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Abstract: The main goal of this paper was to develop new skills to investigate the blow-up properties
of solutions to an initial-boundary value problem for a p-Laplacian-type pseudo-parabolic equation
with singular potential and logarithmic source. By establishing a crucial reverse Sobolev inequality,
we derived that the solutions blow up in finite time under a new blow-up criterion and we estimated
the lifespan of the weak solutions from both above and below. It is worthy to point out that our blow-
up criterion implies that this problem admits finite time blow-up solutions at an arbitrarily high initial
energy level. From methods to results, we partially extended some results obtained in recent literatures.
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1. Introduction

This work is concerned with the following initial-boundary value problem for a p-Laplacian-type
pseudo-parabolic equation involving singular potential and logarithmic nonlinearity:

ut
|x|s − ∆pu − ∆ut = |u|q−2u ln |u|, x ∈ Ω, t > 0,
u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), x ∈ Ω,

(1.1)

whereΩ ⊂ Rn(n > 2) is a bounded open domain with smooth boundary ∂Ω, for x = (x1, x2, ..., xn) ∈ Rn,

|x| =
√

x2
1 + x2

2 + ... + x2
n, u0 ∈ W1,p

0 (Ω) \ {0}, the p-Laplace operator ∆pu = div(|∇u|p−2∇u) and the
parameter s, p, q satisfy the following assumptions:

0 ≤ s < min
{

n(p − 2)
p

, 2
}
, 2 < p < q < p∗ =

+∞, n ≤ p,
np

n−p , n > p.
(1.2)
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Due to
lim
u→0
|u|q−2u ln |u| = 0, (1.3)

when u = 0, we let |u|q−2u ln |u| = 0.
When the compressible fluid flows in a homogeneous isotropic and rigid porous medium, then the

relationship between the volumetric moisture content θ(x), the fluid density ρ, and the macroscopic
velocity V⃗ can be characterized by the following model [1]

θ(x)
∂ρ

∂t
+ div(ρV⃗) = f (ρ), (1.4)

where f (ρ) is the source, and the momentum velocity ρV⃗ satisfies

ρV⃗ = −λ|∇ρ|α−2∇ρ.

According to parameter α, the media can be classified. If 1 < α < 2, the media are called pseudo-
plastics; if α = 2, they are called Newtonian fluids; and those with α > 2 are called dilatant fluids.

In recent years, a huge amount of literature has been devoted to the investigation of qualitative
properties of solutions to problem (1.4) with θ(x) = 1

|x|s , called a singular potential. For instance, Hao
and Zhou [2] considered the following parabolic equation with a singular potential

ut

|x|s
− ∆u = |u|p−2u. (1.5)

They derived the threshold results for the solutions to exist globally or to blow up in finite time by using
the potential well method [3], when the initial energy is subcritical. With the help of a new functional,
they obtained some finite-time blow-up sufficient conditions that include the possibility of the critical
and supercritical initial energy. Deng and Zhou [4] studied a semilinear heat equation with singular
potential and logarithmic nonlinearity that can be used to describe many phenomena in the viscoelastic
mechanics, and quantum mechanics theory [5–7]:

ut

|x|s
− ∆u = u log(|u|). (1.6)

With the help of the modified potential well method [8,9], they obtained, among many other interesting
results, some sufficient conditions on the initial data with lower energy such that the weak solutions
blow up at ∞. Deng and Zhou [10] also researched a fast diffusion p-Laplace evolution equation with
singular potential

ut

|x|s
− ∆pu = |u|q−1u. (1.7)

They proved that the solution of (1.7) exists globally and obtained the conditions of extinction and non-
extinction. Lian et al. [11] investigated the following pseudo-parabolic equation with strong damped
and singular potential

ut

|x|s
− ∆u − ∆ut = |u|p−2u. (1.8)

They obtained global existence, asymptotic behavior, and blow-up of the solutions for subcritical and
critical initial energy, and proved the finite-time blow-up for the high energy level by introducing an
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invariant manifold. Xie et al. [12] dealt with a fractional pseudo-parabolic equation with
singular potential:

ut

|x|2s + (−∆)sut + (−∆)su = |u|p−2u. (1.9)

They established the local existence and uniqueness of the weak solutions to (1.9) by means of the
Galerkin method and contraction mapping principle. Yuan et al. [13] studied local and global
well-posedness to problem (1.1). Under appropriate conditions, they revealed the existence and decay
estimate of the global solutions and the blow-up phenomena of solutions to problem (1.1) at
subcritical or critical initial energy level.

Motivated by the results in [11, 13], it is natural to ask whether problem (1.1) admits finite-time
blow-up solutions with arbitrarily high initial energy. However, for supercritical initial energy, the
potential well method and the invariance of the unstable set may be no longer valid, and some new
techniques and methods need to be invented to overcome this difficulty. For this, by constructing an
appropriate auxiliary functional, we first obtain that the unstable set N− (defined in (2.3)) is invariant
under the semiflow of problem (1.1). With the help of the invariance of the set N− and Gagliardo-
Nirenberg’s interpolation inequality, we derive a reverse Sobolev inequality, i.e., ∥u∥qq can be bounded
from below by ∥∇u∥22 up to a multiplicative constant (see (3.12)). Based on this relationship between
∥u∥qq and ∥∇u∥22, we provide a concavity inequality that guarantees finite-time blow-up for problem (1.1)
and gives an upper bound for the blow-up time. Further, by employing the Fountain Theorem, we show
that for some initial data, finite-time blow-up of solutions to problem (1.1) will occur with high initial
energy. Finally, the blow-up time is estimated from below. These results extend and improve the
blow-up results obtained in [13].

The rest of this paper is organized as follows: in Section 2, we present some notations, definitions
and lemmas that will be used in the sequel. The main results will be stated and proved in Section 3.

2. Preliminaries

We shall present some notations, definitions and lemmas, in order to state our main results more
clearly. Throughout this paper, we use ∥ · ∥r (r ≥ 1) and (·, ·) to denote the norm in Lr(Ω) and the L2(Ω)-
inner product, respectively. When q > 1, the Sobolev space is denoted by W1,q

0 (Ω), which means both
u and |∇u| belong to Lq(Ω) for any u ∈ W1,q

0 (Ω). The space W1,q
0 (Ω) is endowed with the norm

∥u∥W1,q
0 (Ω) = ∥∇u∥q,

which is equivalent to the standard norm by Poincaré’s inequality, in particular, when q = 2, W1,q
0 (Ω)

is written as H1
0(Ω). In addition, we define

(u, v)∗ =
∫
Ω

uv
|x|s

dx +
∫
Ω

∇u · ∇vdx, ∥u∥2∗ = (u, u)∗ =
∫
Ω

u2

|x|s
dx + ∥∇u∥22.

The solution u(x, t) to problem (1.1) is studied in the weak sense as follows:

Definition 2.1. (Weak Solution [13]) Function u = u(x, t) is called a weak solution to problem (1.1)
on Ω × [0,T ), if u ∈ L∞(0,T ; W1,p

0 (Ω)) with ut ∈ L2(0,T ; H1
0(Ω)) satisfies
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(1) (
ut

|x|s
, ϕ

)
+ (∇ut,∇ϕ) + (|∇u|p−2∇u,∇ϕ) = (|u|q−2u ln |u|, ϕ),

for any ϕ ∈ W1,p
0 (Ω) and a.e. t ∈ [0,T ].

(2) u(0) = u0 ∈ W1,p
0 (Ω) \ {0}.

Local existence and uniqueness of the weak solution can be derived via Galerkin’s method and the
method of a priori estimates (see [13] for the details), i.e., let u0 ∈ W1,p

0 (Ω) \ {0}, p, q, s satisfy (1.2),
then there exists a T ∗ > 0, such that problem (1.1) admits a unique weak solution u on [0,T ∗].

Definition 2.2. (Maximal existence time) Let u = u(x, t) be a weak solution to problem (1.1). We
define the maximal existence time Tmax of u as follows:

(1) If u exists for all 0 ≤ t < ∞, then Tmax = ∞;
(2) If there exists a t0 ∈ (0,∞) such that u exists for 0 ≤ t < t0, but does not exist at t = t0, then

Tmax = t0.

Definition 2.3. (Finite-time blow-up) Let u(x, t) be a weak solution to problem (1.1). We call u(x, t)
blowing up in finite time if the maximal existence time Tmax < ∞ and

lim
t→Tmax

∥u(·, t)∥2∗ = ∞.

In order to investigate the blow-up properties of solutions, we introduce the energy functional J(u),
its Fréchet derivative J′(u), and the Nehari’s functional I(u) associated with problem (1.1) as follow:
For u ∈ W1,p

0 (Ω), we set

J(u) =
1
p
∥∇u∥pp −

1
q

∫
Ω

|u|q ln |u|dx +
1
q2 ∥u∥

q
q. (2.1)

Furthermore, for any u, v ∈ W1,p
0 (Ω),

⟨J′(u), v⟩ =
∫
Ω

|∇u|p−2∇u · ∇vdx −
∫
Ω

|u|q−2u ln |u|vdx.

I(u) = ⟨J′(u), u⟩ = ∥∇u∥pp −
∫
Ω

|u|q ln |u|dx. (2.2)

Using Gagliardo-Nirenberg multiplicative embedding inequality (see [14, 15]), it is easily verified that
J(u) and I(u) are C1 functionals in W1,p

0 (Ω). Besides, we define the unstable set

N− = {u ∈ W1,p
0 (Ω) | I(u) < 0}. (2.3)

The following lemmas are essential tools to establish our main results. The first one is the energy
inequality for problem (1.1), which has been given in [13]. The second is the Hardy-Sobolev
inequality, the third is an inequality involving the logarithmic function, and the fourth is a special
form of Gagliardo-Nirenberg’s interpolation inequality, which, combined with the third lemma, will
be utilized to deal with the logarithmic source. The final one is Levine’s concavity lemma.
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Lemma 2.1. ( [13]) Let u0 ∈ W1,p
0 (Ω), Tmax be the maximal existence time of the solution u = u(x, t)

to problem (1.1). Then we have

J(u) +
∫ t

0
∥uτ∥2∗dτ ≤ J(u0), a.e. t ∈ [0,Tmax).

Lemma 2.2. ( [13, 16]) Let Rn = Rk × Rn−k, with 2 ≤ k ≤ n, and x = (x′, z) ∈ Rk × Rn−k, for given
real number q, s satisfying 1 < q < n, 0 ≤ s ≤ q and s < k, set q∗(s, n, q) = q(n−s)

n−q , there exists a positive
constant CH = C(s, q, n, k) such that

∫
Rn

|u|q∗(s)

|x′|s
dx ≤ CH

(∫
Rn
|∇u|qdx

) n−s
n−q

, ∀u ∈ W1,q
0 (Rn). (2.4)

Remark 2.1. In (2.4), when q∗(s) = 2, then q = 2n
n−s+2 and n−s

n−q =
n−s+2

n . Since 0 ≤ s < 2, n > 2, we
have 1 < 2n

n−s+2 < 2. In accordance with Hölder’s inequality and (2.4), we derive

∫
Ω

u2

|x|s
dx ≤ CH

(∫
Ω

|∇u|
2n

n−s+2 dx
) n−s+2

n

≤ CH |Ω|
2−s

n ∥∇u∥22.

Lemma 2.3. For any ρ > 0, x > 0, there holds

ln x ≤
1
eρ

xρ.

Proof. For any ρ > 0, set f (x) = ln x
xρ ,∀x > 0. By direct differentiation, we obtain f ′(x) > 0 for

x ∈ (0, e
1
ρ ); f ′(x) < 0 for x ∈ (e

1
ρ ,+∞). Then, f (x) attains its maximum at x = e

1
ρ , which means that

f (x) ≤ f (e
1
ρ ) = 1

eρ ,∀x > 0. □

Lemma 2.4. ( [17]) Assume that γ < q + σ < p∗. Then for any u ∈ W1,p
0 (Ω), it holds that

∥u∥q+σq+σ ≤ CG,γ∥∇u∥α(q+σ)
p ∥u∥(1−α)(q+σ)

γ ,

where α ∈ (0, 1) is determined by α = q+σ−γ
γ(q+σ) (

1
γ
+ 1

n −
1
p )−1 and CG,γ > 0 is a constant depending on

n, p, q, σ and γ.

Lemma 2.5. ( [18, 19]) Assume that a positive, twice-differentiable function ψ(t) satisfies
the inequality

ψ′′(t)ψ(t) − (1 + θ)(ψ′(t))2 ≥ 0,

where θ > 0. If ψ(0) > 0 and ψ′(0) > 0, then ψ(t)→ ∞ as

t → t∗ ≤ t∗ =
ψ(0)
θψ′(0)

.
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3. Main results

In this section, we focus on the blow-up properties of solutions to problem (1.1) with supercritical
initial energy. Prior to proving the main theorem, we establish two crucial lemmas, which aim to prove
that the unstable set N− is invariant under the semi-flow of problem (1.1). By virtue of them, a new
finite-time blow-up criterion for problem (1.1) can be established. For simplicity, u(x, t) will be written
as u(t) unless confusion arises.

Lemma 3.1. Let u0 ∈ W1,p
0 (Ω) and u = u(t) be a weak solution to problem (1.1) such that u(t) ∈ N−

on [0,Tmax). Then
{t 7→ ∥u(t)∥2∗}

is strictly increasing on (0,Tmax).

Proof. Define
U(t) = ∥u(t)∥2∗, t ∈ [0,Tmax). (3.1)

By computing its derivative and recalling (1.1) and (2.3), this yields

U′(t) =2(
u
|x|s

, ut) + 2(∇u,∇ut)

=2
(
− ∥∇u∥pp +

∫
Ω

|u|q ln |u|dx
)

= − 2I(u) > 0,

(3.2)

and it is clear to see that U(t) is strictly increasing on (0,Tmax). The proof is complete. □

Lemma 3.2. (Invariance of N−) Assume that u0 ∈ N− satisfies

0 < J(u0) <
C∗

q2(CH |Ω|
2−s

n + 1)
∥u0∥

2
∗ ≜ C0∥u0∥

2
∗, (3.3)

where C∗ =
(

e(p−2)(np+pq−nq)
CG,q(np+2p−2n)

) np+2p−2n
p2
|Ω|

2
p−1. Then the solution u(t) to problem (1.1) belongs to N− for all

t ∈ [0,Tmax).

Proof. We claim that u(t) ∈ N− for all t ∈ [0,Tmax). Otherwise, by the continuity of I(u), there would
exist a t0 ∈ (0,Tmax) such that

I(u(t)) < 0, t ∈ [0, t0), (3.4)

and
I(u(t0)) = 0. (3.5)

On one hand, according to (3.4) and Lemma 3.1, we know that U(t) = ∥u(t)∥2∗ is strictly increasing on
[0, t0), which, combined with the assumption (3.3), leads to

0 < J(u0) < C0∥u0∥
2
∗ < C0∥u(t)∥2∗, t ∈ (0, t0).

Due to the continuity of ∥u(t)∥2∗, we arrive at

0 < J(u0) < C0∥u0∥
2
∗ < C0∥u(t0)∥2∗. (3.6)
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On the other hand, from (3.5), Lemma 2.3, and Lemma 2.4, we obtain

∥∇u(t0)∥pp =
∫
Ω

|u(t0)|q ln |u(t0)|dx

≤
1

eσ
∥u(t0)∥q+σq+σ

≤
CG,q

eσ
∥∇u(t0)∥α(q+σ)

p ∥u(t0)∥(1−α)(q+σ)
q .

(3.7)

Here,

α =
σ

q(q + σ)

(
1
q
+

1
n
−

1
p

)−1

, (3.8)

and we choose σ = (p−2)(np+pq−nq)
np+2p−2n (which ensures that q + σ < p∗). In accordance with (3.6), it is seen

that u(t0) , 0, i.e., ∥∇u(t0)∥p , 0. Then, dividing both sides of (3.7) by ∥∇u(t0)∥α(q+σ)
p yields that

∥∇u(t0)∥p−α(q+σ)
p ≤

CG,q

eσ
∥u(t0)∥(1−α)(q+σ)

q ,

and taking both sides to the power of q
(1−α)(q+σ) and letting

p − α(q + σ)
(1 − α)(q + σ)

q = 2 (3.9)

(in fact, substituting α into this formula yields σ), it shows that

∥∇u(t0)∥
p−α(q+σ)

(1−α)(q+σ) q
p = ∥∇u(t0)∥2p ≤

(
CG,q

eσ

) q
(1−α)(q+σ)

∥u(t0)∥qq. (3.10)

In view of Hölder’s inequality, we know that

∥∇u(t0)∥22 ≤ |Ω|
1− 2

p ∥∇u(t0)∥2p. (3.11)

Therefore, by (3.10) and (3.11), we have

|Ω|
2
p−1
∥∇u(t0)∥22 ≤ ∥∇u(t0)∥2p ≤

(
CG,q

eσ

) q
(1−α)(q+σ)

∥u(t0)∥qq,

and then, substituting α and σ, we give the following crucial reverse Sobolev inequality:

∥u(t0)∥qq ≥
(
e(p − 2)(np + pq − nq)

CG,q(np + 2p − 2n)

) np+2p−2n
p2

|Ω|
2
p−1
∥∇u(t0)∥22 ≜ C∗∥∇u(t0)∥22, (3.12)

where the exponent is determined as follows:

q
(1 − α)(q + σ)

=
2

p − α(q + σ)
=

2

p − σ
q

(
1
q +

1
n −

1
p

)−1

=
2

p − (p−2)(np+pq−nq)
q(np+2p−2n)

npq
np+pq−nq

=
np + 2p − 2n

p2 .
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It follows from Remark 2.1 that

∥∇u∥22 ≥
1

CH |Ω|
2−s

n

∥∥∥∥∥∥ u
|x|

s
2

∥∥∥∥∥∥2

2

. (3.13)

With the help of Lemma 2.1, (3.5), (3.12), and (3.13), we get

J(u0) ≥ J(u(t0)) ≥
1
q2 ∥u(t0)∥qq

≥
C∗

q2 ∥∇u(t0)∥22

=
C∗CH |Ω|

2−s
n

q2(CH |Ω|
2−s

n + 1)
∥∇u(t0)∥22 +

C∗

q2 −
C∗CH |Ω|

2−s
n

q2(CH |Ω|
2−s

n + 1)

 ∥∇u(t0)∥22

≥
C∗

q2(CH |Ω|
2−s

n + 1)
∥u(t0)∥2∗ = C0∥u(t0)∥2∗,

which contradicts (3.6). The proof is complete. □

In what follows, we shall demonstrate that the solutions to problem (1.1) blow up in finite time,
when positive initial energy is bounded from above by C0∥u0∥

2
∗ for some C0 > 0. During this process,

an upper bound for the blow-up time is estimated.

Theorem 3.1. Let both assumptions in Lemma 3.2 hold. Then the solution u(t) to problem (1.1)
blows up in finite time. Moreover, Tmax can be estimated from above as follows:

Tmax ≤
8∥u0∥

2
∗

(q − 2)2 (
C0∥u0∥

2
∗ − J(u0)

) , (3.14)

where C0 > 0 is the constant given in Lemma 3.2.

Proof. The proof employs Levine’s concavity argument with a specific choice of parameters. We argue
by contradiction: assume that u(t) is a global weak solution to problem (1.1), which implies Tmax = ∞.
For any T > 0, b > 0 and, η > 0, define a nonnegative auxiliary function

F(t) =
∫ t

0
∥u(τ)∥2∗dτ + (T − t)∥u0∥

2
∗ + β(t + ξ)2, t ∈ [0,T ]. (3.15)

Direct computation gives

F′(t) =∥u(t)∥2∗ − ∥u0∥
2
∗ + 2β(t + ξ)

=2
∫ t

0
(u, uτ)∗dτ + 2β(t + ξ), t ∈ [0,T ],

(3.16)

and

F′′(t) =2(u, ut)∗ + 2β
=2(u,∆pu + |u|q−2u ln |u|) + 2β
= − 2I(u) + 2β

≥ − 2qJ(u0) + 2q
∫ t

0
∥uτ∥2∗dτ +

2(q − p)
p
∥∇u∥pp +

2
q
∥u∥qq + 2β t ∈ [0,T ].

(3.17)
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From the Cauchy-Schwarz and Hölder’s inequalities, it follows that∫ t

0
(u, uτ)∗dτ ≤

∫ t

0
∥u∥∗∥uτ∥∗dτ ≤

( ∫ t

0
∥u∥2∗dτ

) 1
2
( ∫ t

0
∥uτ∥2∗dτ

) 1
2
,

which together with (3.16) and Cauchy’s inequality, yields

(F′(t))2

≤ 4
[∫ t

0
∥u∥2∗dτ

∫ t

0
∥uτ∥2∗dτ + 2β(t + ξ)

( ∫ t

0
∥u∥2∗dτ

) 1
2
( ∫ t

0
∥uτ∥2∗dτ

) 1
2
+ β2(t + ξ)2

]
≤ 4

[∫ t

0
∥u∥2∗dτ

∫ t

0
∥uτ∥2∗dτ + β

∫ t

0
∥u∥2∗dτ + β(t + ξ)2

∫ t

0
∥uτ∥2∗dτ + β

2(t + ξ)2
]

(3.18)

= 4
(∫ t

0
∥u∥2∗dτ + β(t + ξ)2

) (∫ t

0
∥uτ∥2∗dτ + β

)
.

By similar calculations to (3.7)–(3.12), the reverse Sobolev inequality remains valid, namely,

∥u∥qq >
(
e(p − 2)(np + pq − nq)

CG,q(np + 2p − 2n)

) np+2p−2n
p2

|Ω|
2
p−1
∥∇u∥22 = C∗∥∇u∥22. (3.19)

By (3.15), (3.17)–(3.19), and the fact that q > 2 we see that

F(t)F′′(t) −
q + 2

4
(F′(t))2

≥ F(t)
[
−2qJ(u0) + (q − 2)

∫ t

0
∥uτ∥2∗dτ +

2(q − p)
p
∥∇u∥pp +

2
q
∥u∥qq − qβ

]
≥ F(t)

[
2C∗

q
∥∇u∥22 − 2qJ(u0) − qβ

]
(3.20)

≥ 2qF(t)
 C∗

q2(CH |Ω|
2−s

n + 1)
∥u∥2∗ − J(u0) −

β

2


≥ 2qF(t)

 C∗

q2(CH |Ω|
2−s

n + 1)
∥u0∥

2
∗ − J(u0) −

β

2

 .
Since F(t) ≥ 0 on [0,T ], we deduce from (3.20) that

F(t)F′′(t) −
q + 2

4
(F′(t))2 ≥ 0, (3.21)

for any t ∈ [0,T ] and β ∈
(
0, 2

(
C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

)]
. Choose

ξ >
2∥u0∥

2
∗

β(q − 2)
, (3.22)

which is independent of T , then
F(0) = T∥u0∥

2
∗ + βξ

2 > 0,
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F′(0) = 2βξ > 0,

and
4F(0)

(q − 2)F′(0)
=

2(T∥u0∥
2
∗ + βξ

2)
βξ(q − 2)

< T, (3.23)

for T large enough. Recalling Lemma 2.5, there exists a t∗ > 0 satisfying

t∗ ≤
4F(0)

(q − 2)F′(0)
(< T ) (3.24)

such that
F(t)→ ∞ as t → t−∗ .

This is a contradiction to the assumption of u(t) being global. At this point, we have proved that
Tmax < ∞.

Note that the above argument itself can not provide an upper bound estimation for blow-up time,
since it is obtained under the false assumption that the solution u(t) is global. To estimate Tmax from
above, we define F̄(t) similarly to (3.15), for any T ∈ (0,Tmax),

F̄(t) =
∫ t

0
∥u(τ)∥2∗dτ + (Tmax − t)∥u0∥

2
∗ + β(t + ξ)2, t ∈ [0,T ].

Based on the foregoing arguments, we can still derive

T ≤
2(Tmax∥u0∥

2
∗ + βξ

2)
βξ(q − 2)

,

where β ∈
(
0, 2

(
C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

)]
and ξ is still required to satisfy (3.22). By the arbitrariness

of T < Tmax, it follows that

Tmax ≤
2(Tmax∥u0∥

2
∗ + βξ

2)
(q − 2)βξ

, (3.25)

which is equivalent to

Tmax ≤ T (β, ξ) ≜
2βξ2

βξ(q − 2) − 2∥u0∥
2
∗

. (3.26)

Fix a β ∈
(
0, 2

(
C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

)]
. Then, minimizing T (ξ, β) on ( 2∥u0∥

2
∗

β(q−2) ,+∞), we have

Tmin(ξ, β) = T (ξ0, β) =
16∥u0∥

2
∗

β(q − 2)2 ,

where ξ0 =
4∥u0∥

2
∗

β(q−2) .

Minimizing T (ξ0, β) on
(
0, 2

(
C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

)]
, we further obtain

Tmin(ξ0, β) = T (ξ0, β0) =
8∥u0∥

2
∗

(q − 2)2
(

C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

) ,
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where β0 = 2
(

C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

)
.

In conclusion,

Tmax ≤
8∥u0∥

2
∗

(q − 2)2
(

C∗

q2(CH |Ω|
2−s

n +1)
∥u0∥

2
∗ − J(u0)

) = 8∥u0∥
2
∗

(q − 2)2 (
C0∥u0∥

2
∗ − J(u0)

) .
The proof of Theorem 3.1 is complete. □

It is noteworthy that Theorem 3.1 implies that the solution to problem (1.1) blows up in finite time
at arbitrarily high initial energy level.

Remark 3.1. For any positive initial energy, there always exists an appropriate function u0 such
that the solution u(x, t) to problem (1.1) with initial datum u0 will blow up in finite time.

More concretely, for any M > 0, we can construct a function u0 such that J(u0) = M, while also
satisfying u0 ∈ N− and J(u0) < C0∥u0∥

2
∗, which meets both the assumptions in Theorem 3.1. Therefore,

the corresponding solution u(x, t) to problem (1.1) with such u0 as initial datum blows up in finite time.
To explain this, we recall a well-known result that can be proved by using the Fountain Theorem

[20, 21], i.e., for any bounded smooth domain Ω in Rn(n > 2) and p < q < p∗, the energy functional
J(u) defined on W1,p

0 (Ω) has a sequence of critical points {ϖk}
∞
k=1 ⊂ W1,p

0 (Ω) such that

J(ϖk) =
1
p
∥∇ϖk∥

p
p −

1
q

∫
Ω

|ϖk|
q ln |ϖk|dx +

1
q2 ∥ϖk∥

q
q → +∞, k → ∞. (3.27)

Let Ω1 and Ω2 be two arbitrary disjoint smooth subdomains of Ω. From (3.27), there exists a sequence
{ϖk}

∞
k=1 ⊂ W1,p

0 (Ω1) such that

1
p

∫
Ω1

|∇ϖk|
pdx −

1
q

∫
Ω1

|ϖk|
q ln |ϖk|dx +

1
q2

∫
Ω1

|ϖk|
qdx→ +∞, k → ∞. (3.28)

On the other hand, choose υ to be any nontrivial function in W1,p
0 (Ω2) ⊂ H1

0(Ω2). Then, for any M > 0,
there exists a γ1 > 0 such that∫

Ω2

∣∣∣∣∣∣γ1υ

|x|
s
2

∣∣∣∣∣∣2 + |γ1∇υ|
2dx = γ2

1

∫
Ω2

|υ|2

|x|s
+ |∇υ|2dx >

M
C0
. (3.29)

Combining q > p with monotonicity theory, it is not difficult to verify that

Z(γ) = M −
γp

p

∫
Ω2

|∇υ|pdx +
γq ln γ

q

∫
Ω2

|υ|qdx

+
γq

q

∫
Ω2

|υ|q ln |υ|dx −
γq

q2

∫
Ω2

|υ|qdx→ +∞,
(3.30)

as γ → +∞. By virtue of (3.28) and (3.30), there exists k0 ∈ N and γ0 > γ1, both sufficiently large,
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such that

1
p

∫
Ω1

|∇ϖk0 |
pdx −

1
q

∫
Ω1

|ϖk0 |
q ln |ϖk0 |dx +

1
q2

∫
Ω1

|ϖk0 |
qdx

=M −
γ0

p

p

∫
Ω2

|∇υ|pdx +
γ0

q ln γ0

q

∫
Ω2

|υ|qdx

+
γ0

q

q

∫
Ω2

|υ|q ln |υ|dx −
γ0

q

q2

∫
Ω2

|υ|qdx,

(3.31)

and ∫
Ω1

|∇ϖk0 |
pdx −

∫
Ω1

|ϖk0 |
q ln |ϖk0 |dx

< − γ0
p
∫
Ω2

|∇υ|pdx + γ0
q ln γ0

∫
Ω2

|υ|qdx + γ0
q
∫
Ω2

|υ|q ln |υ|dx.
(3.32)

Extend ϖk0 and υ to be 0 inΩ\Ω1 andΩ\Ω2, respectively, and denote them, respectively, by ϖ̃ and
υ̃. Thus, ϖ̃, υ̃ ∈ W1,p

0 (Ω). Let u0 = ϖ̃+γ0υ̃. By (3.31) and (3.32), we obtain J(u0) = J(ϖ̃)+ J(γ0υ̃) = M
and u0 ∈ N−. Besides, (3.29) shows that

∥u0∥
2
∗ = ∥ϖ̃ + γ0υ̃∥

2
∗ =

∫
Ω

∣∣∣∣∣∣ϖ̃ + γ0υ̃

|x|
s
2

∣∣∣∣∣∣2 + |ϖ̃ + γ0υ̃|
2dx

≥

∫
Ω1

∣∣∣∣∣∣ ϖ̃|x| s2
∣∣∣∣∣∣2 + |ϖ̃|2dx +

∫
Ω2

∣∣∣∣∣∣γ0υ̃

|x|
s
2

∣∣∣∣∣∣2 + |γ0υ̃|
2dx

≥

∫
Ω2

∣∣∣∣∣∣γ1υ

|x|
s
2

∣∣∣∣∣∣2 + |γ1∇υ|
2dx

>
M
C0
=

J(u0)
C0

.

In accordance with Theorem 3.1, it is seen that, when the positive initial energy is arbitrary, the solution
u(x, t) to problem (1.1) with such u0 = ϖ̃ + γ0υ̃ as initial datum blows up in finite time.

In general, it is seldom possible to obtain the explicit blow-up time when blow-up occurs. Therefore,
estimating the blow-up time from both above and below is of considerable importance. In practice, a
lower bound is often more useful, as it provides a safe time interval for the system under consideration.
At the end of this section, we will derive a lower bound for the lifespan of solutions to problem (1.1),
provided that blow-up does occur.

Theorem 3.2. Let all the assumptions in Theorem 3.1 hold and q < p(1 + 2
n ). Then the maximal

existence time satisfies

Tmax ≥
∥u0∥

2(1−κ)
∗

C̃′(κ − 1)
.

where C̃′ and κ are two positive constants that will be determined in the proof.
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Proof. From the assumptions in Theorem 3.1, we know that I(u(t)) < 0 for all t ∈ [0,Tmax). Then,
we have

∥∇u(t)∥pp <
∫
Ω

|u(t)|q ln |u(t)|dx ≤
1

eσ
∥u(t)∥q+σq+σ, t ∈ [0,Tmax). (3.33)

By using Lemma 2.4 and (3.33), we obtain

∥u(t)∥q+σq+σ ≤ CG,2∥∇u(t)∥α(q+σ)
p ∥u(t)∥(1−α)(q+σ)

2

< CG,2

∥u(t)∥q+σq+σ

eσ


α(q+σ)

p (
∥u(t)∥22

) (1−α)(q+σ)
2

< CG,2

∥u(t)∥q+σq+σ

eσ


α(q+σ)

p [
(diam(Ω))s∥u(t)∥2∗

] (1−α)(q+σ)
2

≜ C̃
(
∥u(t)∥q+σq+σ

) α(q+σ)
p

(
∥u(t)∥2∗

) (1−α)(q+σ)
2

.

This means that (
∥u(t)∥q+σq+σ

)1− α(q+σ)
p

< C̃
(
∥u(t)∥2∗

) (1−α)(q+σ)
2

, (3.34)

where C̃ = CG,2( 1
eσ )

α(q+σ)
p (diam(Ω))

s(1−α)(q+σ)
2 , α = ( 1

2 −
1

q+σ )( 1
2 +

1
n −

1
p )−1, diam(Ω) > 0 is the diameter of

Ω. Since q < p(1 + 2
n ), it is clear that there is a sufficiently small σ > 0 such that

1 −
α(q + σ)

p
> 0,

κ ≜
(1 − α)(q + σ)/2
1 − α(q + σ)/p

> 1.

Thus,

d
dt
∥u(t)∥2∗ = −2I(u(t)) <

2
eσ
∥u(t)∥q+σq+σ

<
2

eσ
C̃

1
1−α(q+σ)/p

(
∥u(t)∥2∗

)κ
≜ C̃′

(
∥u(t)∥2∗

)κ
, t ∈ [0,Tmax),

(3.35)

where C̃′ = 2
eσC̃

1
1−α(q+σ)/p . According to the negativity of I(u(t)) on [0,Tmax), we can conclude that

∥u(t)∥2∗ > 0 for t ∈ [0,Tmax). Then, dividing both sides of (3.35) by
(
∥u(t)∥2∗

)κ
and integrating the

resulting inequality over [0, t), we derive

1
1 − κ

[(
∥u(t)∥2∗

)1−κ
−

(
∥u0∥

2
∗

)1−κ
]
≤ C̃′t. (3.36)

Theorem 3.1 and Definition 2.3 imply that lim
t→Tmax

∥u(t)∥2∗ = ∞. Letting t → Tmax in inequality (3.36)

and recalling that κ > 1, we have

Tmax ≥
∥u0∥

2(1−κ)
∗

C̃′(κ − 1)
.

The proof is complete. □
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6. H. Buljan, A. Šiber, M. SoljačIć, T. Schwartz, M. Segev, D. N. Christodoulides, Incoherent white
light solitons in logarithmically saturable noninstantaneous nonlinear media, Phys. Rev. E, 68
(2003), 036607. https://doi.org/10.1103/PhysRevE.68.036607

7. E. Piskin, N. Irkil, Mathematical behavior of solutions of p-Laplacian equation with logarithmic
source term, Sigma J. Eng. Nat. Sci., 10 (2019), 213–220.

8. Y. C. Liu, On potential wells and vacuum isolating of solutions for semilinear wave equations, J.
Differ. Equations, 192 (2003), 155–169. https://doi.org/10.1016/S0022-0396(02)00020-7

9. Y. C. Liu, J. S. Zhao, On potential wells and applications to semilinear hyperbolic
equations and parabolic equations, Nonlinear Anal., 64 (2006), 2665–2687.
https://doi.org/10.1016/j.na.2005.09.011

10. X. Deng, J. Zhou, Global existence, extinction, and non-extinction of solutions to a fast diffusion
p-Laplace evolution equation with singular potential, J. Dyn. Control Syst., 26 (2020), 509–523.
https://doi.org/10.1007/s10883-019-09462-5

11. W. Lian, J. Wang, R. Xu, Global existence and blow up of solutions for pseudo-
parabolic equation with singular potential, J. Differ. Equations, 269 (2020), 4914–4959.
https://doi.org/10.1016/j.jde.2020.03.047

Electronic Research Archive Volume 34, Issue 5, 2868–2882.

https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2016.12.040
https://dx.doi.org/https://doi.org/10.1007/BF00250942
https://dx.doi.org/https://doi.org/10.3934/cpaa.2020042
https://dx.doi.org/https://doi.org/10.1103/PhysRevE.68.036607
https://dx.doi.org/https://doi.org/10.1016/S0022-0396(02)00020-7
https://dx.doi.org/https://doi.org/10.1016/j.na.2005.09.011
https://dx.doi.org/https://doi.org/10.1007/s10883-019-09462-5
https://dx.doi.org/https://doi.org/10.1016/j.jde.2020.03.047


2882

12. M. Xie, Z. Tan, Z. Wu, Local existence and uniqueness of weak solutions to fractional
pseudo-parabolic equation with singular potential, Appl. Math. Lett., 114 (2021), 106898.
https://doi.org/10.1016/j.aml.2020.106898

13. W. Yuan, B. Ge, Q. Cao, Initial boundary value problem for p-Laplacian type parabolic
equation with singular potential and logarithmic nonlinearity, Anal. Math. Phys., 13 (2023), 1–
18. https://doi.org/10.1007/s13324-023-00782-1

14. E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag, New York, 1993.

15. O. A. Ladyzhenskaia, V. A. Solonnikov, N. N. Ural’tseva, Linear and Quasi-Linear Equations of
Parabolic Type, American Mathematical Soc., 1988. https://doi.org/10.1090/mmono/023

16. Y.Han, A new blow-up criterion for non-Newton filtration equations with special medium void,
Rocky Mt. J. Math., 48 (2018), 2489–2501. https://doi.org/10.1216/RMJ-2018-48-8-2489

17. C. N. Le, X. T. Le, Global solution and blow-up for a class of pseudo p-Laplacian
evolution equations with logarithmic nonlinearity, Comput. Math. Appl., 73 (2017), 2076–2091.
https://doi.org/10.1016/j.camwa.2017.02.030

18. H. A. Levine, Some nonexistence and instability theorems for solutions of formally parabolic
equation of the form Put = −Au + F (u), Arch. Ration. Mech. Anal., 51 (1973), 371–386.
https://doi.org/10.1007/BF00263041

19. H. A. Levine, Some additional remarks on the nonexistence of global solutions to nonlinear wave
equations, SIAM J. Math. Anal., 5 (1974), 138–146. https://epubs.siam.org/doi/10.1137/0505015

20. F. Sun, L. Liu, Y. Wu, Infnitely many sign-changing solutions for a class of biharmonic equation
with p-Laplacian and Neumann boundary condition, Appl. Math. Lett., 73 (2017), 128–135.
https://doi.org/10.1016/j.aml.2017.05.001
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