov. By (3.31) and (3.32), we obtain J(uy) = J(@)+J(yov) = M
and uy € N_. Besides, (3.29) shows that

— 2
2 _ 1= 2 @ + YoV ~ —2
lluoll; = ll@ + youll; = f ———| +l@T+yov|'dx
Q |x]2
= =
> f |+ 1Py + f 29 4 lyooldx
Q |.X'|2 Q |.X'|2
2
v
> f D2+ Vel
o, | 1x]2
M J(uo)
Co Co

In accordance with Theorem 3.1, it is seen that, when the positive initial energy is arbitrary, the solution
u(x, t) to problem (1.1) with such uy = @ + yov as initial datum blows up in finite time.

In general, it is seldom possible to obtain the explicit blow-up time when blow-up occurs. Therefore,
estimating the blow-up time from both above and below is of considerable importance. In practice, a
lower bound is often more useful, as it provides a safe time interval for the system under consideration.
At the end of this section, we will derive a lower bound for the lifespan of solutions to problem (1.1),
provided that blow-up does occur.

Theorem 3.2. Let all the assumptions in Theorem 3.1 hold and g < p(1 + %). Then the maximal

existence time satisfies
2(1-x)
u
sz W
C'(k—-1)

where C’ and k are two positive constants that will be determined in the proof.
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Proof. From the assumptions in Theorem 3.1, we know that I(u(¢)) < O for all r € [0, T,,,,). Then,
we have

1 -
IVu@)I} < flu(t)lq In |u(r)|dx < ;IIM(I)IIZLT, t € [0, Tpax)- (3.33)
Q
By using Lemma 2.4 and (3.33), we obtain

+ (1-a)(g+0)
Mm%saﬂwwwmwwf””
a(g+o)
o225 (e
Cen (— (Ile@lB)
e

+
[76][yaed
e

(I-a)(g+0)

) kwm@wwmﬂ 2

a(g+o) (1-a)(g+0)

= C(luongz) " (i)

< CG’

This means that

_alg+o) — (1-a)(g+0)

"< Cuniz) T, (3.34)

memﬁ

s(1 a)(q+<r)

where C = Ce. 2( ) % (dlam(Q)) = (% - q%{r)(% + % - %)‘1, diam(Q) > 0 is the diameter of
Q. Since g < p(1 + i), it is clear that there is a sufficiently small o~ > 0 such that

a(qg+ o)
p

(-a)g+o)2 |
I—alg+a)/p

1- > 0,

A
K =

Thus,

d 2 +0
—lu@IE = ~21(u() < —|uI
eog

q+o
2 ~ K
< —Crw (lu(0|?) (3-35)
eo

2 C (IR, 1 € [0, Toar).

where C' = %5 e According to the negativity of I(u(¢)) on [0, T,,,), we can conclude that
lu(H)l> > 0 for t € [0, T,ay). Then, dividing both sides of (3.35) by (IIu(t)IIf)K and integrating the
resulting inequality over [0, ¢), we derive

(o) ™ = (o) | < & (3.36)

Theorem 3.1 and Definition 2.3 imply that hm llu(t)||> = oo. Letting t — Tyay in inequality (3.36)

max

and recalling that k > 1, we have
2(1-)
T > Uftoll* .
C'(k—-1)
The proof is complete. O
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