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Abstract: This study addresses an inverse source problem for a general stationary kinetic equation
involving absorption and scattering terms. The primary objective is the simultaneous reconstruction
of the phase space particle distribution and an unknown source in the model, utilizing boundary
conditions defined by derivatives and additional interior measurements. In the theoretical part of the
study, the uniqueness of the solution to the inverse problem is proved. For the numerical solution, a
comprehensive computational framework is developed based on finite difference approximations for
derivatives and the trapezoidal rule for the discretization of the integral terms. The reconstruction
strategy employs bilinear interpolation techniques coupled with Tikhonov regularization. In addition,
a Monte Carlo noise sensitivity analysis is carried out to assess the stability and robustness of the
proposed method under perturbed data. Finally, the effectiveness of the method is illustrated through
numerical examples.
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1. Introduction

In the mathematical modeling of transport phenomena in phase space, kinetic equations form a
fundamental class of partial differential equations, describing the evolution of a distribution function
depending on both spatial and momentum (or velocity) variables. They arise naturally in a wide range
of applications including neutron transport, radiative transfer, plasma physics, semiconductor
modeling, and kinetic descriptions of particle dynamics. From a mathematical and physical
viewpoint, kinetic formulations provide a systematic framework that bridges microscopic dynamics
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with macroscopic observables, a perspective thoroughly developed in foundational and modern works
such as [1–3] and more recent analytical surveys [4–6].

Nonequilibrium effects in rarefied gas aerothermodynamics and micro- or nano-scale devices are
commonly described using kinetic models, since continuum descriptions are no longer valid and phase
space formulations become essential [7–9]. They also play a central role in modeling collisionless
and weakly collisional transport in plasma and charged particle systems, including laboratory and
space plasmas [10, 11]. In radiation and neutron transport, kinetic equations describe propagation,
absorption, and scattering processes in participating media, where boundary-accessible fluxes encode
information about volumetric generation and attenuation inside the domain [12–14].

In strongly magnetized plasma environments relevant to fusion devices and astrophysical plasmas,
reduced kinetic models such as gyrokinetic equations provide a consistent framework for describing
multiscale turbulence and transport phenomena [15, 16]. Phase space approaches are also central to
semiclassical and quantum transport theories, where Wigner-type formulations link quantum dynamics
with trajectory-based propagation and kinetic limits [17, 18].

Closely related kinetic perspectives also arise in modern materials science and semiconductor
physics through charge-carrier transport in complex geometries and heterogeneous media [19, 20].
Further applications include nuclear engineering, where refined kinetic-type models are used to
analyze source-related quantities and shielding effects in reactor configurations [21], as well as
biological and life science models, where transport-reaction systems with generalized kinetic
structures influence collective behavior [22, 23].

From this broad application base, kinetic equations can be viewed as governing the evolution of a
phase space distribution function through transport and interaction mechanisms. In particular, when
transport is generated by an underlying Hamiltonian flow, the associated stationary operator admits a
natural Poisson bracket representation. This geometric structure plays a central role in analytical
studies of kinetic equations and provides a natural motivation for the inverse source problem
investigated in the present work.

Inverse problems for kinetic equations have been investigated along two main directions: solvability
conditions and numerical reconstruction methods, with different choices of boundary conditions and
auxiliary information. In [24,25], the solvability of integral geometry problems and associated inverse
problems for transport and kinetic equations are studied by reducing them to Dirichlet-type boundary
value problems for third-order partial differential equations. These inverse problems appear to be
overdetermined since the entire boundary traces of the solution are prescribed. However, by extending
the unknown source function to phase space and imposing a mixed second-order differential relation,
the redundant boundary information is naturally balanced. This mechanism converts the problem into
a determined one and yields uniqueness, with existence following in several cases.

Inverse problems for transport equations aim to recover an unknown source term and/or medium
parameters such as attenuation (absorption) and scattering from measurements performed at the
boundary, and they are central in optical and geophysical imaging. A systematic overview of inverse
problems for transport equations, emphasizing boundary measurement strategies and reconstruction
methods based on integral geometry and microlocal analysis, is provided by [26]. In [27], the authors
investigate a coefficient inverse problem for the non stationary single-speed transport equation with
lateral boundary observations and an initial condition at t = 0, and prove global uniqueness using
Carleman estimates. In [28], inverse source and coefficient problems for a first-order transport
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equation are investigated and conditional stability estimates are proved under minimal boundary
observation data by means of Carleman estimates, while in [29] local Carleman estimates are
employed to study inverse coefficient problems and to derive conditional Hölder-type stability results
from measurements on a subboundary under suitable geometric assumptions. In [30], the inverse
problem of determining the time-independent scattering coefficient or total attenuation in the radiative
transport equation is investigated, and global Lipschitz stability together with reverse inequalities is
proved via a Carleman estimate with a linear weight.

In [31–33], inverse source and coefficient problems for kinetic equations containing Poisson
bracket terms are investigated together with constructive reconstruction strategies, including symbolic
algorithms, Galerkin-type schemes, and finite-difference discretizations; the reported numerical
experiments indicate stable reconstructions even in the presence of noisy boundary data. For transport
equations without scattering and absorption terms, in [34, 35], approximation methods have been
developed to compute solutions of overdetermined inverse coefficient problems by reformulating
them into determined ones. In [36, 37], hybrid numerical strategies combining finite differences with
interpolation or quadrature rules have been proposed for inverse source problems in kinetic and
transport equations, accompanied by stability analysis and numerical experiments demonstrating
robustness with respect to data perturbations. A recent study [38] addresses an inverse source problem
for a stationary kinetic equation with gradient-type boundary data and an interior point observation.
In contrast to [38], the present work deals with a kinetic equation involving absorption and scattering
terms, employs a boundary condition formulated in terms of ∇xλ rather than ∇vλ, establishes the
uniqueness theorem with proof, uses the trapezoidal rule for the discretization of the scattering term,
and includes a detailed error analysis based on additive noise imposed on the boundary data.

Moreover, globally convergent numerical algorithms based on Carleman-weighted convexification
techniques have been introduced in [39] for coefficient inverse problems arising in radiative transfer
equations, where both attenuation and scattering mechanisms play a crucial role. As another
application, in financial mathematics, radial basis function-generated finite difference methods have
been employed in [40,41] for multi dimensional option pricing problems modeled by parabolic partial
differential equations, with Gaussian and inverse quadratic kernels yielding high-order convergence
rates on both uniform and non uniform meshes.

In the present work, we develop a numerical approach for the inverse problem associated with a
general stationary kinetic equation with absorption and scattering terms. In existing works, the direct
problem is formulated with boundary traces of the solution (Dirichlet or inflow data), and for the
inverse problem the unknown function is typically determined from data prescribed on the outflow part
of the boundary. In contrast, the present formulation employs derivative-type boundary information
∇u|∂Ω and ∇xλ|∂Ω. Furthermore, the numerical reconstruction relies on this boundary derivative data
combined with a single interior measurement u(x0, p0), which requires a different solution algorithm.

2. The inverse problem and a uniqueness theorem

In this study, we deal with the following problem in the domain

Ω = {(x, p) : x ∈ D ⊂ Rn, p ∈ G ⊂ Rn}.
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Problem 1. Find the functions u(x, p) and λ(x, p) from the following relations:

Au ≡
n∑

i=1

(
Hpiuxi − Hxiupi

)
+ βu + I(u) = λ (x, p) + F (x, p) , (2.1)

∇u|∂Ω = u0, ∇xλ|∂Ω = λ0, (2.2)
u(x0, p0) = u1, (2.3)

where

I(u) =
∫
G

K
(
x, p, p′

)
u
(
x, p′

)
dp′.

Here, the variable x denotes the spatial coordinate and p is the velocity variable. The function
u(x, p) represents the stationary phase space density of particles at position x with velocity p. H(x, p)
is the Hamiltonian function, β(x, p) denotes the absorption coefficient, and K (x, p, p′) is a scattering
kernel. The term F(x, p) collects all known contributions to the right-hand side of the kinetic equation,
such as prescribed external sources or modeled collision effects. Finally, the functions H(x, p), β(x, p),
K (x, p, p′), and F(x, p) are given, but the solution u(x, p) and source term λ(x, p) are unknown.

Moreover, assume that the function λ(x, p) satisfies the following differential equation:

Âλ ≡
n∑

i=1

∂2λ

∂pi∂xi
= 0. (2.4)

Remark 1. The technical assumption (2.4) imposed on the source term is not introduced arbitrarily. It
follows the general solvability scheme developed by Amirov [24], in which an overdetermined inverse
problem is transformed into a determined one by extending the admissible class of unknown functions.

Allowing the unknown function λ(x, p) to depend arbitrarily on both x and p leads to an
underdetermined problem, and nonuniqueness examples can be readily constructed. To avoid this
difficulty, a specific dependence on the variable p is imposed through an additional differential
constraint of the form Âλ = 0.

In the present work, the condition (2.4) plays precisely this role. It ensures that Problem 1 becomes
determined and allows the uniqueness result to be established. Without such a structural restriction,
the inverse problem would generally remain underdetermined, and uniqueness could not be expected.

We establish the uniqueness of the solution to Problem 1 in the following theorem. The proof is
based on a method similar to that used in Amirov [24]; however, the equation considered here is more
general, and the boundary condition prescribed for the unknown source function differs from that in
Amirov [24].

Theorem 1. Let H (x, p) ∈ C2
(
Ω
)
, β (x, p) ∈ C1

(
Ω
)
, K (x, p, p′) ∈ C1

(
D ×G ×G

)
, and

the inequalities

n∑
i, j=1

∂2H
∂pi∂p j

ξiξ j ≥ α1 |ξ|
2 ,

n∑
i, j=1

∂2H
∂xi∂x j

ξiξ j ≤ −α2 |ξ|
2 , (α1, α2 > 0) , (2.5)
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hold for all ξ ∈ Rn, (x, p) ∈ Ω. Moreover, we assume that

(α1 − |β| − |M0| − M3) > γ1, (α2 − |β| − M1 − 2) > γ2, (γ1, γ2 > 0) , (2.6)

where α1 and α2 are positive constants and M0 = max
1≤ j≤n

{
max

(x,p)∈Ω

∣∣∣βx j

∣∣∣}, M1 = M0C,

M2 = max
1≤ j≤n

max
x∈D

∫
G

∫
G

K2(x, p, p′)dp′dp,
∫
G

∫
G

K2
x j

(x, p, p′)dpdp′
, M3 = M2C, and C is a constant

which depends on the domain Ω. Then, Problem 1 has at most one solution (u, λ) such that
u, λ ∈ C2

(
Ω
)
.

Proof. We prove the theorem by means of the Fredholm alternative theorem and show that the
related homogeneous problem, that is F = u0 = λ0 = u1 = 0, has only the trivial solution. It can be
easily verified that

2
n∑

j=1

∂u
∂p j

∂

∂x j
(Au) =

n∑
i, j=1

(
∂2H
∂pi∂p j

∂u
∂xi

∂u
∂x j
−
∂2H
∂xi∂x j

∂u
∂pi

∂u
∂p j

)
+ 2

n∑
j=1

(
β
∂u
∂x j

∂u
∂p j
+
∂β

∂x j

∂u
∂p j

u
)

+2
n∑

j=1

∫
G

Kx j(x, p, p′)u
(
x, p′

)
dp′
∂u
∂p j
+ 2

n∑
j=1

∫
G

K(x, p, p′)
∂u
∂x j

dp′
∂u
∂p j

+

n∑
i, j=1

∂

∂x j

(
∂u
∂p j

(
∂u
∂xi

∂H
∂pi
−
∂u
∂pi

∂H
∂xi

))
−

n∑
i, j=1

∂

∂p j

(
∂u
∂x j

(
∂u
∂xi

∂H
∂pi
−
∂u
∂pi

∂H
∂xi

))

+

n∑
i, j=1

(
∂

∂xi

(
∂H
∂pi

∂u
∂x j

∂u
∂p j

)
−
∂

∂pi

(
∂H
∂xi

∂u
∂x j

∂u
∂p j

))

= 2
n∑

j=1

∂

∂p j

(
u
∂λ

∂x j

)
. (2.7)

Integrating (2.7) over Ω and using homogeneous boundary data (2.2) and (2.3), we obtain

n∑
i, j=1

∫
Ω

(
∂2H
∂pi∂p j

∂u
∂xi

∂u
∂x j
−
∂2H
∂xi∂x j

∂u
∂pi

∂u
∂p j

)
dΩ

+2
n∑

j=1

∫
Ω

(
β
∂u
∂x j

∂u
∂p j
+
∂β

∂x j

∂u
∂p j

u
)

dΩ

+2
n∑

j=1

∫
Ω

∫
G

Kx j(x, p, p′)u
(
x, p′

)
dp′
∂u
∂p j

dΩ

+2
n∑

j=1

∫
Ω

∫
G

K(x, p, p′)
∂u
∂x j

dp′
∂u
∂p j

dΩ = 0. (2.8)
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Using the identity 2ab ≤ a2 + b2, the Cauchy–Schwarz inequality and the Poincaré-Wirtinger
inequality with u(x0,p0) = 0, the left-hand side of (2.8) can be estimated as follows:

2
n∑

j=1

∫
Ω

(
β
∂u
∂x j

∂u
∂p j
+
∂β

∂x j

∂u
∂p j

u
)

dΩ ≥
n∑

j=1

∫
Ω

(
− |β| (u2

x j
+ u2

p j
) −

∣∣∣βx j

∣∣∣ (u2
p j
+ u2)

)
dΩ

≥

∫
Ω

(
(− |β| − |M1|) |▽xu|2 + (− |β| − M0)

∣∣∣▽pu
∣∣∣2) dΩ, (2.9)

where M0 = max
1≤ j≤n

{
max

(x,p)∈Ω

∣∣∣βx j

∣∣∣}, M1 = M0C, and C is a constant which depends on the domain Ω, and

2
n∑

j=1

∫
Ω

∫
G

Kx j(x, p, p′)u
(
x, p′

)
dp′
∂u
∂p j

dΩ + 2
n∑

j=1

∫
Ω

∫
G

K(x, p, p′)
∂u
∂x j

dp′
∂u
∂p j

dΩ

≥ −

n∑
j=1

∫
Ω

(
∫
G

Kx j(x, p, p′)u
(
x, p′

)
dp′)2 +

(
∂u
∂p j

)2
 dΩ

−

n∑
j=1

∫
Ω

(
∫
G

K(x, p, p′)
∂u
∂x j

dp′)2 +

(
∂u
∂p j

)2
 dΩ

≥ −

n∑
j=1

∫
D

∫
G

(
∫
G

K2
x j

(x, p, p′)dp′
∫
G

u2 (
x, p′

)
dp′)dpdx −

n∑
j=1

∫
Ω

(
∂u
∂p j

)2

dΩ

−

n∑
j=1

∫
D

∫
G

(
∫
G

K2(x, p, p′)dp′
∫
G

(
∂u
∂x j

)2

dp′)dpdx −
n∑

j=1

∫
Ω

(
∂u
∂p j

)2

dΩ

= −

n∑
j=1

∫
D


∫
G

u2 (
x, p′

)
dp′

∫
G

∫
G

K2
x j

(x, p, p′)dp′dp

 dx −
∫
Ω

∣∣∣▽pu
∣∣∣2 dΩ

−

n∑
j=1

∫
D


∫
G

(
∂u
∂x j

)2

dp′
∫
G

∫
G

K2(x, p, p′)dp′dp

 dx −
∫
Ω

∣∣∣▽pu
∣∣∣2 dΩ

≥ −M3

∫
Ω

|▽xu|2 dΩ − 2
∫
Ω

∣∣∣▽pu
∣∣∣2 dΩ, (2.10)

where M3 = M2C and M2 = max
1≤ j≤n

max
x∈D

∫
G

∫
G

K2(x, p, p′)dp′dp,
∫
G

∫
G

K2
x j

(x, p, p′)dpdp′
.

Hence, by (2.5), we obtain
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0 ≥ (α1 − |β| − |M0| − M3)
∫
Ω

|▽xu|2 dΩ + (α2 − |β| − M1 − 2)
∫
Ω

∣∣∣▽pu
∣∣∣2 dΩ

≥ γ

∫
Ω

|▽u|2 dΩ, (2.11)

where γ = min {γ1, γ2}, γ1, γ2 > 0. Thus, we have |▽u|2 ≤ 0, i.e., u = C, where C is a constant. On
the other hand, by the additional data u(x0, p0) = 0, we get u = 0. Finally from (2.4), we conclude that
λ = 0. So the proof is completed.

3. Computational procedure for the numerical solution of Problem 1

For a concrete and tractable presentation of the numerical scheme, we consider the one-dimensional
case Ω = (a, b) × (c, d) with a, b, c, d ∈ R. Applying the operator Â = ∂2

∂p∂x to Eq (2.1) leads to a third-
order auxiliary partial differential equation:

(
Hppx + βp

)
ux + Hppuxx + Hpuxxp +

(
βx − Hxxp

)
up − Hxxupp − Hxupxp

+βxpu + βuxp +

∫ d

c
Kxpudp′ +

∫ d

c
Kpuxdp′ = Fxp. (3.1)

We approximate the p′-integrals using the trapezoidal rule (a Newton-Cotes formula of degree 1)
on the grid nodes {pℓ}J+1

ℓ=0 over the domain [c, d]. The quadrature weights {wℓ}J+1
ℓ=0 are defined as

wℓ =

∆p
2 , ℓ = 1 or ℓ = J + 1
∆p, 2 ≤ ℓ ≤ J

.

Thus, the integral terms are approximated as

∫ d

c
Kxp(xi, p j, p′)u(xi, p′) dp′ ≈

Nv∑
ℓ=0

wℓ(Kxp)i, j,ℓui,ℓ, (3.2)

∫ d

c
Kp(xi, p j, p′)

∂u
∂x

(xi, p′) dp′ ≈
Nv∑
ℓ=0

wℓ
2∆x

(Kp)i, j,ℓ(ui+1,ℓ − ui−1,ℓ), (3.3)

where (Kp)i, j,ℓ = Kp(xi, p j, pℓ), and (Kxp)i, j,ℓ = Kxp(xi, p j, pℓ). Moreover, I and J are positive integers
and ∆x = (b−a)

(I+1) , ∆p = (d−c)
(J+1) denote the mesh sizes in the x- and p-directions, respectively.

By substituting the integral approximations from (3.2) and (3.3), and employing the central finite-
difference formulas in (3.1), we obtain the following discrete form:
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(
Hppx + βp

)
i, j

(
ũi+1, j − ũi−1, j

)
2∆x

+
(
Hpp

)
i, j

(
ũi+1, j − 2ũi, j + ũi−1, j

)
(∆x)2

+
(
Hp

)
i, j

(
2ũi, j−1 − 2ũi, j+1 + ũi+1, j+1 + ũi−1, j+1 − ũi+1, j−1 − ũi−1, j−1

)
2 (∆x)2 (∆p)

+
(
βx − Hxxp

)
i, j

(
ũi, j+1 − ũi, j−1

)
2∆p

− (Hxx)i, j

(
ũi, j+1 − 2ũi, j + ũi, j−1

)
(∆p)2

− (Hx)i, j

(
2ũi−1, j − 2ũi+1, j + ũi+1, j+1 − ũi−1, j+1 + ũi+1, j−1 − ũi−1, j−1

)
2 (∆x) (∆p)2

+
(
βxp

)
i, j

ũi, j + (β)i, j

(
ũi+1, j+1 − ũi+1, j−1 − ũi−1, j+1 + ũi−1, j−1

)
4∆x∆p

+

J+1∑
ℓ=0

wℓ (Kxp)i, j,ℓ ũi,ℓ +

J+1∑
ℓ=0

wℓ
2∆x

(Kp)i, j,ℓ (ũi+1,ℓ − ũi−1,ℓ) =
(
Fxp

)
i, j
. (3.4)

After simplifications, the resulting discrete equation takes the form:

ÂAu = ũi−1, j−1 (−k1 + k2 + k10) + ũi−1, j (−k5 + k3 − 2k2) + ũi−1, j+1 (k1 + k2 − k10) + ũi, j−1 (2k1 + k6 − k4)

+ ũi, j (−2k3 + 2k4 + k9) + ũi, j+1 (−2k1 − k6 − k4) + ũi+1, j−1 (−k1 − k2 − k10) + ũi+1, j (k5 + k3 + 2k2)

+ ũi+1, j+1 (k1 − k2 + k10) +
J+1∑
ℓ=0

k7(i, j, ℓ) ũi,ℓ +

J+1∑
ℓ=0

k8(i, j, ℓ)
(
ũi+1,ℓ − ũi−1,ℓ

)
=

(
Fxp

)
i, j
, (3.5)

i = 1, . . . , I, j = 1, . . . , J, ℓ = 0, ..., J + 1,

where the coefficients

k1(i, j) =

(
Hp

)
i, j

2 (∆x)2 (∆p)
, k2(i, j) =

(Hx)i, j

2 (∆x) (∆p)2 , k3(i, j) =

(
Hpp

)
i, j

(∆x)2 , k4(i, j) =
(Hxx)i, j

(∆p)2

k5(i, j) =

(
Hppx + βp

)
i, j

2∆x
, k6(i, j) =

(
−βx + Hxxp

)
i, j

2∆p
, k7(i, j, ℓ) = wℓ (Kxp)i, j,ℓ,

k8(i, j, ℓ) =
wℓ

2∆x
(Kp)i, j,ℓ, k9(i, j) =

(
βxp

)
i, j
, k10(i, j) =

(β)i, j

4∆x∆p
. (3.6)

The treatment of the boundary conditions in the finite-difference scheme is based on the following
approximations:

ũx(a, p) ≈
−3ũ0, j + 4ũ1, j − ũ2, j

2∆x
= gL

(
p j

)
, ũx(b, p) ≈

3ũI+1, j − 4ũI, j + ũI−1, j

2∆x
= gR

(
p j

)
,

ũp(x, c) ≈
−3ũi,0 + 4ũi,1 − ũi,2

2∆p
= hB (xi) , ũp(x, d) ≈

3ũi,J+1 − 4ũi,J + ũi,J−1

2∆p
= hT (xi) ,

i = 1, . . . , I + 1, j = 1, . . . , J + 1.
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At the I × J mesh points of Ω, the approximate solution ũi, j of Problem 1 is determined by solving the
matrix equation:

Λũ + b = G, (3.7)

whereΛ is a block tridiagonal banded matrix. For convenience, we decompose the coefficient matrix as

Λ = Λ1 + Λ2 + Λ3,

where Λ1 and Λ2 are block tridiagonal matrices in RIJ×IJ of the form

Λ1 =



M
(1)
1 M

(1)
2 0 · · · 0

M
(2)
3 M

(2)
1 M

(2)
2

. . .
...

0 M
(3)
3

. . .
. . . 0

...
. . .

. . .
. . . M

(I−1)
2

0 . . . 0 M
(I)
3 M

(I)
1


IJ× IJ

, (3.8)

Λ2 =



M
(1)
4 M

(1)
5 0 · · · 0

−M
(2)
5 M

(2)
4 M

(2)
5

. . .
...

0 −M
(3)
5

. . .
. . . 0

...
. . .

. . .
. . . M

(I−1)
5

0 . . . 0 −M
(I)
5 M

(I)
4


IJ× IJ

. (3.9)

Here, for each i = 1, . . . , I, we define M(i)
1 ,M

(i)
2 ,M

(i)
3 ∈ R

J×J by

M(i)
1 =



f1(i, 1) f2(i, 1) 0 · · · 0

f3(i, 2) f1(i, 2) f2(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . f3(i, J − 1) f1(i, J − 1) f2(i, J − 1)
0 · · · 0 f3(i, J) f1(i, J)


J×J

, (3.10)

M(i)
2 =



f4(i, 1) f5(i, 1) 0 · · · 0

f6(i, 2) f4(i, 2) f5(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . f6(i, J − 1) f4(i, J − 1) f5(i, J − 1)
0 · · · 0 f6(i, J) f4(i, J)


J×J

, (3.11)

M(i)
3 =



f7(i, 1) f8(i, 1) 0 · · · 0

f9(i, 2) f7(i, 2) f8(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . f9(i, J − 1) f7(i, J − 1) f8(i, J − 1)
0 · · · 0 f9(i, J) f7(i, J)


J×J

, (3.12)
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where

f1(i, j) = −2k3(i, j) + 2k4(i, j) + k9(i, j), f2(i, j) = −2k1(i, j) − k6(i, j) − k4(i, j),
f3(i, j) = 2k1(i, j) + k6(i, j) − k4(i, j), f4(i, j) = k5(i, j) + k3(i, j) + 2k2(i, j),
f5(i, j) = k1(i, j) − k2(i, j) + k10(i, j), f6(i, j) = −k1(i, j) − k2(i, j) − k10(i, j),
f7(i, j) = −k5(i, j) + k3(i, j) − 2k2(i, j), f8(i, j) = k1(i, j) + k2(i, j) − k10(i, j),
f9(i, j) = −k1(i, j) + k2(i, j) + k10(i, j).

The integral contributions yield dense matrices M(i)
4 ,M

(i)
5 ∈ R

J×J defined entrywise by

M
(i)
4 =


k7 (i, 1, 1) k7 (i, 1, 2) · · · k7 (i, 1, J)
k7 (i, 2, 1) k7 (i, 2, 2) · · · k7 (i, 2, J)
...

...
. . .

...

k7 (i, J, 1) k7 (i, J, 2) · · · k7 (i, J, J)

 , M
(i)
5 =


k8 (i, 1, 1) k8 (i, 1, 2) · · · k8 (i, 1, J)
k8 (i, 2, 1) k8 (i, 2, 2) · · · k8 (i, 2, J)
...

...
. . .

...

k8 (i, J, 1) k8 (i, J, 2) · · · k8 (i, J, J)

 .
To incorporate the nonhomogeneous boundary data into the finite-difference scheme, we eliminate
the ghost-node values by using second-order one-sided formulas for the normal derivatives. More
precisely, for j = 1, . . . , J and i = 1, . . . , I, we use

ũx(a, p j) ≈
−3ũ0, j + 4ũ1, j − ũ2, j

2∆x
= gL(p j) =⇒ ũ0, j =

4ũ1, j − ũ2, j − 2∆x gL(p j)
3

, (3.13)

ũx(b, p j) ≈
3ũI+1, j − 4ũI, j + ũI−1, j

2∆x
= gR(p j) =⇒ ũI+1, j =

4ũI, j − ũI−1, j + 2∆x gR(p j)
3

, (3.14)

ũp(xi, c) ≈
−3ũi,0 + 4ũi,1 − ũi,2

2∆p
= hB(xi) =⇒ ũi,0 =

4ũi,1 − ũi,2 − 2∆p hB(xi)
3

, (3.15)

ũp(xi, d) ≈
3ũi,J+1 − 4ũi,J + ũi,J−1

2∆p
= hT (xi) =⇒ ũi,J+1 =

4ũi,J − ũi,J−1 + 2∆p hT (xi)
3

. (3.16)

Substituting (3.13)–(3.16) into the discrete equations eliminates all boundary unknowns and yields a
linear system involving only the interior nodal values ũi, j, i = 1, . . . , I, j = 1, . . . , J. All the terms
containing the prescribed boundary data gL, gR, hB, and hT are transferred to the right-hand side and
collected in the vector b in (3.7). The same elimination procedure is applied to the corner ghost nodes
(e.g., ũ0,0, ũ0,J+1 , ũI+1,0, ũI+1,J+1) by successive use of (3.13)–(3.16). Consequently, the coefficient
matrix Λ in (3.7) already incorporates the boundary conditions through these substitutions. In
particular, in the decomposition Λ = Λ1 + Λ2 + Λ3, the matrix Λ3 collects the additional coefficient
corrections generated by the boundary elimination, whereas b accounts for the resulting
nonhomogeneous boundary conditions.

Assume that an interior measurement of u is available at the point (x0, p0) ∈ Ω, and let (i∗, j∗) be the
corresponding grid indices (i.e., xi∗ = x0 and p j∗ = p0). We impose this information by replacing one
equation in the linear system with the constraint

ũi∗, j∗ = u1. (3.17)

The numerical solution vector is represented by ũ ∈ RIJ, which denotes the vector of unknowns at the
interior grid points. For instance,

ũ =
[
ũ1,1, ũ1,2, ..., ũ1,J, ũ2,1, ũ2,2, ..., ũ2,J, ..., ũI,1, ũI,2, ..., ũI,J

]T .
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If r = ind(i∗, j∗) is the position of ũi∗, j∗ in ũ, then the replacement is implemented by setting the r-th
row of Λ and G − b as

Λr,: = 0, Λr,r = 1, (G − b)r = u1,

so that (3.17) holds exactly in the computed solution. Moreover, when the quadrature indices include
ℓ = 0 and ℓ = J + 1, the boundary values ui,0 and ui,J+1 arising in the integral terms are eliminated
using (3.15)–(3.16) and their contributions are added to b.

In (3.7), the right-hand side G is a column vector given by

G =
[
G1,1,G1,2, ...,G1,J,G2,1,G2,2, ...,G2,J, ...,GI,1,GI,2, ...,GI,J

]T ,

where Gi, j = Fxp(xi, p j) for i = 1, . . . , I and j = 1, . . . , J.
Having computed the numerical solution ũ, we first define the preliminary approximation

λpre(x, p) by
λpre(x, p) = {H, ũ} − F(x, p) + β(x, p)ũ(x, p) + I(ũ).

Then, the final approximation λ̃(x, p) is reconstructed under the theoretical conditions

∂2λ

∂p ∂x
= 0,

∂λ

∂x

∣∣∣∣∣
x=a
= λ0(a, p),

∂λ

∂x

∣∣∣∣∣
x=b
= λ0(b, p).

The reconstruction procedure proceeds as follows:
First, to reconstruct the continuous solution locally, we consider an arbitrary cell indexed by (i, j) in

the computational grid. To reconstruct the solution continuously within each cell (i, j), we fit a bilinear
surface of the form

P(x, p) = a0 + a1x + a2 p + a3xp

to the four corner values ũi, j, ũi+1, j, ũi, j+1, ũi+1, j+1. The partial derivatives of ũ at the cell center are then
approximated by the analytically computed derivatives of P:

ũx ≈
∂P
∂x

(x, p) and ũp ≈
∂P
∂p

(x, p).

These values provide a robust approximation of ũx and ũp at the cell centers. The integral term I(ũ)
represents a nonlocal dependency and is computed numerically using a quadrature rule with weights
wk. Since the kernel K(x, p, p′) is general, we perform this calculation as a matrix-vector summation
for each spatial node xi:

I(ũ)i, j ≈

J+1∑
k=1

wkK(xi, p j, pk)ũi,k.

This discrete integral field is then interpolated to the cell centers (x, p) to match the grid location of the
derivatives. Finally, combining the derivatives, the reaction term βũ, and the computed integral term,
we construct the observed source function values at each cell center:

λ
pre
i, j =

(
Hpũx − Hxũp

)
i, j
+ (βũ)i, j + I(ũ)i, j − Fi, j.

Since λxp = 0 holds in Ω by assumption, the source function admits the additive separated
representation λ(x, p) = ρ(x) + µ(p). The reconstruction of λ̃ therefore reduces to determining the
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univariate functions ρ(x) and µ(p) independently. In the discrete setting, these are represented by the
nodal vectors ρi ≈ ρ(xi) and µ j ≈ µ(p j), so that the source term is approximated at each grid point
(xi, p j) by λ̃i j ≈ ρi + µ j.

Incorporating the theoretical model λ(x, p) = ρ(x) + µ(p) together with all additional constraints,
we arrive at the large linear system

Tz ≈ y,

where z = [ρ1, . . . , ρI , µ1, . . . , µJ]T collects all unknowns. The matrix T and the right-hand side vector
y are assembled from the following three sets of equations:

(i) For each cell center defined by indices (i, j), we impose consistency between the nodal unknowns
and the source term computed previously (denoted here as λpre

i, j ):

ρi + ρi+1

2
+
µ j + µ j+1

2
≈ λ

pre
i, j .

This guarantees that the reconstructed surface agrees with the information derived from the numerical
solution ũ.

(ii) Since λx = ρ
′(x), we impose boundary conditions directly on the vector ρ. We utilize a forward

difference at the lower boundary (xmin) and a backward difference at the upper boundary (xmax):

ρ2 − ρ1

∆x
≈ λ0(xmin),

ρI − ρI−1

∆x
≈ λ0(xmax).

(iii) To stabilize the inversion against discretization errors and data noise, we augment the system
with a Tikhonov regularization term that promotes smoothness of the reconstructed profiles. This is
enforced through the discrete second-order difference constraints

ρi+1 − 2ρi + ρi−1 ≈ 0, µ j+1 − 2µ j + µ j−1 ≈ 0

for interior indices 2 ≤ i ≤ I − 1 and 2 ≤ j ≤ J − 1, which penalize curvature in ρ and µ and
correspond to the standard second-order Tikhonov regularization for discrete inverse problems [42].
Similar regularization strategies have proven effective in related inverse problems arising in porous
media and diffusion equations [43, 44].

The regularization parameter α controls the trade-off between data fidelity and solution smoothness.
To select α in a principled and data-driven manner, we employ the L-curve criterion [45]. The resulting
L-curves and the identified corners for the examples considered in Section 4 are presented there.

The augmented linear system Tz = y, which incorporates the data fidelity, boundary, and Tikhonov
regularization constraints, is solved to obtain the coefficient vector z. The discrete profiles ρi and µ j

are then extracted from z, and the regularized source function is reconstructed at each grid point via

λ̃(xi, p j) = ρi + µ j.

3.1. Error analysis

This subsection summarizes the main error sources inherent in the forward numerical solution of
u(x, p) and the subsequent inverse reconstruction of the source function λ(x, p).

The finite-difference scheme in (3.4) and (3.5) employs second-order central differences for
interior derivatives and second-order one-sided formulas at the boundaries. Under standard
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smoothness assumptions on the exact solution u and the coefficients H and β, the local truncation
error of the differential operator is of order O(∆x2 + ∆p2). The nonlocal integral terms are
approximated using the composite trapezoidal rule (3.2) and (3.3); for sufficiently smooth integrands
with respect to p′, the quadrature error contributes an additional O(∆p2) term. Consequently,
assuming stability of the discrete scheme, the numerical solution is expected to converge with an
overall rate of O(∆x2 + ∆p2), up to problem-dependent constants associated with the kernel and
coefficient regularity. Moreover, the elimination of ghost nodes via (3.13)–(3.16) maintains
second-order boundary accuracy (in the truncation-error sense) while transferring the effect of
nonhomogeneous boundary data into the right-hand side vector b.

The observed convergence rate (CR), also known as the experimental order of convergence, is
estimated by comparing two consecutive grid levels with mesh sizes hk and hk+1, where
h = max{∆x,∆p}:

CR ≈
log

(
∥e∥(hk)/∥e∥(hk+1)

)
log(hk/hk+1)

. (3.18)

On sufficiently fine grids, this estimate is expected to be close to 2, consistent with the formal accuracy
O(∆x2 + ∆p2).

In the numerical experiments, we quantify the forward solver’s accuracy using the following discrete
relative errors:

∥e∥2,rel =

(∑I
i=1

∑J
j=1 |ũi, j − ui, j|

2
)1/2(∑I

i=1
∑J

j=1 |ui, j|
2
)1/2 , ∥e∥∞,rel =

max
1≤i≤I
1≤ j≤J

|ũi, j − ui, j|

max
1≤i≤I
1≤ j≤J

|ui, j|
, (3.19)

where ui, j denotes the exact solution evaluated at the grid point (xi, p j).
Robustness is evaluated through a Monte Carlo study with NMC = 50 independent trials for each

noise level δ. Following a standard practice in inverse and data-driven problems, we perturb the
measured boundary data by additive Gaussian noise scaled by the signal magnitude [46, 47]:

Dδ = D + δRMS(D) ξ,

whereD denotes the boundary derivative data (e.g., gL, gR, hB, hT ) as well as the interior measurement
u1 = u(x0, p0), ξ is a standard Gaussian random variable sampled independently for each trial and for
each boundary grid location, and RMS(D) denotes the root-mean-square magnitude of the
corresponding clean data. For each δ, we report the sample mean (and, when relevant, the standard
deviation) of the error measures and visualize the resulting noise-to-error dependence in log-log plots.

The reconstruction of λ̃ inherits errors mainly through the approximation of ux and up from the
discrete field ũ. In particular, we recover local derivatives at cell centers by differentiating the bilinear
interpolant P(x, p) built from neighboring nodal values. For sufficiently smooth u, standard
interpolation estimates for Q1 (bilinear) elements yield a second-order approximation in the function
values and a first-order approximation in the derivatives, i.e., ∥u − P∥ = O(h2) and ∥∇u − ∇P∥ = O(h)
(with h = max{∆x,∆p}), up to constants depending on higher derivatives of u and mesh regularity.
Accordingly, Tikhonov regularization improves the stability of the final inversion step, at the expense
of a controllable smoothing bias governed by the parameter α.
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The overall computational procedure, encompassing the numerical solution of u(x, p) and the
subsequent reconstruction of the source function λ(x, p), is summarized in Algorithm 1.

Algorithm 1 Numerical computation of u(x, p) and reconstruction of λ(x, p)
Require: Domain boundaries a, b, c, d, grid sizes I, J, functions H, β, K, F, boundary data gL, gR, hB,

hT , and the derivative of the unknown function λx at the boundaries.
Ensure: Numerical solution ũi, j and reconstructed λ̃i, j.

Step 1: Grid initialization
1: Define step sizes ∆x = b−a

I+1 and ∆p = d−c
J+1 .

2: Generate mesh points xi = a + i∆x and p j = c + j∆p.
3: Compute trapezoidal weights wℓ for ℓ = 0, . . . , J + 1.

Step 2: Coefficient computation
4: Compute symbolic derivatives of H(x, p) and β(x, p) to obtain Hp, Hx, Hpp, Hxx, Hppx, βp, βx, βxp.
5: Evaluate coefficients k1(i, j) through k10(i, j) at each grid node (xi, p j) as defined in Eq (3.6).

Step 3: Matrix assembly and system formulation
6: Construct the block tridiagonal matrix Λ1 and sparse coefficient matrix Λ2 using sub-blocksM(i)

1 ,
M

(i)
2 andM(i)

3 as defined in (3.10)–(3.12).
7: Compute the dense matricesM(i)

4 andM(i)
5 representing the integral contributions k7 and k8, and

assemble Λ3 from these blocks.
8: Assemble the complete coefficient matrix Λ = Λ1 + Λ2 + Λ3.
9: Formulate the source vector G by evaluating (Fxp)i, j at all internal mesh points.

Step 4: Boundary conditions
10: Eliminate ghost nodes using second-order one-sided formulas for gL, gR, hB, hT .
11: Update the first and last rows/blocks of Λ and the vector b to incorporate non homogeneous data.

Step 5: Linear system solution for u
12: Solve the sparse matrix equation Λũ + b = G.
13: Reshape the solution vector ũ to the I × J grid.

Step 6: Computation of auxiliary function λpre

14: Compute numerical approximations of the derivatives ũx and ũp by differentiating the bilinear
interpolant P(x, p) fitted to the four corner values of each cell (i, j).

15: Approximate the integral term I(ũ)i, j =
∫ d

c
K(xi, p j, p′) ũ(xi, p′) dp′ using the trapezoidal rule.

16: Evaluate λpre
i, j = (Hpũx − Hxũp)i, j + (βũ)i, j + I(ũ)i, j − Fi, j at all grid points.

Step 7: Reconstruction of λ̃(x, p)
17: Assume the separation form λ(x, p) = ρ(x) + µ(p).
18: Formulate the overdetermined system Tz ≈ y, where y collects the values λpre

i, j over all cell centers.
19: Define the unknown vector z = [ρ(x1), . . . , ρ(xI), µ(p1), . . . , µ(pJ)]T .
20: Add Tikhonov regularization (e.g., ρ′′(x) ≈ 0, µ′′(p) ≈ 0) to the matrix T.
21: Construct the final reconstructed function: λ̃i, j = ρ(xi) + µ(p j).
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4. Numerical examples and discussion

In this section, we demonstrate the efficiency and high-order accuracy of the proposed
computational framework through a detailed numerical example. The algorithm’s performance is
evaluated by comparing the numerical approximations ũ and λ̃ with their respective exact
analytical solutions.

Example 1. Consider the problem of finding the pair (u, λ) in Ω = (−1, 1)× (−1, 1) for Eq (2.1), where

H(x, p) = xp + p2, β(x, p) = 1 + xp,

the kernel function is

K(x, p, p′) =
(
1 +

1
2

sin(x)
)

(p − p′)2,

and the function F(x, p) is given by

F(x, p) =
(
p2 − 0,035 x sin(x2)

)
(2p + x) − cos(p3) + (px + 1)

(
sin(p) + cos(x2) + p2x

)
− p

(
0,017 cos(p) + 2px

)
+ 0,5 x2

+
(

sin(x) + 2
)(

0,2 x + 0,3 cos(x2) + 0,3 p2x + p2 cos(x2) − 0,012 p
)
.

The boundary conditions are

ux(−1, p) = p2 + sin(1), ux(1, p) = p2 − sin(1),
up(x,−1) = cos(1) − 2x, up(x, 1) = 2x + cos(1),
λx(−1, p) = 1, λx(1, p) = −1,

and the interior condition is u(0, 0) = 1.

The exact solution of the problem is

u(x, p) = cos(x2) + xp2 + sin(p), λ(x, p) = −
x2

2
+ cos(p3).

The accuracy of the proposed method is quantified in Tables 1 and 2, which summarize the error
norms for u(x, p) and the reconstructed source term λ(x, p), respectively; here, CR∞ denotes the
observed convergence rate computed from ∥e∥∞,rel across two consecutive grid levels, and κ(Λ̃)
denotes the estimated condition number of the matrix Λ̃. The CPU times reported in Table 2 reflect
the increasing cost of the dense integral operator as the grid is refined.

Table 1. Numerical error metrics and matrix condition numbers for the solution u(x, p).

Grid ∥e∥∞ ∥e∥∞,rel CR∞ ∥e∥2,rel κ(Λ̃)
40 × 40 8.66 × 10−4 4.29 × 10−4 — 4.97 × 10−4 1.35 × 108

80 × 80 2.13 × 10−4 1.05 × 10−4 2.03 1.20 × 10−4 6.00 × 109

100 × 100 1.36 × 10−4 6.72 × 10−5 2.00 7.65 × 10−5 2.01 × 1010

150 × 150 5.99 × 10−5 2.97 × 10−5 2.00 3.37 × 10−5 1.33 × 1011
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Table 2. Numerical error metrics for the reconstructed function λ̃(x, p).

Grid ∥eλ∥∞ CR∞ ∥eλ∥2,rel CPU (s)
40 × 40 1.37 × 10−2 — 6.06 × 10−3 1.94
80 × 80 3.44 × 10−3 1.99 1.44 × 10−3 20.52
100 × 100 2.19 × 10−3 2.01 9.14 × 10−4 69.47
150 × 150 9.89 × 10−4 2.00 4.01 × 10−4 369.47

The accuracy of the proposed method is visually assessed in Figures 1–11, where the numerical
solutions for u and λ are compared with their exact counterparts through surface plots, cross-sections,
and error analyses using a spatial and velocity discretization of 80 × 80.

Figure 1. Comparison of (a) the numerical solution ũ(x, p) and (b) the exact solution u(x, p).

Figure 2. Overlay comparison: exact solution uexact (green surface) and numerical solution
ũnum (blue mesh).
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Figure 3. Cross-sectional profiles of u(x, p) at fixed p = −0.013 (left) and x = −0.013 (right).

Figure 4. Error analysis for u(x, p): absolute error (left) and relative error in log scale (right).

The average ∥e∥∞ and ∥e∥2 errors grow linearly with δ on the log-log scale, closely tracking the
theoretical bound ∼ κ(Λ̃) · δ, which confirms the stability of the forward solver under boundary data
perturbations. The horizontal dashed lines indicate the baseline discretization errors at δ = 0. See
Figure 5 for the Monte Carlo noise-sensitivity results, and Figure 6 for the L-curve based selection of
the Tikhonov regularization parameter.
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Figure 5. Monte Carlo noise sensitivity for ũ (NMC = 50 trials): sample-mean ∥e∥∞ (blue)
and ∥e∥2 (red) vs. δ; dashed lines show the δ = 0 baseline; dotted curve is the theoretical
bound ∼ κ(Ã) · δ.

Figure 6. Selection of the Tikhonov regularization parameter α via the L-curve criterion.
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Figure 7. Comparison of the numerical solution λ̃(x, p) (left) and the exact solution
λ(x, p) (right).

Figure 8. Comparison of λexact vs λnum (left) and the absolute error map for λ (right).
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Figure 9. Cross-sectional profiles of λ at fixed p = −0.013 (left) and x = −0.013 (right).

This is further supported by Figure 10, which presents the correlation analysis between the
numerical and exact values, and Figure 11, which illustrates the convergence rate of the maximum
absolute error.

Figure 10. Correlation analysis: numerical vs. exact values for u(x, p) (left) and λ (right).
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Figure 11. Convergence rate analysis showing ∥e∥∞,rel versus h = max{∆x,∆p} for u and λ.

Example 2. Consider the problem of finding the pair (u, λ) in Ω = (0.1, 2)× (0.1, 2) for eq (2.1), where

H(x, p) = x + p2, β(x, p) = x2 + p2,

the kernel function is K(x, p, p′) = x(p − p′), and the function F(x, p) is given by

F(x, p) = (p2 + x2)
(

cos(πx) + sin(πp) + e−(p2+x2) + 3
)
− 4.14 cos(πp) − sin(πx) − 5.34 x

+ 5.68 px − 2p
(
π sin(πx) + 2x e−(p2+x2)

)
+ 2p e−(p2+x2) − 1.99 x cos(πx) − 0.48 x e−x2

+ 0.78 px e−x2
+ 1.9 px cos(πx) − 3.

The boundary conditions are

ux(0.1, p) = −0.2e−(p2+0.01) − π sin(0.1π), ux(2, p) = −4e−(p2+4),

up(x, 0.1) = −0.2e−(0.01+x2) + π cos(0.1π), up(x, 2) = −4e−(4+x2) − π,

λx(0.1, p) = π cos(0.1π), λx(2, p) = π,

and the interior condition is u(1, 1) = 2.1353.

The exact solution of the problem is

u(x, p) = 3 + cos(πx) + e−(p2+x2) + sin(πp),
λ(x, p) = 3 + sin(πx) + cos(πp).

Tables 3 and 4 present the error metrics for ũ and the reconstructed λ̃, respectively. Both quantities
converge at the expected rate of O(h2), with CR∞ ≈ 2 across all refinement levels.
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Table 3. Numerical error metrics and matrix condition numbers for the solution u(x, p).

Grid ∥e∥∞ ∥e∥∞,rel CR∞ ∥e∥2,rel κ(Λ̃)
40 × 40 1.21 × 10−2 2.10 × 10−3 — 1.20 × 10−3 6.63 × 106

80 × 80 2.33 × 10−3 4.05 × 10−4 2.33 2.34 × 10−4 1.47 × 108

100 × 100 1.43 × 10−3 2.49 × 10−4 2.16 1.46 × 10−4 3.86 × 108

150 × 150 5.95 × 10−4 1.04 × 10−4 2.15 5.98 × 10−5 1.89 × 109

Table 4. Numerical error metrics for the reconstructed function λ̃(x, p).

Grid ∥eλ∥∞ CR∞ ∥eλ∥2,rel CPU (s)
40 × 40 1.21 × 10−1 — 7.70 × 10−3 4.43
80 × 80 2.57 × 10−2 2.21 1.56 × 10−3 22.93
100 × 100 1.60 × 10−2 2.07 9.67 × 10−4 66.20
150 × 150 6.67 × 10−3 2.16 3.98 × 10−4 1410.15

For Example 2, the performance of the proposed method is illustrated through surface plots in
Figures 12–22. Cross-sectional comparisons are presented in Figures 14 and 20. The corresponding
absolute error visualizations are shown in Figures 15 and 21. All results are obtained on an 80 × 80
spatial–velocity grid.

Figure 12. Comparison of (a) the numerical solution ũ(x, p) and (b) the exact solution u(x, p).
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Figure 13. Overlay comparison: exact solution u (green surface) vs. numerical solution ũ
(blue mesh).

Figure 14. Cross-sectional profiles of u(x, p) at fixed p = −0.013 (left) and x =
−0.013 (right).
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Figure 15. Pointwise error maps for ũ(x, p): absolute error |ũ − u| (left) and relative error
|ũ − u|/|u| in log scale (right).

The average ∥e∥∞,rel and ∥e∥2,rel errors grow approximately linearly with δ on the log–log scale
(Figure 16). The Tikhonov regularization parameter α is selected using the L-curve criterion
(Figure 17).

Figure 16. Monte Carlo noise sensitivity analysis for ũ (NMC = 50 trials per noise level δ).

Electronic Research Archive Volume 34, Issue 5, 2774–2804.



2798

Figure 17. Selection of the Tikhonov regularization parameter α via the L-curve criterion.

Figure 18. Comparison of the numerical solution λ̃(x, p) (left) and the exact solution
λ(x, p) (right).
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Figure 19. Comparison of λ vs. λ̃ (left) and the absolute error map for λ (right).

Figure 20. Cross-sectional profiles of λ at fixed p = −0.013 (left) and x = −0.013 (right).
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Figure 21. Pointwise error maps for λ̃: absolute error |λ̃ − λ| (left) and relative error |λ̃ −
λ|/∥λ∥∞ in log scale (right).

Additional evidence is provided by Figure 22, which reports the correlation between the numerical
and exact results.

Figure 22. Correlation analysis: numerical vs exact values for u(x, p) (left) and λ (right).
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5. Conclusions

In this work, we propose an algorithm for the numerical recovery of an unknown source in a
stationary kinetic equation with absorption and scattering. The primary contributions of this study are
establishing the uniqueness of the solution and developing a robust numerical reconstruction method
utilizing boundary conditions and interior point data.

Our numerical framework is based on finite difference approximations for the derivatives and the
trapezoidal rule for the discretization of the scattering term. The reconstruction of the unknown
source function λ(x, p) is achieved using a bilinear interpolation strategy coupled with Tikhonov
regularization. The efficiency of this method is validated through detailed numerical experiments.

Consequently, the proposed computational strategy provides a promising framework for future
applications to direct and inverse problems involving time-dependent higher-order models and
multidimensional geometries; moreover, extending the present approach to non-smooth boundary data
with dedicated stabilization and regularization strategies remains an important topic for future work.
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